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Abstract

A Quantum Field Theoretical treatment of fluctuating fields in the
presence of boundaries is reviewed and applied to Casimir-Polder type
problems. The focus of the investigations lies on the calculation of the
fluctuation-induced potential for the case of arbitrarily shaped sur-
faces. We discuss two possible non-perturbative calculation schemes.
First, the standard Casimir-Polder result for an atom in front of a
conducting plane is rederived within the field theoretical treatment
through the use of a thinning process, and possible extensions to struc-
tured surfaces are discussed. The second approach considers the in-
duced potentials of a Dirichlet scalar field in the case of a sphere-surface
configuration. We calculate the potential in the limit of a flat plane
and derive an expression for the Cagimir energy that allows for an easy
numerical evaluation of the potential in cases of uniaxially corrugated
surfaces. Finally we present numerical results on the Casimir-Polder
potential for a one-dimensional sinusoidal corrugation.

Ein Uberblick iiber die Beschreibung fluktuierender Felder unter
Einfluss externer Randbedingungen wird gegeben und auf die Behand-
lung von Casimir-Polder Problemen angewendet. Der Schwerpunkt der
Betrachtungen liegt auf der Berechnung fluktuationsinduzierter Poten-
ziale fiir nichtplanare Oberflichen. Wir betrachten zwei nichtpertur-
bative Berechnungsschemata. Zunéchst wird die gew6hnliche Casmir-
Polder Formel fiir ein Atom vor einer flachen Leiteroberfliche im Rah-
men des Formalismus durch einen Ausdiinnungsprozess hergeleitet und
die Erweiterung auf strukturierte Oberflachen wird diskutiert. An-
schliessend werden die induzierten Energien fiir ein skalares Dirichlet
Feld in einer Kugel-Platte Anordnung besprochen. Wir berechnen das
Potenzial im Falle einer flachen Platte und leiten einen Ausdruck her,
der eine einfache Bestimmung der Casimir-Polder Kréfte fiir uniaxial
strukturierte Oberflichen erlaubt. Zuletzt prisentieren wir numerische
Resultate fiir den Fall einer eindimensionalen, sinusoidalen Korruga-
tion.
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1 Introduction

The general notion of vacuum is just a volume purged of particles. In classical
physics, nothing interesting is expected to happen there.

In contrast, when speaking of a quantum vacuum, basically two effects
come into play that belong to the cornerstones of modern physics. Roughly
spoken we know, thanks to Heisenberg, that energy can fluctuate consid-
erably over short instances of time. These fluctuations can, according to
Einstein, manifest themselves as particles, which previously were not there.
It is possible to disturb these fluctuations systematically in order to test
and extend our knowledge of the physical laws that hold in these systems.
Thus, the classical notion of vacuum is overthrown and a vast field of new
phenomena opens up for inspection.

Consider, for example, two infinitely large and ideally conducting sur-
faces that are aligned in parallel in vacuum at zero temperature. Photons
that emerge between the plates have to obey certain boundary conditions
dictated by Maxwell’s equations. The allowed number of fluctuation modes
is thus restricted in between the surfaces whilst on the outside the number
of permissible modes is higher.

For these reasons, we expect an attractive force between two plates sep-
arated by a distance of H. The first analytical computation for this configu-
ration was performed by the Dutch physicist Hendrik Brugt Casimir in 1948
[1]. He predicted that those plates attract each other with a force per unit
plate area of?

w2 he

F = 0T (1.1)

What preceded this ground-breaking result was a calculation that Casimir
had done together with Dirk Polder earlier in the same year [4]. Inspired
by a disagreement between experimental results and theoretical predictions
in context of the interaction between colloidal particles, Casimir and Polder
accounted for the effect of retardation in the London-van der Waals forces. By
means of perturbative Quantum Electrodynamics they found that a neutral
atom located at a distance r in front of a perfectly conducting plane is subject
to an interaction potential ~ r% in the non-retarded regime, whereas in the
retarded regime the interaction falls of more quickly ~ }4 The limit of both
regimes is included in an empirical formula for the Casimir-Polder potential

!Note that though this force quickly decreases with larger distances, for parallel plates
F amounts to an equivalent of approximately one atmospheric pressure at a separation of
about ten nanometers. The first experimental verifications of the Casimir force, however,
were done in the easier accessible configuration of a sphere and a flat plate [2, 3].
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which can be written as

Cy

YOS

(1.2)

with [ being the wavelength of the dominant dipole transition of the atom
and Cj a potential strength parameter.

Motivated by a discussion? with Niels Bohr, Casimir then rederived his
result in a notably simpler way through the consideration of the shift in zero
point energy induced by the sheer presence of the atom and the plane [6].
Later he published his famous prediction for the case of parallel conducting
planes as described above and thereby founded a whole new area of research.

Nowadays forces that arise when quantum or classical® fluctuations are
restricted by boundaries generally run under the name of Casimir forces.
Those forces play a role in very distinct research areas ranging from cos-
mology to biology and on to engineering?. They therefore invoke increasing
interest among experimentalists and theoreticians.

Extensive research on the subject of Casimir and Casimir-Polder forces
is now done on the correction and extension of Eqs. (1.1) and (1.2) for more
realistic conditions including e.g. non-zero temperature, finite conductivity,
edge effects, and so forth. For general reviews on the subject, see for example
|5, 10, 11, 12, 13, 14].

In particular, the aim of this thesis is to get a better quantitative handle
on the geometrical implications of Casimir-Polder forces.

However, one should not be lead by the beautifully simple expressions of
(1.1) and (1.2) to believe that a generalization of these results to nontrivially
shaped boundaries is an easy task. Since the forces for flat segments are
well-known, it would seem to be a good starting point to just divide the
arbitrarily shaped objects into small segments and sum over the forces that
act between them when the curvature of the objects is small compared to
their separation.

Yet in fact fluctuation induced forces are inherently non-additive. There-
fore this is an approximation which often does not do justice to the exper-
imental results. Going beyond this method known as Proximity Force Ap-

2Discussion maybe is not quite the right word. It is passed down from Casimir’s notes
that Bohr only mumbled something about the connection to zero point energy [5]. But
already this put Casimir on the right track.

3A classical Casimir force can for example emerge from density fluctuations in liquids
[7] and has only recently been directly observed [8].

4Since at the nano scale Casimir interactions become the dominant force for uncharged
conductors, a good understanding of these forces is needed in the fast-developing field of
Micro-Electro-Mechanical Systems (MEMS) [9].



proximation (PFA) [15, 16] is therefore desired and advanced by the Casimir
community by the use of various techniques [17, 18, 19, 20, 21, 22, 23, 24, 25|.

In particular, recent experimental results on Casimir-Polder potentials for
nano-structured surfaces induced us to study the possibilities of predicting
these interactions for nontrivial geometries.

In the Atomic Beam Spin Echo (ABSE)-apparatus here in Heidelberg,>He-
atoms were quantum reflected [26, 27| from the attractive Casimir-Polder
potential between an atom and a structured plate [28|. Of particular interest
are the empirical potentials thus found for an aluminum sawtooth structure.

Adapting the notation of Eq. (1.2), the potentials could be written as

Ch

V(r)= —m )

(1.3)
which were extracted for three different orientations of the incident beam
with respect to the periodic structure.

It was observed that the power n with which the potential decreases
depends on the incident angle of the atomic beam in the following way:

e along the ridges n =6
e orthogonal to the ridges n =5

e under a 45 degree angle with respect to the ridges n =4 .

So far, there are no theoretical predictions ready to be compared to these re-
sults. In order to consider geometrical implications of Casimir-Polder forces,
methods of pairwise summation [29] or perturbative approximations [30] can
be used.

However, in the ABSE-scattering experiments interaction regions are
probed where the distance between the atom and the plate becomes com-
parable to the height of the sawteeth. Casimir-Polder calculations based
on perturbative approximations are therefore inapt for comparison with this
data and non-perturbative methods have to be reviewed and extended.
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2 Casimir forces for scalar fields

2.1 Scalar field theory with boundaries

In the functional integral formulation of a Quantum Field Theory, almost all
quantities of interest can be extracted from a generating functional Z. This
is also true for Casimir forces between surfaces. Let us elaborate on this first
in the simplest scenario of a real-valued massless scalar field.

2.1.1 Casimir energy from a restricted partition function

In Euclidean QFT, Z for a massless scalar field ¢ in the absence of external
sources is defined as

zz/D¢exp(—sE[¢]> , (2.1)

where after a Wick rotation® to imaginary time the Euclidean action reads
Sp = 1 [d'z (04(x))”. Basically, in order to find the Casimir energy of a
system containing fluctuation boundaries, we have to calculate the ground
state energy of this system with the respective fluctuation restrictions ac-
counted for. Since this energy is infinite, the fluctuation-induced energy of
the system without boundaries has to be subtracted to obtain a finite-valued
result.

For these reasons, the Casimir energy of a system bounded by two plates

at (mean) separation H is obtained by solving

he . Zpe

Ecas(H) - _TTEln Zoo 5

where Zp ¢ stands for the generating functional of the fluctuating field obey-

ing the system’s boundary conditions, whereas Z,, represents the case of

infinite separation between the objects (i.e. H — o00). T is the overall

length in Euclidean time direction which drops out upon the evaluation of
the logarithm as we will see shortly.

The force between the surfaces is consequently given by

he ZB C
F.s(H)=—0yl = .

(H) 7,0 —=—
The implementation of the boundary conditions for the fields can be
achieved via the insertion of a d-functional into Z which forces the fields to
behave correctly on the surfaces. This method was first applied to Casimir-

type problems in [31].

(2.2)

(2.3)

5This implies for the time variable a rotation of ¢+ — tg/1, where tg is called the
Euclidean time.
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2.1.2 Dirichlet boundary conditions

Consider, for example, the most simple case of a fluctuating scalar field
obeying Dirichlet (D) boundary conditions on the surfaces. The Dirichlet
boundary conditions are simply ¢ (z,) = 0 for a 4-vector z, pointing onto a
surface S,, with « labeling different disjoint surfaces.

Hence, Zg ¢ in the case of two plates case is given by

/ngHH(S (x4)) exp (—SE) , (2.4)

a=1 xzo

where Z; is a normalization factor of which we will make use later.

Now, in order to evaluate the integral over the fields, the d-functional can
be rewritten as its functional Fourier transform with the help of auxiliary
fields 1, “living” on the plates [31, 32, 33, 34, 35]. This implies that they
vanish for all space-time points that do not lie on the plates .

Thus, using

1;[5(¢($a)) = /D% exp (Z/sa d:cawa(xa)gb(xa)) : (2.5)

Eq. (2.4) now reads:

b= 5 / 1><z>f[1 / Dy exp (z /S a dxawam)cb(xa))
X €xp <—% / d4x(8¢($))2) (26)

After rewriting the integral over the surfaces in the exponential in terms of
a 4-volume integral via

/S a dota(Ta)d(20) = / d'z { /S a dr06® (2 — xa)wa(%)} o), (2.7)

the square in ¢(x) in the exponential function can be completed and the
Gaussian integration [ D¢ can be carried out. The numerical value of the
integral is absorbed into the normalization Z,, which accounts for the value
of the integral over the unrestricted fields.

The physics of the system is then contained in

Zp = H/D% ) exp [——Z/ / drodrgipa(za)G (flfmfﬂﬁ)l/)ﬁ(ffﬂ)] :

(2.8)



2.1 Scalar field theory with boundaries 7

where G(z4,23) is the functional inverse of 9 evaluated on the plates. For
four-vectors x and 2/, it is simply given by

1 1
G(z,2) = ———= . 2.9
(w,2') 472 (x — )2 (2:9)
Now all that remains is another Gaussian integration in terms of the
auxiliary fields on the plates. Defining a matrix M with elements

Maos = G(T0, 25) , (2.10)
Zp becomes )
Zp = (det M) 2 (2.11)
and thus one finds ]
InZp = —§trln./\/l : (2.12)

Note that the determinant and the trace in Eqgs. (2.11) and (2.12) have to be
evaluated with respect to the discrete plate indices as well as the continuous
space-time variables. Furthermore it should be emphasized that the space-
time integration still runs over the surfaces®.

Now consider again the expressions for the Casimir potential and force:
Eqgs.(2.2) and (2.3). One sees that fluctuations not contributing to the
Casimir force are removed by the subtraction of the generating functional
for infinite plate-plate separation Z...

By the calculations of the previous lines we now know that we can rewrite
the ratio of the restricted and unrestricted generating functionals as

Zp.c 1 M

— = ——trln — . 2.1
Z. 2 "M (2.13)
Thus, combining the result of Eq. (2.13) with (2.2) and (2.3), the Casimir

energy and force are finally given by

In

hc 1 M
Eao(H) = —C trln -
cas (H) T2 Mo
Fos(H) = 2o, eem M (2.14)

Ts 2 M

In a system with only two surfaces as we will consider in the following,
the matrices determining the force explicitly read:

M= M Mz (2.15)
M21 M22

®Note that this definition thus for example deviates from the quantity I" as used in [32].
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and

M 0
Moo = H . (2.16)
O M22

Note that the same calculational steps in principle also apply for Neu-
mann boundary conditions. The functional § enforcing appropriate boundary
condition then reads

0 (Ond(z4)) =0, (2.17)

and the matrix elements of (2.14) are then given in terms of derivatives of
the Green’s functions along the normal vectors of the surfaces:

Mo = OO, G (0, 15) - (2.18)

ng

2.2 The flat plate scenario
2.2.1 Prerequisites

To get acquainted with the calculational steps that will be applied throughout
the thesis, we want to elaborate on the simplest thinkable scenario. We
present the case of two ideally conducting plates that are aligned in parallel
and separated by a distance H in order to reproduce Casimir’s celebrated
result as given in Eq. (1.1).

This result of course considers the effect of electromagnetic interactions,
but for the case of two translationally invariant spatial directions, namely
the directions along the plates, the calculation can be performed in terms
of two scalar fields obeying Dirichlet and Neumann boundary conditions,
respectively. This remains true even for only one translationally invariant
direction, i.e. uniaxially corrugated, ideally conducting surfaces.

To see this, one has to check that due to the symmetry of the problem the
initially six independent components of the electric and magnetic field in fact
can all be expressed in terms of two field components. This phenomenon is
well known from cylindrical waveguides [36]. As in the context of waveguides,
the independent field components are called transversal electric (TE) and
transversal magnetic (TM) modes and consequently the fields are labeled
¢t and @y

Furthermore we note that for the case of flat plates the TE and TM modes
contribute equally to the Casimir force due to the symmetry of the setup.
Therefore the result of the calculation for only one scalar field just has to
be multiplied by a factor of two in order to obtain the correct value of the
force. This, however, is not longer true for non-planar surfaces and makes
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the calculation for uniaxially corrugated surfaces hard, though a calculation
in terms of scalar fields is allowed.

In order to be able to evaluate the trace of the logarithm as given in Eq.
(2.14), we expand the logarithm into a series. For the trivial case of parallel
plates it will - as one expects - turn out, that the series terms are resummable
after the trace has been evaluated and yield the well-known analytical result.
For nontrivial geometries this will not be possible and in principle infinitely
many terms would have to be taken into account in order to obtain exact
results.

For Casimir-Polder type problems though, the calculation will break down
to the evaluation of just one term of the logarithmic series. This obviously
reduces the calculational effort immensely. We will come to this in the next
chapters and explain how this comes about.

Now, as a first step in order to expand the logarithm in the expression
for the Casimir energy (2.14), we rewrite its argument as

1 MGM
MM = BE ) 1AM, (2.19)
M2_21M21 1
where we define the quantities:
0 AM 0 MM
AM = 2 = 1 1o (2.20)
AMy; 0 Moy Moy 0
We can thus rewrite the trace log expression appearing in (2.14) as
1 M = (=1t
—trln—— =1t —AM" ] . 2.21
5 r n'MOO r <; 5 M ( )

Obviously, due to the off-diagonal structure of AM, terms with odd n do
not contribute since the trace vanishes there.

Note again that the trace is to be understood as the trace over the matrix
elements and the trace over the internal indices of the matrices AM 5 and
AMoyy .

Consequently, it remains to evaluate

1 M K-l on

where (AM)? by definition is a diagonal matrix:

AM A 0
(amy = | AMAMe . (2.23)
0 AMo AMyy
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Therefore Eq. (2.14) now reads

Bunlll) = =0 3 e ((AM))
Fos(H) = ;—EZ%BHU ((AM)*) . (2.24)

Taking into account the cyclicity of the trace we see that the necessary
ingredient for the calculation of the Casimir energy and force is given by the
term

tr (AMleMgl) =tr (MlillMlQM;Qlel) (2.25)

and the corresponding traces of higher powers.

We would like to mention that this expression furthermore provides a
nice physical picture of what actually is computed to obtain the fluctuation-
induced forces: Starting from a generic point y on surface Si, it is summed
over all possible propagations on the surface itself, followed by all possible
propagations to the second surface Ss, then generic propagations on S itself
and all thinkable ways back to S again. At last it is summed over all possible
starting points y. A cycle of induced propagations so to say’.

To see this more clearly one should not forget that the products in (2.25)
are only short-hand notation for the value of the integrations over the two
surfaces. Thus, Eq. (2.25) in the case of two flat surfaces reads

LLLL

x M (z, 2" ) Mo (2, 2" )M (2", 2" Y M (2, )| o - (2.26)

x3,24=0;2% o' =H

Here and from here on, we have changed the notation from x, to x =
(o, 1, T2, x3) = (z,x3) and are thus suppressing the surface index on the
four-vectors for clarity. We have done this in order to not confuse the sur-
face index with the index referring to the component of the four-vector. The
xrg-component is evaluated on the surfaces and only an integration over the
time direction and the two directions along the plates remain (i.e. along z).

“In Casimir problems, any order of successive cycles contributes to the overall potential.
However, as already mentioned, we will see that for Casimir-Polder problems the calcula-
tion of only one of these cycles suffices. This is related to the fact that in a Casimir-Polder
problem the dimensionality of one surface is reduced and therefore propagations on this
surface do not contribute.
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2.2.2 Position space

Let us now derive the expressions needed for the calculation of the propa-
gation cycle in Eq. (2.25) explicitly. Even though the calculation is by far
easier in momentum space (see section 2.2.3), the coordinate space calcula-
tion generalizes more straight forwardly to non-planar surfaces. Therefore
the expressions derived here will come in handy in section 4, where we will
consider the propagators in the setup of a planar surface and a sphere.

The functional inverse of Mi; and My, on a flat surface is just the
operator D which, for z = (z, z1, z2), satisfies:

D (473@) — 5(x) . (2.27)

The solution to Eq. (2.27) is

D=2V/-V2, (2.28)

where V = (80,81,82).
With M7} given and the propagator between the plates

1 1
—2) = 2.29
M12 (£ x ) 47T2 (l B 2/)2 _I_ H2 9 ( )
we can now easily calculate
1 H
AMyp(z —2') = (2.30)

F(HZ +(z—a)?)?

Integrating now over the coordinates on the second surface we find the
following expression for a full cycle of propagations:
2 H

[AM 1AMy ] (z — ') = 2 (AH? 1 (z — 2)2)?

(2.31)

and thereby, upon further integrations, in principle tr (AM?") for all n.

For an explicit demonstration of the derivation of Eqs. (2.28 - 2.31),
please refer to Appendix A.

The respective terms of the sum

S 1 n
S se)-

1tr(AM‘*) —tr(AM) ., (2.32)

2
tr(AM?) + 3 B
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can now, using (2.31), be explicitly evaluated. One finds

=1 1/1 1 1/1 1
r(AM™) = 2 (- TrA TyA
;n M 4(47r2H3E)+8<322H3E)
1 /1 1
—(—=—=TEA ) +..., (2.
+12<1087r2H3E>+  (2:33)

with surface area A and length in Fuclidean time direction 1.
The numerical factors can then be regrouped in the following way:

=1 — 11 11

n=1

4 .
where the convergent sum y ~ # = g appears as can be proved by induc-
tion.

Thus we arrive at

> ]_ 2 TEA 7T2
— "= 2,
Z 4n AM 1440 H3 (235)

n=1

Finally, using (2.24), we find for the contribution of the transversal electric
modes to the Casimir force between the plates Frrp = —%};—i . Remembering
that we have to take into account also the transversal magnetic modes of the
fluctuating field which contribute by the same amount, we finally arrive at

the force density:

72 he

Feus = “op0

(2.36)
as expected (cf. Eq. (1.1)).

2.2.3 Momentum space

In cases where translational symmetry is given along one or more directions
of xz, though, it is favourable to perform the calculation in momentum space
with respect to those components. The reason for this is the well-known fact
that the matrix elements M,z become diagonal in their momentum if they
depend only on the difference of their arguments in position space.

Here, apparently the time direction and the two lateral space-directions
are translationally invariant.

We again start with the force as given in Eq. (2.14):

he 1 M

Fca5<H) = —ZTEaHztrth— . (237)
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Using the Fourier transform of (2.31):
[AM12AM] (|p|) = exp(—2Hp) , (2.38)

where p = [p|, we find that we do not even have to expand the logarithm to
obtain the analytical value for the force.
This can be seen as follows: As before we define

1 1
§tr1n Mﬁoo = Etrln(l +AM) . (2.39)

Considering now that due to the off-diagonal structure of the matrices
AM as defined in (2.20), the traces over odd powers of AM vanish and it

therefore holds that

1 1 1

§trln(1 +AM) = Z—ltrln(l — AM?) = §tr1n(1 — AM12AMsy) ,  (2.40)
we can write the trace log expression as

1 M 1
§tr In M_Oo = §tr hl(l — AMlgAMgl) . (241)

Inserting now the momentum space representation as given in Eq. (2.38), we
easily evaluate the trace®

1M ATy 1 - 72

(2.42)
Thus we arrive again, with (2.37), at the TE-mode contribution to the force
Frg = —%2—1 . By adding the TM contribution we finally find for the force
density:

w2 he

oo = 00071

(2.43)

We have seen here that the trace expression of Eq.(2.14) determining the
Casimir force can be evaluated analytically for the plane surface scenario.
As previously noted, for corrugated surfaces this is not the case and thus
approximate methods have to be adopted.

However, as already mentioned in footnote 7 on page 10, the calculation
of Casimir-Polder potentials as investigated in the following is considerable
facilitated due to the fact that only one cycle of propagations has to be
considered.

8Note that throughout this thesis the integral over momentum components fp should
be understood as ffcoo dp , i.e. particularly without a factor of %
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3 Casimir-Polder forces for electromagnetic fields

In the previous section we presented a way in which Casimir forces for fluc-
tuating scalar fields can be obtained, and accounted for a compact derivation
of the famous result for the flat plate scenario. In order to tackle the atom-
plate situation we now turn to a formulation that treats fluctuations of the
electromagnetic field.

The outline of this section is as follows: First we will review a formalism
for the calculation of fluctuation-induced forces between corrugated surfaces
of materials with dielectric constants €,. We will then derive the potential
energy for an atom placed in front of an ideally conducting flat plane and
thus obtain the well-known result of Casimir and Polder [4].

This will be achieved by taking the dielectric constant to infinity for
the first surface S; (i.e. make it a conductor) and expanding the dielectric
constant of the second surface S, in terms of the atomic number density. By
this process, basically Ss is rarefied until only one atom remains.

At last we will discuss principle extensions of this formulation to the case
of non-planar surfaces and discuss why this method is not well suited for
such purposes.

3.1 Gauge field fluctuations and dielectric surfaces
3.1.1 Preliminaries

The formalism we review and apply here was developed in Refs. [37, 38].

The steps in the derivation of the equations for the Casimir energy and
force are in principle the same as described in section 2.1.

The system’s energy is found to be given in terms of the logarithm of
the ratio between the restricted and unrestricted generating functionals. In-
serting the proper boundary conditions into the generating functional via an
appropriate 0 functional allows for all functional integrals over the fields to
be carried out and the expression for the Casimir energy again becomes a
trace log formula as seen in section 2.

Naturally, though, the matrix entries M,z in the generalized case have
a considerably more complicated form. First of all, here the full electromag-
netic field A, is used instead of just scalar fields. Secondly, general dielectric
materials are considered which of course also implies more involved boundary
conditions for the fields.

A short review of the derivation of the trace log formula and the associated
matrices Mg for corrugated dielectric surfaces is given in Appendix B.



16 3 CASIMIR-POLDER FORCES FOR ELECTROMAGNETIC FIELDS

3.1.2 General result for non-planar dielectric surfaces

Analogously to the previous section (cf. Eq.(2.14)), the Casimir energy in
the case of zero temperature is given by

1
Ecas(H> = %5 rlnMﬁ ) (31)

where M, again stands for the propagator matrix in the case of infinite
plate-plate separation.

As in the previous section, the setup should be such that the surfaces S;
and S are located at y3 = H, with H;/, = 0, H, respectively.

However, at first we allow for deformations along the lateral coordinates
Y = (y1,y2) which can be parametrized by height functions h. ().

The entries of M are here given by:

ML Ry =2moc-¢) [ f
FJESq yGSg

ok 7 — mHyHe [(—1)® Pu (¢, k) ys+(— )ﬂpﬁ(C':Eﬂ)yé]

X ﬁakﬂ,ﬂs[La(Cv EH)LIBTS(Ca Eﬂ)]]lG(Cv :’j_ g‘/) . (32)

X e

As before, the trace of Eq.(3.1) is to be taken over the discrete and the
continuous indices. The discrete indices for this generalized setup are again
the surface indices («, #) and the additional indices labeling the three bound-
ary conditions (j , [) for the fluctuating fields.

The continuous variables are the frequency ¢ and the momenta EH =
(k1, ko) along the directions of two flat auxiliary surfaces R,,. For the meaning
of the extra surfaces R,, please consult Appendix B.

The spatial integrations in (3.2) are performed over the surfaces and there-
fore explicitly read

/ = / V9o dy1dys|ys=m, , (3.3)
gesa

with the square root of the induced surface metric

— 1+ (Orh(y)) + (@h(y))? (3.4)

Moreover, new expressions have been defined: P, (¢, IQH) =4/ (10)C% + /{:H,

with €, being the dielectric constant of the material corresponding to the re-
spective surface S,.
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Furthermore, the normal vectors n, with respect to the surfaces S, are
given as

(10 dih(y))
N = T 82h(1y||) . (3.5)

The three operator matrices I:’; of Eq. (3.2) implement the boundary
conditions on the surfaces. There, the index k labels the components of the
normal vector on the surfaces S, . The three rows essentially incorporate the
three boundary conditions, whereas the four rows reflect the fact that the
boundary conditions are applied to the components of the electromagnetic
4-vector potential A, .

The operator matrices are given as’:

Lo (G k) =
O o [(=1)* Py O2+1k203) [—1k103+(—1)*P,01] [1k102+1k201]
CEQ Cea Cefl
o o ~at ol
—1k10: —1)*P,03+1k10 —1)*P,0
—10y % _C‘|‘[( ) Cej 1k101] _()C€—a2
L2 (¢ ky) =
k10 ko O [1koO2—1k101]
I I R
0 [1k203—(—1)%P,02] [tk193+(—1)*P,01] . [tk 01 +1k102] (3 7)
Cea Cea Cea '
—1)* P, 03+1k20: ko0 —1)*P,0
281 C - [( ) C5a3 = 2] ZCi(xl ( )Ceoc :
L3 (C ) =
—1k102 [zk181+(—1)("Pa83] . (_1)aPaa2
282 Cea C + Cea Cea
[th2024(—1) Pa 3] ko (=D)*Pa0r
0 - i o | oy
0 [(=1)* Pa02—1k203] [tk103—(—1)*P,01] [1koO1 —1k102]
CEQ 46(1 CEOé

9Tt should be noted that the matrices of Egs. (3.6-3.8) are obtained from their pendants
in Appendix B (cf. Egs. (B.11-B.13)) through the substitutions (91, 02) — —u(k1, k2) and
03 — (—1)*P,.
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and their corresponding adjoint matrices of the primed coordinates.
The Green’s function G in (3.2) is the free photon propagator in Feynman
gauge; its representation in momentum space reads

G k) = (C+k)™ (3.9)

In the following a representation of the Green’s function will be useful
where only the third component of the function is transformed to position
space. Making use of the residue formula upon integration, it can be obtained
from (3.9) and yields

e_P(<1EH JEZ]

2P(C, ky)

P(C ky) =1/ + k2. (3.11)

3.2 Casimir-Polder result through thinning of one plate

-

G(C; Ky, w3) = : (3.10)

with the abbreviation

3.2.1 The limit of flat surfaces

In the limit of flat surfaces, the general expression of Eq. (3.2) can be sim-
plified considerably.

As in section 2.2, we choose our setup such that the two surfaces S, are
located at y3 = H,, where H; =0 and H, = H.

Again, the problem is translationally invariant along the lateral coordi-
nates and the time direction and therefore it is convenient to work in mo-
mentum space with respect to those coordinates.

Also for planar surfaces it holds that their normal vector takes a very
simple form. For the two plates in our setup we find with the definition (3.5)
that n; = (0,0,1) and ny = (0,0, —1) since the height functions vanish.

Therefore in this setup, only the last matrix as given in Eq.(3.8) is of
relevance.

We now make use of the partially transformed photon propagator as given
in Eq.(3.10). Applying the representation of the Green’s function

G(CT—7) :/ dg e~ FP(Ga))lys—vsl i (3.12)
’ (2m)2 2P(C, qj) ’

in Eq. (3.2), we can execute the partial derivatives 01,0 appearing in the
operator matrix (3.8) yielding d, — —uq1 and 0y — —ug2. Thereafter the
integrals over 7 , yj|’| and ¢ can be carried out implying 0, — —k; and
Oy — —1ks.
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Equation (3.2) now acquires a very simple form:
Mas(C s €K = 2m)38(¢ = ¢N3P (k) — K] )11
e—P(C7E\|)|y3—yé\

2P (. ky)

—

(L3¢ RDLP(C R (3.13)

ys=Hq 7yé:Hﬁ

The factor 1,5 = (—1)“*56_[(_1)QP‘1(<’E”)H‘*J’(_l)ﬁpﬁ(cl’ﬁf\)Hﬂ] will drop out in

the calculation of the Casimir-Polder potential as we will show at the end of
this section and we will therefore omit this factor temporarily.

3.2.2 Plane metallic and plane dielectric surface

We now want to choose S; as an ideal conductor and therefore let ¢; — oo.
S5 shall remain a general dielectric since this is the side where the atom will
be located.

First, we want to write down the explicit form of the remaining opera-
tor matrices for the surfaces, respectively. Equation (3.8) in the limit of a
diverging dielectric function €; of the material bounded by S; reduces to

ka 0 ¢ 0
L3¢ hk)=| -k —C 0 0 |, (3.14)
0 0 00

whilst the matrix for the surface Sy is obtained from (3.8) through the sub-
stitutions (01, 02) — (—tky, —1ks):

L3(¢ Ry) =
ko —hr C+ [k + PaOs) el
—k1 —C — g5 [k3 + Pods] ke —#le . (3.15)
0 —g2R+0 [Py + 0 0

Cea Ce2

Next we mnote, that in (3.15) the third row is in fact linearly dependent
on the first two rows, because for the rows L3, it holds that —ip,l3,, =

Ky IA_‘;’JM + k2|:§72u, where p numbers the columns.

This is expected since for flat surfaces only two boundary conditions for
the electric field remain independent and the problem can again be formu-
lated in terms of one transversal electric and one transversal magnetic field
component (cf. [37], Appendix A). We can therefore work in the subspace of
linearly independent entries.



20 3 CASIMIR-POLDER FORCES FOR ELECTROMAGNETIC FIELDS

By applying the last remaining derivatives 03 and 94 in (3.15) onto the
Green’s function of Eq.(3.13)

e—P(QEH Nyz—vh]

— 3.16
2P(C, ky) (3.16)

G(C; En,ws) =

and evaluating the 3-component on the respective surfaces, we obtain all
propagator matrices M,g. Since they are all diagonal in their momenta, the
inversion of the propagators My, and My is an easy task.

As we know from section 2.2, the expansion of the logarithm in the for-
mula for the Casimir energy leads to an expression that demands the eval-
uation of the traces of propagation cycles. Following the same steps as in
the derivation for scalar fields, we find that the energy (3.1) between the
dielectric (D) and the metal (M) plate is given by

1 h
Epy = — Z ——;tr[(M111M12M221M21)”] : (3'17)

From here on we omit the factors of (27)28(¢—¢")6® (K —%ﬂ) in Eq.(3.13),
since the factors of (27) appear twice in the nominator and twice in the
denominator in (3.17) and therefore cancel; the distributions (¢ — ¢’) and
5(2)(E|| — Eﬂ) just kill the integrals over the primed variables and from here
on we set ( = (' and EH = lg‘"

The associated inverse propagators on the surfaces and the propagator
between the surfaces now read explicitly:

2 2
MICR) = = e Rk (3.18)
11 ) V| CQP k1k2 k‘% + C2

- 1
Mm({, ]{?”) = ﬁe PH (319)
B++2-PRl  —(22) ki
X
— (2 ) kike K4+ L3 - PR
_ - 2P¢e3
Mz (G k) = : (3.20)

(2 = DP(1+ )R + ex¢?)]

(14 ea)ki + k3 + €22 €2k ky
eak ks (1+ e2)k3 + ki + ex¢?

X
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with Mo (¢, EH) = M2(C, E”) as the setup obviously is symmetric.

It should be mentioned that the propagators (3.18-3.20) together with the
log det formula for the Casimir free energy (cf. Eq. (B.24) in Appendix B)
yield the Lifshitz formula for the interaction energy between a plane metallic
and a plane dielectric surface [5, 39]. This is shown in [37] for the general
case of two planar dielectrics.

3.2.3 Making an atom out of the dielectric surface

Now we will argue that considering only the first series term in Eq. (3.17)
suffices to obtain the exact Casimir-Polder result.

In order to calculate the energy of just one atom near the metal wall, we
expand the dielectric permittivity €5 corresponding to the surface Ss in terms
of the number of atoms per unit volume and preserve only the contribution
of first order, since the higher-order contributions account for the atom-atom
interaction inside the dielectric |39, 40].

The dielectric constant of Sy hence is expanded as

€2 =1+a()N + O(N?) (3.21)

where we have set a(:() = 4mx(2¢) with x(:{) being the dynamical polariz-
ability of just one atom.
Upon expansion in N we find for the propagators of Eqs. (3.18-3.20) on

and in between the two plates the following expressions!:

2 2
MACR) = == WG Rk (3.22)
11 ) Y] <2P ]{31]{32 k‘% + <2

a@O)Ne2PH [ B2+ S —kiks

Mup(C k) = ——— +OW (823
5P Chyky K2+ S
. 2 1
Spy 24
My (C Ky) a(lC)NP (2k2 + 2k2 + (?) 2
2k? + k3 + ¢ kik
1 2 C 12 —+ O(l) .
eyl k2 + 2k2 + (2

As we see, the product Mj' Mia My, My, already is of order N.

10The inverse propagator on the metal plane Mfll of course does not contain e;. We
just repeat it in order to have all the relevant matrices in one place.
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Thus, only the first cycle of fluctuations contributes and with Eq.(3.17)
the energy density between the rarefied dielectric and the metal can be writ-

ten as
1 he

2 ATy
where higher order traces are irrelevant for the Casimir-Polder limit.

Using the propagators as given in Eqs.(3.22-3.24), we find that Eq.(3.25)
becomes

__he 1 a@ON _on /iy 2

tr(My MisMsy May) + O(N?) (3.25)

gDM =

2

One can now put in the definition a(«¢) = 47x(:(), and evaluate the integra-
tions over the lateral momenta k.
The energy density then reads

hic o0

8tH J,
In the limit of large separations, the dominant frequencies correspond to a
wavelength of order H. Hence, only the static polarizability is relevant and

one can approximate x(2¢) & x(0). The integration over the frequency can
then be performed and yields

Epyu = —N d¢(1+2H)e 2 (1) + O(N?) . (3.27)

The energy of this dilute dielectric in front of a metal plane can be viewed
as being composed out of the required energy for bringing N atoms from
distance H to infinity. Therefore, the energy of one atom in front of a metal

wall is obtained by solving
Epm(H) = N/ Ean(ys)dys + O(N?) (3.29)
H

for E 4y and taking the limit N — 0.

Thus we get the well-known formula first derived by Casimir and Polder
in Ref. [4]:

hc
Eani(H) = ~ 2 0(0) (330

It accounts for the potential energy of the atom-plate configuration in the
retarded limit.

At last, we come back to the omitted factor of 7,4 introduced below
Eq.(3.13).

In the matrix product of M M3 M5) Ms appearing in Eq. (3.25)
it contributes with a factor of (1) - (—e P2 . (—e=P2H) . (2P21) = 1 and
therefore ignoring 7,3 was justified in our calculation.
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3.3 Extension to corrugated surfaces

As elaborated in section 3.1.2, the formulation of the theory for dielectric
surfaces from the outset is valid for biaxially corrugated surfaces whose de-
formations along the lateral coordinates can be parametrized by height func-
tions h(%j). Therefore a transfer of the thinning technique as used in the
previous section onto structured surfaces seems to bear no principle obstruc-
tion, though the calculations become of course considerably more involved:
The introduction of non-planar surfaces renders the matrices of Eq. (3.2)
non-diagonal and makes their inversion a cumbersome task.

Although the method of expanding the dielectric constant in terms of the
atomic number density provides a very intuitive access to a Casimir-Polder
setup, it has its flaws in the context of nontrivially shaped surfaces.

Roughly spoken, the translational invariance of the dielectric plate which
is thinned out also passes into a translational invariance of the atom with
respect to the plate. This is fine in the case of planar surfaces, but poses
a problem for the case of corrugated surfaces since translational invariance
in the spatial components is not given anymore when the metallic plate is
structured.

Therefore, by the thinning of the dielectric surface one looses the infor-
mation of where exactly the atom is located along the line of corrugation
and cannot extract the desired potential function. Considering e.g. a surface
uniaxially structured along the direction 1, this means that one cannot ob-
tain the local information V(zq, H) but only an average potential which is
integrated over the variable ;.

A possible way out of this dilemma would be to work with a formulation
allowing for a spatially dependent dielectric function €;(z1) in order to break
the translational invariance along S,. However, this choice disproportionately
complicates the formulation, since already the determination of the Green’s
function inside the material is a nontrivial task (cf. Eq.(B.8)).

We therefore seek a different way of calculating the Casimir-Polder po-
tential for arbitrarily structured surfaces. In the following, instead of the
thinning process, we will approximate the atom as a sphere located at de-
fined lateral coordinates above the surface.

We will see that this setup overcomes the deficiency of the thinning
method as described above and perfectly allows for the local information
of the potential to be extracted.
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4 Scalar Casimir-Polder potential for planar sur-
faces

What we want to elaborate on here is a calculation of the Casimir potential
for a massless scalar field between a Dirichlet sphere and a flat plate. The
plate - as in the previous sections - should be considered as infinitely extended
along the directions z; and z-.

We label the plate as surface S; positioned at x3 = 0 and the sphere as
surface Sy with the centre of the sphere being located at x3 = H. Let the
radius of the sphere be r. See Figure 1.

X3

@

Xz

Figure 1: A sphere of radius r is placed atop a planar surface. The mean
distance between the surface and the sphere be H.

The outline of this section is as follows:

First of all, we will give explicit representations of the relevant propa-
gators M,z for this setup. We will then derive the Casimir potential for a
flat surface-sphere configuration up to O (#) in the Casimir-Polder limit
+ < 1. This calculation will be performed in position space with respect to
the spatial components since translational invariance in all spatial directions

is broken by the introduction of the sphere.
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Considering the trace expression for the Casimir energy and force (cf.
(2.24)), this implies that we start from an outset of nine integrations: one
integration over the frequency, since the matrices are still diagonal in the time
component, and four times two integrations over the spatial components of
the two-dimensional surfaces.

However, as we perform the calculation we will find that in the desired
approximation all angular integrations over the sphere become trivial. This
will then allow us to deduce a notably simplified formula for the Casimir-
Polder potential which only demands the integrations over the frequency and
the coordinates on the plane.

Furthermore, similar to the previous section, we will see that in the order
@) (#) only the first expansion term of the logarithm of the trace log formula
contributes to the energy in the Casimir-Polder potential.

These two properties, namely the vanishing of the atom-side integrals and
the negligibility of higher order trace terms will then be of great use when
nontrivial geometries are considered and allow for a compact and efficient
numerical computation of the potentials for corrugated surfaces (see section
5).

4.1 Propagators in the sphere-plane setup

At first we want to introduce the propagators on and between the surfaces
as needed for the computation of the potential.

Consider again the Green’s function of this problem for four-vectors x, x’
as presented in the previous section (cf. Eq. (2.9)):

G(x,2') = S N (4.1)

42 (x — 2!)?

The functional inversion of this propagator for coordinates x,z’ on a flat
plate is an easy task because of its diagonality in momentum space. Clearly
this property is lost with respect to the spatial components of the four-vectors
when x and 2’ are evaluated on the sphere. We will therefore at first only
Fourier transform the time-like component of the propagators to frequency
space, i.e. we calculate

Map((, 7 =) = / Mas(Fo, & — T’ (4.2)

where T is shorthand for the difference of the time components 7o = xo— xj,.
For calculational convenience we choose a proper time representation such
that the spatial dependence factorizes.
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The matrix elements of M then read:

R 1
Mos(C,Z—7) = [ dT
S0 7~ ) / —

2
x exp (—4m*(Z — T')*T) exp (_16§T—2T> , (4.3)

with @ = (x1, 29, x3).
Asin the flat plate scenario we will need all propagators on and in between
the surfaces. Let us first consider the inverse propagator on the sphere.

4.1.1 Inverse propagator on a sphere
With the representation of Eq.(4.3), the inverse of My can be determined
by solving

M2_21(C )M22(C v fﬁ) = 5(3)(5_ i

T'€Ss

(4.4)

where the spatial integration is performed over the surface of the sphere Ss.
In order to solve this equation for M5, we first rewrite Eq. (4.4) in polar
coordinates:

2 [ MC Q) Moo (€, Y, ) = %5@5 — §")5(cos 0 — cos0”) . (4.5)
Q/

with the usual definition [, = [7"d¢ [ d(cos®’).

We now see that the dynamical variables of the propagator are just the po-
lar and the azimuthal angles and thus Moy (¢, €, Q") as well as My, (¢, Q, )
can be expanded in terms of spherical harmonics:

Map(C,Q,Q") = Z Z (O Yim ()Y (Q) (4.6)

=0 m=-I

M5 ((,Q.Q) = Z Z b (C)Yrrmr () Y7 () (4.7)

=0 m/'==-1

with the expansion coefficients ¢;, b; of My and M., , respectively.
On the right hand side of the determining equation (4.5) we can insert
the representation of the ¢ functions in terms of spherical harmonics.
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Equation (4.4) then reads

/ ,Z Z S 3 0¥ ()i (@) (€Vin )i ()

=0 m/'=—=1' I=0 m=—1
Z Z Vi Q)Y () . (4.8)

=0 m=-I

Subsequently, making use of the completeness relation for spherical har-
monics

/ Vi ()Y () = G (4.9)

the expansion coefficients of M,, can be determined to arbitrary order by
comparison of coefficients. For the expansion coefficients of the inverse prop-

agator it holds that

1 1

bl(C) = FCI(C) :

In order to determine the coefficients ¢;(¢), we write the propagator My, of
Eq.(4.3) as

(4.10)

/ n > 1 <2
MQQ(C, Q ,Q ) = /0 dT‘\/m exp [— 167T2T:|
x exp [—87°r*T (1 — cosa)] (4.11)

where « is the angle between the vectors ' and 2" and thus cos « is defined
as cos a = sin @' sin 0" cos(¢’ — ¢”) + cos 0’ cos 0"

We see now the advantage of the proper time representation: The angular
contribution factorizes and the exponential function in Eq. (4.11) carrying
the angular part can be expanded in terms of Legendre polynomials P,(cos «):

exp [—87*r°T (1 — cos )] Z ¢ P (cosa) , (4.12)

where ¢ = 2E [T davexp [-87%r2T (1 — cos a)] Py(cos @) sin(a) .

Making use of the addition theorem for the spherical harmonics

l

4
Pcosa) = 5o 3 Vi ()i () (4.13)
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we finally find that the expansion coefficients ¢;(¢) of the propagator on the
sphere are given by

o) 2
a(C) = /o dT\/;exp (_—16§T2T)

X /O7r daexp [—87*r*T(1 — cos(a))] P(cosa)sin(a) . (4.14)

Thus, using the relation (4.10), one finds that Eq. (4.7) reads up to dipole
order:

1
Y E

3 exp(2r[¢])[¢|° [cos O cos ¢ + usin fsin §' sin(¢ — ¢)]
2 (142 + exp(2r|C])[CPr? — 1] + 2r(C])

(4.15)

In the limit of # — 0, the dominant contribution is determined by the
monopole order. We will therefore restrict ourselves to the first term in
(4.15) and work with

M2_21(C)_ 1 |C’6Xp(TKD

"~ 4mr2sinh(r|¢]) (4.16)

Note, that My, in this approximation is independent of the angles Q, Q' as
we are considering monopole order.

4.1.2 Propagators between sphere and surface

As far as the other propagators are concerned, we now benefit from the
expressions which were already derived in the context of two flat plates in
section 2.2.2. Rewriting our result for the combination of a propagation on a
flat surface with the propagation to a surface at distance H (cf. Eq. (2.30)),
we get AM, for the sphere-plane setup.

We use it again in a proper time representation:

o0 2
AMqo (¢, 7);Q) = %(H—i—rcos@)/ dSV/'S exp _&
T2 0 4S5

x exp (— [(z1 — rcos ¢sin ) + (zo — rsingsind)® + (H +rcosh)’] S) |
(4.17)

where the vector pointing onto the surface is given in terms of polar coordi-
nates.
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The missing ingredient for a full cycle of propagations is My, which is
determined through Eq.(4.3) as presented in the beginning of this section.
It reads

[e.9]

o 1 ¢
M21(CuvaH>— 0 dT\/meXp (_167T2T)

exp (—4m” [(rcos ¢sinf — x1)* + (rsingsinf — z5)* + (H +rcos6)’] T) .
(4.18)

With the associated propagators of Eqs. (4.16-4.18) at hand we can now
calculate the potential energy of the sphere-plane configuration.

4.2 Potential energy in the sphere-plane setup
4.2.1 Exact energy in the Casimir-Polder limit

As argued in section 2.2, the value of the Casimir energy is essentially deter-
mined by the trace over a cycle of fluctuation propagations:

[(Ml M12M22 M21> ] =1tr [(AM12M521M21)71} (4.19)

with n indicating the number of cycles. For a potential of O ( ) though,
we will see in a moment that one cycle suffices, i.e. traces of order n > 1 are
not needed in this limit.

As a side remark we note that in this setup it is not only convenient
to work with the combined propagator AM i, = M7} My, as indicated in
Eq. (4.19) but also highly advisable. Trying to perform the inner integra-
tions over the surfaces in M' M2 M3, My in any other order significantly
complicates the remaining integrals and makes them substantially harder to
evaluate.

Now, with the expressions for the propagators known from the previous
subsection, we can write out the trace for the flat surface - sphere configura-
tion with its explicit dependencies on the frequency (, the angular variables
2 on the sphere, and the lateral coordinates #) on the plate:

(AM12M22 May) =
//xl / /,T AMa2(C, T Q) My (OMan (¢ Q53) - (4.20)

As mentioned in the outline of this section, the propagators of Eq.(4.20) do
not depend on the solid angle in the desired approximation and therefore the
angular integrations over the sphere become trivial.
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To see this, we first rescale the dimensionful integration variables of Eq.
(4.20) with H, such that all integration parameters become dimensionless.

We do this in order to extract the dimensionful dependency of the trace
and thereby deduct a formula that points out the physical scaling of the
energy within this configuration. The factor that contains just dimensionless
quantities is separated and provides only for the numerical factor of the
scaling.

In particular this means that we rewrite the lateral coordinates and the
imaginary frequency through 7 — %HH and ( — % with new dimensionless
tilded variables. Additionally one should not forget to rescale also the di-
mensionful auxiliary integration variables in the proper time representations
of AMiy and My, via the substitutions S — -2 and T" — %

To see that the auxiliary integration Varlables T and S bear a spatial di-
mension of [—2] please refer to Eqs.(4.17) and (4.18). There, the exponential
carrying the spatial dependencies becomes dimensionless if 7" as well as S
are of dimension [—2].

Again we initially consider the properties of the propagator on the sphere.

After rescaling, Eq. (4.16) reads

exp(£<))
r2sinh(f[C[)

Assuming the limit of 7; < 1 we see that the hyperbolic sine in (4.21) can
be approximated by its argument while the exponential is approximated by
1, i.e. we have

M3 () = (4.21)

NJ mll\x

1
dm

M3 (C) = %% (—IC\) (4.22)
(4.1

Furthermore upon rescaling, Eqs. 7) and (4.18) now read:

~ oo = -2
AM;s( Q) = L (1—1—%(}089)/0 dS\/Eexp <_éf_§)

3
T2

(@)
xexp( [xl——cos¢81n9) (xg—%sinqbsin@)2 (1+—0080 ]§>
(4.2

and

N - © 1 <
Mo (¢, Z)) :/ dT —exp | — C2~
A2 L lin A 5 \2 L : Pin A 5 \2 L N2 |
xexp< 47 [(Hcosgb sin@ — ) +(Hsmgz§ sinf' — &) +(1+HCOSQ)] () . |
4.24
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Next, we keep only terms such that the trace in (4.20) is of O (47).
Considering Eqs. (4.23) and (4.24), one sees that AM;, and My, become
independent of Q and € in this approximation, and therefore the two inte-
grations over the solid angles just contribute a factor of 1672.

Summing all these steps up, we can now write the trace formula of Eq.
(4.20) in the desired fashion:

3

(4.25)

The only dimensionful quantities in this equation are now T, » and H and

the integral provides just the numerical value for the scaling. The propagators
of the dimensionless tilded variables read in proper time representation

~ . ~ . 2
tr (AMuo Myl M) = T2 / / AM12(C,J7)M21(C,5||)+(’)<T—) |
¢/

N . co o 79
AMip(C, 7)) = 7% i dS@exp[—(l—%fﬁ)S]exp [—2—5’]

VN 1 © 1 -
Ma((, 7)) = ﬁ/o dT?eXP[—47T2(1+£Eﬁ)T]

2

X exp (4.26)

16727

The twiddle sign over the matrix elements both indicates that they have
become dimensionless through the rescaling with H as well as the fact that
their trace in (4.25) only contributes the numerical constant to the order
@ (#) of the potential energy.

The remaining integrations in the trace expression can now be performed
casily. The integral over ( is purely Gaussian and the integral over T is
facilitated by the use of planar polar coordinates. At last, we perform the
integration over the variables of the proper time representation T and S.

The result is

_ 1 r r?
tl’ (AM12M221M21) - TEEm + O (m) . (427)
The energy of the configuration which is given by
hc 1 -1
E.(H) = — gt (AM s M3y May) (4.28)
E

consequently yields

he r r?
Ecas(H) — —gm + (9 ( ) . (429)
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The lowest order expansion coefficient agrees with recent results that were
obtained by the use of different calculational techniques [24, 41].

Note that higher order terms could also be included in this formalism. To
this end, higher order coefficients of the expansion of My, (cf. Eq.(4.15))
and higher order propagator traces have to be included.

Nevertheless we will restrict ourselves here to the lowest order term which
is the only relevant term in the Casimir-Polder limit. Note that the Casimir-
Polder limit of & < 1 is contrary to the limit accessible to the Proximity
Force Approximation (PFA) [15, 16], since the PFA approximates the sphere
by infinitesimally small flat segments and thus demands + > 1.

4.2.2 Arrangements for uniaxially corrugated surfaces

As we have shown, the spatial integrations over the surface of the sphere
Sy become trivial in the Casimir-Polder limit and thus contribute only a
numerical factor. Due to this fact, the integrations over the remaining lateral
coordinates Z on the plate (cf. Eq. (4.25)) could also be performed in
momentum space since the plate itself is translationally invariant along these
directions. However, in the next section we will extend our investigations to
surfaces which are uniaxially structured along the direction z;.

For this purpose it is feasible to rewrite Eqs.(4.25) and (4.26) with the
2-component py in momentum space.

We get

TE r
H2

L o 2
X/{/@ /jl AMlz(Caﬁza511)M21(C,252,f1)+(9(%) . (4.30)

with the associated propagators given in terms of modified Bessel functions
of the second kind:

tr (AM 12M;21M21) -

AMio(C, o, 1) = % K1 (\/1+9€1\/p2 C2>
M21(57ﬁ2751) = 2i (\/1+$1\/p2 Cz) (4~31)

after the execution of the integrals over S and 7T . )
Due to the simple structural dependency of the propagators on ¢ and ps,
we can even further simplify the set of equations.
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Defining § = 1/p2 + C2, we get (4.30) as

tr (AM12M2_21M21) =T 2r

EH2
2

></ dC]/ df1@AM12(§>Z52751)M21(§J52,fl)+O(%) , (4.32)
0 —00

where the propagators now read

~ o 1 7 B ~
AMis(q,T1) = ;—\/%Kl (q\/l—kx%)
1
~ o 1 B ~
Mgl(q, [E1> = %KO <(]\/ 1+ l’%) . (433)
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5 Scalar Casimir-Polder potential for corrugated
surfaces

In the following section we will discuss how the Casimir energy can be ob-
tained for a situation where the plate is not planar anymore but rather uni-
axially structured along the direction x;.

We choose the setup such that the structured surface still lies parallel to
the xy — x5 plane at z3 = 0 (cf. Fig. 2).

Let h(z1) be a height function parametrising the structure such that a
four-vector pointing onto the structured surface reads x = (o, 1, x2, h(x1)).
Again the plate should be considered as being infinitely extended along the
directions x; and x,.

Xz

Figure 2: Sphere of radius r above a surface which is uniaxially structured
along x;. The mean distance between the centre of the sphere and the struc-
ture be H.
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5.1 Setup
5.1.1 Inverse propagator on uniaxial structure

The main obstacle in the extension of the previous calculations to corrugated
surfaces is the determination of the inverse propagator on the structured sur-
face, Mi;'. The result for flat surfaces as given in Eq. (2.28) is easily obtained
since My, is translationally invariant along x = (xg, 21, ) and therefore di-
agonal in momentum space. Mj; can thus be inverted in momentum space
and transformed back to position space without major difficulties.

By contrast, a structured surface does not exhibit the translational in-
variance of the system in the direction of corrugation and the determination
of the functional inverse of M;; becomes a difficult task even for the most
simple case of scalar fields.

One could be lead to believe, though, that for periodically corrugated
surfaces a similar recipe as for the evaluation of the inverse propagator on the
surface of the sphere would apply. There, the expansion of the propagator in
a complete set of functions together with the completeness relation for these
functions allowed the evaluation of the expansion coefficients of the inverse
propagator.

In a similar manner, one could think, it would hold that for a periodically
corrugated surface an expansion of M;; as a Fourier sum and the usage of the
completeness relation for the Fourier modes would provide us with coefficients
of M. Unfortunately this is not the case.

Consider a surface structured along x;, with a height function h(z)
parametrizing the structure. Then, taking into account only the relevant
space dependencies, we have:

My = Myq (h(xy) — h(x)), 21 — 27) . (5.1)

If we demand a periodic height function h(z,) = h(zy + ) with a period
A and define new coordinates = (z; + ) and z = £(z; — z}) then also
the surface propagator is periodic in the new coordinate Z, i.e.

M (2,2) = My (T+ A, 2) . (5.2)

Thus the function can be expanded in Fourier modes with respect to the

coordinate Z:
x

My (2,2) = Z cx(Z) exp(thw) | (5.3)

k=—o0

with w = ¢ and ¢, (2) = %fOAMH (z, z) exp(—tkw)dZ.
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Using a similar reasoning scheme as below Eq. (4.4) does, however, not
apply since the expansion coefficients cx(Z) are intrinsically dependent on
the coordinates x; and x| and therefore the orthogonality relation for the
exponential functions cannot be utilized.

For this reason, we choose a numerical approach in determining M7;' on
the corrugated plate.

This is still highly nontrivial owing to the fact that M7} is distribution-
valued. For a stable numerical algorithm, the inversion strategy as well as
the order of integrations have to be chosen with great care.

5.1.2 DPotential for general uniaxial deformations

As argued in the previous section it is advisable not to determine M7} di-
rectly for a structured plate, but rather calculate again the combined prop-
agator AMs.

To this end consider first the pendant of Eq. (4.4), which is the general
equation determining M7}

s MH(C, f’; f)Mﬁl (C, f; f”) = (5(@” - SZ'W) & Ees, (54)
TCO1
The integration over the surface in this case is defined as
[ = [ Vo , (55)
1_3'651 1 X2 $3:h(1‘1)

with the determinant of the induced metric g(x;) = 1+ (O1h(z1))>.
Thus (5.4) explicitly reads

1
/ Ve Mun(C 7 )M A ) =t = 7)) 69

We now multiply this equation from the left with a factor of

=1 —»‘/// /l/
vV g(z]) Maa( Ca$||a (R 3)

and integrate both sides of Eq. (5.6) over the lateral components x . One
finds that

/ VvV g(r1)Mi1(¢ )AM12(C $||,fﬁ/,5€3) M (¢, JJHafﬁ/axm) , (5.7)

where A M5 explicitly includes the metric factor of the respective structure,
ie.

AMao(C 75 7, a3) = [ V@) M (C, Ty 7)) Mas (6, &) ), 25) - (5.8)
&
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Since the matrix elements in the considered setup of uniaxial structures are
still diagonal in py, we Fourier-transform Eq.(5.7) to position space in its
2-component. Dropping one ’ | Eq. (5.7) finally reads

/ \/9(961)/\/111(C7p27$/1;$1)AM12(C,P27901;$/1/J§):

MlQ(Cvavxll;xlllvwg) . (59)

As argued before, we cannot obtain the propagator AM;s analytically.
Yet we know My, and My , and thus Eq. (5.9) can be used in order to
determine AM, for a structured surface numerically. Note, though, that
the equation is still given in terms of dimensionful variables.

Following the same lines as in the previous section, we want to consider
the dimensionless contribution of the propagator AM;, . Equation (5.9) is
therefore rescaled and reads in terms of the dimensionless tilded variables'!:

/ VoML (@, 72 i) AN (0, 51) = Mia(d T,) (5.10)

where now
~ Yoy ]_ B B 5 h ~/H _h ~ H 2
Mu(C, P2, 13 71) = %Ko Q\/(wﬁ—:m)z—l—( (1 )H (21 )> 7
(5.11)
~ - o~ 1 B -, h j/H 2

and the metric factor

Vg(2) = \/1 + (O1h(#1H))? . (5.13)

Thus through rescaling, all distances are now given as multiples of H.

From our considerations of the plane-sphere scenario we know that the
fluctuation-induced potential between the sphere and the corrugated surface

"1Here we have included the factor of H appearing on the left hand side of Eq. (5.10)
upon rescaling of the integration variable into the definition of the trace expression, see
Eq. (5.14).



5.2 Sinusoidally structured surfaces 39

is obtained by evaluating'?

tr (AM12M2_21M21) =
7,2

2 [e.e] o N 5
TEFZ/ dé/ dz /g(21)gAM12(q, T1) M1 (q, T1) + O (H3> . (5.14)
0 —00

The potential energy between the corrugated surface and the sphere will
again be given by

he 1 _

ECQS<H) = ———tr (AM12M221M21) . (515)

TE 2
Equation (5.10) with its associated propagators (5.11) and (5.12) together
with the trace expression (5.14) are now the starting point for our investi-
gations of the two following section, where we will determine the induced
potential in the cases of a sinusoidally shaped surface numerically.

We use Eq.(5.10) to extract the unknown propagator AMi, and apply
our result in Eq.(5.14) in order to determine the trace over all propagators
and thereby the energy of the configuration.

Let us stress that though the method applied here is valid only for & < 1,
it is non-perturbative. Thus there is no need to assume that the amplitude of
the corrugation is small compared to the distance between sphere and plate
as required in other approaches (e.g. [30]).

Also we stress again that the method probes parameter ranges inaccessible
to the Proximity Force Approximation (PFA) [15, 16] since the latter is only
reliable in the limit of & > 1.

5.2 Sinusoidally structured surfaces
5.2.1 Prerequisites

As an exemplary application of our method we want to consider the fluctuation-
induced potential between a sphere and a sinusoidally corrugated surface.
We parametrize the structure by the one-dimensional height function

h(xzy) = Asin(w(zy + ¢)) , (5.16)

and thus have the means of varying the structure amplitude A as well as its
frequency w. Since in our formulation the location of the centre of the sphere
with respect to the direction of corrugation is fixed, a phase ¢ is introduced

'?Again, due to the symmetry of the problem we have My, = Mis and therefore the
structure of My can be read off Eq. (5.12) .
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to simulate the movement of the sphere through a continuous displacement
of the structure itself.

With the height function h(z) of the corrugation we can now give explicit
representations of the propagators and the metric factor of Egs. (5.11-5.13).

In terms of the rescaled variables we have the propagators

/\;111(@7 T3 =

1
— Ko | Gy (@) —1)2 + (

2

Asin(@(# + ¢)) — Asin(@ (3 + ¢)) i
) o

and

Asin(@(#) +¢)) 1)2
0

The metric factor of the surface integration reads

V(i) = \/1 + [AG cos(@(zy + ¢))]? . (5.19)

Note that all tilded variables again indicate that they are given in units of
the mean distance H.

In the following we will discuss a possible discretization of these functions
in order to obtain the Casimir energy of the setup numerically.

5.2.2 Numerical implementation

In this section, we drop the “~” marking the dimensionless quantities in order
not to clutter up the notation. Since the space between surface and sphere
along the direction x3 is denoted by the mean distance H in the formulation,
we can also drop the index of x; without danger of confusion and thus set
r1 = x from now on.

For the numerical evaluation of the unknown propagator AMs, first of
all Eq.(5.10) is discretized in its spatial arguments 2’ and x. To this end we
approximate the integral over the spatial variable through a left Riemann
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sum which is defined as'®

/ dzf(z ZAxf (z;) ,

where N, is the number of nodes and Az = x;,; — x; the step size of the
discretization, respectively.

Naturally the integration over x originally running from —oo to +o00 must
be cut off at some finite value. Since the sphere is located at the position
x = 0 above the surface, we choose a symmetric cutoff at the positive variable
L,. With x; = —L, + iAx, we have for the left and the right interval limits
x9 = —L, and xny_1 = L, — Az and thus for the step size Az = ZNﬁ

Note that since in experiments the plate extension of course is not infinite,
the parameter L, can even be associated with a physical quantity.

We thus write Eq.(5.10) as

Ng—1

Z A!E\/EMn,ji(CI)AMm,z‘(CI) = Mu,j(Q) ) (5~20)
i=0

where the variables x and 2’ have been replaced by the subscript indices 7 and

J, respectively, whereas the momentum variable ¢ remains continuous for the

time being. The subscript indices have been introduced for easier readability

and should be understood as Mg j; = Mag(zi,z;), Magi = Mag(x;) and
= +/g(z;), with the definition of x; as given above.

Thus, through the process of discretization, Mi; now acquires a matrix
structure containing the respective nodes along =’ and z in its row and column
entries, whilst M3 and /g assume the form of a vector.

Yet, one has to be careful with the choice of discretization points in x and
2’ due to the fact that the zeroth Bessel function appearing in the definition
of My, diverges at the origin (cf. Eq. (5.17)). Therefore we choose the nodes
in 2’ and x such that they are separated by an offset As. This offset should
then of course not be a multiple of the chosen discretization step size in order
not to hit the pole.

Also, in order to avoid a bias towards too high or too low numerical values
of M1 due to the offset, the complete evaluation of AM, is done once with
a positive and once with a negative offset As. Finally we work with the mean
value of both results.

13Replacing the integration over x through a left Riemann sum is admittedly a fairly
crude approximation to the integral and there exists of course an abundance of more
sophisticated methods. Nevertheless already a simple Riemann sum yields rather accurate
results as we will see shortly. Therefore this approximation shall suffice for our first
numerical studies.
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Now, in order to obtain AM,,;, the discretized propagator M, j; to-
gether with the metric factor |/g; is inverted numerically and multiplied by
the vectorial term Mo ; on the right hand side of Eq. (5.20). This quan-
tity needs to be computed for all possible positive values of the momentum q.
Thus, the propagator AM s itself assumes a matrix form upon discretization
of the continuous momentum variable.

With AM, given, now the potential energy of the configuration is com-
puted.

The discretized version of Eq. (5.14) reads

tr (AM12M2_21M21) =
N —1 Np—1

2r
TEm Z ar Aq Z Ax\/gi AMig i Moy . (5.21)
k=0 =0

The approximation of the momentum integration is carried out analogously
to the spatial case (i.e. we use a left Riemann sum) except for the fact that
the momentum integration only runs over positive values. We label the lower

cutoff of the momentum integration as L, and the upper cutoff as R,. The
Lq—‘qu
Nq

step size Agq is consequently given as Aq = , where N, is the number
of nodes along q.

Yet, again owing to the fact that the Bessel function K diverges at the
origin, we cannot choose the value 0 itself as the smallest node L, in the
discretization of the momentum integration.

Finally, using Eq.(5.15), we see that the Casimir energy of the configura-
tion is given by

= N,—1
Ecas(H) = —hcrﬁ Z ax Aq Z Aﬁ\/EAMu,m M21,ik . (5-22)
k=0 =0

Note that this formula holds for general uniaxial deformations.

5.2.3 Parameter choice and validity limits

As a check on the validity and precision of the numerical implementation we
have the limiting case of a flat surface as presented in section 4, since this
limit is known analytically. We thus use the comparison to the planar case
in order to tune our parameters of the discretization and test their range of
validity.
Equations (5.20) and (5.22) for a flat surface S read
Ny—1

Z Ax My ji(q) AMigi(q) = Mia;(q) (5.23)

=0
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and
1 ]Vq_1 NT—l
Ecas<H) = —hcrm Z qk Aq Z A{K AMlQ,ik Mgljik . (524)
k=0 =0

As outlined before, an offset +As between the nodes x and 2’ is intro-
duced to circumvent divergencies, thus first of all the effect of this offset is
studied.

One should not forget, though, that the most adequate choice of As is not
unique but rather depends on the used step size Ax. Choosing As too small
with respect to the step size Az amounts to high values along the diagonal
of My, ;; and thus to small values for AM;,; since AM;,; is proportional
to the inverse of My j; (cf. Eq. (5.23)).

On the other hand, choosing As too big with respect to Az consequently
yields too high values for AM;, ;. As it turns out, the most suited' choice
for As is about % of the used step size Az , since it yields the best agreement
with the analytical values of AMs.

Among all parameters of the discretization, the choice of L, and Az
depends for the most part on the available computing power. This is due
to the fact that the values for L, and Az determine the size of the matrix
My ji which needs to be inverted for the computation of the potential. For
our studies using MATHEMATICA 6.0, we restrict ourselves to a maximum
precision involving at most a 126 x 126 matrix in My j;.

As already mentioned earlier, the introduction of a seemingly unwanted
cutoff L, is not inconvenient. In fact one can associate the parameter L, with
the finite extension of the plate and tune it in order to study boundary effects.
At first, however, we aim at minimizing the influence of the boundaries.

For fixed values of H and Ax it turns out to be a good compromise to
choose the upper and lower bounds of the spatial integration +L, around the
value of the maximal separation between surface and sphere. This assures
that the sphere is always closer to the centre of the structure than to its edges.
With the selected maximal dimension of the matrix M, j;, this immediately
fixes the step size Az as well.

At last, in order to find a reasonable choice for the step size of the ¢-
integration as well as its upper and lower cutoffs, it is suitable to consider

14As a side remark we note that very small step sizes Az result in too high values for
the potential F..s. In a way this countervails the effect of small offsets As. This is an
unwanted effect since it makes it impossible to check if the chosen combination of As
and Az indeed is the one yielding the best numerical results. It is therefore desirable to
circumvent the introduction of As in the first place by an appropriate regularization of the
Bessel function appearing in M, itself. This option will be further discussed in section
5.3.1.
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the potential of Eq. (5.24) without performing the momentum integration.
Defining the expression

F@) =Y Ao yTAMuz (@) Manila) (529

we study the behaviour of f(g) to find appropriate lower and upper cutoffs
L, and R,. For given parameters of the spatial discretization, f(q) is peaked
around some momentum ¢ and thus values for L,, R, as well as the step size of
the momentum integration Aq can be picked depending on the desired degree
of precision'®. In the following, we always choose as dimensionless parameters
for the momentum integration L, = 0.01, R, = 4 and Ag = 0.04. The
parameters corresponding to the spatial discretization are adjusted according
to the investigated setup.

Now, with reasonable values for the discretization parameters at hand,
we check on the agreement of our numerics with the analytical result for the
energy in the limit of a flat surface. For a vanishing structure amplitude
A, the numerical results should reproduce the value of the potential for the
sphere (S) - plane (P) configuration as given in Eq.(4.29):

Fap(H) = _8%% ~ _0.03979% | (5.26)
It is reasonable to assume that the degree of agreement achieved in the planar
case approximately transfers to the case of non-planar surfaces, since no
further discretization parameters come into play. The degree of congruence
achieved by the parameters as used in the following section is discussed in
Appendix C.2.

At last we would like to note that a further test on the implementation
results from the fact that for a diverging structure frequency w the sphere
does not “see” the slots of the structure. Thus for separations H ~ A the
structured surface must behave like a planar surface at reduced mean height
H = H — A in the limit of w — oo .

5.2.4 Results

As argued in section 5.2.1, we introduce a phase ¢ in the definition of the
height function in order to extract the value of the potential for each point
above the structure. For a sinusoidally shaped surface, it makes sense to
consider the parameter range ¢ € (—, 7.

15An exemplary graph showing the qualitative behaviour of f(q) is given in Appendix
C.1
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Note that through the variation in ¢, the actual shape of the structure
is continuously modulated while the sphere itself stays fixed at the position
x = 0. Therefore the boundary effects resulting from the finite plate size
contribute by the same amount for every value of ¢. Thus, for the case of
vanishing boundary effects, the variation of ¢ can be associated with the
movement of the sphere above an infinitely extended structure along the
direction .

In the following we want to study the shape of the potential along the
direction of corrugation as well as the behaviour of the potential for varying
separation between the surface and the sphere. Modulated frequencies of the
structure function will also be accounted for.

Note, however, that to the end of studying the behaviour of the potential
for varying mean separation it is no longer favourable to choose the mean
distance H as a scale since we want the structure amplitude as well as the
frequency to be fixed for decreasing H. Instead, the structure amplitude A
is the relevant scale for the frequency w, whilst the edges of the plate L, and
the step size Az scale with'® H — A sin(w@). This assures that the steps along
x are adjusted reasonably: for small separations between sphere and plate
the nodes along x lie close, whereas for bigger distances the discretization
points are spread more coarsely. The edges of the corrugated plane converge
as H — 0, assuring that the sphere always “sees” the same number of nodes
N,.

In order to present our numerical results clearly, we write Eq. (5.22) as

Ng—1 N,—1

1
Ecas(H> = —hcrm Z qr Aq Z AI\/EAMIQ,’HC M21,ik
k=0 i=0
= hcera, (5.27)

where we have introduced a parameter « characterizing the potential strength'”.

6When scaling L, and Az with the distance between surface and sphere, also the scaling
of the parameters of the momentum integration L,, R, and Ag has to be adapted.

1"Note, that the definition of a explicitly includes the minus sign appearing in E.,,.
This makes it easier to combine the height function and « in one plot.
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H/A

Figure 3: Lines of equal potential « inside a minimum of the sinusoidal
structure, i.e. around x = —% are shown as a function of the mean distance
H scaled with the amplitude A of the corrugation. The value of the potential
strength parameter a as defined in Eq. (5.27) is given at the respective
contours and is graded graphically in between from lighter colours (high «)
to darker colours (low «). The step size in spatial direction Az is 0.5 in units
of A, while the total size of the surface is 2L, = 27 in multiples of A. The
values along the direction of corrugation lie between —%” <z/A<-%. The
frequency of the considered sinusoidal corrugation is chosen as w/A = 1. One
can see that the equipotential lines resemble the shape of the structure trough
itself and that the gaps between the contours widen for increasing ratios
of H/A, highlighting the strong distance dependency of the Casimir force.
However, in the contour plot only a very small number of nodes N, = 12 can
be used within a reasonable frame of computing time. The small number
of discretisation nodes also causes the slight asymmetry of the equipotential
lines. Thus the graph shows only the qualitative behaviour of a and for
quantitative studies the lines have to be investigated separately (cf. Figs. 4
and 5).
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In Figure 3, equipotential lines for several ratios of mean distance to am-
plitude inside a structure trough are shown along the direction of corrugation
x. It can be seen that the potential varies only moderately for greater ratios
H/A and diversifies stronger when H becomes very small with respect to
the corrugation amplitude. For H/A > 1 the gaps between the equipotential
lines become continuously wider and are thus not shown in the graph for
the sake of lucidity. Around H/A = 0.28 above the absolute minimum at
r = —7, the value of a ~ 0.04 is assumed which corresponds to the value of o
for a planar surface (cf. Eq. (5.26)). The slight asymmetry in the uppermost
equipotential lines in the graph is ascribed to the use of a left Riemann sum
within the discretization (cf. section 5.2.2).

Since the calculation of the lines of equal potential as presented in Fig. 3
is very time-consuming with MATHEMATICA, it can only be done for a rather
low number of discretization nodes NN, and therefore yields only qualitative
results.

In Figs. 4 and 5 we thus give the value of a along the x-direction for two
selected ratios of A/H with a relatively high number of nodes N, = 80. For
easier readability, the shape of the structure function itself is included in the
plot.

In Fig. 4, the mean distance H between the centre of the sphere and
the structure is chosen to be twice as large as the structure amplitude A.
One sees that the shape of the potential in this case resembles the shape
of the structure function. However, it is already well recognizable that the
energy between structure and sphere grows rapidly for shorter separations.
This becomes even more obvious in Fig. 5, where the maximal amplitude A
becomes 0.9 in units of H.
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Figure 4: The potential strength parameter « as defined in Eq.(5.27) is given
for every point above a sinusoidal structure with z/H € [—m, 7] and w/H =1
(upper line in red, scale on the left hand side), where H denotes the mean
distance between surface and sphere. Since a cannot become smaller than 0,
the scale on the right hand side does not show negative values. The course of
the structure itself is depicted by the blue shaded area at the bottom. The
corresponding height of the structure in units of H can be read off the blue
scale on the right hand side. In this figure, the ratio of structure amplitude
and mean distance is chosen as A/H = 0.5. The parameters of the spatial
integration amount to L, = 2 and Ax = 0.05 in units of H, respectively. The
curve depicting the values of o resembles a slightly deformed sinusoidally
shape, indicating that the sphere locally sees an almost flat plate.



5.2 Sinusoidally structured surfaces 49

_ 10
H=2X4
1.2+ +12.
1.+ + 10.
0.8+ +8.
B ] ’E\
s 0.6+ +6. %
L | n
L . I
04 7: :7 4 2
0.2+ +2.
O~ +0.
I S (O T S R S S S I | | [
-3 -2 -1 0 1 2 3
x/H

Figure 5: The potential strength parameter « as defined in Eq.(5.27) is
given for every point above a sinusoidal structure with z/H € [—m, 7] and
w/H =1 (upper line in red, scale on the left hand side) with H denoting
the mean distance between surface and sphere. The course of the structure
itself is depicted by the blue shaded area at the bottom. The corresponding
height of the structure in units of H can be read off the blue scale on the
right hand side. The ratio between amplitude and mean separation in this
figure is A/H = 0.9. The parameters of the spatial integration amount to
L, = 2 and Az = 0.05 in units of H. The curve depicting the course of «
deviates drastically from a sinusoidal shape, accentuating the strong distance
dependency of the Casimir force. Note the scale for the parameter « in this
graph differs by a factor of 10 with respect to the scale as used in Fig. 4.
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Next, we study the behaviour of the Casimir potential for varying mean
separation between structure and sphere and compare it to the analytically
known value for a sphere and a planar surface (cf. section 4). In particular
we consider the potential values above a structure trough and an inflexion
point of the structure along vertical lines with respect to the structure.

Above the structure trough, we expect the potential to approach the value
of the corresponding planar case in the limits H < A and H > A. In the
first case, the alteration of the structure function becomes arbitrarily small
and thus the sphere sees an almost flat plate. In the second case, the influence
of the corrugation diminishes due to the strong decline of the Casimir force
with the distance. For the same reason the normalized potential parameter
should become 1 for H > A above the point of inflexion.

Figure 6 depicts the deviation of the potential strength parameter a above
an inflexion point of the structure with respect to the potential parameter
ap for a planar surface laid through the point of inflexion. The ratio o/ap is
given for three different values with respect to the frequency of the structure
function. The setup is chosen such that at the upper limit of the curve
corresponding to H/A = 3, the half length of the plate L, = 7 in units of
A, assuring that the mean separation between surface and sphere is smaller
than the distance between the sphere and the edges of the plate. This secures
that edge effects are small. One can see that the potential induced by the
structure begins to deviate considerably from the planar case as H/A — 0.
Also one finds that the degree of discrepancy increases drastically for greater
w since the gradient of the structure function increases with w and thus the
structure comes closer to the sphere. Since in the limit H/A — 0 the space
between the corrugated surface and the sphere at the inflexion point is always
smaller than the distance between the sphere and a planar surface through
the point of inflexion, the normalized potential parameter actually becomes
considerably larger than o/a, = 1.

Figure 7 shows the potential strength parameter a normalized to its value
for a flat plate located at the minimum of the structure. Again, the ratio
is given with respect to three different frequencies of the height function.
All in all this can be looked upon as the sphere approaching the surface
from a vertical direction and moving into a structure minimum. One sees
that the maximum of the deviation is reached for H ~ A and further that
the deviation advances rapidly for higher modulation frequencies. This is
ascribed to the fact that the vertical components of the forces induced in
the setup increase for higher w. Note that the variation in w also shifts the
position of the maximum of a//ap to lower values of H/A. This is due to the
fact that the sphere “sees” the limit of a planar surface later for higher values
of w.
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Figure 6: This graph shows the Casimir-Polder energy for a sinusoidally
structured surface relative to the planar case above an inflexion point (i.e.
¢ = 0) of the structure with amplitude A within the range of a dimensionless
mean separation 3 > H/A > 0.1. The potential strength parameter « is
normalized to the value of the parameter for a planar surface located at mean
distance H = 0, called ap. The red (bottom), magenta (middle) and blue
(top) curves show a/ap as a function of the fraction H/A for w/A = 1,2,3,
respectively. The step size Ax along the spatial direction and the spatial
cutoff L, are 0.1 and 7 in units of H, respectively. Thus the edges of the
surface as well as the discretization nodes converge with decreasing separation
between surface and sphere. In the graph one sees that the value of a/ap
increases articulately for higher values of w. As H/A — 0, the normalized
potential strength parameter assumes values that are considerably larger
than 1 since the gap between corrugated surface and sphere is smaller than
the distance between the sphere and a planar surface through the inflexion
point.
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Figure 7: This graph shows the deviation of the Casimir-Polder energy for a
sinusoidally shaped surface from the planar case above a structure trough for
dimensionless mean separations 5.5 > H/A > —0.9, where A is the amplitude
of the structure. The potential strength parameter « is normalized to the
value of the parameter for a planar surface ap located at H = —A. The
red (bottom), magenta (middle) and blue (top) curves refer to w/A = 1,2, 3,
respectively. The step size Az along the spatial direction is 0.5 and the spatial
cutoff L, = 27 in units of H+ A, respectively. Thus the edges of the surface as
well as the discretization nodes converge with decreasing separation between
surface and sphere. The maximal deviation with respect to the planar case
is met when H and A become of the same order of magnitude. For greater
frequencies w, the trough becomes narrower and thus the potential deviates
from the planar case more drastically. Also the point of maximal deviation
is shifted towards smaller H/A as w/A increases, since the sphere perceives
the limit of the flat plane at a later point. For H/A — —1, the alteration of
the structure function becomes arbitrarily small and thus a/ap — 1.
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5.3 Improvements and extensions in the scalar and gauge
field context

5.3.1 Alternative discretization

As mentioned in footnote 14 on page 43, the introduction of the shift As
between the discretization nodes along the spatial direction is not favourable.
There we argued, that As can not be chosen arbitrarily with respect to the
step size Az. However, within the discretization using As, the analytic value
for the Casimir-Polder potential is expected to be obtained in the limit of an
infinite number of discretization nodes N, — oo, whilst As — 0. In practice
this amounts to the necessity of choosing some factor ¢ = N, As as a working
basis for the calculations of the potential. But though ¢ can be tuned such
that the analytically known value for the planar case is reproduced to an
arbitrarily high degree of precision, it remains always unclear if the chosen
combination of N, and As is ideal or if an even better one can be found.

Thus we want to present an alternative discretization that circumvents
this flaw. Instead of shifting the nodes of x and 2’ relative to each other in
order to assure a non-vanishing argument of the Bessel function in My, one
can instead regularize the Bessel function itself.

In the limit of small arguments z, it holds for the modified Bessel function
Ky that Ko(z) ~ —In(z) [42]. Therefore it seems to be an apt regularization

to set
1
5= Ko(2) z > €
My () = d 2 ’ , 5.28
u(2) {—%ln(vae) 2 <€ (5.28)

where z now refers to the whole argument of the propagator as given in Eq.
(5.11). By this, the nodes in  and 2’ can be chosen on top of each other
and the new parameter ¢ > 0 takes the role of the offset As.

With (5.28), now the analytical value of the discretized propagator M,
and the Casimir-Polder potential is again obtained in the limits N, — oo
and ¢ — 0. However, in contrast to the discretization using the offset As,
the behaviour of My; can be studied for arbitrary fixed values of € in the
limit N, — oco. The optimal value of ¢ with respect to the choice of a finite
N, can then be extrapolated from these studies.

5.3.2 Arbitrarily corrugated surfaces and modified boundary con-
ditions

The evaluation scheme of section 5.2 is now in principle valid for any periodic
uniaxial deformation. Arbitrary periodic structure functions can be decom-
posed into their Fourier modes and thereby the problem is reduced again to
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the setup of sinusoidal shapes as already considered in section 5.2.

However, for non-smooth structure functions such as sawtooth or step
functions the available numerical precision becomes crucial. There, an ade-
quately small step size for the spatial discretization has to be chosen to avoid
the occurrence of discretization artifacts at the points of large gradients.
Within the frame of an implementation in MATHEMATICA, investigations of
this kind therefore yield only qualitative results.

As a side remark we want to mention that our method can also be gen-
eralized to the case of biaxially corrugated surfaces. Two-dimensional de-
formations, however, demand considerably more numerical effort since the
matrix inversion needed for the computation of AM, has to be performed
with respect to two spatial variables. Furthermore, 2D corrugations imply a
further integration over the second lateral coordinate in the trace expression
(cf. Eq. (4.25)). But besides the increased numerical effort no principle
obstruction is met.

Also an extension of this method to pure Neumann boundary conditions
as well as interpolations'® between Dirichlet and Neumann or even unlike'®
boundary conditions is possible. With the Green’s function for the Neumann
problem (cf. Eq. (2.18)), the inverse of the propagators on the surfaces and
the respective propagators between the surfaces can be evaluated along the
lines of this section and the potential energies can consequently be evaluated.

5.3.3 Full gauge field

In this chapter we have presented a simple and efficient way of how to cal-
culate fluctuation-induced forces for a Dirichlet scalar field between a sphere
and a uniaxially corrugated surface with a general periodic structure func-
tion.

However, in order to obtain classical Casimir-Polder potentials in the
sense of fluctuation-induced potentials between actual atoms and a surface,
a calculation for fluctuating scalar fields does not suffice. As argued in the
beginning of section (2.2.2), a calculation in terms of one Dirichlet and one
Neumann scalar field delivers the potential for the full electromagnetic field
if and only if the setup is translationally invariant in at least one spatial
direction. Since the choice of a sphere as one of the surfaces in the setup
breaks the invariance in all spatial directions, scalar fields cannot account

I8Interpolations between Dirichlet and Neumann boundary conditions are also referred
to as Robin boundary conditions.

19By unlike boundary conditions we refer to the cases where Dirichlet boundary condi-
tions are implemented on the sphere while Neumann boundary conditions are used on the
surface and vice versa.
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anymore for the behaviour of the full gauge field.

Moreover, studying the characteristics of an actual atom in front of a
structured surface and thereby the explicit comparison with the experimental
results [28] as described in the introduction of this thesis demands the use of
proper boundary conditions of the electromagnetic fields on the atom.

It is thus desirable to use the techniques of this section in a formulation for
fluctuating electromagnetic fields with general dielectric surfaces similar to
the one reviewed in Appendix B. However the expressions for the propagators
derived within this formulation are not applicable for our formulation since
they only apply to surfaces whose corrugation can be parametrized by a
height function of the lateral coordinates. A sphere unfortunately does not
match this classification.
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6 Résumé and outlook

In this analysis we aimed at the development of a simple, non-perturbative
calculational scheme for Casimir-Polder potentials in the case of arbitrarily
structured surfaces.

To this end we first reviewed the Quantum Field Theoretical treatment
of fluctuating scalar fields with boundaries. Essentially, the fluctuation con-
straints are inserted via a 0 functional into the generating functional Z of the
theory. Through the Fourier transformation of the ¢ functional constraint,
a set of auxiliary fields is introduced which is only defined on the surfaces
themselves. Evaluating the Gaussian integrations over the physical and the
auxiliary fields then yields a trace log formula for the Casimir energy and
force of the system. The determination of the fluctuation-induced energy
is therefore reduced to the evaluation of the propagators of the respective
theory on and in between the surfaces. Thus, the Casimir energy itself is
essentially given by the sum of every possible propagation cycle. As a first
application of this method we deduced the well-known Casimir force between
two parallel conducting planes in position as well as in momentum space.

Transferring our considerations to Casimir-Polder problems, we then ex-
plained the field theoretical treatment for a fluctuating electromagnetic field
bounded by arbitrarily structured dielectric surfaces. We showed that the
result of Casimir and Polder [4] for the potential energy of an atom in front
of a plane with diverging dielectric constant can be derived by the thinning
of a dielectric surface. In this context we deduced that the trace log formula
of the Casimir energy simplifies considerably in the case of Casimir-Polder
type problems, since only one cycle of fluctuation propagations has to be
evaluated.

For the desired setup of corrugated surfaces, though, we argued that the
thinning of one plate is not a favourable technique since the information of
the position of the atom with respect to the ridges cannot be extracted. Still,
the method could be of use in the consideration of surface roughness effects
since there only the averaged potential induced by the presence of the plate
is of relevance.

For the purpose of extracting the exact position of the atom with re-
spect to the direction of the surface corrugation, we then substituted one of
the surfaces by a sphere in our two surface setup. In this context, we first
studied the potential induced by a scalar Dirichlet field for a sphere-plane
configuration in the Casimir-Polder limit and confirmed recent results on the
Casimir-Polder force that were obtained by the use of different calculational
techniques [24, 41|. In the process of this calculation we showed that the
integrations necessary for the evaluation of the potential become trivial for
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the atom-side in the Casimir-Polder limit and derived an expression for the
Casimir-Polder energy where only the integrations over the plate-side remain.
We then applied our result to the case of nontrivially shaped surfaces and
derived a simple expression allowing for the numerically exact computation
of the scalar Dirichlet Casimir-Polder potential for uniaxially corrugated sur-
faces. We argued that the formulation is non-perturbative in nature and can
therefore probe regions that are arbitrarily close to the surface.
Consequently, we presented a possible numerical implementation and ap-
plied it exemplarily to the situation of a sinusoidal corrugation. The be-
haviour of the Casimir-Polder potential was studied for varying ratios be-
tween mean separation and corrugation amplitude along the direction of cor-
rugation. Moreover, we considered the deviation of the potential strength for
the corrugated surface with respect to the planar situation above a structure
trough and above an inflexion point of the structure. These studies were
performed for three different frequencies of the structure function.

Improvements of the presented work and extensions to it are possible in
several directions.

First of all, a customized numerical implementation of the presented for-
mulae for arbitrary corrugations can circumvent the limitations that are
met within our implementation using MATHEMATICA. A faster algorithm
could then be used to study more elaborate structure functions or even two-
dimensional corrugations. As outlined, also the study of edge effects is pos-
sible within the formulation.

Furthermore several analytical extensions seem feasible. As already men-
tioned, an upgrade to scalar Neumann fields faces presumably no principle
obstruction. Also it would evidently be of great interest to extend the calcu-
lations to the situation of a fluctuating gauge field in the presence of surfaces
with arbitrary dielectric functions. This would provide the means of an
explicit comparison to existing experimental data as outlined in the intro-
duction of this thesis. Moreover, the inclusion of finite temperature effects
in the considered sphere-surface configuration seems to be a worthwhile task
[43].

All in all it is fair to say that even sixty years after Casimir’s seminal
prediction [1] the field of fluctuation-induced phenomena still harbours many
unanswered questions.
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A Propagators for the flat surface scenario

A.1 Inverse propagator on a plane
In order to proof Eq. (2.28), we have to show that
2V/=V2G(z) = d(x) (A1)

is solved by the Green’s function for 9? with the x3-component evaluated on
a plane.

By transforming (A.1) to momentum space we find G(p) = ﬁ and there-
fore F 1 -
p -
G(z :/——e P A2

Using a proper time representation for G(p), we can write (A.2) as
d3p ( 1  dT 2 )
G(z) = / e 2T ) e A3
D= Grp\avm o VT )

Upon completion of the square in p in the exponential, the integrations over
the momenta can be performed and one gets

o 1 z?
= Al ———= —— . A4
Glz) /0 167272 P { 4T] (A-4)
Evaluating the T-integration yields
1

which in fact is the propagator on a flat surface parallel to the ;1 — x5 plane
(cf. Eq. (2.9)).

A.2 Half and full propagation circles

For the evaluation of the combined propagator Mj' M., it is feasible to
choose M, again in its Fourier representation. We thus have to evaluate
the expression

1 1 " 1
AMup(z —2') = // —— —2|p|e 2" . (AL6)
pJan (271')3 47T2 Z (f/ _£/)2 + H2

After a shift in the integration variable 2/ — x” + 2/, the propagator reads
g g

1 — I—xl 2 CC” 1
AMis(z —2') = 1675 /p|2_9|e P )/w,,ep m ’ (A.7)
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and now allows for the spatial integration to be carried out. One finds that

873

AMlQ(Z _ 2’) — L /e—pIHG—zp(x—ac’) 7 (A.8)
P

which upon integration over p reduces to

1 H

P (@ PP )

AM12(£ - il) =

as given in Eq. (2.30).
At last, we want to evaluate the expression for one full propagation cycle
AM13AMsy; between plane surfaces. Using (A.9), we have to evaluate

1 H H
[AMAMy ] (2 — 2") = /m, ) (H2 4 (z — 2)2)2 (H? + (2 — 2")2)2 )
(A.10)
With a shift in the integration variable ' — 2’ + z, one finds
1 H H
AMuAMa] (2 -2) = / R @y

where y = x — 2”. The integral over the three components of 2’ can be

rewritten as:

2H2 [e¢) 12
[AMlQAMQl] (g — l”) == /0 (H2£ dZL‘/
! 1
X / du . (A.12)

1 (H?2 + 27 + 92 + 2|z |y|u)?

Upon evaluation of the two remaining integrations and the resubstitution
y — z — 2" we get the expression as given in Eq.(2.31)
2 H

[AMpAMy ] (z — 2") = ) @H? - (z—2"2) (A.13)
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B Field theory for dielectric boundaries

This appendix follows closely Refs. [37, 38]. Note, though, that a different
sign convention is used regarding the Fourier transforms. Throughout this
thesis we choose:

dp -
f@) = | Soiwe

i) = /¢wmwm (B.1)

B.1 Restriction of the partition function

Similar to the calculations of section 2.1, a partition function for fluctuating
electromagnetic fields can be installed, where the required boundary con-
ditions on the dielectric surfaces are implemented through a 4 functional
constraint. The main difference of the formulation for dielectric surfaces as
compared to the treatment for scalar fields is - besides of course the extra field
degrees of freedom coming with the vector potential A, - that the boundary
conditions here are set up non-locally. This means that besides the arbitrar-
ily shaped physical surfaces S,, two flat auxiliary surfaces R, are introduced
on which the boundary conditions for the field components are implemented.

The setup is as follows: The surface S; of the dielectric medium with
dielectric constant €; is located at x5 = 0, whereas the surface Sy of the
second dielectric medium sits at 3 = H. The space between them is assumed
to be vacuum (i.e. € = 1).

The configuration of both?® surfaces should be such that their exten-
sions in xs-direction are parametrized by height functions h, (7)) with 7)) =
(z1,72). The two corresponding auxiliary surfaces R, are placed at a dis-
tance £L with L sufficiently large such that there is no intersection with the
physical surfaces (see Figure B.1). The final result for the Casimir energy
will of course not depend on the choice of L.

The derivation of the three non-local boundary conditions for the fluctu-
ating field on the dielectric surfaces is given in B.2.

The starting point of the formulation is the generating functional for free

20Note, that the setup as chosen here is therefore not straightly conferable to the case
where one of the surfaces is assumed to be a sphere (cf. section 4)
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Figure 8: The two dielectric media bounded by their surfaces S, are filling
two half spaces. Their mean separation is H. With each physical surface
S, comes an auxiliary surface R, on which the boundary conditions are
implemented. This figure is taken from [37].

fields. For a complex-valued?' gauge field A4, it reads

As before, it is convenient to work in a Euclidean time formulation. In
Minkowski space one initially has the action

* 1 * 12 1 *, v
S A) = =5 [(FLF)e) - ¢ [0Am@a0@) . B3
with four-vectors = (¢, &), x3). The terms in (B.3) differ by a factor of
% from the usual QED Lagrangian for real valued fields and thereby assure
that the correct photon propagator is obtained. The second term arises from
the Fadeev-Popov gauge fixing procedure with the parameter ¢ allowing for
a switch between different gauges. In Feynman gauge (i.e. & = 1), the
Euclidean action corresponding to Eq. (B.3) reads in momentum space
I < 1 - . .
Sg(A*A) = — A (G k)GE s (Cry k) AY Gy ) B.4
S =5 D s ARG G A G (B

where finite temperature is accounted for by the introduction of bosonic
2 1

Matsubara frequencies ¢, = 7” and 3 = 5. The associated Euclidean

Green’s function is given by Gg ., (C, k) = 6, G(C, k)= (C2+ k)L

21 The complex-valued field is introduced for calculational convenience and has no phys-
ical implications.



B.2  Implementation of the boundary conditions 63

With these prerequisites, the restricted functional integral is given by

o= (o T

a,j (n ZERq
xé[ / Loju(Co; T, ) AM(C, T) | e75=AD 1 (BL5)
€Sy

where Z, again is the value of the integral over the unrestricted fields. The
operator matrices L,;, implement the three j = (1,2, 3) boundary conditions
on the vector potential that are induced by the properties of the two dielectric
media bounded by their surfaces S,. Their actual form is derived in B.2.

As this formulation allows for finite temperature, the Casimir free energy
per unit area is given by

FUH) = — 45 0 [Zc ()25 ()] (B.6)

B.2 Implementation of the boundary conditions

In order to implement the boundary conditions for the electric and magnetic
field on the dielectric surfaces, an equivalent reformulation of the optical
extinction theorem is considered [44] which enforces the proper dielectric
boundary conditions non-locally.

Inside a dielectric medium with a general frequency-dependent dielectric
function €(w) occupying a volume V' with surface S, the magnetic field B
obeys the Helmholtz wave equation reading

[V? + e(w)w?] B(w,7) =0, (B.7)

as follows directly from Maxwell’s equations.

The free Green’s function inside the dielectric medium consequently sat-
isfies

(V2 + e(w)w?] G(w; Z,7) = 6@ (7 — &) . (B.8)

Equations (B.7) and (B.8) can then be combined into one equation and in-
tegrated over Z’ in a manner that Green’s theorem can be applied to G¢ and
the components of B.

One finds that the following has to hold:

/ [Ge(u}; 7, 2)A'V)B(w, ) — B(w, @) (7' V'G(w; 7, f’))]
z'es
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where the normal unit vector n of the surface points into the vacuum. This
equation is considered for the case where the coordinate vector 7 is located
outside of the medium and therefore the integral on the left hand side of
Eq. (B.9) has to vanish. This condition can now be rewritten into a form
suitable for the derivation of the operators in Eq. (B.5) through a succession
of vector identities [36].

Finally one has

/"es | —we(@)(@ x B(w,@)) + (0 Blo, #)V' + (@' x Blw, 7)) x V'

x G(w; 7,&) =0 . (B.10)

Now the argument goes as follows: the general continuity conditions for
an electromagnetic field at a dielectric boundary without surface charges or
surface currents state, that the tangential component of the electric as well
as the normal and tangential component of the magnetic field are continuous
across the surface. Therefore, Eq.(B.10) can be used as a boundary condition
for the vacuum side of the surface (note that Eq. (B.10) does not contain
the normal component of the electric field ).

The condition (B.10) now determines the form of the operators L,;,(¢, %, ")
appearing in the restricted partition function of Eq. (B.5). Since the opera-
tors L,;,(¢, 7, 2") act on the components of the vector potential and not the
electromagnetic fields themselves, we have to express the condition (B.10) in
terms of the gauge field.

The relation between the electric and magnetic field components with the
components of the vector potential reads in Euclidean space:

E; = —CA7 —10; A" and B; = €0 Al.

After a decomposition of the operators Lo, (¢, Z, 7') = nar(Z)LE; (¢, T, T')
with respect to the components normal vectors of the surfaces S, one finds:

Lo(¢7,7) =

0 _C%a[éiiaz - 5283] @%[5183 + 5381] _&%{5182 + 5281]
103 _&%5183 4%05283 ¢— 46%[5232 — 0101
—10; 20102 ~C+ 0305 — 0101] — =050,

x G (7 — 7)) (B.11)
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Lo(C.7,7) =

—103 — ;0105 20205 —C+ (0101 — 0,0,
0 _&%[5283 + 5332] —C%a[élag - 5381] [ L0y + 8182]
Zal C - &%[5383 - 5282] _46%5281 47048381

x G (G 7 — ) (B.12)

Lo(C.7,7) =

282 &%5162 C — &%[5181 — 5383] —&%5382
—i —C+ (00, — 0y04] — 000, 2 051
0 (0502 + 0005)  — (0500 + 0105]  —L[020, — 010)]

x G (C;7— ) (B.13)

with the barred partial derivatives acting on the spatial components of
the Euclidean Green’s function inside the dielectric media (cf. Eq.(B.8)),
while the unbarred partial derivatives act on the gauge field itself.

B.3 Derivation of the trace log formula

Resembling the derivation in the scalar case (cf. section (2.1)), now three
auxiliary fields 1,;(¢, 7)), (j = 1,2,3) corresponding to the three boundary
conditions are introduced in order to perform the functional integral over
the gauge fields. However, the auxiliary fields here are complex-valued since
the arguments of the 0 functions are complex-valued in this formulation.
Furthermore, owing to the fact that the positions of the boundary conditions
are located outside of the physical surfaces S,, the auxiliary fields are defined
on the surfaces R, at 3 = L, = (—=1)*"'L.
The functional constraints for fixed v and 7 now read

HTRLS {é,esaﬁaju<<n; 7)AR(C, 7 } | Pl

X EXp [ Z/xl/ Vaj me)ﬁaju(Cm(f,La),f’)A“(Cmf’)+c.c.() |
B.14

Upon insertion of the representation (B.14) into Eq.(B.5), the squares in the
gauge fields can be completed and the integration [ D(A*A) over the vector
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potential can be performed. The value of the integral over the free fields is
absorbed into Z2. Eq. (B.5) then reads

ZI%C /HD wa]wa] wa] waj] (B15)

with the action
S, og] = Z / / 0 (G VM (G T s )1 (G 7)) - (B116)
Z|

Due to the diagonality of Gg . in its Lorentz indices, the matrix entries can
be written as

aﬁ Cva gaxH) - 27T5(C C)
/ < / 5 a]u $H7L ) y)‘cﬁ“l(gl; (f\laLﬁ)ag)G(Cvg_gy) ’ (B17)
y€Sa JY'€Sp

where G((,¥) is the photon propagator in vacuum. Since the auxiliary sur-
faces are chosen to be flat, this expression can further be simplified. Separat-
ing the Green’s functions in the operators of Eqs. (B.11), (B.12) and (B.13)
through £%(¢; #,9) = LE(O)Gg (¢; 7 — ¥) , Eq. (B.17) reads

(C GHE SCH) =2m5(¢ — (') / ﬁ’aknﬁs LkL/ﬂTS]jl
YESa J Y ES{}

X GG = Plag=1.GE (17 = §)ay=r,G(GT— 7). (B.18)

Now the diagonality of the material Green’s functions in their lateral coor-
dinates is utilized. With the partially Fourier transformed propagator

exp[—Pu(C, EII)‘ZH

G (G Ky, 2) = XA

(B.19)

where P,(C, E”) = 4/€a(20)C? + ”, the barred derivatives acting on the spa-

tial components of the propagators inside the materials can be performed
and the operators L¥ now take the form as given in Eqgs. (3.6-3.8). The
propagators of Eq. (B.18) then read

(¢ Ry ¢ Ry = 2m8(C — ¢) / 1T F ]
yeSa J Y ESg
o= Pal(CR)) La—ys| o= Ps(C ) 1Ls—v}|
2Pa(<—7 EH) 2Pﬁ(<,7 E|/|)
X P, [LE (KDL (L RDG(GT— 7). (B20)
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with the surface normal vectors given as

1y Ah(yy)
o = N 82h(1y||) : (B.21)

The factor in the denominator is the square root of the induced surface
metric: \/go = /14 (01h(y)))? + (R(y)))>.

The physical quantities should of course not depend on the choice of the
distance L where the auxiliary surfaces are located. Rewriting |L, — y3| =
(—=1)2"Y(Ly—ys3) , one sees that the matrix entries /\/lfllﬂ(C, ky; (', kj)) factorize.
One has

MI(C Ry ¢k = n(C k)M (LK) (B.22)

with the functions 1°(C, k) = exp (—Pa(g, EH)L> /2P, (¢, ky) and the modi-
fied propagator matrix

E ky) = 2md(
2 (G R R = 2m8(¢ — ¢) yesa/yesﬁ

% elkuyn—lk‘uyne [(—1)* Pa (¢ k) ys+(— )BPﬁ(C'j"‘)yé]
x Aari, Lo (¢ kLS (¢ RDIGG T — ) - (B.23)

Since the action is quadratic in the auxiliary fields (c¢f. Eq.(B.16)), one
sees immediately that Z(H) = det ™= M, with the determinant running over
the continuous momenta (¢, IQH) and the discrete indices labelling the plates
a = (1,2) as well as the three boundary conditions j = (1,2,3). Since the
factors n((, EH) are independent of the mean surface distance H, they drop
out in the ratio of the restricted and unrestricted partition functions and
therefore in the calculation of the free energy and force of the system.
The free energy per surface area now reads

he
243

F(H) = (M) (B.24)

As we are performing our calculations for zero temperature, we work with

17
ECQS(H)—ET—ZtrlnMM b (B.25)

where we have dropped the ~ for notational convenience.
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Equation (B.25) together with the expression for the propagators

MIL(C Ry ¢ R = 2m6(C — ¢) / /
FJESq yGSﬁ

ok 7 — 1kHy“€ [(—1)® Pu(¢.k) ys+(— )ﬂPB(C'ﬁﬂ)yé]

X Toantly, [LE(C LA (CL R GG T — 7)) (B.26)

X e

are now the starting point for our investigations in section 3.



69

C Numerical discretization parameters

C.1 Discretization parameters of the momentum inte-
gration

Figure 9 shows the course of f(g) as defined in Eq.(5.25) corresponding to
the set of spatial discretization parameters as chosen in Figs. 4 and 5. The
dominant contribution of f(q) to the Casimir-Polder energy for this set of
parameters approximately lies at the value ¢/H =~ 0.4. Similar graphs are
obtained when f(q) is plotted with respect to the spatial parameters as used
in Figs. 3, 6 and 7. Due to this behaviour we choose the parameters of the
g-integration as L, = 0.01, R, = 4 and Aq = 0.04.

For precise numerical calculations of the Casimir-Polder potential, the
values for the discretization parameters of the momentum integration have
to be picked according to each used combination of the parameters of the
spatial discretization. Also, Fig. 9 shows, that the choice of equidistant
nodes [V, is not ideal. Here, obviously an adaptive algorithm selecting the
nodes NV, according to the respective course of f(q) for each set of spatial
parameters would be desirable.

f(
0035
0,030}
0025
0020}
0.015
0.010

0.005 -

TR R R q H
4 5

Figure 9: In this figure, the course of f(g) as defined in Eq.(5.25) is shown
for the parameters A/H = 0.01, w/H = 1, L, = 2, Ax/H = 0.05 and
As/H = 0.025 in the regime 0.01 < ¢H < 5. It can be seen that the
dominant contributions of f(q) are peaked around ¢/H =~ 0.4 and decline
quickly as ¢/H — oo. On the basis of this figure we use the following
dimensionless parameters for our considerations of section 5.2.4: L, = 0.01,
R, =4 and Ag = 0.04.
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C.2 Validity limits

In Table 1 we give an overview of the relative deviation of the Casimir-
Polder potential as presented in Figures 4-7 from the corresponding analytical
value in the flat surface limit. The agreement with the analytical result for
planar structures is tested by choosing the amplitude of the corrugation small
compared to the mean distance. To this end, we choose A = 0.01H. The
relative deviation as given in the last row of Table 1 gives the combined error
that is caused by the numerical implementation as presented in section 5.2.2.

Note, that the stated deviations hold for all distances between sphere and
corrugated surface. In Figs. 4 and 5, where the value of « is studied along
the direction of corrugation x, the displacement of the sphere is achieved
by a continuous modulation of the structure function itself. Thus the error
induced by the finite plate size L, and the finite number of nodes N, is equal
for every point along . In Figs. 6 and 7, where the behaviour of « is studied
for a varying distance between surface and sphere, the edges of the surface
L, as well as the number of nodes NN, scale with the separation between
surface and sphere such that the sphere always retains the same distance to
the edges and always “sees” the same number of spatial discretization nodes
as it approaches the corrugated surface.

Figure | N, | a/Qanaiytic | deviation from the planar surface limit
4.5 80 1.005 0.5%
6 63 0.962 3.8%
7 126 0.960 4%

Table 1: This table states the deviation of the value for the potential strength
parameter « as defined in Eq.(5.27) from the analytical value tunaiytic in the
planar case. The deviation is considered with respect to the number N,
of discretization nodes as used in the studies within Figs. 4-7. Note, that
the obtained degree of deviation is not always lower for a higher number of
discretization nodes N,. This is due to the used discretization scheme as
explained in section 5.2.2. An alternative discretization scheme that avoids
this unwanted oscillatory behaviour is discussed in section 5.3.1.
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