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Abstract

A non-perturbative quantum field theoretical handling of Casimir forces in
QED for nonplanar surfaces is reviewed and applied to certain geometries.
The possible extension to general dielectrics is shown, but the main focus
lies on perfectly conducting surfaces. Boundary conditions are derived for a
non-local and local implementation into the formalism, whereby the latter
one is used. At first, Casimir’s result for two plain plates is obtained. Then,
the propagator for a sphere of arbitrary radius, which is needed within the
method, is derived, studied, and inverted analytically. Three different coor-
dinate choices are discussed, whereby the general inverse propagator for the
sphere is found. The standard Casimir-Polder result for an atom in front of
a plain plate is calculated. At last, the method is applied to a sphere in front
of a uniaxial corrugated surface. To obtain the Casimir energy for this setup,
the corresponding propagator for the corrugated surface and the numerical
method is presented.
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1 Introduction

1.1 From historical background to the actual work

The understanding of the nature of forces has, of course, a long history.
But the birth of quantum mechanics first leads to significant results in the
development of a theory of the origin of atomic and interatomic forces. One
of the big results of quantum mechanics is, for example, the change of a
classical vacuum to a quantum vacuum. In this one, thanks to Heisenberg’s
uncertainty principle, we know that energy can fluctuate over short instances
of time. Therefore the quantum vacuum has the so-called zero-point energy.
These fluctuations now lead to physical effects. In 1930 London [1,2] showed
that a force between molecules possessing electric dipole moments should fall
off with the distance d between the molecules as d%. The simple argument for
this gives the interaction energy H,, for two such dipoles which is d% for short
distances. Now taking fluctuations into account, the energy is given by the
mean value (Hjy) and the first order of perturbation theory vanishes, because
the dipoles are oriented randomly. Thus, the short distance behaviour starts
with the second order which gives the 7. In 1948 Casimir [3] shifted the idea
from an action at a distance between molecules to a local action of fields.
According to that, the above phenomenon can equally be discussed in terms
of fluctuating fields.

He considered two parallel, infinitely large and ideally conducting plates
in vacuum at zero temperature, separated by a distance d. Now the idea
is that electromagnetic fields or photons that emerge between the plates
have to obey certain boundary conditions on the surfaces. Thus the allowed
number of fluctuation modes between the surfaces is restricted, whilst on the
outside the number of permissible modes is higher. This boundary conditions,
of course, are dictated by the vacuum Maxwell’s equations. In the end,
Casimir’s results for the energy and the force per unit area are

her? 1 0 hem? 1
ECasunlr 720 d3 Casimir 8d Casimir 240 d4 ( )

This change of viewpoint now opens up a new field of phenomena, which
is referred to as the Casimir effect. For an overview, see [4]. Nowadays,
forces arising from fluctuations are all called Casimir forces, and in the spe-
cial case of long-range interactions between neutral atoms or molecules due
to their common interaction with the electromagnetic radiation field, the
forces are called Casimir-Polder or van der Waals forces [5]. But also non
quantum mechanical fluctuations like density fluctuations in liquids [6] lead
to “critical Casimir forces”, which have been observed recently [7].
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So why are influences of structures that interesting to the community?
Although Casimir and Casimir-Polder forces are very small, they have been
measured with high precision for macroscopic objects [8,9,10,11,12,13], for
mesoscopic configurations [14,15], and also indirectly for atom-atom van der
Waals interactions [16]. To compare these results with the theory, it is neces-
sary to take into account temperature, boundary effects like those from finite
surfaces or edge effects, general dielectrics and so forth. Also the corrugation
of the surfaces could be theoretically optimised to increase the intensity of
such forces. All together, Casimir forces find practice in nanoscale engineer-
ing [17,18], chemistry, biology, but also in cosmology.

1.2 Current state of research

So far, calculations for nontrivially shaped geometries in the sense of Casimir
Polder potentials were done with the so-called proximity force approximation
(PFA) [19,20]. In this, corrugated surfaces are replaced piecewise by flat
segments and thus can be used for any configurations. But of course, Casimir
deliberately chose two parallel plates because fluctuation induced forces are
inherently non-additive. Hence, in the end, PFA is only an approximation,
which has to be used with care. Therefore, various techniques are desired
by the Casimir community [21,22,23,24,25,26,27,28,29] to describe Casimir
forces.

Another non-perturbative formalism, firstly introduced by Bordag, is a
functional approach. With this, the Casimir energy density can be calcu-
lated out of the partition function by introducing a delta functional into it,
which carries the boundary conditions on the surfaces [30]. This formalism
was extended to corrugated dielectric surfaces for abelian scalar fields [31], in
which the only approximation is that the dielectric sphere, which represents
an atom, has a very small radius compared to the mean distance to the corru-
gated surface. So the corrugation itself can be arbitrarily raised and lowered
without loss of correctness in accordance with the numerical precision.

On the experimental side, diverse measurements of Casimir forces were
done, too. For example, in Heidelberg at the atomic beam spin echo (ABSE)-
apparatus, Casimir experiments were done with 3He atoms which were quan-
tum reflected [11,32] by the attractive Casimir Polder potential of an atom
and a structured plate [33]. For instance, a sinusoidal corrugation appears
as a surface effect of thick gold atom layers, but also a sawtooth structure
was tried out. For the latter, an interesting effect was found, which may only
be explained by short distance Casimir Polder forces. The observed power n
with which the force decreases, depends on the incident direction in the fol-
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lowing way: Along the ridges, n = 6 was found, under an angle of 45 degrees
to the ridges, the potential changes with n = 4 and orthogonal to the ridges
the n was 5. This is of course a strongly geometric sensitive effect and could
hardly be described by above methods.

1.3 Topic of this thesis

The task of this thesis is to extend the above non-perturbative technique [31]
for nontrivial geometries from scalar fields to abelian vector fields, or pre-
cisely to the electrodynamic case in QED. Thus, the scalar dielectric bound-
ary conditions become, according to Maxwell’s equations, dictated boundary
conditions, which also carry surface information, and the propagator for the
scalar fields changes to the free photon propagator, which is a matrix in the
end.
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2 Casimir forces for abelian gauge fields

2.1 Preliminaries

Quantum field theory can be formulated with the functional integral formal-
ism. In this formulation, fields are not treated as operators but as common
functionals, which have to obey Hamilton’s principle. Starting with the gen-
erating functional or partition function Z, every quantity of interest can be
obtained. In this sense, the Casimir force can be obtained by the energy
density of the fluctuating field, which is determined by the logarithm of Z.
Additionally, boundary conditions on the surfaces have to be set, which then
give restrictions on Z. For the energy altogether, In Z will be reformulated in
a more convenient way, which also provides space for physical interpretations.

2.2 Vector field theory with boundaries

2.2.1 The “free” partition function

In QED, the partition function is defined as
Z= / DAe el (2.1)

where DA symbolises || o dA,(z), the path integral over the field strength
of every component of the electromagnetic vector field potential A, at every
point z in space and time and Sg is the Euclidean action after a Wick rotation
to imaginary time.! This is still the “free” vacuum formulation, where no
boundary conditions are imposed. Now the action-integral in QED is the
Maxwell-Yang-Mills action S = [ (Lo + J*A,)dx, where Lo = —1F,, F* is
the Lagrangian, F* = OtAY — 9V A" is the electromagnetic field strength
tensor and J,, are external charge and current sources which are set to zero
in the following (see section 2.2.3). This action S is constructed in that
way, that after variation of the Lagrangian, the inhomogeneous Maxwell’s
equation 0, F" = J”, or without external currents and charges:

0, F™ =0, (2.2)

is resulting. Later, the free photon propagator is needed, which is in principle
the inverse of this equation (2.2) corresponding to A,. Thus it is necessary

1A so-called Wick rotation is the formal transfer from a real valued time ¢ to the pure
imaginary axis ¢ — —i7 of the complex plane. 7 afterwards is an imaginary time, which is
usefull for calculations because the flat space Minkowski metric diag (—, 4+, 4+, +) becomes
an Euclidian metric diag (+, +, +, +).
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to insert the definition of F,, in d,F" = 0 and the equation
(gwd—0,0,)A" =0 (2.3)

is obtained. This equation of motion also could have been obtained with a
Lagrangian of the quadratic form £ = %A“LWA” with L, = g0 — 0,0,.
Now the inverse of L,, would be needed, but due to a zero-eigenvalue® the
inverse does not exist. The reason for this is that £ is still invariant under
the gauge transformation A, — A, + J,A. The integral in equation (2.1)
runs over all fields and thus in particular over all configurations which differ
only by such a gauge transformation. Every gauge contains the same physics,
so they will be integrated over infinitely many gauges of the same physics,
which would result in an infinite contribution to the partition function. To
fix this problem, the gauge has to be fixed. This can be done by introducing
a gauge fixing term to the Lagrangian £ = Lo+ Lgr. Here Lgr = %(@A“)Q
is used, where a € R is a free parameter parameterising an orbit in the space
of possible gauges. For example, & = 1 is known as the Feynman gauge or
a — 0 is known as the Landau gauge. With the use of the Feynman gauge,
most calculations become very easy and therefore it will be used in this thesis.
However, with this gauge fixing, the number of degrees of freedom is still not
equal to the number of physical degrees of freedom. But QED is an abelian
gauge theory and therefore a fully fixed gauge® is not needed. Additional
gauge freedoms will be discussed later in chapter 2.5.
The new choice of £ can now easily be transformed to

1 1
L= iA“(gw,D + (a —1)0,0,)A", (2.4)
where the so-called “non-Maxwell-equation of motion” [34] appears.
1
{D + (a — 1)8“8,,} A" =0 (2.5)

This one has no zero-eigenvalues and therefore can be inverted in the next
section. But before, the operator in the squared brackets in (2.5) can be
rewritten to a form in which it becomes a functional operator depending on
two points.

L () = 5z —y) {D e 1>a“ay] (2) (2.6)

The global minus is only convention.

2L, 0"\ = (0,0 — 9,0"0,)A = (0,0 —09,)A =0
3“Fully fixed gauge” means the number of degrees of freedom equals the number of
physical degrees of freedom.
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2.2.2 Free photon propagator

The free photon propagator G"* is given by the functional inverse of the
operator L, (x,y):

[ Ll )G 0,2) = 6 — ). (27)

an analogue to the usual matrix inverse ) ; Miglek = 0;,. The integral
replaces the matrix product. Now inserting the definition of L,, (2.6), the
integral (2.7) can be carried out and the above non-Maxwell-equation of
motion acting on G** is obtained.

L (2)G" (2, 2) = 6(2 — x)0,, (2.8)
Afterwards both sides have to be transformed to momentum space z—x — p,
because L,,(r) becomes diagonal there and can be inverted like a usual
matrix. Of course, this “free” system with no boundary conditions is still
translation invariant and therefore a change to momentum space is allowed
in all four dimensions. Now on the left side a Fourier transformation integral
appears. By partial integrations, the differential operators in L can be shifted
to act on the e term and thus will be replaced by ip.

d4p —ip(z—x) §K d4p VK —ip(z—x
[ e = ko) [ e 29)
d4p VK 1 —ip(z—x
= —/ (%)40 (p) |:D+(a —1)8“6,,] e~ P=2) (2.10)
d4p VK 1 —ip(z—x
:/(%)ﬁ (p) {p2+(a—1)p“pu} e P (2.11)
In the end,
1
G""(p) {QWPQ + (- 1)pppu} = o, (2.12)
is left and the matrix inverse is
1 VoK
G (p) = p {g”‘ + (o — 1)ppi9 } : (2.13)

After a simple back transformation to position space p — =z, the resulting
G"*(x) becomes

GV (z) = B(a + 1) o 1)9”“} , (2.14)
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which in Feynman gauge (ov = 1) becomes the well known free photon prop-

agator
VK

G () = (2;)2 . (2.15)

With an Euclidian metric, g** = §*%, the “scalar” propagator G(z) can be
defined:

G () = 675 G(x) Gla) = — (2.16)

(2m)2 22"

2.2.3 Boundary conditions for perfectly conducting surfaces

The whole formulation and calculation is based on boundary conditions,
which have to be realised on some surfaces. In the case of QED, they are
given by Maxwell’s equations. So, in general, the boundary conditions for the
electromagnetic fields on a noncharged, nonmoving and nonrotating surface
are given by 7 x (Ey — Ey) = 0 and 7 - (By — By) = 0, where the indices
1 and 2 represent the inside and the outside of the conductor, and 7 is the
normal vector of the boundary surface. For a perfect conductor the fields
inside vanish. Therefore, in the simplest situation, the only conditions are
fix E = 0and ii-B = 0 at the outside. However, in the following calculations,
it is useful to utilize the electromagnetic field tensor F* = oFAY — 9V A”,
or better the dual electromagnetic field tensor F* = %e“”aﬁFaﬁ, because
it is much more manageable and also a formulation for general coordinate
systems. In flat Minkowski space and Cartesian coordinates with the metric
(=, 4,4, +), F has the explicit form

0 By, By, DBj

i -B, 0 —BE; K
= . (2.17)
~-B, E; 0 —E

By —Ey, Ei 0

With the help of n* := (0,7), the product nuﬁ“o =0« i-B=0and
n#F’” =0 < i x E =0 can be obtained. So the projection of ' on n has to
be zero on the surface of the above perfect conductor and thus, the boundary

conditions are: )
n, F" =n,e"*0,A5 = 0. (2.18)
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2.2.4 Restricted partition function for perfectly conducting
surfaces

Now having the boundary conditions and the free Euclidean action with the
invertable free photon propagator, the partition function for describing a
system of vacuum fluctuations together with surfaces that influence these
fluctuations, can be formulated. This partition function with boundary con-
ditions, now called Zg¢, can be received by simply cutting out the states,
which do not fulfil the conditions. This can be done with a Dirac delta func-
tional, which has to be zero in all cases where the boundary condition (2.18)
is not achieved [30]:

Zpo = / DA ] § (n?/(xa)ﬁ’w(xa)>e_SE(A“). (2.19)

V,a,Zq

The index a labels the surfaces, so z, are the spacetime coordinates on the
surface a and n(z,) is the normal vector on the surface a at the point x,.
The product is used to place the delta functional for all 4 conditions at each
point in spacetime, where these conditions have to be fulfilled and thus Z is
restricted to a special area in the phase space. But this formulation of the
partition function is not very suitable. To get rid of the delta functional,
every delta function in the product [] can be replaced by its Fourier
representation

5 (n3(wa) F¥(2)) = / 4 (Wi () e EE ) P o) (2.20)

V,a,Zq

Afterwards, the product of the exponential functions can be rewritten as the
exponential function of the summation of all exponents. This summation
becomes an integral in the sense of continuous summands. So Zgc becomes

Zac = [ DUDAC S Sttt ), 2.21)

where the path integral D¥ = [[ d¥%(x,) appears. The integrals in this

expression have to be rewritten this way that only Gaussian integrals have
to be solved, in order to calculate them analytically. This will be done in the
next steps for the DA path integral.

To get Gaussian integrals, the exponent has to become quadratic in the
fields A and . Thus one can take the Euclidean action integral in the
non-Maxwell formulation with the help of L*(z,y) in (2.6). With this La-
grangian, the action integral becomes

Se(A,) = %/d4xd4yAﬂ(x)L””(:v,y)A,,(y). (2.22)
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Equation (2.22) is quadratic in A. In a next step, the dual field strength
tensor F7¥ in (2.21) is written out in terms of A and hence replaced by
P9, Ag. This exponent obviously becomes linear in A. Therefore all
A, have to be split up in this way that afterwards, “the square can be
completed”. More precisely, another delta function *(z —x,) and an integral
| dx have to be inserted in the exponential term:

iy /S a dr, UeniF" =iy /S a g Ul (2)n2 (2a)€" 0 Ap(z,)  (2.23)
= / dxz / AtV (1) (2) €7 (00 Ap(2a)]0 (@ — 2a),  (2.24)

and A, (z,) becomes free of 2
/ iy /S Qi ()0 (22)E7 (D Ap(2))0Mw — ). (2.25)

By a partial integration, the differential operator 0, now acts on the delta
function. Then, everything which belongs to [ dz, can be called a current
term J#(x) for simplicity:

/ dz) / ,,, o (—1) U8 (z0)n (24)€" " [020%(x — 24)] Aplz).  (2.26)

. J

JB(x)

In the end, the whole partition function looks like

Zpe = / DUDAe) @270 @) Ag ()= [ dady A (@)L (2.9) A () (2.27)

JP(z) = Z/S dzq(—1)[0a0 (z — xa)}\llﬁ(xa)ng(xa)e”’”aﬂ. (2.28)

JP(z) has the physical meaning of a current on the surfaces, which is induced
by the vacuum fluctuations A,. The complete exponential term in (2.27) now
can be rewritten in the way that Gaussian integrals appear for the DA. Here,
the superindex notation lends itself to do this in a clear way. The superindex
with capital letters combines the space-time vector © = (z, 1, 9, x3) and
the Lorentz indices o = (0, 1,2,3) to A = (z,a). So, according to Einstein’s
summation convention, indices appearing twice have to be summed over and
integrated. With this, the exponent of (2.27) becomes

1 1 - -1
JAA, — EAALABAB = —QAALABAB + 5JAL—“‘EUB : (2.29)
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where A4 stands for A4 — (L7'J)4.* At this point, the necessity for an
invertable L,, operator becomes clear. Now the path integral for DA is
shifted to a path integral for DA and the Gaussian integrals for all A at each
point in the space-time are reached. They can be collected by a constant
Zy, because they are independent of the geometry of the problem. This
normalisation constant will cancel out later, especially when the Casimir
force will be calculated. Effectively, the partition function with imposed
boundary conditions becomes

Zpe = Z / DUz’ Lant? (2.30)

At this point, DV can be replaced by DJgurface- The appearing Jacobi deter-
minant would be independent of the distance of the objects, therefore would
not contribute to the Casimir force and could be absorbed by Z,, too. Thus,
this partition function would be finished and one could work with it. This
was done by T. Emig in [29] for example, who received this term in a different
way. But to go straight forward and also analogue to [31], a propagator for ¥
will be obtained. Using the definition of J (2.28), the JAL,};J? term can be
transformed by partial integrations to a more useful object with M} (x4, ys)
being the Greens function of the problem. M"Y’ (x,,y) also is the propagator
of a “bounded photon” propagating from a point x, of the surface a to a
point y, of the surface b.

JALLTP = Z / UMY e W) (23D
asOb

ME (g, yp) = nj(xa)nz,(yb)ewo‘ﬁey”o‘,ﬁ/ [0a ()0, (y)L 56/(1' ]| v (2.32)

Y=1Yp

Here, 0 means the derivative for x and 0’ is the one for y. From section 2.2.2,
Lgﬁl, is known as the free photon propagator G .

Because of these conditions on the surfaces, the rank of M/’ is not 4.
The 3 4+ 1 space-time is the reason for the 4 x 4 matrix, but the normal
vector of the surface enforces M to act on a 2 + 1 subspace. Therefore the
maximal rank of M is 3. Assuming there is a coordinate system, in which the
zero eigenvalue of M is written on the diagonal, the corresponding entries
are zero and so there is no propagation of ¥ in this direction. But then the
integrals in (2.31) are not suppressed by an exponential term and therefore
become infinity. These infinities can be neglected because the Casimir force

10f course also (L™1J) 4 contains a summation and integration: (L='J)4 = L,5JC.
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only depends on differences of the energy. Another point of view is that these
infinities are also part of the free photon field and would be absorbed by the
normalization constant Zy. To avoid such problems, M!” has to be projected
onto the subspace, where the propagating fields ¥ exist.

In a last step, because the term in (2.31) is already quadratic in W, the
DV can be carried out and the result for Zg¢ for any number of surfaces is

Zpc = 2o [det(MBc)]_% : (2.33)

The 27 constants arising from this Gaussian integrals will also be absorbed
by Zy, because they cancel out when calculating the force.

This result for Zg¢ can be obtained by first defining the matrix Mg as
the combined super-propagator of one field ¥(z) where z € S; ® ... ® S,
and then integrating over Gaussian integrals of the form [ dWe_%WMBcw,

too. For the situation with only two surfaces, Mpc simplifies to

My Mo vy
Be ( My Mp ) ( Uy ) (2:34)
or, for example, with three surfaces it becomes
My, Mis Mg Uy
Mpc = | Man My Mg =1 Yy [. (2.35)
Mgz, Msy Mss U,

2.2.5 Extension to dielectric surfaces - the boundary conditions

The above described method is, of course, not restricted only to ideal con-
ducting surfaces. As it was pointed out in [35], boundary conditions can also
be found for general dielectrics. To obtain them, the Helmholtz equation

V2 + e(w)w?] B(w, Z) = 0 (2.36)

for the magnetic field B can be used, which directly follows from the Maxwell’s
equations. Inside a volume V' with surface S the general frequency depen-
dent dielectric function e(w) is considered. Now including the free Green’s

function, which has to satisfy
V2 + e(w)w?] G5 (w, 7, &) = 0(Z — ) (2.37)
d

w?
inside the medium, equations (2.36) and (2.37) can be combined due to

Green’s second identity to

/ [B(Z)V'.G*(&,&) — G°(Z, &)V
z'es
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The frequency w is neglected, 7’ = 7(2") denotes the surface normal vector
pointing into the vacuum and V/, = 7'V’ is the derivative of 2’ in normal di-
rection. With the use of vector identities, equation (2.38) can be transformed
to

/ [—z’waﬁ’ x B(#) + (i x B(#))x V' + (ﬁ’é(f’))ﬁ’] GE(7,7) =0, (2.39)
r'es

where 7 is set to lie outside of V. This equation now states that the tan-
gential component of the electric field as well as the tangential and normal
components of the magnetic field have to be continuous across the boundary
surface, which is the case for a dielectric boundary without surface charges or
currents. Therefore, it can be used as a nonlocal boundary condition. That
means, even for a complex structured surface S with coordinates 7', a second
surface R playing the role of an auxiliary surface with coordinates ¥ can be
introduced, which carries the conditions (2.39) (see Fig. 2.1).

Fig. 2.1: Two dielectric media bounded by their surfaces S, are filling two
half spaces. With each physical surface S, comes an auxiliary surface R,,
on which the non-local boundary conditions are implemented. This figure is
taken from [35].

However to be able to use the above formalism, equation (2.39) has to become
a condition for the electromagnetic vector field potential A and not for the
electromagnetic fields themselves. Hence, the relations® E¢ = —pyA* — i9? A°
and B’ = €7%9; A; have to be inserted in (2.39) and the complete term can

5The Wick rotation has to be considered.
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be expressed as an integral
[/ s LT, T4) AM(Z,) = 0, (2.40)

with sz being an operator acting on A* at each point ¥, € R,, whereby
a is called the surface index. This operator can be expressed in component
notation after some simplifications:

sz (T, Z,) =nS(Z,) [(—i)ejmﬁ—i—zéeowpeom/jeof’aﬁ&;, G;;(f;, Tg)0y - (2.41)
The derivatives &' = 9, and 9 = 0, act on G°* and A respectively. By
inserting (2.40) and (2.41) into the delta functional in Zp¢ of section 2.2.4 and
expanding the delta into its Fourier representation, the appearing integral
over the auxiliary surface R, can be used to shift the derivative 9 to act
on G** due to a partial integration. Then, the symmetry 0G(z' — z) =
—0'G(2' — x) can be utilised to transform the vector field potential A(Z,)
on the auxiliary surface R, to a vector field potential A(Z) on the surface
Sa with the transformation [ . G (7, 7a)A*(Za) = Ap(Z,). This step
leads to a partition function, which also could be obtained by using the local
boundary condition

. 1 ;.
n? (%) (-z’)eﬂamm—geOWeOmJeOwﬁa&, 0uAs(Z,), Ta € Sa  (242)

in first place. As a cross-check, by taking the limit ¢ — oo, the dielectric
surface becomes an ideal conductor and thus (2.42) leads to the previously
found boundary condition® (2.18).

Therefore, in the end, when Casimir forces have to be calculated for
nontrivial geometries, what can be chosen are, for example, a plain surface
with a complicated nonlocal boundary condition (2.40) and (2.41) or the
complicated shaped surface with a local boundary condition (2.42).

6...in ¥y = 0 gauge. See section 2.5.
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2.3 Obtaining the Casimir energy from the partition
function

With the above considerations, everything of the physical system is known.
For example, one can ask for the ground state energy (0|H|0) of the pho-
ton field in presence of surfaces, which is the Casimir energy. Because the
partition function also has the definition

Z=Tr[eM] =) e, (2.43)

n

where 7 = —it is the complex Fuclidean time, the ground state energy
E = FEj can be obtained by taking the limit 7 — T := oo from In Z, whereby
Ty is the “overall Euclidean timelength”.

InZ = —ETg (2.44)

This equation is of course written in natural dimensions A = ¢ = 1. Oth-
erwise, with the correct dimensions and the above partition function, the
energy is given by

E = _he In Z5c . (2.45)

Tg

Zpc is infinity and so the energy, too. However, due to being interested
in the Casimir force, which is minus the gradient of F, a constant can be
subtracted from the energy. This constant could be the ground state energy
of the free photon field, so Zg¢ just has to be divided by the free Z. But this
expression is still infinity, because of the zero eigenvalues in Mp¢ resulting
from the surfaces. To remove those infinities, it is better to normalise Zg¢ by
Z+, which has the same zero eigenvalues. Z, is the Zg¢, where the surfaces
have infinite distance. Thus the Casimir energy is defined as

Eas = —— In 22¢ (2.46)

which leads to a finite energy density in the end, the energy per surface area.
The surface distance independent Z, cancels out now.

2.4 Casimir energy in the propagator formulation

With the help of (2.33), (2.46) and using Indet = Trln, the Casimir energy
is given by
he Mpc

Few = 2 Ty1 .
Cas = o T ML

(2.47)
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As for M, the surface distance goes to infinity, the free photon propaga-
tor connecting two separate surfaces, becomes zero and therefore also M/
becomes zero for all a # b. Thus M, is

i M11 0
M, = ( o M, ) : (2.48)

Taking the product M !Mpc leads to an equation of the form 1 + AM,
where

- 0 AMi,
AM = ( AMy, 0 ) (2.49)
or in general
M 1M, b
AMyy = Moo Map a7 (2.50)
0 ,a=1"

Now, the logarithm can be expanded into a Taylor series at AM = 0. Car-
rying out the trace over the discrete surface indices leads to

fic = (—1)"

Ecas = =57 ; ( n) Tr [AM"]. (2.51)
The first summand n = 1 is the sum of all selfinteractions and therefore
becomes zero in this formalism. For all other n, Tr [AM"] is the sum of all
combinations of propagations around a complete circle passing n surfaces.
Especially for two surfaces, the summands with an odd n are zero” and the
one with an even n are 2 Tr [[AM12AMay;)"]. Thus in this case, the Casimir
energy specialises to

o

he 1 n

Ecas = —5— Y = Tr [(AM12AMa)"] (2.52)
n=1 n

and hence the force is always attractive. Such a simple result, of course,
cannot be obtained in general, as it can be seen in the case with only one more
surface. Then the first two summands are Tr[AM 12 AMo; + AMogAMso +

AMglAMB] + TI"[AMHAM%AMM + AMlgAM32AM21].

2.5 Additional gauge freedoms

It is known that a photon has only two degrees of freedom corresponding
to the two directions transverse to the propagation direction. This holds

"There does not exist a complete circle consisting of an odd number of propagators.
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also for the “bounded photon” and thus the propagator matrices My, only
need to have rank two. However, as mentioned before, QED is an abelian
field theory and therefore there is no need for a fully fixed gauge. Only the
invertibility of (2.3) has to be achieved to obtain a propagator. Therefore,
the Feynman gauge was introduced. On the other hand, a different gauge
may lead to different simplifications within the calculations and to a different
convergence behaviour®. Therefore, one more gauge should be found.

Ap = 0 gauge
Since there was no matter included in the setup, the Coulomb gauge could
be a good idea. This one can be obtained by setting Ay = 0 additionally to
the Feynman gauge 9,A" = 0. The reason for this is the following:
The connection between electromagnetic fields E and B , and the vector
field potential A* is given by the well known equations

E'=—-0'A" + 3° A B = €%, Ay, . (2.53)
Therefore the vector potential A* has the gauge freedom A" = A* + oFA. If

A% is set to zero by a gauge fixing, A(Z,t) can be fixed by simply integrating
over A°(Z,t) up to an integration constant ().

t
AT t) = — / A%z ) dt + \(T) (2.54)
Feynman gauge 0,A" = 0 now leads to

0= QA" = 9, A"+ AA (2.55)
t
= 0; AT, 1) — / AA (2, ) dt + AN(T) (2.56)
and A gets fixed by a simple Poisson equation if (2.56) does not depend on the

time. But this is implicitly declared by the Feynman gauge. As a consistency
check the time derivative of (2.56) can be taken.

t
0= 9%9,4" — &° / AA(Z, ¢)dt! (2.57)

WL _ 98" A° — AA® = —A° (2.58)

8As seen in (2.50), the functional inverse propagator M (:bl will be needed. This inverse
cannot be obtained analytically, in general, and thus one will have to set restrictions or
truncations on these propagators. Here, “convergence behaviour” is meant in the sense of
this truncation.



2 CASIMIR FORCES FOR ABELIAN GAUGE FIELDS 20

So A° has to obey the vacuum equation of motion (2.5) with a@ = 1 as
assumed. Thus in the case of vacuum, the so-called Weyl gauge, Ag = 0,
is allowed. However, since there is no matter in the vacuum, a boundary is
introduced. At this boundary, the fields have to obey some conditions which
lead to a current term in the action. So, after changing the free action to a
bounded one, Ay = 0 is not allowed because this action can be obtained also
by introducing matter into the vacuum. The current term can be interpreted
as matter. In contrast, in the case of two parallel plates, this gauge does not
change the result because the plates are translation invariant with respect
to all three surface directions.” But because this is not obvious, an allowed
Ao = 0 gauge will be assumed with care.

U, = 0 gauge

However, there exists a second possible gauge. For the auxiliary fields
U on the surfaces similar equations hold. The electromagnetic current J
is connected to ¥ by a 4D rotation of n¥ after a partial integration in
equation (2.28).1°

T ) =Y eP0,[ne v (2.59)
=i [P (0ans) Uo + €7 nl0, VL] (2.60)

@ 0

The first term vanishes because of stationarity of the surfaces: The normal
vector n,, does not depend on time and ny = 0, so one is left with rot 7. But
this is also zero.!! Obviously a gradient term and a normal vector term can
be added to ¥ so V¢ — ¥ = U9 4+ 9,A* + n,I'* is a gauge freedom for
all surfaces a independent of each other. For the next considerations, the
surface index a will be neglected for simplicity.

In the following certain conditions are checked, which maybe simplify the
propagator Mg,. Since ¥ is a field on the surface, n*¥,, = 0'* and n*9, V!, =
0'3 would be possible. These conditions would lead to n*9,A +T' = —n* ¥,
and n*9,0,A +n"0,n,I' = —n*9, ¥, which are always solvable. By choosing

9See section 3.3.

10Dye to the surface integral, this partial integration can only be done for the surface
derivatives. But due to the € tensor, J, has to be orthogonal to the normal vector and
thus it is only a derivative of surface variables.

7 could be expressed by a single gradient of a potential whose equipotential surface
is the surface itself. A normal vector field has no rotation.

12The normal component of ¥ can be assumed to be zero.

13There should be now flow of ¥ leaving the surface.
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n“0,A = 0, ' = —n”¥, solves the system and leaves space for a third
condition. Because n' is zero, this solution is no restriction for ¥,. Hence
Uy can be arbitrary chosen, for instance, ¥y = 0 would simplify the used
Matrix propagators very much due to being able to even ignore the time
components. In addition, this gauge also lowers the rank of My,.

Therefore, the task is to show that A can be found in such a way that
U( = 0 is always satisfied. At first, A can be obtained up to an integration
constant by integrating over V.

A E) = — / o (E )+ A(D) (2.61)

This constant is determined by the following linear differential equation which
can be solved always, if the right-hand side does not depend on time.

t
ONT) =V, — U, + 8i/ U (2, t")dt’ (2.62)
But taking the time derivative of (2.62) leads to zero, because

t
Z'EO’YiBn,yao (\I/; - \I/Z + (91/ \Ijodt/) = @'eowﬁnw(@o\l/; - 80\112 + 81‘110) (263)
=J% - J’=0. (2.64)

Thus the Weyl gauge for the ¥ is allowed always in the case of no time depen-
dend normal vectors. Of course, only a change in the boundary conditions
would lead to a change in this gauge freedom.

A physical interpretation of this gauge is this: The propagating photons
have two degrees of freedom and therefore, only two boundary conditions are
needed. For example nuﬁ # = () with i = 1,2, 3 can be chosen, which means
iix E =0, By writing out the E in normal and tangential components, the
surface normal vector automatically sets one of this three equations to zero
and thus they are only two conditions. Now, the Fourier transformation of
nuﬁm = 0 leads to a ¥, which has no time component.'4

14 Another interpretation comes with the comprehension of ¥ being for the surfaces the
analogue to the vector field potential A for the vacuum. In other words, a being, living
only on the surface, does not recognise the surface. Thus, for this object, the fluctuating
field ¥ is simply the same as for us a fluctuating A field in a free vacuum. Now, in a
vacuum with no matter inside, there are no external charges or currents and therefore Ag
can be set to zero. For a field on the surfaces, this means ¥y = 0 gauge is a result of no
external surface charges and currents.
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3 Casimir force for two parallel plates

In the year 1948, H. B. G. Casimir [3] predicted an attractive force between
two parallel perfectly conducting plain plates. This result was also reobtained
by many people afterwards and will be calculated in the following with the
above propagator formulation, too. Corresponding to (2.52), the propagator
between the surfaces therefore will be calculated.

3.1 Setup

Two parallel perfectly conducting plain plates, in the following denoted as
1 and 2, are placed at a distance H above each other. The lower one lies
on the (z1,x2) plane. The used coordinates are Cartesian ones. A figure of
this is shown in Fig. 3.1. The normal vectors on this surfaces have to face
each other by convention and thus are nf = (—1)“*1@, where a indicates the
surface number.

Sy v In' XpXo

Fig. 3.1: Two parallel perfectly conducting plates are placed at a distance H
with n! and n? being the normal vectors of the plates S; and S. Additionally,
the Cartesian coordinates x; and x5 are the coordinates on the plates.
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3.2 The propagator between two parallel plates

With this setup and the use of (2.32), the corresponding propagator matrix
can be calculated. But to get the Casimir energy (2.52), also the functional
inverse of this matrix is needed. Therefore, the translation invariance in
z = (zg,r1,x2) direction should be used. Because of this invariance, the
propagator M (z,z’) is diagonal in momentum space and can easily be func-
tionally inverted by calculating the usual matrix inverse of the Fourier trans-

formed propagator M(p) with x — 2’ — p. This M(p) can be obtained by

transforming the free photon propagator Gz = Amg(gx—'m/)z to Ggp (p, 3 — %)

in momentum space and inserting it into (2.32).

/ 1 - /
My (wa, 7) = n:ni P 0t / G (p, 2 — )™ za=28) (3.1)
W (p, o — af)em ) (3.2)
With .
GBB’(B’ T3 — $é) = 653’%‘9_'8“963_1/3 (33)

and the plate normal vectors, M,, can be obtained:

v a af 3va’[! N~ I _ a—
M2 (0, H) = (1) G e I (3.4)

p is the modified momentum (po, p1, p2, —i|p|sign(H (a — b))). However, its
third component p3 is not needed because in this case the € tensor is zero.
After a simplification, in the case of only Feynman gauge, the M results in:

(_1)a+b , ,
]\451)1/(]?7 H) :W (50:04 p2 o papa > LZ_LZ/e_@HH(a_b)‘ ) (35)
£ P v

LF = (6F —6208) and LY, = (8%, — §2,0%) are two projectors on the surface.
Thus there are no propagations of W leaving the surfaces. Furthermore, My,
is rank(2). In the special case of additional Coulomb gauge!®, M, can be

5Feynman gauge 9, A" = 0 and Ay = 0 leads to Coulomb gauge ;A" = 0. This can
be realised by setting Gog to zero or restricting the summations on 8 and §’ in (2.32) to
go from 1 to 3.
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written out to

pi2+p® —pop1 —pop2 O
a+b — 2
Mo (p, H) :&glgllH(a*b)l Pop1 Po 00 . (3.6)
- 2|p| —Po P2 0 po> 0
0 0 0 0

which has rank(2), too. Also, with additional ¥y = 0 gauge, the time com-
ponents of (3.5) or (3.6) have to be set to zero and M, still remains rank(2).

According to (2.52), M,, has to be inverted on the non-zero-eigenvalue
subspace so that M 'M,, = 11¢. This inverse can be obtained by a prin-
cipal axis transformation of M,,, an inversion of this diagonalised matrix,
and a backtransformation afterwards. Thus it is the same like inverting the
eigenvalues or calculating the Moore-Penrose or pseudo-inverse of a Hermi-
tian matrix (see appendix D). With these methods, the inverse propagator
in the case of only Feynman gauge results in:

Ma_al“”(g, H) = % <5aa/£2 - ]_90‘]_90‘I> 1e1y, (3.7)
with additional Ag = 0 gauge:
pi+ps  —pomi —pop2 0
) P p§p§+;z;%+p§)2 _P1P2(§§+£2)
My (p, H) = ° ° . (3.9)
= p[? Do s _p1p2(§§+32) p%p§+g:23+p%)2 0
0 0
0 0 0 0
or with additional ¥y, = 0 gauge:
0 0 0 0
o 2 0 pg+pi mp2 O 39)
O plE | 0 pipe o4 0 .
0 0 0 0
or with additional Ay and ¥y = 0 gauge:
0000
M. (p) :i%?' vrue : (3.10)
Do 0010
0000

16 After the principal axis transformation of M,, the 1 is a rank(2) 1.
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3.3 Casimir energy for two parallel plates

With these matrices, the Casimir energy (2.52) for the parallel plates setup
can be easily calculated. Multiplying the inverse propagator matrix of one
surface with the propagator matrix from one surface to the other, AM;,
and AMoy; result in Le~ P With those terms, Tr[(AM13AMs;)"] can be
calculated, especially for all n.

Tr[(AM12AMy,)"] = Tr[Le~2I2n ) (3.11)

Carrying out the trace over the matrix indices of 1 leads to an additional
factor 2. The trace over the continuous space time indices is an integral over
the surface coordinates. Thus, also the Fourier transformation of AM back
to position space has to be mentioned.

1 ; /
TI'[(AM12AM21)”} — / /26|p||2nH€zp(Ix)|$/$
Z p

— /x (er)g/er—W'?”H' (3.12)
Jz P

1
= ————TkA
Ar2n3[HP "

Tg is the overall length in Euclidian time direction, which cancels out after
inserting (3.12) in (2.51). A is the overall surface area. Taking (2.51) divided
by the surface area A results in the Casimir energy density for this setup.

he =1
I et 3.13

In a last step the convergent sum » >, % can be replaced by g—é, so the well

known Casimir energy density for two parallel plates [3] is obtained. Fur-
thermore, the Casimir force density is minus the gradient of the Casimir
energy density corresponding to the relative position, or more precisely

fCas = _aHpCas-

m2he m2he

_ [ 3.14
720\ H|? Je 240|H|* (8.14)

PCas =

In this special case, where M,;, (3.5) is translation invariant in all three surface
directions and therefore is in full momentum space, the full knowledge about

M_! is not needed. The exponential term in M,, is 1 and thus the one in



3 CASIMIR FORCE FOR TWO PARALLEL PLATES 26

M, remains after taking the product M, ;}Mab. Only the rank of M,, has
to be known, which gives the factor 2 in (3.12). With that, the possibility
to calculate the right energy out of the scalar case by multiplying it with
a two [31] becomes clear. Also, this is the reason for the correct result
within the unallowed Ay = 0 gauge, since this gauge does not change the
rank of M,,.
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4 Casimir-Polder force for an atom and a
plain plate

Casimir-Polder forces are the Casimir forces for atoms or atoms including
setups. These atoms can be represented by spheres, which can be assumed
to be perfectly conducting for simplicity. Thus, they are ideal for studying
within this formalism. As mentioned in the introduction, Casimir-Polder
forces for situations like two or three atoms or an atom in front of a plain plate
are already obtained by others. Their results can be used for comparison.
Because the (inverse) propagator matrix for a perfectly conducting plain plate
is already known and to have the smallest amount of work, it is convenient to
chose the plain plate sphere setup in the following. But afterwards, also other
configurations with a sphere can be obtained. Then, the sphere part is no
problem anymore. Of course, the propagators from a sphere to other surfaces
are needed, too, but these calculations are almost easy in comparison with
obtaining the inverse propagator of any surfaces analytically. The surface
normal vectors only have to be put in equation (2.32).

4.1 Setup

In this chapter, a perfectly conducting sphere with radius R above a perfectly
conducting plain plate has to be studied. Their mean distance is denoted
by H, where “mean” means the shortest distance between the center of the
sphere and the plate. Again, Cartesian coordinates for the surfaces are used.
But additionally, the sphere implies spherical coordinates and thus their sur-
face angles ¢ and 6, abstracted by €2, will be needed, too. This is shown in
Fig. 4.1. The plate with surface index 1 is placed in the (z1,z5) plane and
the sphere indexed by 2 has its center at the point (zo,0,0, H) for all times.
Again, the normal vectors have to face each other by convention, thus n?
points outside the sphere.

0 0
0 cos @ sin 6
nl = 53 =1 ng,(Q) = ‘ ' (4.1)
sin @ sin ¢
1 cos 6
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Fig. 4.1: A plain plate and a sphere of radius R on top of it are set on a
distance H. Both are assumed to be perfect conductors. The Coordinates
for the plate are Cartesian and those for the sphere are spherical ones. z;
and x4 are the coordinates on the plate, 8 and ¢ are the coordinates on the
sphere. n' and n? are the corresponding normal vectors.

4.2 Preliminaries

The change in the symmetry of the problem leads to a slightly different
strategy to achieve the Casimir energy, as it was done in chapter 3. The
sphere propagator now cannot be functional inverted in momentum space
because it is not translation invariant. At first one should recall equation
(2.52), the Casimir energy for the special case of two surfaces:

| n
ECas == _ﬁ £ ﬁ TI" [(AMlgAMgl) ] . (42)

The matrix product and the trace are an integration over all surface variables
additionally to the summation of the space-time indices. Hence, again, the
usage of a momentum space would simplify this equation. A translation
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invariance for all surfaces is only given in time direction, so it is convenient
to transform the times to frequencies. Additionally, the plate is translation
invariant with respect to x; and x5 and therefore ]\41_11 will be used in its
momentum space representation. But for the sphere, surface integrals have
to be carried out later on. They can be done for all n in equation (4.2), but
an analytical result like (3.14) does not exist. Hence, only the first dominant
contributions can be calculated. These are given by the monopole, dipole
and quadrupole order, and so forth, and thus the power of % is an adapted
criterion. From the scalar case [31], it is known that the first orders are given
by the first summands in equation (4.2) and so one could restrict oneself to
the first summand. This corresponds to the propagation of a photon from one
surface to the other and back, and consequently rendering one propagation
“loop”. As a result, the 1-loop Casimir energy!” is given by
he

B, = — ——Tr [AM;AMy]. (4.3)
275

Tl“ [AM12AM21 // / /

[MH (z, 2 Y Mo (2, )MQ_Zl(x”,w”’)]\/[gl(a:”’,g)} (4.4)

fm// and fx,,, are meant to be surface integrals on the sphere. To simplify
this equation, the Fourier integrals (A.1) to (A.4) from appendix A can be
inserted. In accordance to the previously used convention, p = (po, p1,p2) =

(po,py) is used.

Tr [AM12AMy ] = 10/// / ////
o Jergr Jer g Jp Sy Sy Jp

tr [M Hp) Mo (p, &) My (pgy, &, @) Mo (7, p™) |

67748(2 x )e*ZBQ +2p0t”€ ,Lpo (t” t/”)e Zpglt/”+’tg///§ (4.5)

In the next step, some of the space time integrals have to be integrated
out, which leads to seven delta functions of momenta. Six of the momenta
integrals can be carried out, thus afterwards, the trace is determined by
only four space surface integrals on the sphere, one time integral and three
momentum integrals on the plate.

w1 [ [ "

tr [M ( )Mlg(p, R Q )MQEI (p(], QH, Q///>M21(R, QW,BH

1"The term “I-loop” Casimir energy has nothing to to with the known term “l-loop”
used for describing connected Feynman diagrams with only one cycle.
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Because of stationarity, the integrand of (4.6) does not depend on the time ¢”.
So the time integral can be carried out and results in the Euclidean timelength
T, which cancels out with the one in (4.3). The same result can be obtained
for all Tr [(AM12AMag1)"]. Therefore, T cancels also in equation (4.2).
After including all translation symmetries, the 1-loop energy is given by

gl - he I / / /
Cas 2 (271')3 " nJp

tr [My;' (p)Mia(p, R, Q") M3 (po, V', Q") Moy (X", p)] . (4.7)

With (4.7) the calculation of the propagator matrices can be started. Indeed,
the plain plate propagator M;; and its inversion has already been done and
can be found in the previous chapter or in appendix C.

4.3 The propagator between a plate and a sphere

To get the Casimir energy for the case of one (see (4.7)) or more loops, the
propagator matrices Mis(p, R, ) and Mo (R, 2, p), describing the transition
of a photon from a point on a plate to another point on a sphere and back,
are needed. As it was done in the parallel plates case, they can be obtained
by first transforming the free photon propagator to the corresponding mo-
mentum space. Afterwards the conditions defined in (2.32) can be imposed.
To be specific, the Fourier transformation

- 1 L Ny
Gz — xg, x|, 3,Q) = @n)? /G(B Q)etPol@o=zo) =iy (4.8)

P

can be chosen for G(z — '), with ) = Z being the point on the sphere. This
leads to the scalar propagator from the plate to the sphere

- 1
G(p,Q) = —e
- 2lp|
By putting (4.8) and (4.9) times dgp into (2.32), the Fourier integrals can
be extracted and in consequence the integrand is Mis(p, ) in momentum
space. With the use of the normal vectors (4.1), M5 can be simplified to the
following object: In the case of pure Feynman gauge it is

—lzs—ajllpl+iz]py (4.9)

67|B| |R cos 0+ H|+iR sin 0(cos pp1+sin pp2)

2, 2 )
co(pT + p3) — se(cep1 + spp2)ilp| —cePo P1 —cePo P2 s9P0 (cpP1 + spP2)
polcpseilpl —cop1)  co(pg + p3) — spsep2ilpl  p2(ceseilpl — cop1)  spsepip2 — cpse(PE + p3)
Po(spseilp| — cop2) p1(spseilpl — cop2) co(PE +p3) — cpsep1ilpl cpsep1p2 — spse(Pd + pT)

0 0 0 0
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and together with ¥y = 0 on both surfaces it becomes
67@ |R cos 0+ H|+iR sin 0(cos ¢p1 +sin pp2)
M12(£7 Q) = 5 X (411)
Pl
0 0 0 0
0 co(pg +p3) — spsop2ilpl p2(cpsoilp| — cop1) SpSeP1P2 — Cpsg (P + P3)
0 pi(seseilpl — cop2) co(pg +p3) — cosoprilpl  cosop1P2 — Spse(PE + P3)
0 0 0 0

The terms ¢y, s, ¢, and s, denote cos@, sinf, cos ¢ and sin ¢ respectively.
However, Coulomb gauge can be reached again by restricting # and g’ to
count from 1 to 3. In this case M;s would look like

e~ [p||R cos 6+ H |+iR sin 6(cos ¢p1 +sin ¢p2)

Mis(p, 2) = 2 X (4.12)
_ 2 2 - ; _
co(p? + p3) + se(cop1 + sep2)ilp|  copop1r  copo p2 sop0 (cop1 + Spp2)
po(cop1 — cysoilpl) —cop} 0 Cp59P]
. 2 2 )
po(cop2 — sy s9ilpl) 0 —copg 5450
0 0 0 0

but this leads to a wrong Casimir energy in the end. For a clear understand-
ing of these calculations, component (0, 1) of M5 is explicitly calculated as
an example in appendix B.

Now it is an easy task to get the back propagator Ms;. The scalar propa-
gator from the sphere to the plate G (Q, p) will be the complex conjugated of

—

G(p, 2) because of a minus in the Fourier integral. Additionally, the exchange
of the points also exchanges the fields in the product WM W. Therefore, Mo,
will be equal to the adjoint of My,. This can be calculated out of (2.32), too.

Mo (2, p) = My (p, ) (4.13)

4.4 The ¢ coeflficients

In the following, it will be necessary to calculate the scalar expansion coeffi-
cients Cpupmy of the free scalar propagator G(po, €2,€) for an expansion into
spherical harmonics Y}, at both points €2 and .

G(pm Qv Q/) = Z Clml’m’(Rva)Yim(Q) me,(Q/) (414)
Im,'m’

G depends only on the distance between the two points and not on any
direction. Therefore, it can also be expanded into Legendre polynomi-
als P(Q-Q') = P(cosa) with a being the angle between the two points
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Q= (6,p) and ' = (O, P) on the sphere.
cos & = cos f cos © + sin 6 sin © cos(p — @) (4.15)
Now the addition theorem for spherical harmonics
Pleosa) = 57— 37 i (¥ () (1.16)
20+ 1 S

shows that ¢ has to be diagonal in [,!" and m,m’, and also independent
from m or m’. Thus, ¢jpym becomes 8y dymrc; and equation (4.14) changes
to

G(po, Q) = > (R, po)Yim (Y5, (V). (4.17)

lm

To obtain ¢; coefficients, the integral
1
o= 27r/ G(cos ) P(cos a)d(cos ) (4.18)
-1

has to be solved. This can be done by rewriting G as an integral over T,
which is called the “proper time” formalism. With

. 1 e IPolla]
= / L er-tgp (4.20)
o 47T

and ¥ = R4/2(1 — cosa), the ¢ coefficients can be obtained for arbitrary
high [. Afterwards the T integration has to be carried out, which is always
possible. Actually, a solution up to the T integration can be given in form
of a sum formula. By using

(1)l —2k) .,
Fi(z) = (z—k)!((z—zk)u)azl"”l ' (421)
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the d(cos @) integral in (4.18) can be simplified to the following expression:

5]

r Ll —2k,—7)(l —2k)-T( -2k +1,7)]T(I —k+ 2
(r) ="+ L )l )T LTk + ) (4.23)
e (SRR R (= 2k + DT (k + 1)
° N(2R*T 2 Ph
¢ =2 / MRET) oper-2h g (4.24)
0 4/ 7T

The brackets | | in (4.21) and (4.23) mean rounding down. The integral
(4.22) is given by Maple 11 , where M ,,(z) is the Whittaker M function,
and I'(z,a) and I'(2) = I'(2,0) are the incomplete and the usual Gamma
function respectively. With (4.24) or (4.18), the first 5 coefficients are:

1 (=1 + e2lpolRY) o—=2lpo| R
P Gl L (4.25)
2 R |po]
1 (—e2lpolB 62\p0\RR2p02 +2|po| R+ 1+ R2p02 e 2lpolR
2 Ipo|” R
L, LRI SRR 4 oct GBI — Rt
2 RS |100|5
—18R |po| — 9 — 15R2p?) e~ 2rollt
1 (_662|po|RR4p04 + €2|po|RRﬁp06 + 45e2|p0|RR2p02 — 995¢2Ipo|R (4.28)
C3 —=— .
2 R® |po|7
+210R? [po|* + 405 R?py? + 66 R*po* + 450 |po| R + 225
+12 |po|” R® + Rbpg%) e=2lpolR
" 1 (11025¢*Pl 4 135e2Pl R RpG — 10e2IPol B REpS - e2lpolf B8 8 (4.29)
2 R0 |100|9

—1575e2P0IBR2p2 — 1110R® |po|” — 115503 |po|® — 4335 Rp}

—20R7 |po|” — R3pE — 11025 — 20475 R%p2 — 22050R |po|

At last, for some arguments later, the leading power of R for each of those
coefficients has to be determined. This is R~! for every ¢;. A possible proof
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of this is given by the equations (4.22), (4.23) and (4.24): The left side of
equation (4.22) shows that their right side does not have singularities for all
finite . This integral (4.22) was used to solve (4.18) with (4.20). Thus,
all \;(r) in (4.23) can be verified to have no singularities for finite r. With
r = 2R?*T and X\(r), the integrand in (4.24) can therefore be argued to
have only one singularity of the type T3, Thus, the dT integral leads to a
singularity of the type R™! for all ¢;. That means, the leading power of a
series expansion at R = 0 starts with R, as can also be explicitly checked
by expanding (4.25) — (4.29).
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4.5 Cartesian basis

The last step for receiving the Casimir energy is to calculate the functional
inverse matrix propagator for a propagation on the sphere. This inversion
cannot be done exactly like in the translation invariant case of a plain plate,
but an expansion into multipoles works in the case of a scalar field [31]. This
will be done in the following by also trying different expansion schemes.

4.5.1 Sphere-sphere propagator explicitly

Firstly, the free photon propagator G(po, €2, describing the propagation
from one point on a sphere to another point on the same sphere has to be
obtained. Only the time coordinate can be transformed to momentum space
because of stationarity. It results in

11 .
G(po, 2,) = E@e | Hpol|f:§,ﬁ, : (4.30)

This equation has to be inserted into (2.32) to get the propagator matrix
MLy (po, 2, Q). Contrary to Appendix B there are 12 nontrivial summands
for each combination of ;1 and v, so the expressions become very large. But
in principal, it can be written as

R™2LL* ipoR™L(L x 7")T

M22(p0>Q>Q/): ( )G(mevQ,) (431)

—ipoR™'7t x L*  pR(A'@# — Ai'ls) + R™2L® L*

in Cartesian coordinates, where the primed variables correspond to €. L is
the usual angular momentum operator —iQ x 6, which appears in (2.32) due
to 7R = €. The product ® means i’ ® 7 is the matrix n;n; in components.
The evidence is given on the following pages.

However, to get the functional inverse propagator M, (po, 2, Q'), equa-
tion (4.31) needs to be expanded into a functional basis. In the scalar case [31]
this was done by expanding their scalar Ms, into multipoles, or to be specific,
into Legendre polynomials Pj(cos «), where « is the angle between the points
() and & on the sphere. But, due to (4.31) depending not only on « but also
on the direction on the sphere, this does not work in the QED case.

4.5.2 Sphere-sphere propagator expanded into spherical
harmonics

Although, there is no expansion of My, into Legendre polynomials, which
was used in the scalar case to obtain the expansion into spherical harmonics
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by the addition theorem (4.16), a direct expansion of My into spherical
harmonics can be tried. The general expansion coefficient would be a matrix
S and My, would have the representation

M3y (po, Y, 2") = Y i (0o, By e} Vi () Y7 (7). (4.32)

Iml'm/’

Then the inverse propagator can be calculated by inverting the coefficient
matrix as shown in section D:

My " (po, 0, Q) = Z Sttt (Pos B A} ) Yim (DY (V). (4.33)

lml’ !

Because the [, in equation (D.1) is R? [, and the delta function §(z — 2”)
becomes R726(2 — Q"), the R~* appears as a result of the dimensionality.
This is in principle the same result as for the scalar case calculated in [31],
where the coefficients of the inverse sphere sphere propagator where calcu-
lated by dividing the inverse coefficients + by R*.

Indeed, a direct expansion of (4. 31) into this basis with the use of
SE fQ Joy Mb5 (9, Q)Y ()Y () fails due to unsolvable integrals.
This problem can be circumvented with the knowledge that G can be easily
decomposed into spherical harmonics with coefficients ¢; (see (4.17)). All
remaining terms and operators in (2.32), which do not belong to G, act on
this expansion. Thereby, the indices of the spherical harmonics will sim-
ply be lifted and lowered. All modifications can be absorbed afterwards by
above coefficient matrix S;”, . Hence the task is to identify these operators,
which, in the end, are the one Written in (4.31).

With the use of 22 = Rng, (2.32) can be rewritten as follows:

, 1 e
M;Z (p()?QvQI> = {Exyﬁuﬁ’y 8(1’)&} 555/><
T(2)
1 ! A
gy, .
|G g s
TH(y) j=q

Thus, the problem can be split up symmetrically into two operators 7 (x)
and 77(y). Then May results in
(4.35)

M (po, 2, Q) = T (2) T} (9)G ), , _
‘ y=q
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In a next step, 7 can be written out explicitly, whereby the angular momen-
tum operator L=—iTxV appears in the time components. Due to the
Fourier representation of G, the time derivatives can be replaced by —ipy,
and a last simplification can be done by knowing that the time component
of the surface normal vector n, is zero.

1
T"%(pp, n1,m2, n3) :E%E#ﬁmaa (4.36)
- % 0 pbong  —pong (4 37)
- % —Pon3 0 Pon
- %5 Pon2  —pomha 0

Since the wrong Coulomb gauge means counting 3 and " only from 1 to 3,
the red boxed terms have to be set to zero in this gauge. On the other hand,
the correct ¥y = 0 gauge can be reached by setting the green circled terms
to zero. Equation (4.35) and the operator (4.37) now lead to (4.31).

Due to n7 = 0 and 7n = 0, which means 7 projects onto the surface,
the normal derivative 0, cancels out after replacing the Cartesian derivative
by a derivative in spherical coordinates. In the end the 7 operator acts only
on the spherical harmonics of G in (4.17) and not on the ¢ coefficients. By
defining T, := 7 Y, (4.35) reads

ML (po, Q, ) Z (Po, R, Q)cr(po, R)T N, (Do, R, ). (4.38)

For calculating 1" explicitly, £ and n have to be rewritten in spherical tensor
components fi = {—1,0,1}.

L= i%(ﬁ +il,)

Lo= Lo . (4.39)
Nyp = :FT(nm +in,)

Nog = N,

The action of £ on Y}, is determined by the formula

LY =(— 1)1+ 1) (20 + 1)
I 1 I
X B N }/l,m—‘rﬁ (440)

m+pu —p —m
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with the round bracket being a Wigner 35 symbol. This 37 symbol can be
found in [36] and hence (4.40) results in the form

1
LiYim=F E\/(z Fm)(l+m+ 1)V (4.41)
LoYym =mY) (4.42)

whereby the :F\/Li comes from the convention in (4.39). For nY’, an analogous

expression can be obtained by knowing that n; = @/%”Ym. With the use of

the product formula for spherical harmonics, also found in [36], nY can be
expressed as

nﬁYE,m :(_ 1)l+m+ﬂ+1

m p —m— i

[ 1 [—1
_\/Z ( ~ - ) Yzfl,erﬂ
m g —m—f
This was done in [37]. After consulting [36] for these Wigner 3; symbols,
equation (4.43) becomes

(£tm+1)({E£m+2)
Yim = Y,

[ 1 [+1
Vl+1( B >Yl+1,m+ﬂ

(4.43)

(IFm—1)(IFm)
- \/ 2020+ 1)(20 — 1) Yictmer (4.44)

I =m+1)(+m+1)
(
1)(

(20 +3)(20 + 1)

+ \/((;l++m; 121 m)) Vit (4.45)

By putting (4.41), (4.42), (4.44), (4.45) and (4.39) together in (4.38) and
calculating the sum up to a cutoff in [, a R and py dependent 4 x 4 matrix
is obtained, times the corresponding spherical harmonics of both points €2
and (Y. From this, the matrix S}.",, . (po, R, ¢;) can be obtained by collecting
all coefficients of Y,,(2)Y;r (@) for a special [ ;m ,I" and m’. Because the
inverse of S with respect to all indices will be needed, it is usefull to combine
them to one superindex A = (p,m,l) and B = (v,m/,l’), counting from
1 to oo.

A1l 31415 718|910 | 11| 12 | 13 | 14 | 15 | 16 17
o 112|301 ]2]3]|0 1 2 3 0 1 2 3 0
m 0 -1 0 1 —2
l 0 1 2

Table 1: Scheme of the used superindex notation.
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This procedure leads to the matrix S4p, plotted in the following figures:

(a) Sap with coefficients ¢ (b) Sap with coefficients ¢y and ¢4

(c) Sap with coefficients ¢q to co (d) Sap with coefficients ¢y to c3

Fig. 4.2: Scheme of matrix Sﬁ;j,z’m/ = Syp for different expansion orders:
black means zero and white non-zero. Every matrix is divided by red lines
into separate parts corresponding to [ and [’. Analogously, the green lines
separate every red boxed submatrix into parts which correspond to m and
m'. The inside of such a green boxed submatrix is a 4 x 4 matrix for the
space-time-indices p and v.
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The pictures show the matrix S, p for different numbers of coefficients ¢;. Fur-
thermore the white non-zero components are polynomial in (p3, &, %) X ¢;.
From the figures can be seen that the time-time components ({A, B|(A
mod 4 = 1)U (B mod 4 = 1)}), where only 7 terms come from, are placed
on the diagonal A = B. Naturally, this results in the time-time components,
because the angular momentum operators in (4.37) are placed at p = 0 and
the product T'T" produces a product of %E(Q)E*(Q’ ). These operators only
lift and lower the m and m’ index in the spherical harmonics simultaneously.
Analogous terms appear in the space-space components due to the LoL
there.

The £ and p3 terms appear due to similar reasons. They come from
the time-space and space-time components, where TTT produces a product
of %E x 71, but also from the space-space components, where 77" produces
a product of pon;(Q2) and pon;(€Y'). Not so obvious is the fact that £ only
appears in the two branches where |l — I'| = 1 and p2 appears in the three
branches with |l —I'| = 0 or 2. Also remarkable is the fact that the outer
areas |l — I'| > 2 are all zero. That implies a band structure respectively to
the [ index, which is necessary for the invertability of Ssp later.

The last thing that can be told about S4p at the moment is the general
allocation of the ¢; coefficients showed in the following draft:

C1 C1 C1 O 0

C1 | Co, C1, C2 C1, C2 Ca 0

C1 C1, C2 C1, C2, C3 Co, C3 C3

0 C2 C2, C3 | C2,C3,Cq | (3, C4
0 0 C3 C3, C4 C3, C4, C5

Table 2: Scheme of the ¢; coefficient allocation in matrix Sapg. Separated are
different [ and !’ indices.

Hence, only ¢y is an exception. It does not appear in (I,I') = (0,0), (1,0)
and (0, 1) because mathematically, the angular momentum operators vanish
at this places due to LYy = 0. Physically this could be resulting because
electromagnetic monopoles are not allowed in QED with no external electric
charges. In the scalar case [31], where the monopole order is allowed, the
corresponding energy was given by the ¢ coefficient.
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4.5.3 The right truncation

Sap is a quadratic matrix with dimension oo. To get the inverse of it, a
truncation has to be done, to make the dimension finite. One possible choice,
which was already proposed, is to cut S p at a given number of ¢; coefficients,
because they determine the multipole order of the Casimir energy in the
scalar case. Other truncations would be given by the number of used spherical
harmonics or simply cutting Sap at a given dimension. All these truncations
result in the same energy by shifting the dimension to oo, but the convergence
behaviour, multipole order by multipole order, depends on the choice of the
method.

The solution of this task is the following: The energy has to be calculated
by taking the trace of a number of propagations. For example, the product
MMy, is needed. M,,' has to be replaced by Sz and the corresponding
spherical harmonics. On the one hand, Sgé is the inverse of S4p, and hence
a truncation done with Sap appears indirect in S;5. On the other hand,
M5 is not expanded into this functional basis and will not be changed by
a truncation of S4p. So a discrepancy can be produced. Within the matrix
product M12M2_21, the integration fQ MIQYlmSl:nll/ml will be done. This is a
projection of M, onto the basis of S4p and thus it is in principle an expansion
of M5 into these spherical harmonics given by the truncation of Syp. If Sup
is cut, for example, at a specific number of coefficients ¢;, M7, will be cut at a
specific number of appearing spherical harmonics. To correct this influence,
the truncation of Ssp has to be done in such a way, that, after the inversion,
no additional spherical harmonics appear. The best choice to reach this, is
to cut Sap at a given maximal L,,,, like it is shown in the following figure:

AB

Fig. 4.3: Illustration of the cutting procedure. All spherical harmonics Y},
with an index [ higher than L,,,, have to be excluded.



4 CASIMIR-POLDER FORCE FOR AN ATOM AND A

42
PLAIN PLATE

4.5.4 Multipole analysis of the sphere-sphere propagator
expansion

It is not necessary to calculate the matrix SZ}:;;, if only its dimension has to
be obtained, which is maximally needed to determine a specific multipole
energy. Because May only acts on the subspace of the surface, M,,' has to
do the same. Thus by calculating Sap, whose specific structure is basically
determined by the surface normal vector'®, S5 can be assumed to have the
same structure. But if it has the same structure, the leading power of R,
which determines the multipole order, can be predicted for every entry of
Sk

In the worst case, which would contribute to the leading order in the
energy, Msy has the structure

1 P P po
R R R R
B ox x x . .
My~ | x specific ¢;(R) x specific Vi, (4.46)
Bk ox ok

Po
=k k%

with + = p§ in the case of I,I’ = 0. Otherwise it is x = p§ + 7. Hence

Sap is composed of such 4 x 4 blocks. As it was proven in section 4.4, the
series expansion in a small radius of all ¢; starts at %. Therefore, the series
expansion of the 4 x 4 blocks of Sap start at a known power. S5 has to
have the same structure like S, in sense of zero and non-zero components.
Thus the inverse matrix SZ};; expanded in a small radius should be composed
of 4 x 4 blocks of the structure

R3800 R2801 R2802 R2803

R2810 *S11 *S192 *S13
(4.47)

R2820 *S91 *S99 *S93

R2830 *531 *539 *S33

at all |l — 1’| < 2. Here, in the case of [,I'’ = 0 the x equals x = R and
otherwise it is x = R3. The s, are arbitrary coefficients.

Furthermore, M;2(£2) and My, (€2'), which both are depending on R, have
to be taken into account. By multiplying (4.47) from left and right with
these matrices and expanding the whole expression for small R up to a given

8The normal vector 7 lifts and lowers the spherical harmonics and thus produces the
central branch and the one with |l —I'| = 2. In addition, 7 x V is the angular momentum
operator and therefore produces the branch with |l — I'| = 1.
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order, the integrations over the angles €2 and €2’ together with the spherical
harmonics Y;,,,(2) and Y;r ,(§Y) for given [, m, I’ and m’ can be carried out.
The result is a matrix whose components are depending on several powers
in R. By dereferencing with the use of s,,, whose component in Syp takes
part in producing the leading order and writing this information in a matrix
O ap(R™e=), in the case of Feynman gauge, R can only be produced by the
spherical harmonics with [ and [ being 0 up to 2 (see Fig. 4.4(a)). In this
figure, all blue and green components can possibly produce R3.

(a) plot of Oap(R*) (b) plot of Oap(R*)

Fig. 4.4: Plotted are the components of S, taking part in producing a
given or higher power in R in the Casimir-Polder energy. Black components
do not produce an energy up to the given maximal order R*, blue ones mean
the lowest contribution of this components is R?, green = R? and red = R*.
O accounts only for the sphere integrals and O respects additionally the p;
and p, integration for the plain plate.

In the matrix O4p(R™ ) showed in Fig. 4.4(b), the plain plate is taken
into account. There, the complete trace for the energy is calculated with
above assumed S35 except for the py and p, integrals. Here, (p,, po, Do) s
the spherical parametrisation of the plate momenta (p1, pa, po), which will be
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used later on (see (4.54)). At last, the py integral cannot be carried out since
the ¢; are depending on it.

From M5 and My, only trigonometric functions in form of surface nor-
mal vector components occur (see (4.11)). They can be expanded in Yi,,.
Together with M,,", this results in a product of n spherical harmonics, which
could be calculated out analytically.!® Therefore, only the integration over
the spherical harmonics determines, which part of S5 is needed for a special
R power in the energy. This was the same mechanism in the scalar case [31],
which determined that only ¢y contributes to the monopol order, even when
all ¢; start at %.

YFor example, eq. (4.6.3) from [36] shows the product of three spherical harmonics.
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4.5.5 Inverse sphere-sphere propagator

Because the sphere-sphere propagator is expanded into a functional basis,
the needed inverse propagator can be calculated by inverting the expansion
coefficients, or in this case, by inverting the whole expansion matrix Syp.
This will be done by calculating the Moore-Penrose inverse with the method
described in D. That means the matrix will be inverted on the nonsingu-
lar subspace. This is easily done for small matrices. But for bigger ones,
technical limits will be reached.

Dimension and rank

As an overview, the dimension and the corresponding rank of Syp in two
different truncations are listed in the following table, whereby Si% and SI[L‘L];”I}
states S4p with coefficients cq to ¢; and truncated at L,,,, respectively:

Six% with coefficients ¢, to ¢; or
SL‘Lg”] truncated at L0, =7+ 1
i | dim(Sap) rank Sup

0] 16 x16 3

1| 36x36 11

2| 64x64 23

3 | 100 x 100 39

4] 144 x 144 59

5| 196 x 196 83

6 | 256 x 256 111
71324 x 324 143

Table 3: Dimension and rank of matrix Syp for “c; and L,,,, truncation”.

The dimension rises with the number of spherical harmonics involved by
4(i + 1)?, and, resulting from this checkup, the rank follows the rule
3(i + 1) — 4% Thus, taking the limit ¢ — oo leads to a rank-dimension
ratio of %, as it should be for a rank(2) propagator. For finite dimensions,
this ratio is always greater than % That means there are interactions be-
tween the spherical harmonic modes, which are encoded by the off-diagonal
matrix structure. These interactions can be minimised by a better choice of

the basis in chapter 4.7.
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The inverse
In the following figures, the first four inverse matrices S;}B are plotted,
whereby S4p was truncated at a specific ¢;:

(a) Moore-Penrose inverse S;g{o} of Sap (b) Moore-Penrose inverse S;g{l} of Sap

with coefficients ¢g with coefficients ¢y and ¢;

(¢) Moore-Penrose inverse 522{2} of Sap (d) Moore-Penrose inverse 522{3} of Sap
with coefficients ¢y and ¢ with coefficients ¢y and c3

Fig. 4.5: Moore-Penrose inverse of matrix Sp for different expansion orders.
Black components are zero and the white ones are not zero.
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As assumed, the (I,{’) behaviour is the same as the one of Syp. See for
example ng in Fig. 4.2(d) and Sﬁg{?’} in Fig. 4.5(d). In a next step, by
knowing which parts contribute to the orders R to R* in the energy, any

of the inverse matrices S;;{i} can be taken as a template for the matrices
Oap(R*Y) and O4p5(R?Y) in Fig. 4.4. This was done in Fig. 4.6.

(2) Sap*t N OaB(RY) (b) Sxp" N Oan(RY)

Fig. 4.6: The same plot as Fig. 4.4, but with Fig. 4.5(d) as template.

The blue and red components vanish, even for O5(R?*). That means, the
sphere geometry (especially the integrals over the sphere surface) cancels out
potential R? contributions to the energy at the blue points and R* at the
red points. Of course R* can result from green components, too. But the R*
energy results correctly, if R® is correct. However, the leading order in the
Casimir energy has to start at R3.
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4.5.6 Casimir energy for a plain plate and a sphere

With the determined propagator matrices, the Casimir energy for a plain
plate and a sphere can be calculated. An overview of these matrices can be
found in Appendix C. However, it is usefull to implement the propagator
expansion of M22 in the 1-loop Casimir energy, equation (4.7).

hc
El loop _ / / / Ym Q//
Cas 27T " " p Z ! ( )

Iml'm/
MHW( VML (D, B, Q) St o (Po, B {ei}) M5! (R, Q" p) - (4.48)

Iml'm/ po

s (27)

With this and the corresponding S from section 4.5.5, the resulting Casimir
energy can be obtained to

he R\
El loop _ " bz i .
Cas TH Zl (H)

As a checkup, results for this setup obtained by others can be taken from [38].
Their coefficients are:

by=0 by=0 by= 2

(4.49)

by=0 by=2 | (4.50)

In the following two tables, the results for the calculations in this thesis
are given. On the one hand, the case of Feynman gauge with and without
Uy = 0 gauge was used, and on the other hand, “¢; and L,,,, truncation”
was sampled.

Truncation corresponding to ¢

’ maximal @] ‘ bl bg b3 b4 b5 ‘
I - no additional gauge
11 3 1087
0 oo 0 10 20 10080
1 0 0 00 0o 3
2 0 0 Z~054: 0 oo
7881
3 0 0 B8lxy, 67
Tat h
IT - U§™™ = WP = 0 gauge
11 3 1087
0 0o X 10 20 10080
1 0 0 00 o
2 0 0 3 ~094: 0 oo
67 ~
3 0 0 S ~093-

Table 4: Results for the Casimir energy in the plain plate sphere setup. The
shown coefficients determine the energy by the use of (4.49).
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Truncation corresponding to L.,

’ Lmax ‘ bl b2 b3 b4 b5
III - no additional gauge
3 3 ~ 25
0O o o & 0 3 ~024-2
9 191 25
36043 7448187949 25
2 0 0 31536 0 2071915200 4.60 - 32

IV - \Ijoplate _ \I,(s)phere —0 gauge

3 3 25
0 0 0 i6 0 T 0.24 - %2
9 69848329 . 25
1 0 0 16 0 355117455 0.25- 32
9 559 25
2 0 0 16 0 960 ~ 0.75 - 55

Table 5: Results for the Casimir energy in the plain plate sphere setup. The
shown coefficients determine the energy by the use of (4.49).

The longitudinal mode corresponding to b; and the monopole order cor-
responding to b, vanishes, independent of the chosen gauge or truncation
method. They disappear because the integration over the sphere results in
zero and in the case without Wy = 0 (case I and III) the coefficients become
zero due to the leading R power of S, 5 is 3. In cases I and I with only co,
bi and by are divergent due to some integrals of the form fpo pio. But this can
be explained with the mismatch of M, ]\42_21 and Ms; due to the truncation
method. The other infinities in these cases appear for the same reason. As
it was explained, “L,,q,-truncation” is the better choice.

Because R and R? cancels out at last after the sphere surface integration,
the 1-loop and 2-loop propagators?’ starts with R? and R® respectively. This
means b3, by and b; are completely determined by one propagation loop.
Hence, the correct coefficient 1% at R? is found for the “L,,,.-truncation”
method. But in case III without Wy = 0 gauge, b3 is not stable until L,,,,, = 2
due to off-diagonal interaction terms in the time components of M,,'. In the
situation of “ci-truncation”, the right coefficient is not reached, but again
setting Wy = 0 gives the better convergence behaviour. In addition, the
next coefficient by = 0 is found correctly, too. But b; does not converge
until L., = 2, simply because more spherical harmonic orders of M,,' are
needed.

Furthermore, these coefficients were calculated for the case of Coulomb
gauge, too, to show that setting Ay to zero leads to a wrong result. In

29The 1-loop propagator is $AM? = M{;' My5M;,' Moy, which determines the 1-loop
Casimir energy by equation (4.3), and two loops are determined by AM?*.
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contrast to the above coefficients, the stable b; for Ag = 0 gauge are:

_ 5 _ 25 __ 355673
by = 22 by = 242 b3 ~ 1006236 °

and together with Wy = 0 they are:

_ 5 _ 25 __ 151808
b = 22 by = 242 by = 251559

Obviously, Ay = 0 gauge is incompatible to ¥y = 0, because the b3 differ from
each other. But, of course, this gauge choice is simply wrong. As mentioned,
the Weyl gauge is allowed in the QED for the case of pure vacuum, because
there is no need of introducing a charge density Ay. Although, there was
no input of matter in the setup, the boundary condition leads to a current
term in the action (2.27). Thus, the vacuum is no free vacuum anymore
and Weyl gauge results in unphysical longitudinal modes in the propagating
photon fields, since these modes are not alowed due to the propagator itself
is transversal: Miy'n, = 0. Details are explained in section 2.5.

Otherwise, the correct energy up to R' was found and becomes stable
within Wy = 0 gauge and L,,,, = 1 truncation, and the inverse propagator
for the sphere in case IV can be given:

Explicit calculation for L,,,, =1 and ¥, =0

After calculating the Moore-Penrose inverse of Sy, truncated at Lo, = 1
in the case of ¥y = 0 gauge, the spherical harmonics can be added and the
following inverse propagator for the sphere can be obtained:

R* (Maa(po, 2, Q) + O(Ya,u(Q)) + O(Y5,, () = (4.51)
0 0 0 0
3R 0 25(cp+d + Cp—d)Sese — 3 255050 (5p+® — Sp—d) 50cys6co
8p071' 0 255950 (Sp+@ + Spo—d) 25(—Cptd + Cp—a)s05e —3  50s,s9co
0 50cpcyse 50spcose 25¢chpce — 3
0 0 0 0
0 (163cpotad +37co—a)sese  s505e(163s,4a — 375,—0) 0
11207r 0 sps0(163sp4a + 3755 o) (—163cuya +37c,_a)sgse 0
0 0 0 —126¢c, 35650
0 0 0 0
9 0 —252 — 315¢cgco 0 500cysgce + 315cacose
+ 0 0 —252 — 315¢cgco 500s,s9ce + 3155 cose
0 500cecygse + 315cypspce  500spcypse + 315saps9co —252

+ O(R") + O(Ya,m(2)) + O(Y5, ().



4 CASIMIR-POLDER FORCE FOR AN ATOM AND A

1
PLAIN PLATE °

(0,¢) and (O, P) again are represented by Q and €. Together with M,
from (C.3) in ¥y = 0 gauge and the corresponding My, firstly expanded
into small R up to O(R*), the sphere surface integrals fQ fQ, Mo My, My =
[ [ Mia My, Moy sgdfdip sedOd® result in the following matrix.

MisAMy = R4/ Mi2(po, ), ) My (po, 2, ) Moy (po, g, )

QJY
0 0 0 O
3
_ R g | O 2 O (4.52)
2|plq| 0 %21 %25 0
0 0 0 O

= (pg +p'q, + |2_?HQ!> (9% + 2p2a2) — % (3 + @ — P242)

*22 = (pg +p'q, + |BHQ’) (6 + 2ma1) — v (D1 + ¢ — 1n)

*12 = =2 (pip2 (05 + &) + 12 (P + P3)) + p2ar (p5 — 2lpllg])

*o1 = =2 (pip2 (5 + @) + ez (P + 1)) + p1gz (P — 2lpllal)
The plate momenta (p1, p2) of Mis and (g1, q2) of My, were distinguished for
the possibility of calculating more than one loop. But py = ¢o can be set due
to translation invariancy in time direction. R and R? vanished after carrying
out the sphere surface integrals. Next, the inverse plate propagator (C.5) is
needed to obtain one full loop.

1
§AM2 - MﬁlMleM21

0 0 0 0

_ TR ety | O *iz O (4.53)
‘1_9||Q| 0 *91 k99 0
00 0 0

11 = [pl (20 + prar + 243) + |gl (D + 222 + p?)
kg = |}_9\(2p(2) + paga + 2¢3) + |Q|(p(2) + 2p1q1 + p3)
*12 = (p1 — 2q1) (Iplaz + la|p2)
*o1 = (p2 — 2q2) (|plar + |glp1)
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For the Casimir energy (4.7) up to B only the trace of %AMQ has to be
taken and multiplied with —%hc. The “outside” momenta p and g were set
equal due to a delta function resulting from the Fourier transformation of
the trace, and a last integration over all remaining momenta has to be done.
To be specific, the spherical coordinates

p1 = |p|cos ¢, sind,
p2 = |p|sin ¢psin b,

o = |£| cos 98 (4.54)
dpodpydpy = p*d|p| sin 6,d6,de,
lead to solvable integrals.
hc 1 1
Fos=— ———= [ tr |=AM?| + O (R! 4.55
hc 1 _ .
T2 ey / 6rRope " pPdpsin,df,dé, + O (R')  (4.56)
9 he R® R*
=5 +0 (m) (4.57)

This is the correct result and the inverse propagator M,,' for the sphere
could be used to obtain M12M2_21 My, for a more general configuration like a
sphere on top of a corrugated surface in position space. But there are dif-
ferent problems in calculating energy contributions of a higher order or even
in inverting bigger matrices S,5. Also spherical harmonics up to L., = 1
could not possibly suffice to determine the correct energy for arbitrary cor-
rugated surfaces. Thus there is a need of a higher spherical harmonics order
of the sphere propagator. In principle, this can be done with the methods
described in the last sections. But there exists an easy possibility to simplify
this inversion process, where in consequence the whole Ms,' can be obtained
explicitly up to any order (see section 4.7).
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4.6 Rotated Cartesian basis

The idea is the following: The Cartesian basis for the matrices is the most
general one and the easiest to implement, but it imposes not all symmetries
of the problem. Precisely, it does not fit to the surface of the sphere, where
the propagator My, lives. To install this feature, spherical coordinates as
matrix basis could be used, but they also impose metric coefficients in the
matrix products, which then have to be taken into account at the functional
inversion. Thus, a Cartesian basis for each point on the sphere is needed,
where for example x; and x5 are tangential to the surface and x3 always
points in the normal direction.

4.6.1 Sphere-sphere propagator explicitly

As already used in the last sections, the surface coordinates are represented
in the best way by spherical coordinates.

0 0
- cos @ sin 6 . cos ¢ sin ©
Q= =Rn Q=R = Rii’  (4.58)
sin p sin ¢ sin @ sin ©
cosf cos ©

7 is the surface normal vector at the point Q, described by the angles
2 = (0,¢) and the sphere radius R. In this case |Z| in (4.30) becomes

R+\/2(1 — cosa) and espe(nally G(po,Q (V) depends only on «, the angle

between the two vectors € and Q’ 0<a<m.

cos a = cos(P — ) sin @ sin © + cos 6 cos O (4.59)

sina = +v'1 — cos? (4.60)

It is usefull to rewrite © and € in terms of rotation matrices R, so 0= Rae,
and Q' = Rg€, with Rg = R.(¢)R,(). R, and R, means rotation around

the y- and z-axis respectively.

1 0 0 O 10 0 0
| 0 cos@@ 0 sind | 0 cosp —sinp 0

Ry (0)= 0 0 1 0 R:(¢)= 0 sing cosg O (4.61)
0 —sinf 0 cos# 0 O 0 1

The rotation which connects O and €’ will be named Ras, 50 Ry = RaRag.
« again describes the angle between €2 and Q' and [ is the angle describing the
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direction of the propagation. The coordinates described by « and [ should
be chosen in such a way that My, equals its Hermitian transposed with ex-
change of Q and €. Therefore, R,z has to satisfy the relation R, = Rgﬁ.
A definition, which solves this problem, is R,3 = R.(6)Ry()R.(m — ).
With this Rl; = R.(3 — m)Ry(—a)R.(—F) and hence is the same as
R:(B)R:(m)Ry(=)R:(=0) = RaAPIRy()R:(m)Ro(=F) = Rag. With

this, § can be calculated as a function of €2 and .

cos § = cos fsin © cos(? — @) —sinf cos © (4.62)
sin o

sin(® — ¢) sin ©

sin o

sin § =

(4.63)

Equipped with this system of rotation matrices, My can be simplified in
such a way that it can be written out explicitly. For example, by rotating
the coordinate system at the points 0 and € with the use of Rg;MQQRQ/, the
local z-axis points in normal direction (see Fig. 4.7).

() M2 (b) R Moo Roy
Fig. 4.7: Matrix axes of My rotated by different rotation matrices

T 2
RQMQQRQ/ = G(p(), R, Ca>p0 X (464)
2r2p3s2 +(3—ca) (1+RIpoIVE(T—ca))  —isacg(RlpolvEZ(I—ca)+1)  —isasg(RIpolv2(—ca)+1)

4R2pc2)(lfca) 2Rpo(1—ca) 2Rpo(1—ca)

isacg(RlpolvE(a—ca)+1)

* *
2Rpo(l—ca) 11 21

isacsg (RlpolvEI=ca)+1)

* *
2Rpo(1—ca) 12 22

0 0 0 0
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* :(2p(2JR2s[23c;‘;—((—8p(2)R2+1)c%—1+4p8R2)ca—(6p3R2+5)c%+3+2p8R2)\/2(1—ca)—2p0(1—r:a)(s%ca-%—Sc%—lZ)R
11 4v2(1—ca)(1—ca)R2p3
* — (@2p3R%e2 +(1-8pf R?)ca+5+6pg R%)cB® —2+4pfca B2 —4pd R?)V/2(1—ca) +2R(1—ca)po ((ca+5)ch —2)
22 4 2(1—0()4)(176&)132?%
*19 = kop = ((—2p3 R%c2 + (8P R2—1)ca —6p3 R2—5)v/2(1—ca)—2pg R(ca+5)(1—ca))egsg

4v/2(—ca)(1—ca)R2pE

The new z-components in the matrix are zero, which means, there is no prop-
agation leaving the surface. It was mentioned that 3 represents a direction
on the sphere. That can be easily seen by a second rotation around the new
z-axis in such a way, that the z-axis points in the direct direction to the
other point.

Fig. 4.8: Matrix axes of My, rotated by RT(8)RL My Ro/R.(/3)

In this case, My becomes independent of 3, because the physics in this setup
only depends on the distance between the two points.

RT(3) R Mz Roy R.(5) = G(po, R, ca)pix (4.65)
2R2p2s2 +(3—ca) (1+R\p0|. /2(1—ca)> —iSa <R\p0|\/2(1—ca)+1)
4R?p¢(1—ca) 2Rpo(1—ca) 00
iSa (R|p0|\/2(1—ca)+1)
2Rpo(1—ca) *11 00
0 0 Koo 0
0 0 0 0
_ 1 1
*11 = 2R2p2(1—ca) - Rlpo|\/2(1—ca) +1

2R|po|(1—ca)(3+ca)+1/2(1—ca) (2R2p3 (1+c2 ) +(1—4pE R2) ca+3)
R2p2(1—ca)v/2(1—ca)

_ 1
*22 = 7
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To calculate the Casimir energy in a setup with a sphere, the functional
inverse of the corresponding propagator matrix M, for the auxiliary fields ¥
on the surface is needed. Thus, one could say, (4.65) only depends on cos «
and therefore could be expanded into Legendre polynomials P(cos ) to get
the inverse M,,'. Therefore, (4.65) has to be multiplied with P(cos«) and
the integral over cos « leads to the expansion coefficient, analogue to the way
it was done in the scalar case [31]. Afterwards, every F,(cos ) can be replaced
with spherical harmonics 2?% et 1 Yim ()Y (') and the expansion of
M, into spherical harmonics would be obtained. With the time-time and
the space-space components of (4.65), this can be done. But the integrals
at the time-space component diverge due to an integral of the type fol %d:z:.
The reason for this is, in the end, a mistake in the assumption itself.
The inverse is defined in equation (D.1):

[ v (e, 0 = 1o - ). (466)
Q

Next, arbitrary rotation matrices like R~ and Rgq can be attached to (4.66),
which do not depend on the integrand €. In addition, in-between M, and
My, a representation of 1 like for example RQRST] can be inserted. But
the transformation used in (4.65) is not allowed, because R, ([3) intrinsically
depends on both points  and ', and the integration in (D.1) has to be
done over one of these points. The best transformation which is allowed to
be done is (4.64).

4.6.2 Sphere-sphere propagator expanded into spherical
harmonics

With the transformation R:(Z;MQQRQ/ — Mgz, equation (4.66) becomes:
/ My (Y, Q) Moy (Q, Q) = 15( — Q). (4.67)
Q

Together with the expansion method described in chapter 4.5.2, this trans-
formation can be translated into a transformation of the boundary conditions
including operator 7 (4.36): T(Q) = Rq7 (Q). T, can be obtained by cal-
culating the action of 7 on a given spherical harmonic Y},,(2), and then
multiplying it with Rgq. This T, has to be expanded into spherical harmon-
ics a second time to follow the formalism in chapter 4.5.2 and furthermore
to get the expansion S’AB of MQQ.

This procedure was applied to the transformed M, in (4.64). A plot of
the resulting coefficient matrix S4p is shown in figure Fig. 4.9.
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(a) Sap with coefficients cg to co (b) Sap with coefficients ¢y to c3

Fig. 4.9: Matrix Sup for different expansion orders, black means zero and
white non-zero

These matrices now consist of 3 x 3 submatrices corresponding to the space
time indices. The radial component is zero and therefore not plotted here.
But as it can be seen, this matrix is not diagonal and there is no chance
to obtain the exact inverse for a given subspace. In addition, the ¢; are
placed everywhere between Yy and Yj;. Thus, with the use of more and more
coefficients, the inverse changes everytime in every component. This inflation
is caused to the fact that the normalised tangential vectors of the surface,
which come into play at the second expansion of Tm, are not expandable into
a finite number of spherical harmonics. Therefore, this way was not assumed
to work right. Otherwise, if an orthonormal basis would be found which fulfils
the above explained requirements, this scheme could be a possible method
to calculate the Casimir energy, too.
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4.7 Vector spherical basis

Until now, all matrix expansions were done in Cartesian coordinates. A
change of the coordinate axes in a way that they lie on the surface is possible,
but does not result in some well behaved propagator matrices. However, in
the case of a sphere, a change of the functional basis Y;,,, — V},, can be done,
too. The V;,, are vector spherical harmonics or vector multipoles, which are
orthonormalized vector functions for the scalar product of the space L#(S?).
One possible definition can be found in the article [39], equation (24a - 24c),
in the case of a sphere with radius R and normal vector 7.

¢l =V =~ 'RVY, (4.68)
ML, = Vi, =1 LY (4.69)
¢ = Vi, = 1Yo (4.70)

They satisfy the orthogonality relation f VES QY () = 6% 8100

]

whereby the space indices ¢ = 1...3 has to be summed up. s and ' la-
bel the sort of the vector multipoles and 7; is a normalisation constant by
construction.

=+ 1) (4.71)

Within this definition, they are called transverse electric €]  transverse
magnetic M7 and longitudinal electric €~ modes respectively.

But in this work, the matrices are of the dimension 4 x 4. Thus, a fourth
orthonormal vector multipole has to be found. This one is

Vi =eYim. (4.72)

With VP the four vector spherical harmonics are optimised for a 3D sphere
surface S? in a 4D spacetime, which all satisfy the orthogonality relation
/ V;n;SH(Q)V;SL,l’m’(Q) - 558/5ll’5mm’ . (473)
Q
Now s, s" and p count from 0 to 3.
Because these harmonics fit well into the setup, My, which expanded
into them, may have coefficients that do not depend on m and which are

diagonal in [ (I’ =1[). Thus, a method analogue to the scalar case [31] could
be used to expand MLy (Rii — Rii') into the “tensorial Legendre Functions”

ss’ pv / su *su —/
P (7 — 2l+1ZV (7). (4.74)
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These functions are the generalisation of the Legendre Functions in the sense
of changing scalar fields to vector fields or Y, — V;%. As it will turn out,
this assumption is correct. But without a proof, My, still has to be expanded
into vector multipoles.

4.7.1 Propagator invertion with vector spherical basis

At first, the expansion into vector multipoles has to result in a matrix coef-
ficient, which can be inverted afterwards. Thus, the representations

M (po, 2. = Y V() Cost i Vi () (4.75)
w0
b2l
= V¥(Q)CupV* P () (4.76)
and
Moy (po, Q, Q) = VA(Q) BapV* " () (4.77)

are assumed to be analogous to (4.32). Again, {2 and 2’ represent the angles
of the two points on the sphere. C§¥, , corresponds to the object S,
from section 4.5.2 and therefore has the same superindex notation C'45. This
time, such a superindex combines s, [ and m to a capital letter A. Afterwards,
the inversion can be done by inverting the coefficient matrix C'4p due to the
relation

5(Q— s =R / / My, (Q, Q) MU, Q)

sphere

=RYWA(Q)Bap / VB (VO (Q) CopV*PR(Q") (4.78)

!
N

TV
—§BC

=V Q)R BpCBV*PH(Q)). (4.79)

The left hand side can be replaced by 1. >, VikVis"® where the 1 has
a zero on the sort indices s = s’ = 3 for no longitudinal electric modes &L,
The propagator actually has rank 2 and therefore a diagonalisation of the
coefficient matrix results in a second zero. For example in ¥y = 0 gauge, this
zero lies on the s = 0 axis. But, again, this problem can be avoided by using
the Moore-Penrose inverse, because due to the definition (4.76) C4p has to
be Hermitian. Thus, only the inversion of C'45 has to be done to obtain Bpg:

Bup = . (4.80)
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4.7.2 Sphere-sphere propagator expanded into vector spherical
basis

The following task is to expand the propagator matrix My, for a sphere
into vector spherical harmonics. Using the orthogonality relation (4.73) and
(4.75), the coefficient C' can be obtained by

Citine = [ Viru QM (. 2V (). (4.81)

This direct expansion is not such an easy task as it was in chapter (4.5.2)
with S4p. But again, the following representation (4.38) of My, can be used:

MY (po, Q, ) Z (Po, R, Q)cr(po, R)T S, (0o, R, ). (4.82)

Here T/ is T#%Y;,,, whereby the T is the operator in (4.36), which can be
written in the following compact form:

(4.83)

The é; x & symbolises the cross product between the unit vector in Cartesian
coordinates € and Z. It has to be read in the following way: T = Beiiby,.

Again, the green circled angular momentum operator L = —i# x V has to
be set to zero in the case of ¥y = 0 gauge, and ¥ is Rii. Inserting (4.82) into
(4.81) leads to integrals of the kind

to / Vi (TE5 (). (4.84)
Afterwards C' can be obtained through

lml” " o— Ztlml/ /Cl/tl/ /l// Hﬂ (485)

The summation over I’ goes in principle from 0 to oo and m’ runs from —/’
to I', but as it turns out, there are only at most three possibilities for [” for
a given [ or [”, where the summand is not zero. Thus, the t;ril/m’ matrix can
be calculated, component by component.
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For 8 = 0, this is an easy task, because in this case 7}77?1, = —R‘lfY,m,
= —R 'y V¥, and the integral (4.84) gives
tlml’ r = —R_1’7115825ll/5mm/ . (486)

In the other cases, where (3 is a spacelike 7, different integrals for each s has
to be carried out.
In the case of s = 0, the integral

lml’ ! R / 'CiY’m’ (487)

has to be solved. This can be done by using the decomposition of LY, into
Y}y, with the coefficients of (4.41) and (4.42).

The next component is s = 1, where the integral [+, (VY i) * Do @ X Z)Y e
has to be calculated. The cross product can be permutated to
v 'po [(Tx VYim)*€Yimy, thus an angular momentum operator appears,
which acts on Y}: . Therefore, this component becomes

tlljn,l’m’ = —Zpo%_l / (E }/lm> U'm/ (488)

which is the same as —ipgRy; ' (=1)™ "™t _ | _ . Because of this symme-
try, the coefficients later obtain rank 2 and not 3. ¥y, = 0 gauge, of course,
easily sets t% ,,  to zero.

By going further with s = 2, the integral f%_lpo(lem)*(é X @)Yy has
to be solved. The cross product can be permutated between ¥ and £ and a
term # x (% x V) arises. This one is the same as (ZZ)V — Z(ZV) and hence
can be simplified to R2V. The second term is zero, because it vanishes under
the integral:

/ VYlm) s O / Y (BELY) o / Yyt i eme € %.(4.89)
v SN—— N e’
o(@T O<§/l’i1,m’+m” e¢L

& V+1,m/+m/!

This integral vanishes due to the orthogonality relation (4.73). Therefore,
the first term above is left and ¢* becomes

e ==io0? [ (RY Vi) Vi (4.90)
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To solve this integral, again, the paper [37] can be used. There, the authors
give the action of V on a spherical harmonic in form of Wigner 3j symbols

N [ 1 1+1
RV ;Y =(—1)1tm+h z\/z+1< >Yz+1,m+ﬂ

m o —m—[

+<1+1>ﬂ<l Lot )Ym] (4.91)

m [ —m— [
with i being the spherical tensor component index counting from —1 to 1.
1 .

Vo=V, (4.93)
These 3j symbols are already known from (4.43) and hence (4.91) becomes

(£tm+1)(I{£m+2)
Y, =—1 Y,

— 1 1
RVngm:—l\/(l m—+ 1) +m+ )Y

QI+3)20+1)

Iy 1)\/(”’”)(! —m) (4.95)

Qi+ 1)20—1) "

With this, the integral (4.90) and consequently ¢ ,, , can be obtained.

In the last component s = 3, the integral of a longitudinal electric
mode X with something tangential to the surface has to be determined:
J poR™ &Y} )*(€; X &)Yiy. Therefore it is zero and

In the end, tlsﬁl,m, at most connects a given [ with I’ =1—1,1,1 + 1 and

equation (4.85) can be written as

I+1
e = S ety (40T
U’=max(0,l—1) m/
But that means C'4 g has a band structure with |{—{'| < 2 like in the Cartesian
case and additional zero rows and columns for the longitudinal electric modes
like in the rotated Cartesian case. Calculating C'4g now gives the surprising
result shown in the following figure Fig. 4.10.
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Fig. 4.10: Expansion of My, into the coefficient matrix C'yg with the trun-
cation L, = 3.

The matrix Cfrf; e 18 diagonal in the sense of 0y and 4,7, which means the

coefficients in (4.97) cancel within. Additionally, every 3, , = O3 §L6™,

Imil'm

is the same for a given [, does not depend on m, and therefore can be rewrit-
ten as C;¥ = Cp¥. This was tested by the above expansion scheme up to
Lppaz = 7. So Msyy can be decomposed into above tensorial Legendre Func-

tions (4.74).

20+ 1 )
M3y (2 — 1) = %CSS,ZP;S (57— i) (4.98)
—lpv = ) 1 21 1 - ss’ uv /- -,
M221“ (¥ —2) = E%Css,lﬂ?l (g —n) (4.99)

This behaviour can be assumed to be a feature of a more general class of
functions. Hence, whenever a propagator matrix depending on the difference
of two points living on a sphere has to be expanded in some functional basis,
there should exist a system of Tensor Legendre Functions in which the prop-
agator becomes diagonal. But this is only an assumption and not prooven.
Back to 7"

Monopole order | = 0 is cancelled out completely, as it can be seen in
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Fig. 4.10. The fourth component is zero which responds to no longitudinal
electric modes.

Also, the summation (4.97) seems to be not easy, Maple 11 is able to give
an explicit sum formula for the diagonal components, which can be simplified
afterwards. From this one, the coefficient matrices for [ > 1 can be calculated
by

l(l+1)g i/ 1(+1)cipo 0 0

R? R
, i/ 1+ D)epo 2
= R Poct 0 0 . (4.100)
2((+D)c—1+le1) | I(I+1D)e
O O Py 2ll+11 141 + 7 1 O
0 0 0 0
The first coefficients are the following:
Cs¥ =0 (4.101)
%1 i\/ﬁl?po 0 0
iv2cipo 2
/ —— c 0 0
Co = B e 0 (4.102)
0 0 2pgcolt ‘gigzl+p002R 0
0 0 0 0
%g i\/éézpo 0 0
iv/6eapo 2
/ - c 0 0
Cs = o e o (4.103)
O 0 3p061R +§’[}§22+2p063R 0
0 0 0 0
1}253 i2\/§;3p0 0 0
i2v/3eapo 2
, — 2vdespo c 0 0
Cs = R Pocs . (4.104)
0 0 Ppe2 7R§ P4 0
0 0 0 0

This matrix C**' is an analogy to (4.65). In (4.65), My (€2, Q') was rotated in
the way that the new z-axis local to the point €2 faces in the direct direction
to Q. The z-axis points in normal direction and the y-axis is orthogonal to
x and z. Here, the same result is received by using the V “direction” as x-,
it as z- and £ as y-axis, because v gives something like a flow direction from
one point to the other.
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By knowing C' up to any order, the inverse coefficient can be calculated,
too. For the case of only Feynman gauge, this is

R21(1+1) iy/U(1+1)R®po 0 0
alpgRZ+HI(1+1))?  a(pgR*+I(1+1))?
B VAL GRS R*p2 0 0
Ol ss=| " a@RHITD)? a@iRe+I(+1)? (4.105)
0 0 R2(21+1)
1(1+1)(21+1) e+ R2p3 ((1+1) ;-1 +lep41)
0 0 0 0
and with an additional ¥y = 0 gauge, it simplifies to
0 O 0 0
0 ]ﬁ 0 0
—1ss’
C, 1o o R2(2141) (4.106)
I+ (21 e+ R2pg (14 1)er— 1 +Hery 1)
0 O 0 0

The ¢; are known to start at R~! in a series expansion for small R. Con-
sequently, all C’l_lssl with Wy = 0 start in component (1,1) at R and in
component (2,2) they start at R3. But the 01—155’ without this gauge all
have R? as their lowest contribution. By consideration of M5 and Mo, the
energy has to start at least at R?, because it does not depend on the chosen
gauge.
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4.7.3 Casimir energy for a plain plate and a sphere

With the new basis (4.68) to (4.72), the Casimir energy for a plain plate and
a sphere can be simply calculated also for higher orders than only R*. But
at first, it is useful to implement the propagator expansion (4.99) into the
equation for the 1-loop propagator %AMQ(pO,pH, q) = AM12AMy; and the
energy. Altogether,

1
—AM2 =R"[ M;;'(p)Mua(p, R, Q) My, (po, 2, V) Moy (', po, q) (4.107)

Q,Q

2l +1
Z;M c / M Q)P (Q — V)MgE(Y) (4.108)

11 pv™~'ss
>1

can be obtained, with p and g being the corresponding surface momenta on
the plate. Again, this object can be calculated, if M (and My;) is expanded
into a series for small R, and of course a truncation like [ = 1... L,,,, is set.
To get the N-loop energy, the Nth power of AM? has to be taken, always
including the Fourier integrals for the connecting surface momenta?!. These
integrals can all be calculated by using polar coordinates

@1 =|q)|| cos @g, (4.109)
a2 =g | sin ¢y (4.110)

and the substitution , /pZ + qﬁ = q|- For this reason, the Casimir energy up

to arbitrary numbers of loops can be calculated analogue to section 4.2 by
the following equation:

ECas:—EW/ n @) an/ b
PosP|| n>1 q|| q||77qH

AMGY (po, py 1) AM (po, a1 afy) - - - AMZ (po, gffpy) - (4111)

g
n

With this, the following results can be obtained. Again, the energy can be

expressed as
hc R\’
ELlor — b —. 4.112
Cas 7TH (H) ( )

In addition for the 1-loop calculations, a lower cutoff [ > L,,;, was used.

21The appearing (27)? has to be taken into account.
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’ N-loop — Lyin — Linax ‘ by by b5 bg by ‘
1-1-1 X 0 0 2 0
1-2-2 0 0 33 0 &%
1-3-3 o 0o o o I
2—-1-1 s g
| 2 [ 0 & B &

Table 6: Results for the Casimir energy in the plain plate sphere setup. The
shown coefficients determine the energy by the use of (4.112).

All the coefficients in the last line are the same as the one in [38]. Also, the
chosen gauge did not influence these results. In this calculations L., = 1
sufficed to determine b3. Thus, the vector spherical basis seems to be the
correct one and [ = 1 could be called the dipole order. With R? as the first
contribution in the matrix AM?, also by and bs are determined by this one
propagation loop. But again, R* cancels out completely even in the matrix
AM?, and therefore the coefficient b; is determined by only one loop, too.
But for bg, one more propagation loop AM? is needed.
The following results for the energy are obtained:

e I3 is determined by one loop of dipole order | = 1
e R’ is determined by one loop of quadrupole order [ = 2
e RS is determined by two loops of dipole order [ = 1

e R"is determined by one loop of quadrupole and hexapole order | = 2, 3.

From the inverse propagator M, to the R® energy

The full R? energy is given by only [ = 1. Therefore, the complete inverse
propagator Ms,,' up to this order can be given. In Feynman gauge without
Uy =0, My," up to dipole order is:

3
RO (o, 0.) = 1 x (4.113)
28980 C(p—a) T 2¢oco 0 0 0
0 cpco + SpSespSe —54£5050CP —CpSeco
0 —59Cp 5350 coco + 56CypSeCH —Cp505d
0 —CeCpSe —COe S80Sy S9SOC(p—a)

+ O(R4) + O(P[:Q) ,
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and with additional ¥y = 0 gauge it becomes:

R4M71(p 0,0) =— QRA_Q_RB)B+(9(R4)+O(P_) (4.114)
22 (Po: 25 8pir”  80m = '

with

Ay 1= (1— sgci)(l + co)(co — 1)(:(21) +cp(spsa(cog — 1)(co + 1)(:2@ + cospcose + spse — cgs¢s<p)c(p +1-— sgci

Az,2= (co + 1)(co — 1)(sasy(ch — 1)(co + 1)epea — (sgel, + c3)cq) + co(co(sjel + cg) + spsecosess)
An g —g2c2 . 2

3,3= —s5Co + cosesg(cpcad + spsa)co + sp
Az1=(cg — 1)(cg + D(cpsy — (co — 1)(co + 1(cpspch — casacs)) + colsdsaco + spsecosy)ca
A12=(co —1)(co + 1)(case — (cg — 1)(co + 1)(casacl — cpspc3)) + co(sgseco + sosgcosa)cy
Az 1= S(_)ccpcgcg — ((c(pc%_) — ckp)c% + spsp(co —1)(co + 1)ca + cp)cpsg — socapco
Aj 3= sgcwcgc% - ((cg)cg — C(I))Ci + spsa(cog —1)(cog + 1)cy + ca)cose — secepco
An o 2 2 2 _ _

3,2= s@cecyse + ((5ps3 + cpsaca)sg — sp)secy — sesaco
Az 3= sacec%_)&p + ((Sq>si + C¢S¢C¢)Sg — 53)S@CO — S954pCH
Bi,1=4((1 — sjc2)(co + 1)(co — 1)cF + ( (cg —1)(co + 1)c + + 55 ) —sgel +1)

1,1= 5ce)(co co [e=3 spsep(co co o T cosocose T 555¢psa)Ccpcad — 55C,

+5(spsesese + coco)

Ba o= 4(( 1 1)e2 2 5 _ 1) (22 2 ~1)e2

2,2= 4((s@se((co )(co +1)cg + 55) + Fsese)cpca — (co + 1)(sjey, + cg)(co )cd

+colcosgel + colcoco + 50505050 + 3)))
Bg,3= 4(cosese(coca + sase)co — cj — sgcd + 1) + 5sg(cpca + s050)s0
B2,1=4(((cg — 1)(co + 1)(co — D(co + 1)(cacps, — sacs) + co(—sgsace + s9s0cosy))ca — co(§s9s05a + 5455))
2 2 2

Bi,2=4(((co — 1)(co + 1)(co — 1)(cg + 1)(cpcase — spcd) + co(—sgspco + 5059co5a))ce — ca(550505, + 5058))
B3 1= 4S@Cq>6(_)cg — 485(76903%63) +sasp(co —1)(co +1)cap + cp)cp — 4sgcace — Bsgcocy
By 3= 4sgc¢cgc% — 45@(—Cq,sgci —+ SWSq,(cg —1)(co + 1)‘3% +cop)co — 4sgcpcy — 5secgca
B3 o= —4cgsg(cpspcad + 5¢s<21>)c?_) — (55954 + 4555(_)5@)0@ + 4cgsgca(cpsd — Spca)

B3 3= —4cgse(caspcy + sqpsi)cg — (5sese + 4s%ses¢)69 +4cosecp(casy — sapcy) -

Matrix (4.113) or (4.114) together with the corresponding M;;' (C.2) or
(C.5), the My from (C.3) and the corresponding My, determine the correct
Casimir energy for a plain plate and a sphere up to dipole order. In the next
step, the product M, My, My, = R* fQ,Q’ My5(Q) M, (Q, ) My, () has to
be carried out by first expanding M5 and My up to O(R?), and afterwards
solving the © and €' integrals. By multiplying the result with M;"(po,p))).,
the 1-loop propagator %AMz(po,pH, q) is obtained. In the case of ¥y = 0
gauge, this is exactly the same as equation (4.53) in section 4.5.6 and hence
the Casimir energy results correctly, too. In contrast, without ¥y = 0 gauge,
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the 1-loop propagator becomes more complicated:
*00 *01 *o2 0O
3
Laag = ™ agupey | 0 Fn 22 0 (4.115)
2 P*lg| *20 ko1 ko2 O
0O 0 0 0

*00 = ([pllgl + 20%) (prar + p2a2) + (7 + p3) (4 + &3)
*11 = (|£||Q| + p1Q1)(p0 + 2p2qa) + 2(]70 + 5.12)(]90 +p2)
(Ipllg| + 2p202) (p5 + pran) + Ipllalprgy + 2(p5 + p7) (05 + 47)
*10 = —(([plla| + 20§ + P3))podr + (a5 + 45 — 2p202)Pop1)
pllal + 2(05 + 43))pop1 + (DT + D3 — 20202)Po1)
)
)

*22

*o1 = —((

*20 = —((Ipllgl + 2(05 + p1))podz + (45 + 63 — 2p101)Pop2

02 = —((Ipllal + 2(p§ + 3))pop2 + (PT + D5 — 2p101)Pog2
—((Ipllg] + P11 + P242)2p1G2 + 2(P1p2 + 1G2 — @1p2)Py)
—((

Ipllg] + pray + p2g2)2q1p2 + 2(p1p2 + G1q2 — P142)P])

*21 =
*12 =

But of course, taking the trace of (4.115) and using the spherical coordinates
(4.54) to solve the appearing integral results in the same energy

he 1 1
Ecas = — — tr | ~AM? R 4.116
s 2(2W)3/pr[2/\/{}+(’)( ) (4.116)
he 1
=- ?C 2 / 67 R*pe P p*dpsin 0,d6,ds, + O (RY)  (4.117)

3 4
2—3@R—+O<R—) . (4.118)
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5 Casimir-Polder force for an atom and a uni-
axial structured plate

Meanwhile, the propagator matrix and its inverse for a perfectly conducting
plain plate and a perfectly conducting sphere is already known. The next
step is to implement the corresponding calculations numerically and compare
them with known results. At the same time, a deformation of the plate in
one direction with an arbitrary amplitude is assumed.

5.1 Setup

A perfectly conducting sphere with radius R above a perfectly conducting
uniaxial structured plate is assumed. The mean distance between them shall
be denoted by H, where “mean” means the shortest distance between the
center of the sphere and the midaxis of the plate. See Fig. 5.1.

Fig. 5.1: One uniaxial corrugated plate and a sphere of radius R above are
set on a distance H. Both are assumed to be perfect conductors. Coordinates
for the plate are Cartesian and those for the sphere are spherical ones. 1,
and x3 = h(x;) are the coordinates on the plate, # and ¢ are the coordinates
on the sphere. n! and n? are the normal vectors.
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The plate S; is described by the Cartesian coordinates z; and x,. In x3
direction it is shaped by a height function h(x;). Furthermore, the sphere Sy
with its center at the point (x,0,0, H) implies spherical coordinates ¢ and
0, which are abstracted by €2. Again the normal vectors have to face each
other by convention, thus n! points in positive x5 direction and n? points
outside the sphere. Within this parametrisation, the surface normal vectors
are given by

0 0
1 —n cos ¢ sin
n=6=— n2,(Q) = ‘ _ (5.1)
V9 0 sin p sin 0
1 cosf

VI=V1+h2. (5.2)

The A’ represents the derivative 0,,h(x1). On the one hand, ,/g is the nor-
malisation of n!, and on the other hand it is the square root of the induced
surface metric, which will be needed for the surface integral

[ st = [ Viwisean. 53)

5.2 Preliminaries

Again, the change in the symmetry of the problem leads to a slightly different
strategy to achieve the Casimir energy. As usual, propagators between the
surfaces have to be calculated and functionally inverted. The sphere propa-
gator My, fits best in the vector spherical basis (4.68) to (4.72), in which its
inverse up to dipole order can be given by (4.113) or in the case of ¥y = 0
gauge results in (4.114). In addition, the two propagators Mo and Ms; be-
tween the plate and the sphere, and the one connecting two points on the
plate M;j; can be calculated analytically. However, the inverse of M;j; in the
case of a nontrivial structure can only be obtained numerically, because there
is no known functional basis in which it can be expanded analytically. Also,
if a periodic structure could be assumed to fit well into Fourier modes, the
appearing coefficients would intrinsically depend on one of both points as it
is already discussed in [31], and therefore this method is not considered for
now. Otherwise, the uniaxial structure implies a translation invariance in x5
direction, of which naturally advantage has to be taken. With this, even if
the four sphere surface integrals can be calculated analytically, the Casimir
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energy up to dipole order is determined by four integrals, one for the surface
coordinate x} in the product Mﬁle, and three for the trace: z; and the
momenta pg and ps.

Analogue to section 4.2, the 1-loop Casimir energy is given by

he

ELlP = TP [AM 15 AMy,] (5.4)
hc R4
= tr [My' (po, p2, 21, 77)
P0,P2,Z1 /
M12<p07p27 Ila Q)MQQ <p07 QJ Q )MQI(pO7p27 Q ) .131)] . (55)

Now M,,' has to be inserted, but instead of using (4.113), (4.114) or (4.99)
and the tensorial Legendre polynomials, it is more convenient to first multiply
M5 with the vector spherical basis of My," and to carry out one (2 integral.

Vs = [ M (Vi) (5.6)

Afterwards, the corresponding object (VM )y = f V*Ms; can be obtained
by simply adjoining (MV)15: (VM) = (MV)1,. The energy now reads

Eéri(s)op - T 5 / / Ztr p()vp??xla xl)
27T Po,p2,T1 7 Ty
(MV)12lm(p07p2>-T,1)Cz_ (pt);R)(MV)lglm(po,pz?-CIH) . (5-7)

From this point, it is convenient to choose the pure Feynman gauge without
WP — () on the sphere side and the one with \prlate = 0 on the plate side.??
On the one hand, in this case, the coefficients CSS ~!in (4.105) have R? as
their lowest contribution. Hence, to reach R? in the energy, M, and My,
only have to be expanded up to O(R), which can be obtained by simply
setting R = 0. Then, the full R dependence up to R?® can be factored out
from equation (5.7) and in addition, the integral (5.6) becomes analytically
solvable. Otherwise, the R dependence would have to be considered and (5.6)
has to be solved numerically. On the other hand, W2™¢ = 0 simply lowers
the number of terms in Mj;, which have to be inverted numerically.

22In chapter 2.5, the ¥q = 0 gauge was found to be allowed for each surface sepa-
rately. That means, instead of using a “global” ¥y = 0 for all surfaces, this gauge can
be separately switched on and off for each surface. This can be done by simply setting
the time components of the corresponding inverse propagators M. to zero. In principle,
also the propagators between the surfaces have to be changed, but by taking the product
tr[MﬂlMlgMZ_QlMgl], the chosen gauge automatically applies to them.
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So far, everything except the M;;' can be obtained analytically. By re-
striction to the dipole order, only the C’l_:ll contributes to the energy and
therefore the Im summation only runs for m from —1 to 1. The C; ' ex-

panded up to O(R?) is

1 00 0
3R3 0O 00O
-1 _ oft 4
' =10 010 | FO®Y. (5.8)
0 0 0O

Next, the integrals have to be discretised and replaced by summations like
for example

b 1 fraz 1 1
| 1@yte = an |10 + > ) + 50 (59)
Ax:b_a, r=Ari+a, 1=0...%m4-.

Zmaa:

Hence, the plate has to get a finite size in x; direction and the infinite large
case can only be obtained as a limit. But this opens up the possibility to
study edge effects. The same problem exists for the momenta integrals, too.
Thus, a cut-off for high momenta has to be introduced. In the scalar case,
only /p? + p3 terms appeared under the integrals and therefore a change to
polar coordinates

po = |p| cos py (5.10)
p2 = |p|sinpy (5.11)
dpodpa = |pld|p|dpy (5.12)

led to only one integral of the type 2 [ [p| f(|p|)d|p|. However, in the QED
case, such a simplification cannot be done and both momenta integrals have
to be carried out numerically. Nevertheless, polar coordinates are used, too,
because they give the possibility to choose a symmetrically cut-off p,,q. and
a lower one py,, to avoid divergences at [p| = 0.

5.3 The propagator between a corrugated plate and a
sphere
To obtain the Casimir energy from equation (5.7), the propagator Mis(z—2z")

between the corrugated plate and the sphere is needed, which is additionally
transformed to momentum space in the following way: zo — z{, — po and
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x9 — po. Therefore, the free propagator G has to be transformed in this
way, too:

G@ﬂmﬂéwam—%):/‘ G(w — /el (oo trar) (5.13)
TO—T(),T2
eipga:’Q
= S Ko (Vo= + (ws=a5)?)  (5.14)
1 : /
Gz —a') = Q/G@wrﬁa%wyﬁgaMW%m”m> (5.15)
(2m) b

with p = (po, p2). Equation (5.15) and the normal vectors (5.1) have to be
put in (2.32), which leads to Mys. After inserting the surface coordinates,

1

M (p, 71,9) =
g9(z1)

[DG(P,m—xﬁ,Ié,mg—xg)] 5 = h(zy) (5.16)

' =a'(Q)

can be obtained, whereby D is the following operator in components:

Doo = N (1) cps902, + (cp59 — W (1) ¢9) O, Oy — €902,

+p2 (i (1) $pS90s, — 15,5904, + P2 (co — B (x1) cy50))
DI,O = ZpO (cgo398$3 - 096161)
Dy = o (1558005, — il (1) Sp8004, + pa2 (B (21) 59 — cp))
Dso = ih' (1) po (Cp59024C00s,)
Doy = po (W (x1) spseps — icgdy, — i (x1) CpOsy)
Dl,l = 69]32 - i5@50p2ams
Doy = I (21) 8,80P5 —iCopa0u, — (0 (1) Copat5,80(0ny +H (1)) Oy ) O
D3y = I (1) (c@]f — isws(;pg@xg)
Doz = papo (W (21)cp80 — co)
Dl,? = Zp? (030398503 - Ceaxl)
Dya = (coso — I (21) o) OayBo + o0 — B2,) + I (1) 50 02, — 12)
D3y = il (1) p2 (cp590z, — o0y, )
Dos = poSe (icy,0u, + Sppa + il (x1) €04,)
Dis= s (ngopzam - C@ZBQ
D273 = S (S<P<8£1 + K (J}1> aﬂnaz?, - p(2)) + Z'CWZ)Q&“ + b’ (xl) Ccpp2ax3)
Dss = I (1) (iswpzaxl — 090}32) Sp .

(5.17)

The derivatives 0, and 0., in (5.17), which act on the free propagator G in
equation (5.16), have to be carried out before z3 is set to h(zy).
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5.4 The propagator for a corrugated plate

In a next step, the propagator Mi;(p, z1, ) has to be calculated. Therefore,
the following free photon propagator has to be inserted in (2.32):

1 —i((xo—z! r3—T"
Glx —2') = W/Z)G(g, z1— 2, x5 — ) e ((@0To)pot(wses)p2) (5.18)
with
G(p,x1—x), x3—25) = / Gz — o' )ewozolpot(zrag)p) (5 19)
To—x(), 2T}
1
= Ko (I =27 + (ws—3?) . (5:20)

Together with the normal vectors for the plate, n} (x) and n} (') from (5.1),
M, can be obtained.

1
My (p, 1, 77]) = :

T [P )

D is the following operator in components:

Doo = p3— (W(x1) + B (2))) O, Oy — 07, + B (w1)W () (p3 — 02,)
Dig= —ipo(Op, + N (2})0s,)

Dyo = —papo (14 B (x1)h (2}))

Dso = —ih'(z1)po (0, + W (2})0s,)

Doy = —ipo (O, + W (21)0s,)

D1y = ]32

Doy = —ipy (O, + W (21)0s,)

Ds3, = 222}1/(351)

Dyo = —papo (1 + R (z1)h (7))

D1y = —ips (O, + N (2))0s,)

D2,2 = p?) - (h/(xl) + h/(xll)) 89618963 - 831 + h,<:lj'1)h,(£€/1) (pg - 853)
D3,2 = _ih,(xl)p2 (a'lfl + h/(‘xll)axs)

Dos = —ih'(z))po (0, + W (21)0s,)

Dys= p°h(a))

D2,3 - _ih,(xll)]h (8331 + h/(xl)axs)

Ds3 = Z}Zh/(l’l)h/(x/l) :

(5.22)
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5.5 The numerical implementation for obtaining the
Casimir energy for a uniaxial corrugated plate and
a sphere

With the use of (5.7), (5.8), (5.16) and (5.21) the Casimir energy can be ob-
tained numerically within the numerical accuracy for arbitrary height func-
tions h and arbitrary distances H up to dipole order. The remaining task
is to invert M;; numerically, collecting everything together and carrying out
all remaining integrals. But before, one last simplification can be done: To
obtain an algorithm, which is independent from the used scale, every dimen-
sionful variable has to be rescaled by H. This means

— eV~ = Hi My, =[eV? = H My,
= [GV] = H?lﬁ M11 = [€V2] = [{72Mll
] =Hh Mt =[eV? =M

— [evfl (523)
— V'] =HR

x
p
h
R

The hatted variable is dimensionless. With this, the energy in (5.7) can be
rewritten by the dimensionless energy coefficient X

3he R3
lloop:_—_ ' 594
Cas 4(2m)2 HY ( )
1
~ R 1000 R
&= >t [Mnl@,miaxM%;@,m (8 01 8)<MV>15;1<@7£1>} (5.25)
P18 e 0000

From now on, the hats, the index “1” from x; and 2}, the index “11” from
My, and M, and the index “/ = 17 and “12” from (MV)%5!, are removed for
simplicity. Additionally, the momenta are expressed in the polar coordinates
Po = |p| cos ¢, and py = |p| sin ¢, and hence “|p|” is renamed with “p”. Also,
the index “p” from Op is removed. In a next step, the following discretisation
can be done: ~

2L

r—x,=Azxu—L+e , u=0...N, , Ax N (5.26)
/ / / / 2L
-z, =Arv—L—¢ , v=0...N, , szﬁ (5.27)
o . . _pmax_pmin
p— pi = ApJ + Pin , i=0...N, , Ap—T (5.28)
P
. . 2m

N
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(MV)m(p, ¢7 l’/) - (MV)%U - (MV)m(pz7¢j7x;) (531)

V(&) = Vogu = g(wu) : (5.32)

whereby the plate is placed at x € [—L, L], pmin and ppq. are the lower and
the higher cutoff of p, and N,, N, and N are resolution parameters. The
e parameter is included because it is the easiest possibility to circumvent the
divergent behaviour of M(p, ¢, x,2') at x = 2’ [31].%® In the following, ¢ and
7 are called the “momentum indices”, and u and v are the “position indices”.
The next step is to combine the space-time index g and the position index
u to a super index A = (p,u), whereby the A counts from 1 to 4(N, + 1).
The B is analogue. Only the integrals are left and have to be discretised like
it was done in (5.9) by considering (5.12). Thus, the [ has to be replaced
by a Y. The Az becomes a Az, which includes the factors ; at v = 0
and u = N,. This is the same for Ap. Only A¢ can remain A¢ due to the
periodicity in ¢. Within this discretisation, the energy coefficient Y from
(5.25) reads

=) Apitop [VarAzaMyh Avp yaEMV)E P Gra1 + a0 ) (VA1 A] L (5.33)
i=0...N

M;éij is the discretisation of the functional inverse M _1(]97 x,z') and not the

matrix inverse of Mi{B. This becomes clear by writing out the discretised
equation (D.1):

i 1
ZMAB Axp\/gMp, = ——— vy W_A (5.34)

Hence, the complete object (,/gAAxAMAB”AxB,/gB) can be obtained by

1
inverting M{;. This matrix inverse of M} is named M%;" and can be cal-
culated within the numerical precision since M ip 1s only a matrix of numbers.
The energy coefficient X' now reads

Y= E Api g pi [ M (M) (01610 + 630855 ) (M) 4] (5.35)
i=0...N,
j=0...Ny—1
m=-—1...1

In [31], also a regularisation of the divergent Bessel function in M is proposed,
whereby € can be set to zero. But this second method becomes more complex when
it is applied to the matrix valued propagators of this thesis.
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This is one possibility to obtain the first order of the Casimir energy for a
sphere in front of a uniaxial shaped surface.

An enhancement to arbitrary 2D corrugated surfaces is possible, too.
Then, there is no translation invariance in x5 direction, which has to be
considered. Thus, the utilised free photon propagator is (4.9). In addition,
the used normal vectors and /g changes by a derivative of h in z, direction.
Therefore, the propagators M;; and M5 have to be recalculated. Next,
the momentum integral [ , changes to a surface integral fm, which has to
be discretised. Thus, the plate becomes finite in this direction, too. The
superindex A combines both discretisation indices u and v’ and the matrix
index p to (p,u,u). It might be the case that the combination of u and v’
has to be done in an elegant way for reaching maximal numerical stability
within the algorithms. But, in the end, that should not be a problem and
the energy coefficient Y will be given by

X = aps M5 MV (51810 + 83085.) (V)] (5.36)

1=0...Np
m=—1...1

The real task would be to invert a bigger matrix Mg, whose dimension d
grows up quadratically with the discretisation parameters d o< N,, N,,. That
means, finally, only the numerical cost grows.
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6 Résumé

The aim of this thesis was to extend the non-perturbative calculation scheme
for Casimir-Polder potentials induced by scalar fields [31] in the case of
arbitrarily structured surfaces to abelian gauge fields and to apply this to
the quantum-electrodynamic case.

Hence, the method for the quantum field theoretical handling of fluc-
tuating gauge fields in the presence of boundaries was derived within the
functional integral formalism. For the generating functional Z the Euclidian
Maxwell-Yang-Mills action was utilised and the free photon propergator GG
was obtained due to the usage of the gauge breaking term i(aA)2 in the
Lagrangian. For reasons of simplicity, Feynman gauge was chosen for the
calculations afterwards.

Then, boundary conditions for perfectly conducting surfaces, which are
dictated by Maxwell’s equations, were reviewed. However, also non-local
conditions for general frequency dependent dielectrics were obtained in the
way described by [35] and ascribed to local ones clearly arranged in index
notation.

From these, the constraints for perfectly conducting surfaces were chosen
and inserted via a delta functional into Z. Due to a Fourier transformation
of this delta constraint, a set of auxiliary vector fields ¥, defined only on the
surfaces, was introduced, which led to a current term in the action. This term
broke the concept of an external current- and charge-free vacuum, so Weyl
gauge for the vector field potential A (which in combination with Feynman
gauge leads to Coulomb gauge) was discussed to be allowed only for plain
surfaces, which therefore are translation invariant in all directions tangential
to the surfaces. In addition, an analogue to this gauge but for the fields ¥
was proven. This was called the ¥y = 0 gauge, which can be applied to each
surface separately.

The constrained action was transformed in a way that Gaussian integrals
for the physical and the auxiliary fields could be evaluated and the known
trace-log formula for the Casimir energy and force was obtained. The loga-
rithm of the appearing normalised super-propagator Mg for all ¥ fields on
all surfaces resulted through a Taylor expansion around the self-interaction
contribution in a sum of every possible propagation circle, which passes all
surfaces.

Afterwards, this method was applied to two parallel perfectly conducting
plain plates in momentum space and the well-known Casimir force for this
setup was obtained.

Then, the main focus was shifted to Casimir-Polder type problems. Thus,
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one of the above plates was exchanged with a perfectly conducting sphere for
representing an atom in front of a plain plate. Hence, the above propagator
for a plain plate was used. For the sphere, a propagator had been calculated
and functionally inverted, so the time was transformed to momentum space.
Since the inversion can become arbitrarily complicated, three different coor-
dinate systems were discussed and utilised for explicit calculations, whereby
for the first two, spherical harmonics were used:

After firstly introducing a scheme for decomposing the corresponding
propagator into spherical harmonics, Cartesian coordinates led to a sophisti-
cated expansion matrix. But in the end, the standard Casimir-Polder result
up to dipole order was obtained. Because this expansion matrix is infinite-
dimensional, for the inversion of it, the right truncation had to be found.
Also, the needed dimension before the inversion was estimated. In addition,
due to the arithmetic costs, the Moore-Penrose inverse was introduced as an
effective way of inverting Hermitian singular matrices with a large dimension
analytically.

Obtaining the energy within rotated Cartesian coordinates, whose axes
lies tangential and normal to the sphere surface, failed due to the requirement
of calculating the complete inverse propagator at once. But thirdly, a vector
spherical basis was introduced, which fitted best to a S2-sphere symmetry
in a 4D spacetime. Thus, a well-behaving coefficient matrix was obtained,
which yielded in the full expression for the inverse sphere propagator up to
any multipole order and sphere radius. Also, tensorial Legendre functions
were found and interpreted as the naturally basis for matrix valued 2-point-
functions when changing from scalar to vector fields. With the latter basis,
the next four correct energy contributions compared to [38] were calculated
and decomposed to the corresponding multipole order.

At last, the method was applied to a sphere in front of a uniaxial corru-
gated surface. Therefore the corresponding propagators for the corrugated
surface and the numerical method was presented. It was shown that for the
case of using no ¥y = 0 gauge on the sphere side, the sphere surface inte-
grals needed for the Casimir energy in the leading order fl—i can be derived
analytically and hence only the integrations over the plate-side remain.
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7 Outlook

A sequel to the presented work is possible in several directions: Consequently,
the above numerical implementation of the corrugated surface setup has to
be applied, customised and improved. But an implementation of two dimen-
sional corrugated surfaces is possible, too, which only goes along with an
increased numerical work. Also the study of edge effects is possible.

A still remaining problem upon discretisation is the divergent behaviour
of the propagators as it was described. Therefore, several regularisation
methods can be checked. Also, if there is no functional basis in which the
corrugated plate propagator can be decomposed analytically, this possibly
can be done numerically with high precision. Then, only the coefficient ma-
trix would have to be inverted, but the divergent behaviour of the propagators
could be circumvented.

Furthermore, an analytical extension with the above boundary conditions
for general dielectric functions is feasible. This would provide the possibility
to compare the calculations with existing experimental measurements. Finite
temperature can be included to the method [40], as well as other geometrical
objects like a cylinder or a torus. Instead of corrugating the plate by a height
function h, also the sphere surface can possibly be structured and inverted
within the vector spherical basis. And, of course, also other fluctuating gauge
fields could be studied by this method.
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A Dimensional checkup

In natural dimensions A = ¢ = 1, the scalings of space, time and momentum
can be expressed as eV. Meter and second become eV ! and the momentum
has dimension eV. With respect to the dimension, the propagator matrix M
for the auxiliary fields W (cf. section 2) is only twice the derivative of the
free photon propagator M o« Q0G. G is one over the distance squared and
therefore has the dimension eV?. Thus M, or better M(x,2’), in position
space becomes eV*. By taking the Fourier transformations into account, the
dimension of M is lowered by one power of eV for each change to momentum
space. In this thesis the following Fourier transformations were used for a
plain plate (mdex 1) and a sphere (index 2).

My (z,x) ple” ip(z—2') — My (p) xeV' (A1)
Mo (z, ") :—/Mm(p, T e ipztiozy Mys(p, @) xeV'  (A2)
Moo (, ") / Moy (po, T, @)e~Po@0=20) Moo (po, &, &) xeV3  (A.3)

1 g —1ipox 1px
Moy (z, 2") :W/Mgl(m,p)e povotipe’ Mo (Z, p) xeV'  (A4)
P

With a short look on (D.1), having in mind [, is dimensionless, [, oc eV ™,
and R o< eV 7!, the inverse propagators can be seen to have the dimensions

M (z,2) oceV? (A.5)
My (p) oceV™! (A.6)
My (z,7") oceV? (A.7)
My, (po, %, @) x eV, (A.8)

Now with the use of equation (2.51), a cross checkup can be done.

- he - (_1)71 n
Ecus = 3T, Z - Tr [AM"] x eV (A.9)

n=2

With i = ¢ = 1, the Euclidean timelength T got the dimension eV !, so
the trace Tr[AM?"] has to be dimensionless.

B Calculation of the plate-sphere-propagator

As it turns out, the propagator matrices between a plate and a plate or a plate
and a sphere are easy expressions and can be calculated out by hand. But for
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two spheres, the very amount of terms makes this calculation a little bit of a
nasty job. Therefore, a computer algebra system like Maple or Mathematica
should be used. By using the example of component (u,v) = (0,1) of the
propagator matrix M, for a plain plate and a sphere, the calculation, which
in principle needs to be done, can easily be understood. Considering equation
(2.32) and Lgé, = dpp G, this term becomes

Mi)gl = nini,evoaﬁevlwﬁl5g5/8a8(;,G. (Bl)

Because the normal vector of the plate only points along the x3 axis, v can
be set to 3 and n} to 1. Also, 3 can neither be 0 due to u = 0, nor 1, because
of B = ' and v = 1. Therefore, the first e tensor is only for « = 1 and § = 2
nonzero. {3012} is an odd permutation of {0123}, so this tensor is —1.

MO = 1n,2y,(—1)€7/1°‘/281(9;,G (B.2)

But now, the second € tensor can give only nonzero contributions with o/ = 0,
v =3 and o = 3, v/ = 0. However, 7/ is the component of the normal
vector and thus n? is zero. Consequently, only €39 = 1 contributes to this
component. In fact, the complicated looking expression (B.1) above has only
one nontrivial summand.

MYy = —n20,0,G = — cos O(—ip, ) (ipy)G = — cos Opop1 G (B.3)

But, in the case of the sphere-sphere-propagator, both normal vectors have
three components. Therefore, there are much more nontrivial contributions.
In component (1,1), (2,2) and (3,3), there are only two summands, and
component (1,2), (1,3) and (2,3) even got only one term. But in (0,1),
(0,2) and (0, 3), there are four terms left and in (0, 0), there are 12 of them.
Now keeping in mind the derivatives of G and the normal vectors in spheri-
cal coordinates, the expressions will become slightly complex and computer
algebra programs will be the tool of choice.

C Propagator matrices

In every case, Feynman gauge @ = 1 is assumed. In the case of ¥y = 0
M,, can be obtained by simply setting the time components to zero and
therefore only M, ! will be shown here. (0,n;,n9,n3) is the normal vector
on the sphere, which is positioned at the distance H above the plate in the
origin. My, = M1T2.
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C.1 Feynman gauge
plain plate — plain plate

pi+p3 —popr —pop2 O
—1)atb —popr Pg+p3 —pipe 0
My(p, H) =D e i T (C.1)
- 2|B| —pop2 —Ppip2 pPo-+p; O
0 0 0 0
pi+ps —pop1 —pop2 O
2 2
_ 2 —pop1 Py tp; —pip2 O
M (p) =73 2, o (C.2)
|1_9| —pop2 —pip2 Po-+p; O
0 0 0 0
plain plate — sphere
My o) = L (€3)
12\D, = X )
= 2[p|
n3(p? + p3) — (n1p1 + nap2) ilp| —n3po p1 —n3po P2 po (n1p1 + nap2)
po(n1ilp| — n3p1) n3(pg + p3) — nap2ilpl pa2(niilpl —n3p1) napipz — n1(pE + p3)
po(nailp| — napz) p1(n2ilp| —nap2) n3(Pg +p7) — nip1ilp| nipip2 — n2(pf + p7)
0 0 0 0
sphere — sphere
R™2LL'™ ipoR~Y(L x )T

My (po, Q, Q) = ( )G (C4)

—ipgR Yt x L' pi(ii'@ it — iti'ls) + R-2L® L'*

C.2 Feynman gauge and ¥y =0
plain plate — parallel plate

0 0 0
2 | O ptrt pipe
PTHR | 0 e po? ik

0 0 0

(C.5)

o o O O
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D Inversion of singular Hermitian matrices

During this thesis, it is necessary to get the functional matrix inverse of a
given propagator, whose definition is

// Mz, 2 YM(2',2") = 16(z — 2"). (D.1)

Because M has to be a physical propagator, its eigenvalues have to be real.
Also, M is a propagator for a photon coming from a surface a and flying
to the same surface. Thus it is quadratic, too, or in the complex case it
has to be Hermitian. But, because it is a matrix acting on a surface, it has
zero eigenvalues corresponding to the normal direction, for instance. Thus,
M is a singular matrix. In such a case, the 1 in (D.1) has to be an iden-
tity matrix living on the same surface a. But this can become a problem,
because the 1 and M would have to be diagonalised. Later on, when the
inverse of the corresponding propagator for a plain plate is needed, M can be
Fourier transformed to momentum space and hence the functional inversion
becomes a usual matrix inversion of such a singular and Hermitian matrix
with dimension 4 x 4. Here, it is no big task to apply a principal axis trans-
formation on M, but for a corrugated surface, such a momentum space does
not exist except in time direction because of stationarity, and the matrix ba-
sis needs to be changed to a functional basis. In this one, M is expanded in
infinitely many orthonormal functions, for example spherical harmonics for
a sphere, and this expansion coefficients can be combined to a singular and
Hermitian matrix with dimension oo x oo. Therefore, an inversion cannot
be given up to any order in general, but truncations can be found to make
the dimension finite. Thus there are big matrices, which have to be inverted
on the subspace, where no eigenvalue is zero. One possibility of solving this
problem is to diagonalise the coefficient matrix later on called Sp. There-
fore, eigenvalues A4 and normalised eigenvectors vg‘*‘} =: vga have to be
calculated in a way, that Sup = vl diag(\]i = 1...00)G v, In this case
the subspace inverse S} is

_ 1 .
ShL =0l diag({-[A; # 0} U {0]\; = 0}fi = 1. 00)pll . (D.2)

But here technical limits will be reached. This work mainly was done with
the computer algebra system Maple 11 on a desktop PC with 8GB working
memory. After the truncation is shifted and S4p becomes bigger, in this
configuration Maple 11 is able to calculate the first 59 eigenvalues. Even-
tually, it is able to calculate the corresponding eigenvectors, too. But then
the expressions become that big that in this example Maple 11 is not able
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to handle and simplify the expressions, because the working memory is full.
Thus, another way has to be found.

A method that works well also for big matrices is based on the so-called
Moore-Penrose or Pseudo inverse. This is defined by

// MYz, 2 YM(2, " YM 2" 2" = Mz, 2”") (D.3)
/ / M(z, " YM (2, 2" YM(2", 2") = M(x,2"") (D.4)

//\/l 2, 2) [/M 2, 7) (;(/,IH)]T (D5)
/x M2 )M ) = [ / | M(x,x’)M‘l(I’,gg”)]T | (D6)

(D.3) and (D.4) do not suffice to determine M ™!, therefore the Hermiticity
conditions (D.5) and (D.6) are needed. Then this method becomes the same
as inverting the nonzero eigenvalues. In the sense of the coefficient matrix
Sap, this inverse is consequently defined as

SABSBCSED SA_D (D.7)
SapSpeSep = Sap (D.8)
SakSsc = [SahSnc]’ (D.9)
SanSpe = [SanSpd]" (D.10)

Hence there is no need of explicitly calculating eigenvalues and eigenvectors.
Only a matrix has to be found which determines the above four conditions.
One possibility to get such a matrix is by using the LU-decomposition of Sy 5.
Assuming, a square matrix S of dimension n xn and with rank £ < n is given,
it can be split up into two matrices A and B of dimension n x k and k xn with
both having rank k in this way, that afterwards Sg,xn) equals Ag,xry Birsxn)-
Maple 11 LU-decomposes the matrix into three matrices called p, L and U,
where p is a permutation matrix, L a lower triangular matrix and U an upper
triangular matrix. Especially U collects the row space of S and therefore has
the form

* *
0 . :

U= Do e s (D.11)
0 -0 - 0
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with £ non-zero rows. Putting the zero rows aside, A and B can be calculated
by A{nxk} = p{nxn}L{nXk} and B{kxn} = U{k;xn}- Now the inverse of S is given
by

S~ = BY(BB)"}(ATA)~1 AT (D.12)

where the only task is to invert two nonsingular £ x k matrices by a simple
Gauss algorithm. This Moore-Penrose inverse now has the same relationships
as equations (D.7) to (D.10).
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