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1 Introduction

Since Einstein formulated the Special and later the General Theory of Relativity, it
has always been of great interest in physics to see if classical models and theories
need to be adapted when it comes to relativistically relevant velocities. In condensed
matter physics and especially in the discussion of metals, semi-metals and topological
insulators, the band structure of the matter is essential for its electric properties. Inter-
esting phenomena like non-Fermi liquids appear when the Fermi surface is reduced
to a point [1, 2]. This is the case for in what is called linear band crossing where the
dispersion relation in the vicinity of these Fermi points is linear in momentum. Here
the short range components of electron interactions are large, while the long range
components can be neglected [3]. This is well explained by a relativistic field theory of
the Gross-Neveu-Yukawa type [4].

Attention is also drawn to the case of quadratic band crossing (QBC) or quadratic
band touching (QBT). Here, the dispersion relation is quadratic in momentum. In the
literature the fermions are sometimes referred to as Luttinger fermions in this situation,
named after Joaquin Mazdak Luttinger for his work on so called Luttinger liquids [5]. A
non-relativistic treatment of QBC in 2 spatial dimensions can be found in [6, 7]. The sit-
uation is rather different in 3 spatial dimensions. This problem is often treated with the
use of the renormalization group [1, 8, 9]. All these models are non-relativistic. In this
work we want to show that it is also possible to construct corresponding relativistically
invariant versions of such models and of Luttinger fermions in general.

The thesis is structured as follows: In chapter 2 we recap the widely known formal-
ism of the Hamiltonian and Dirac spinors. In chapter 3, we show the construction
of the Hamiltonian for Luttinger fermions and find the general anti-commutator for
the second-rank-tensor G. Further, we see the failure of the simplest ansatz for the
spin metric. Two representations for the Clifford algebra in 2 + 1 and later 3 + 1 dimen-
sions are chosen in chapter 4. Here we find the necessary spin metric to construct
relativistically invariant actions.




2 THEORETICAL FOUNDATIONS

2 Theoretical Foundations

2.1 Conventions

In the following work we use the so called natural units, i.e.
h=1=c, (2.1)

where c is the speed of light and # is the reduced Plank’s constant. The used metric for
the spacetime follows the sign convention

g/JV = dlag(+7 T _)- (22)

If the summation is not stated explicitly, we use Einstein’s summation convention
where repeated indices are implicitly summed over. The underlined index, e.g. Gj;,
means that there is no summation over this index. Indices in Roman letters are meant
to start counting at one, while Greek indices start at zero.

2.2 From Hamiltonian to Action

A well known way of describing a dynamical system of particles is the so called Hamil-
tonian function
H(qi,pj)=K+YV, (2.3)

where K stands for the kinetic term and V for the potential giving rise to a force acting
on the particles. The variables ¢; and p; are the position in space and the momentum
of the particles respectively. The time evolution of the system can be calculated through
Hamilton’s equations:

. dp; 0H . dq; O0H
piz = T =TT (2.4)
dx 0q; dx OJp;
where p; = g—g.
An equivalent description to the Hamiltonian is the Lagrangian given by
L(gi,q;)=K-V. (2.5)

In this description, the equations of motion are the so called Euler-Lagrange-equations:

d(OL) OL_O 2.6)
In the derivation of these equations time plays a special role as the principle is to keep
the action S = [ d¢L constant at all time. Thus we cannot define a covariant Lagrangian

but we can use a Lagrangian density £ instead, which is defined by

L= f dl 2. 2.7)




2.3 Dirac Formalism

Now, this yields
s:fdtL:fdtdx3$:fdx4$. (2.8)

Instead of depending on coordinates and velocities the Lagrangian density can also
depend on fields ¢(x, t) = ¢(x*). The equations of motion now read

( 0L )_a.,sf ~
H a@u‘f’i 6(/71' -

An example of £ depending on Spinors ¥ can be found in equation (2.11) and the
corresponding equation of motion in (2.12).

0. 2.9)

2.3 Dirac Formalism

The simplest representation of the Lorentz group, neglecting the trivial (0,0) represen-
tation which corresponds to a scalar field, is the (0, %) and the complex conjugated
(%, 0) representation. The two-component so called Weyl Spinors in this representation
are split into right-handed and left-handed, where right-handed spinors have chirality
+1 and left-handed —1.

Another possible representation for the Lorentz group is described by (0, %) ® (%, 0),
which describes Dirac bi-spinors. In the chiral representation they can be written as

_(n" )
v=( 4 )

where 1 is the two component right-handed Weyl spinor of the (0, %) representation
and ¢, is the left-handed Weyl spinor from the (%,0) representation of the Lorentz
group [10]. The product W'V is not a Lorentz invariant. We therefore have to introduce
the adjoint Dirac bi-spinor ¥ = W'h, where £ is the spin metric that can be identified
with the y° matrix. The defining property for the Dirac y matrices is the corresponding
Clifford algebra

Iyt y¥t =26 145 (2.10)

for u,v=0,1,2,3. Additionally one defines

Y =iy yly2 s,

Using the Dirac spinors ¥ and ¥ together with the y matrices one can built new bilinear
covariant quantities [11]:

» Py V¥ is a pseudoscalar.
o YyHV¥ is a four-vector,
o PyHy V¥ is a pseudo four-vector.

o (Po¥), where 0¥ = L(yHyY —y'y#H), is an antisymmetric tensor.
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Now we can write down the Dirac action
Sp :fd4x [i¥yH0,¥Y —mPVY]. (2.11)

The first term is the kinetic term, while the second one is called mass term. From the
action principle the functional derivative of the action yields the Dirac equation

_ 8Sp
5P ()

= (iyto,-mV. (2.12)

It is convenient to abbreviate: y#d, =:3. Hence,

0=({d-mV. (2.13)

2.4 Spinor Construction

The Dirac algebra inherits a symmetry called the similarity transformations:
A— A'=SAS™'. (2.14)
Here,
AeGL(dy,C) and SeSL(d,,C), (2.15)

and dy is the dimension of the Clifford-algebra.

Maintaining this symmetry of similarity transformations while keeping the action
real, as is necessary for a unitary theory, leads to the concept of Dirac conjugation. In
the following, we sketch this line of argument, as it is not well known in the standard
literature [12, 13].

Consider the standard Dirac algebra, say in D =4,

{Y/,qu} = ngv- (2.16)
The algebra is invariant under
Yu— SyuS~!, SeSL(d,,0), (2.17)

where d, = 4 in the standard case.
Also, the Dirac equation is invariant as long as the spinors transform as

Y — SY, (2.18)

since
0=3Gg-mY¥Y — (iSFS ' -m)SY)=Sig-m¥ =0. (2.19)
=0
In order to construct an invariant action we postulate the existence of a conjugate
spinor ¥ that transforms as:
¥ — s (2.20)




2.4 Spinor Construction

such that
S= fd‘*x\if(i@—m)\y 2.21)

is invariant under (2.17 & 2.18 & 2.20).
However, in order for the action to be real, ¥ must be linearly related to the adjoint

spinor; we use the ansatz
¥ =v'n, (2.22)

where h can be interpreted as a spin metric. In view of (2.18), ¥’ transforms as
vh— wis, (2.23)
Since S" # S~! in general, the spin metric has to satisfy
S'h=hs™, (2.24)

such that (2.20) is satisfied:

1 (2.22) 1 (2.24)

¥y —Ps vihs™ visth. (2.25)

In view of (2.24), h is also called a ‘hermitizer’.
Now, consider the mass term as an example,

S = —mfd‘lx\if\lf

= —m[d‘lx‘lﬂ\i’T (2.26)
= —mfd‘*x\{f*h*(\wﬁ
= —m[d%‘l’%“l’.
Reality of S, requires a hermitian spin metric
h' = h. (2.27)
Performing the same consideration for the kinetic term, we get
Siin = fd‘*x\ifi pwLs = —ifd‘*x(ay\yhyﬂ“iﬁ

2P f dtx vy n'o,w
1

—~N
= ifd‘*x\lﬂ hh~ 'y hto,w

- _ T .
:fd4x‘l’h Lyt thau\P,
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which is real, provided

(2.27)

yh = oyt pt CED el (2.28)

The last equation stresses the interpretation of a ,hermitizer. In fact, one can prove
that (2.27),(2.28) and a scale condition, e.g.

h=h
yi =yt (2.29)
|deth| =1,

fix the spin metric completely up to a sign [12, 14]. |det k| = 1 inhibits that h introduces
an artificial rescaling of conjugate spinors with respect to the original spinors.

For the choice of the metric convention g, = diag(1,—1,-1,-1) and the Dirac alge-
bra {y,,yv} = 2guv with yo being hermitian and y; being anti-hermitian, a solution to
(2.29) is given by the standard choice h =7yy.

2.5 Gauge Theories and Electrodynamics

Local or global phase changes, which keep the Lagrangian invariant, are called gauge
transformations. They can in general be written as

¥ — Yexp{ia(x) A}, (2.30)

where a(x) is a real function of the space coordinates and Aisa unitary operator [11].
If a(x) = @ = const., the gauge transformation is called global otherwise it is a local
transformation. The generalization of the theory to non-Abelian groups is called Yang-
Mills-Theory. If we choose A as one of the generators of SU(2) we deal with structures
similar to those of the model for the weak interaction. The same holds for the SU(3)
group and the strong interaction. Imposing local gauge invariance for the Lagrangian
always entails the introduction of a field called gauge field, which comes up in an
interaction term in the Lagrangian. In fact, this ‘generates’ the core of electrodynamics
and the coupling of fermions to electromagnetic fields. In turn, one can also add this
interaction term to the Lagrangian and maintain the local gauge invariance. Have a
look at [11] for a good instruction how to derive the interaction term.

Here for an example, we want to focus on the Abelian version of the gauge theory
and choose the generators of the U(1) group for the unitary operator A = 1. For this we
take the still globally gauge invariant Lagrangian for the free Dirac particles and the
electromagnetic fields

_ S|
L= iVy, 0" - mPY - Fu FY. (2:31)

Here F,, = 0, Ay —0, Ay is the electromagnetic field tensor and A, is the four-potential
of the electromagnetic field. We apply the minimal coupling prescription:

ot — DH =0t +ieAr. (2.32)




2.5 Gauge Theories and Electrodynamics

Indeed, this procedure works for the Schrédinger equation and the Klein-Gordon
equation as well. This yields

- I |
£ =Py DY = mPY = Fy P (2.33)
= iVy, oMY — —ePy, AHY - mP VY - EFMVFW' (2.34)
which is indeed invariant under a local phase transformation
Y — el (2.35)
together with a simultaneous transformation of the four-potential
At — AF +0M0(x), (2.36)

as can be verified easily. These interaction terms generated with the gauge invariance
condition are essential for a lot of phenomena.
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3 Hamiltonian for Luttinger Fermions

3.1 Construction

We want to construct a theory of relativistic Luttinger fermions in D spacetime dimen-
sions. For this, we start by reviewing the Hamiltonian construction of non-relativistic
Luttinger fermions in d space dimensions.

We assume:

H= Z Gl]plp]_zpl(zGl]p]) (3.1)

i,j=1 i=1 j=1
So we need to determine the coefficients of the second-rank tensor G, which is obvi-

ously symmetric. Using the assumption H? = p*1 one can see that H? only contains
even powers of p;. Therefore we can do the following calculation:

d 2
[Zpl (Z Gijpj (3.2)
i=1 j=1

d d 2 d
=) p; ZszPj) +) PiPa ZGUPJ ZGajpj) 3.3)
i=1 j=1 i#a j=1 j=1

d d ) ) d d
Z Z (Gijpipp)"+ ) piPiPuGijGip | + 3 pipa(z Gijpj) Y GanPn|-
i=1]j=1 Jj#b i#a j= n=1

A
(3.4)

Because j # b and H? only consists of even powers of p; the term A has to vanish. This
means that the symmetric part of G; ;G;, vanishes, i.e.

GijGL'b‘i‘GibGij:{Gierib}:()forj#b- (3.5)

The same holds for the last term. In order to get only even powers of p;, we need to
have only two non-vanishing terms: 1.j =i,n = a and 2. j = a,n = i. The remainder
has to be zero, which means, together with (3.5),

{Gii,Gan} =0forn#a. (3.6)
The first possibility gives us the sum

Y p?P2iGii, Gaal, 3.7)

i<a
whereas the second one, using the symmetry of G, leads to the sum

Y P2P%(Gia, Gait = Y P2 p2(2Gia). (3.8)

i<a i<a




3.1 Construction

If we now combine all these leftover terms from (3.4), we get for the squared Hamilto-

nian
d

Hz Z llpl+zp1p] (4G2 +{Gler]]}) (39)

i=1 i<j

From this we get the third condition in order to satisfy H* = p*1
4G?_].+{GQ,GH}=2forany£;él. (3.10)

So in total the assumption H? = p* results in three conditions (3.5),(3.6),(3.10), and the
normalization G?i =1.

Now we want to get the last missing anti-commutator of two diagonal elements of G.
If we assume that G is a traceless tensor with respect to its spacetime indices, which
means G;; =0, then H does not depend on the invariant pz, but only on the irreducible

2
tensor p#p” — & g"V. This gives rise to the property
d
0=14Ggk, . Git p =2+ ) {Grk, G- (3.11)
i=1 i(£k)

Since the index k is arbitrary this holds true for every pair off diagonal elements. So we
get

{Gii,G“}:ifori;éj. (3.12)
wEfT1—d
Combined with (3.10) we can get the squared off-diagonal elements

=d/(2(d-1)). (3.13)

We obtain the following four conditions for the anti-commutators:

(){Gij, G} =0 fori# j,k#land (i]) # (k) (3.14a)

(i) Gz, Gk} = 0 for k #1 (3.14b)

(i) (G, Gii} =2 (3.14¢)
2

(i) {Gii, Gﬂ} =— fori#j. (3.14d)

d-1
Since the tensor structure must respect Euclidean invariance, the right-hand side
can only be spanned by the invariant tensors 6;; and €; jx. G;; is symmetric, G;; = Gj;,
hence the Levi-Civita symbol, anti-symmetric in all indices, drops out. Using
6ij0k1, 6ix0j1, 610 ji as a basis for ansatz, we find the general form

2 d
{Gijy G} =~ 010k + —— @ik j1+ 00 j1) (3.15)

A generalization to Minkowski spacetime reads

2 D
{Guv;GK/l}: D_ lg;wgm D_ l(g;u(gv/l"'gpﬂtgvx) (3.16)
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Table 1: Dimension d, of Clifford-algebra with d, anti-commuting elements.
D23 4 5 6
de |2]15] 9 14 20
dy | 24|16 | 128 | 1024

Now, equation (3.14a) tells us that all off-diagonal elements must anti-commute. Since
Guy isa D dimensional symmetric matrix with respect to the uv indices, it has %D(D— 1)
off-diagonal elements.

Also, equation (3.14b) implies that all off-diagonal elements must anti-commute
with all diagonal elements. There are in total D diagonal elements. However, we can
always decompose G, with respect to the Lorentz indices as

1
Gy + 58w G (3.17)

where G = tr, Gy = "Gy and tr, GZI; = 0 is the traceless part.

Since we intend to use G,0"0" as a kinetic operator for the field, the trace part would
simply lead to a Klein-Gordon type operator, which we would be free to add afterwards
if desired. However, imposing additional symmetries of a chiral type can forbid the
occurance of such a trivial term. Hence, we exclude it from now on. Concentrating on
the irreducible derivative tensor structure 049" — %02, we consider G,y to be traceless
for the remainder, i.e.

Guv =Gy .- (3.18)

In this condition, only D — 1 diagonal elements are independent. To span the space of
all Gy, we thus need

1 1, 1
de=-DD-1)+D-1==-D"+-D-1 (3.19)
2 2 2
anti-commuting elements. These are available in a dy, dimensional Clifford-algebra

listed in table 1.
If d, is even, we can think of a Dirac algebra in d, dimensions, where the dimensionality
of the irreducible representation of the y matrices is dy = 20el2,

If d, is odd, we may use the Dirac algebra in d, — 1 dimensions and include y . as the
dcth element, so dy = 2%.

Now, let y, be the required dy dimensional Dirac matrices, satisfying a (Euclidean)
Clifford algebra

{Ya v} =264, (3.20)
with a,b=1,2...,d,. Then we can span the space of all G, by

Guv = dgyYa, (3.21)

where ay, = ay,, being symmetric.

10



3.1 Construction

Insertion of equation (3.21) into equation (3.16) yields

{Guv, G} = “Zv“fa{yaﬁb}

= ZaZVaZA
2 D
=~ 88kt 7 (8ux8va T 8urgvi)- (3.22)
Contracting (3.22) with g"" leads us to
a a 2D D _
2a%ag; = -8+ 5728 =0, (3.23)
where we defined
a“=g"ay,. (3.24)

Equation (3.23) reflects a trivial result as it expresses the tracelessness of Gy, i.e. also
the aj;, have to be traceless 2nd rank Lorentz tensors.
Therefore, let us contract (3.22) with gH*:

au a 2 D

2ay aM:—D_lgm+D_I(ng;ﬁgm)
- D_lgv/l
_D*+D-2
- D—1 8va
_(D+2)(D-1)
~ D-1
=D+2)gya- (3.25)

D+1
D—l( +1)8va

8va

Further contraction with g** yields:

2a"a}, =D(D+2). (3.26)

Apart from the condition (3.22) and their consequences (3.23) to (3.26), there is a rather
large freedom of fixing the components of a;;,. For a specific choice in the Euclidean
case see [3]. Equation (3.21) illustrates that the G, inherit a large further symmetry,
namely similarity transformations of the Dirac algebra:

Guv — Gy = SGuw 7', (3.27)

where
SeSL(d,,C). (3.28)

The symmetry in (3.27) is the same as for Dirac spinors, which we discussed in section
2.4.

11
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3.2 Hermiticity properties of G,

Let us first check the hermiticity properties of the G’s, say for the metric convention
g =diag(1,—-1,-1,-1). From (3.16) we get forx = yu, A = v:

2 D
2 Gft_v = D1 gw D_1 (gW 8vv + 8uv gw) (3.29)
e.g.

p=v: Gfﬂ =1 (3.30a)

. 2 1 D
(,LL, V) = (0, l) : GO,i = —Eﬁ (330b)

.. 5 1 D
(/.L,’V) = (l,] # l) . Gl JE T Zﬁ (330C)

Equation (3.30a) shows a constraint for D — 1 independent elements G as one of the
D elements is already fixed due to tracelessness. Equation (3.30b) is a constraint for
D —1 elements whereas the last equation (3.30c) is a constraint for 1/2(D —-1)(D - 2)
elements. Summing these up

D—1+D—1+%(D—1)(D—2):de (3.31)

shows that this fixes all d, anti-commuting elements to span the space of all G, .
Using the representation (3.21) of the Gy in terms of a Euclidean Dirac algebra, the
results of (3.30) also hold for the coefficients aﬁv analogously.

Z(aﬁ,f =1,

Z(a”) 2D—1’ i # (3.32)

The simplest choice satisfying the sign constraints of (3.32) would be

a® eR, afjelR, agy; €iR. (3.33)

In this case, Gy, and G;; would be hermitian, and Gy; would be anti-hermitian.

3.3 Simplest Choice

Let us see how far we get with assumption (3.33). Following a similar reasoning as for
the Dirac spinors, reality of the mass term implies (c.f. (2.26) & (2.27)):

h=h' (3.34)

12



3.3 Simplest Choice

Using the constructed kinetic term of the Hamiltonian in chapter 3.1, we can now take
a closer look at the kinetic term for which we make the ansatz:

Skin = f d*x PG,y (16")(i16") ¥ (3.35)
St = f d'x | (-io")(-i0")¥'| Gf, P! (3.36)
Lbp. f d*x WGl (0" (i6")¥T (3.37)
- f d*x W' hh7 G, (10" (0" h'w (3.38)
:f d*x¥h™ Gl h' (0" (i0") Y. (3.39)

From the reality of Sl’:in = Skin We can conclude:
Gu =h~'Gl, 1, (3.40)

which again underlines the reason for the name ‘hermitizer’ for the spin metric h.
Based on assumption (3.33) we get for the anti-hermitian matrices Gy; in (3.40)

Goi=h™'G} . h' = —h"'Go;h
= hGOi = —GOihT = —G()l‘h
= {h, Gy;} =0. (3.41)

Any choice of h = y% for any ,a“ together with Gy; = iy? with b # @ would satisfy (3.41).
Now we turn to the hermitian matrices G, or G;;:

—plat T = -1 T
Gij=h"'Gl;h" = k™ Gyjh

= hGi]’ = Gijh
= [h,G;j] =0, (3.42a)
and similarly for
|7, G| = 0. (3.42b)

Assuming that there is a choice h = y‘_l, »a “ fixed, then (3.42a) implies

- | - — —
7/a}/balbj = Yb}/aai?j — _Yaybaf?j + 26abaf’7j (3.43)
=2y%y’al; =6"a}, (3.44)
=>aj;=0 forb#a. (3.45)

This contradicts the condition (3.13). Therefore the simplest assumption h = y4 fails in
general.

13



4 REPRESENTATIONS

4 Representations

4.1 In 2+1 Dimensions

Before we turn back to the problem of the spin metric, let us study more concretely the
construction of an explicit representation of the G “s satisfying the Minkowski space
constraints (3.32) and of course the defining algebra (3.16).

For simplicity, we begin with D = 3 and use a Euclidean Dirac algebra
fy4,yb} =26 a,b =1,...,5,y% = (y™', as building blocks. The following choice
is a representation of the defining algebra:

1 V3 1 V3
57/4 + 77’5, Go=-y'+—7°

2 2
G()]':l?)/],]:l,z G12:7Y3.

Goo =7", G =
4.1

This is a relativistic generalization of the representation found in [3]. It is straight for-
ward to see that (4.1) satisfies the normalizing constraints (3.32) and the tracelessness
condition

8" Guy = Goo — Gi11 — Go2 = 0. (4.2a)

For the remaining check of the algebra (3.16) we note that

{Goi, G12} =0,

(4.2b)

both as it should be when using the right hand side of (3.16). We see that this represen-
tation satisfies the hermiticity properties
Goi =G, Guu =Gy, Gi2=Gl,, (4.3)

as it corresponds to the simplest choice (3.33).

Now, using SL(4, C) spin base transformations, we can reach any other representation.
In turn any other representation can be transformed into (4.1).

In chapter 3.3 we have seen that the easiest assumption i = y‘_‘, a fixed, fails. This
failure implies in particular that we do not know how to define the conjugate spinor ¥
for which we need the spin metric h.

Let us propose a different construction. For this, we define

Y(,3=v1-3. (4.4)

Note that in 2 + 1 dimensions, this corresponds to a charge conjugation and a rotation
of the spatial plane by z#. In 3 + 1 dimensions this would correspond to a charge
conjugation and a parity transformation.

Now, let us study

Skin = f PxP (2, %) Gy (-i0") (—i0") Y (1,7). (4.5)

14



4.1 In2+1 Dimensions

For the action to be real, we need to proof S}, = Syn:
Spin = f &’ x(io")(i0")¥' (1, )G, ¥ (1,-3)
hp f CxW(t, DG, (—i0") (=0 W (£,~3)
= f dx ¥ (1, %) [Ggo(—ia")(—ia‘)) +2G) (=i0%)(~i0")
+Gj(-i0") (-ioh) | W (1, - %)
“3) f & (1,3 | Gool~i09)(~10) ~ 2Gos (~ 0% (- i0')
+Gl-j(—ia")(—iaf)] W (t,—%). (4.6)

In a last step, we now substitute the integration variable

F——3%, 4.7)
i.e. o
fd?’x:fdrdzxxé‘xfdtdzxzfd3x, (4.8)
but . .
(—id%)(=i0)) — —(=id%)(-id)); (4.9)

all other terms keep their sign. With this substitution we get

Sﬁin:‘[dsx\lﬁ(t,—j&) Goo(—i0%) (—i0%) +2Go; (—i8°) (—id")

+G;j(=i0") (=) | ¥ (8, %) (4.10)
sfd%c\If(t,?c)GW(—iaﬂ)(—iaV)\P(t,x) (4.11)
= Sin. (4.12)

Thus, the action Sy, is real.

The ansatz (4.4) shows that we need the rotated spinor. Since the rotation is part of
the Lorentz group, there should be a corresponding Sl(d,, C) element that ‘does the job’
of describing this rotation.

In fact, there is one, but even without explicitly constructing this rotation in Sl(d,, C),
the spin metric can be found by realizing that it has to correspond to a rotation in the
1 -2 plane. The desired spin metric is indeed given by

hi=iy'y? (4.13)
Let us verify its necessary properties:

ht = (iyly?)' = —i)fZT)fIT =—iy’y' = iyly* = h. (4.14)
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4 REPRESENTATIONS

And using the representation (4.1),

3 . 3 .
hGy; = i%iylyzy’ = —i%y’iylyz =—Goih = {h,Gyi} =0 (4.15)

satisfies (3.41).
Finally, note that G, and G;; are ~ Y%, a = 3,4,5, such that

a_ - 1.2 a_ _

Y = iy = - iy Y =y iy =y h = (1G] =0= |Gy |  @18)

satisfies (3.42a) and (3.42b).
Therefore, we have found the required conjugate spinor

Y=y, h=iyly?, 4.17)

such that
Skin = f d*x PGy (16")(i0") W (4.18)

is the desired Lorentz invariant action for D =2 + 1!

4.2 In 3+1 Dimensions

Let us now turn to the 3 + 1 dimensional case. As said before, the ansatz (4.4) in
3+ 1 dimensions describes a parity transformation which is not part of the space the
generators Yy, a=1,...,9, span. The substitution X — —X is similar as to before:

fd4x:fdtd3xx_§xfdtd3x:fd4x. 4.19)

In detail, from equation (4.6) we get:

S;in:fd“x‘l’*(t,?c) [Goo(—iao)(—iao)—2G0i(—i00)(—iai)
+G;j(=i0")(=i0)) | ¥ (t,-3), (4.20)
implementing the substitution X — —X yields
Spin = f d*x¥T(1,-%) |Gl (-i0%) (=8 +2G] (=16 (-id")
+G(=id")(=id)) | W (2, )
= f d*x ¥ (1, %) Gy (—i0") (-i0") ¥ (£, %)
— Siin. (4.21)

It is easy to prove that there is no way to describe the parity transformation in terms
of y matrices. In other words, its is not possible to find the spin metric h satisfying
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4.2 In3+1 Dimensions

the condition (3.40) in the irreducible representation of the Clifford algebra (3.20).
If we move away from the irreducible representation of the y%,a = 1,...,9, with the
dimensionality d, = 24e/2 — 16 to a reducible representation with y*,a=1,...,11, and
dy = 32 then we have two more anti-commuting matrices which we can use to build
the spin metric h. In this case it is always possible to find h, which is hermitian and
satisfies the commutators (3.42a) and (3.42b) as well as the anti-commutator (3.41)
such that the action

S=Sm+ Skin (4.22)
= —mf d*x PV + f d*x PGy, (i0")(i0") ¥ (4.23)

is real and
¥=wn (4.24)

is the conjugated spinor.
Let us see how this is done in an explicit example. We can try to construct the G,
similarly to the one in 2 + 1 dimensions:

Go; = iaiyi where a;eRand i =1,2,3, (4.25)
with a; to be determined. We also assume
Giz = asy’ Gz = asy® Gz = asY®, (4.26)
where a4 5 6€R. We may set

Goo =y’ (4.27)

and construct G;1, G2z, Gs33 from a suitable linear combination of y7,y8,y9 with real
prefactors such that the G, algebra (3.16) and tracelessness is satisfied. This choice
fullfills the hermiticity constraints (3.33). Now, we need to find the spin metric h such
that (3.42a),(3.42b), and (3.41) are satisfied. The naive choices h = y'? as well as i = y!!

do not comply with the commutators [1,G;;| =0 = [h, GW] )
Instead, we suggest
h= YIYZYSYIO (4.28)
First, let us check the hermiticity of h:

t of
h YIO YS YZ Yl _710),3)/2)/1 YIYIOYS,)/Z — YIYZYIOYIS YIYZ,}/S,YIO h. (4.29)

Because
('t = 2y Oy Y Yy =0 (4.30)
and similarly for {h,y?} and {h,y%}, the anti-commutator

{h,Go;} =0 (4.31)
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4 REPRESENTATIONS

is satisfied. To check the commutators we see that

U o G S o G o s (4.32)
= yayly2y3yl0 _yayLy2,3,10 (4.33)
=0 (4.34)
for a=4,5,6,7,8,9. Therefore, we get
[h,Gij]=0= [h,Gﬂ] (4.35)

as required. This means that i = y!y2y3y!? is indeed a spin metric for the chosen

construction of the G’s with the following coefficients:

2 .

Goi = i%y’, (4.36)
V2 V2 V2

Gio= —7* Gu=—y, Giz=—y5 (4.37)
3 3 3

Goo =7, (4.38)
1 2V2

Gy = SyT 1 2Y2 08 4.39

11 37’ 3 Y ( )
1 V2 2

Gy = 2y7 Y28 209 4.40

22 3}” 3 Y 37’ ( )
1 V2 2

Gun 2 _Y2 8, |29 4.41

33 3}’ 3 Y 3Y ( )

With this we have proven that it is possible to find the spin metric & and built the
conjugated spinor
v=v'p, (4.42)

such that
Skin = f d*x¥ G,y (i0")(i6") ¥ (4.43)

is real.
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5 Coupling to Electromagnetic-Fields

Now, we want to investigate the behaviour of the new kinetic operator when coupled
to electromagnetic fields. For this we perform the minimal coupling prescription and
obtain

.,%:‘PGW(iD“)(iDV)\I’—iFWF“V. (5.1)
Replacing D¥ = 0" + ie A yields
L =YGu(i0M)(i0")¥ — ¥ Guy (i0M) (eA)Y — PGy (e AH) (i0%) ¥ (5.2)
+ WGy (eAM) (eA)Y — }LFMVF”V.
The Lagrangian indeed comprises a local gauge invariance for the simultaneous trans-
formations

/N eieG(x)\Ij,

5.3
AF — AH - M0 (x). (5-3)

From these, the following transformations

/7 \i,e—iee(x),
DF — DM =" + jeA* — jed"0(x) = 0™ peief®
arise trivially.
To verify the local gauge invariance, we observe
FuF*Y —F F*,
\i]G”V(lD[J) (ZDV)\P _)\Pe—zee(x) Guveleﬂ(x) (ZD[J) e—leB(x) eleﬁ(x) (iDV) e—leH(X) ele@(x)\y
=¥G,, (iDH)(iD") V.
Therefore, the Lagrangian is invariant under the local gauge transformation (5.3). The

Lagrangian shows the kinetic terms for the fermions as well as for the electromagnetic
fields, but also shows three interaction terms.
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6 CONCLUSION

6 Conclusion

This thesis discusses the construction of relativistic field theories with Luttinger fermi-
ons.

After reviewing the Dirac formalism and the corresponding Dirac equation we took
into account how the Dirac conjugate spinor W is built to keep the action for fermionic
theories real. We also reminded ourselves about gauge theories and the coupling of
electro-magnetic fields to fermions.

In the next chapter we started off by constructing the Hamiltonian for Luttinger
fermions and lifting the resulting anti-commutator to the general Minkowski spacetime.
Realizing that the simplest choice for the coefficients ay, of the y matrices and the
simplest ansatz for the Dirac conjugate leads to a contradiction, we saw a different way
to solve the problem and find the spin metric in 2 + 1 dimensions. For 3+ 1 dimensions
we had to move to a reducible representation of the Clifford algebra.

Furthermore, we were able to show that it is possible to find a spin metric in 3 +1
dimensions and built a Dirac-like action with the new found kinetic operator:

Gy (i0H)(i0Y). (6.1)

We found that the spin metric / has to satisfy the following conditions:

h=h' (6.2)
Gu =h"'G],h, (6.3)
|deth| = 1. (6.4)

In the last section we showed that the new action when coupled to a gauge field
comprises the same gauge invariance as known for the Dirac action and the electro-
magnetic fields.

In further research it would be interesting to treat this relativistic field theory with
the methods of the renormalization group and look out for quantum critical fix points.
Another way to go further could be to see if this construction is possible in higher
dimensions as well.

20



Bibliography

Bibliography

(1]

(2]

(3]

(4]

(5]

6]

[7]

8]

(9]

[10]

[11]

[12]

Lucile Savary, Eun Gook Moon, and Leon Balents. “New Type of Quantum Criti-
cality in the Pyrochlore Iridates”. In: Physical Review D (2014), p. 041027.

Igor E Herbut and Lukas Janssen. “Topological Mott Insulator in Three-Dimensio-
nal Systems with Quadratic Band Touching”. In: Phys. Rev. Lett. 113 (10 Sept.
2014), p. 106401. URL: https://link.aps.org/doi/10.1103/PhysRevlett.
113.106401.

Lukas Janssen and Igor E Herbut. “Nematic quantum criticality in three-dimensi-
onal fermi system with quadratic band touching”. In: Physical Review B 92.4
(2015).

Francesco Parisen Toldin, Martin Hohenadler, Fakher E Assaad, and Igor E Her-
but. “Fermionic quantum criticality in honeycomb and 7-flux Hubbard mod-
els: Finite-size scaling of renormalization-group-invariant observables from
quantum Monte Carlo”. In: Physical Review B 91.16 (Apr. 2015). URL: https:
//doi.org/10.1103%2Fphysrevb.91.165108.

J. M.. Luttinger. “An Exactly Soluble Model of a Many-Fermion System”. In: Jour-
nal of Mathematical Physics 4.9 (1963), pp. 1154-1162. eprint: https://doi.
org/10.1063/1.1704046. URL: https://doi.org/10.1063/1.1704046.

Kai Sun, Hong Yao, Eduardo Fradkin, and Steven A. Kivelson. “Topological Insu-
lators and Nematic Phases from Spontaneous Symmetry Breaking in 2D Fermi
Systems with a Quadratic Band Crossing”. In: Phys. Rev. Lett. 103 (4 July 2009),
p. 046811. URL: https://link.aps.org/doi/10.1103/PhysRevLett . 103.
046811.

Y. D. Chong, Xiao-Gang Wen, and Marin Solja €i €. “Effective theory of quadratic
degeneracies”. In: Phys. Rev. B77 (23 June 2008), p. 235125. URL: https://1link.
aps.org/doi/10.1103/PhysRevB.77.235125.

Vladimir Cvetkovic, Robert E. Throckmorton, and Oskar Vafek. “Electronic multi-
criticality in bilayer graphene”. In: Phys. Rev. B86 (7 Aug. 2012), p. 075467. URL:
https://link.aps.org/doi/10.1103/PhysRevB.86.075467.

Santanu Dey and Joseph Maciejko. “Quantum-critical electrodynamics of Lut-
tinger fermions”. In: Physical Review B 106.3 (July 2022). URL: https://doi.
org/10.1103%2Fphysrevb.106.035140.

Peter Woit. Quantum Theory, Groups and Representations - An Introduction.
Berlin, Heidelberg: Springer, 2017. Chap. 41.

Alessandro De Angelis and Mdrio Pimenta. Introduction to Particle and Astropar-
ticle Physics - Multimessenger Astronomy and its Particle Physics Foundations.
Berlin, Heidelberg: Springer, 2018.

Holger Gies and Stefan Lippoldt. “Fermions in gravity with local spin-base in-
variance”. In: Physical Review D 89.6 (Mar. 2014). URL: https://doi.org/10.
1103%2Fphysrevd.89.064040.

21


https://link.aps.org/doi/10.1103/PhysRevLett.113.106401
https://link.aps.org/doi/10.1103/PhysRevLett.113.106401
https://doi.org/10.1103%2Fphysrevb.91.165108
https://doi.org/10.1103%2Fphysrevb.91.165108
https://doi.org/10.1063/1.1704046
https://doi.org/10.1063/1.1704046
https://doi.org/10.1063/1.1704046
https://link.aps.org/doi/10.1103/PhysRevLett.103.046811
https://link.aps.org/doi/10.1103/PhysRevLett.103.046811
https://link.aps.org/doi/10.1103/PhysRevB.77.235125
https://link.aps.org/doi/10.1103/PhysRevB.77.235125
https://link.aps.org/doi/10.1103/PhysRevB.86.075467
https://doi.org/10.1103%2Fphysrevb.106.035140
https://doi.org/10.1103%2Fphysrevb.106.035140
https://doi.org/10.1103%2Fphysrevd.89.064040
https://doi.org/10.1103%2Fphysrevd.89.064040

Bibliography

[13]

(14]

H. Arthur Weldon. “Fermions without vierbeins in curved space-time”. In: Physi-

cal Review D 63.10 (Apr. 2001). URL: https://doi.org/10.1103%2Fphysrevd.
63.104010.

Stefan Lippoldt. “Spin-base invariance of fermions in arbitrary dimensions”. In:
Phys. Rev. D91 (10 May 2015), p. 104006. URL: https://link.aps.org/doi/10.
1103/PhysRevD.91.104006.

22


https://doi.org/10.1103%2Fphysrevd.63.104010
https://doi.org/10.1103%2Fphysrevd.63.104010
https://link.aps.org/doi/10.1103/PhysRevD.91.104006
https://link.aps.org/doi/10.1103/PhysRevD.91.104006

Acknowledgment

Here, I want to say thank you to the people who supported me throughout the time I
worked for this thesis.

I want to thank my supervisor Prof. Dr. Holger Gies for the time he took for me out of
his busy schedule, for all the answers to my questions and making my plans of a year
abroad possible. Also I would like to thank Prof. Dr. Stefan Flérchinger for providing
the second opinion.

Thank you Adrian Minnich and Elias Wahl for proofreading my thesis and for your
helpful support.

Special thanks go to Marlen Hund for always having a friendly ear for my thoughts and
troubles.

And lastly I want to thank my family and friends who supported me in any way.






Statement of authorship

I declare that I completed this thesis on my own and that information which has been
directly or indirectly taken from other sources has been noted as such. Neither this nor
a similar work has been presented to an examination committee.

On the part of the author, there are no objections in providing the present bache-
lor thesis for public use.

Jena, October 18,2022 i

Johannes Laufkotter



	Introduction
	Theoretical Foundations
	Conventions
	From Hamiltonian to Action
	Dirac Formalism
	Spinor Construction
	Gauge Theories and Electrodynamics

	Hamiltonian for Luttinger Fermions
	Construction
	Hermiticity properties of G
	Simplest Choice

	Representations
	In 2+1 Dimensions
	In 3+1 Dimensions

	Coupling to Electromagnetic-Fields
	Conclusion

