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1 Entropy as a measure of information

1.1 Shannon’s information entropy

To a set of measurement outcomes, or more general realizations of a random variable, one can
associate symbols {z1,...,2y} and probabilities



Of course one has
1=p(x1) +... +plan) = > p(). (1.2)

The last equation introduces a short hand notation we will use occasionally.
For two events X and Y with possible outcomes {z,,} and {y,} one has a complete description
in terms of joint probabilities
(T, Yn), (1.3)

such that 1 =3 p(x,y). One should read the comma as “and”. If the two events are statistically
independent one has

p(z,y) = p(x)p(y), (1.4)

but that is of course not always the case. More general, the reduced probabilities for one event are

p(x) = plz,y), p(y) =Y p(,y). (1.5)

Assume now that one has already learned the outcome xq, then the new probability distribution
for y is
p(anyn) p(x07yn)
P(ynlzo) = =
! 2rp(To,ye)  p(zo)
which is the conditional probability. (Read: probability for y,, under the condition that o has been
obtained.) One can write

(1.6)

P(Zms Yn) = PYnlTm) P(Tm) = P(Zm|Yn) P(Yn), (1.7)
which directly implies Bayes’ theorem,

PYnl|Tm) p(Tm) ]

2(y0) (18

P(@mlyn) =

How much information can one learn from an outcome or event realization z? Or, in other

words, how large is the information content i(x) associated with the outcome z? Intuitively, the

less likely the outcome, the higher the information content. Moreover, for independent events it is
natural to take the information content additive,

i(p(z,y)) = i(p(z)p(y)) = i(p(z)) +i(p(y))- (1.9)

This directly leads to the logarithm, and the definition of the information content

i(2) = i(p(x)) = —Inp(x). (1.10)

In principle one might add a (positive) prefactor here or, equivalently, take another base for the
logarithm. Oftentimes log, is used, but we work here with the natural logarithm. For example,
throwing an ideal coin corresponds to p(z1) = p(z2) = 1/2 and by learning the event outcome one
learns an amount of information

i=—-In(1/2) =In2, (1.11)

corresponding to one bit of information. Note that a very unlikely event outcome with p — 0 has
formally infinite information content, ¢ — co. On the other side, a certain event outcome with unit
probability, p = 1, has no information content, ¢ = 0.

Shannon’s information entropy associated to a discrete random variable or event X is the
expected amount of information content,

H(X) = (i(0)) = - Y p(a) lnp(a). (112)



0+— - . . 0t

H=0 H =1n(2) H = 2In(2)

Figure 1: Examples for discrete probability distributions and associated information entropy H.

Note that the information entropy is a functional of the probability distribution only, H(X) =
H{[p(zx)]. For some examples of discrete probability distributions and associated information entropy,
see figure 1.

Some properties of information entropy are

i) Non-negativity. Information entropy for discrete random variables is positive semi-definite,

H(X) > 0.

ii) Concavity. Define a random variable X with probability distribution p(z) out of distributions

pa(z) and pg(x) for the variables X 4 and Xp such that

p(z) = qpa(z) + (1 — q) pp(2). (1.13)

One has then
H(X) > qH(X4) + (1 - ) H(Xp). (1.14)

Exercise: Show this property.

iii) Permutation invariance. If one relabels the event outcomes by some permutation of indices

Tm — Tr(m), the information entropy is unchanged. This is directly clear from the definition.

iv) Minimum value. One has H(X) = 0 if and only if X is deterministic such that p(z) = 1 for

one outcome .

v) Maximum value. For a set of event outcomes of size or cardinality | X| one has

H(X) < In|X]|. (1.15)

Proof: maximize the probability distribution p(z) with the condition that it remains normal-
ized. This corresponds to finding the extremum of

L=HX)+\ (Zp(x) — 1) . (1.16)

One has

oL
=—Inp(z) —14+A=0 = x) =e Ml
5o~ ~ o) p(z)

This depends only on A but must be normalized. Normalization leads to p(z) = 1/|X| and
H(X)=In|X]|.

(1.17)



1.2 Conditional entropy

If two variables are correlated they are not statistically independent. One may say that Y contains
side information about X . Define the conditional information content via the conditional probability

i(zly) = — Inp(zfy). (1.18)
The conditional entropy is defined as the following expectation value of the conditional information
content,
H(X|Y)==> p(z,y) Inp(zly). (1.19)
T,y

This can be seen as the expected information content of surprise when learning an outcome x
after already knowing the outcome y. One can show the following: Conditioning does not increase

entropy,
H(X) > H(X|Y). (1.20)

Here H(X) is the information entropy corresponding to the reduced probability p(x). The proof
will be given further below.
1.3 Joint entropy
The joint entropy is simply the entropy associated with the joint probability distribution
H(X,Y)==> p(z,y)Inp(z,y). (1.21)
.y

Ezercise: Verify that H(X,Y)=H(X)+ HY|X)=H(Y)+ H(X|Y).

1.4 Mutual information

The mutual information of two random variables X and Y is the entropy of one variable less the

conditional entropy,
I(X;Y) = H(X) - H(X|Y). (1.22)

Tt corresponds to the expected gain in information (or loss of uncertainty) about the variable X when
learning an event outcome y of the random variable Y. One can express the mutual information

I(X;Y) = p(z,y)n <m> . (1.23)

also as

This makes the symmetry I(X;Y) = I(Y; X) manifest. One can therefore also write
I(X;Y)=H(Y)- HY|X). (1.24)
Note that the statement conditioning does not increase entropy is equivalent to
I(X;Y) >0, (1.25)

which will be proven below. In fact, one has I(X;Y) = 0 if and only if X and Y are independent
random variables such that p(z,y) = p(x)p(y).



1.5 Relative entropy (or Kullback-Leibler divergence)

The relative entropy is a useful quantity to compare two probability distributions p(z) and ¢(z). It
is defined by

D(pllg) = Zp [Inp(x) —Ing(z)]. (1.26)

This definition works if the support of the function p(z) (the set of values  where p(z) > 0) is
within the support of the function g(z). In that case there are no points where p(z) > 0 but
q(z) = 0. For cases where this condition is not fulfilled, one can extend the definition of relative
entropy in a natural way to D(p|lg) = oo. Note that one can write the relative entropy as an
expectation value with respect to the probability distribution p(z),

Dipllq) = <1n (2’23) > (1.27)

The relative entropy tells in some sense how far the distribution function p(x) is from the distribution
function ¢(x). However, it is not defined symmetrically (nor does it satisfy a triangle inequality)
and is therefore not a distance measure or metric in the mathematical sense.

Typically, relative entropy is used to compare two probability distributions where p(z) is often
the true distribution and ¢(z) some kind of approximation to it. It then has the meaning of a gain
in information when one replaces the (approximate) model distribution g(z) by the true (or more
accurate) distribution p(z). It can also denote a loss of information, or added uncertainty, if one
works with ¢(z) instead of p(x).

To illustrate the asymmetry in the definition, consider the following two examples.

i) Take p(z1) = 1 and p(z2) = p(x3) = ... = 0 and compare this to ¢(z1) =1 —¢, g(x2) = € and
q(z3) =...=q(rn) = 0. One has

D(llg) = —In(1— ) ~e. (1.28)

The gain in knowledge from ¢(z) to p(z) is moderate and vanishes for e — 0 because g(x) is
already very close to p(x) on all outcomes z allowed by the true probability distribution p(z)
(i. e. on x1). An experiment that has been designed in an optimal way based on the (wrong)
prior distribution ¢(z) will nevertheless find the correct distribution p(z) rather efficiently.

ii) Take instead p(z1) = 1 — €, p(x2) = € and p(z3) = ... = p(xy) = 0 and compare this to
q(z1) =1 and ¢(z2) = ... = ¢(xny) = 0. One has now formally

D(llg) = (1 - ¢)ln (11_6> +eln (g) = . (1.29)

Here the gain in information when replacing the model distribution g(x) by the true distri-
bution p(z) is much larger. The model distribution g(x) vanishes on the state xs which has
actually non-vanishing probability according to p(z). It is very difficult to find out about this
and one needs formally infinitely good statistics in an experiment that is optimized based on
the prior distribution ¢(z) (assuming misguidedly that o is never realized).

An important property of relative entropy is its non-negativity,

D(pllq) > 0. (1.30)

This follows from the inequality In(z) < 2 — 1. One sees directly

D(pllq) = Zp ( ) = —zx:p(m)ln (Zg;) > zz:p(x) (1 - ;Eg) =0.  (131)



Note also that mutual information can be written as a relative entropy,

I(X;Y) = D(p(x,y)|lp(z)p(y)), (1.32)

o it can be seen as the information gained when one learns that the true distribution is p(z,y)
and not the factorized distribution p(x)p(y). Note also that positivity of relative entropy directly
implies positivity of mutual information which in turn implies the statement conditioning does not
increase entropy. This completes the proofs left open above.

Relative entropy has the advantage that it generalizes favorably to continuous probability dis-
tributions. Consider the continuum limit

p(xm) = P(x)dx, q(xpm) = Q(z)dx, (1.33)

with probability densities P(x) and Q(x). The relative entropy becomes
D(pllq) = /dm P(z) In(P(z)dx) — In(Q(x)dz)] = /dax P(z) [InP(z) —In Q(x)]. (1.34)
In contrast, Shannon’s entropy has the formal continuum limit
H(X)— /d:z: P(z) In(P(z)dz), (1.35)
which is not very well defined.

1.6 Fisher information metric

The relative entropy is positive semi-definite and one has D(p||¢) = 0 if and only if p(z) = ¢(x).
However, it is not a distance measure in the mathematical sense because it is not symmetric,
D(p||lq) # D(g||p). In the limit where p and ¢ are very close, it satisfies the properties of a metric,
however. To make this more precise, consider a set of probability distributions p(6)(x) where 6 is
a (multi-dimensional) parameter. Close to some point 6y one may expand

D((6)lIp(00) = 567 ~ (6" — 6)g;1(60) + .. (1.36)

The constant and linear terms vanish because D(p||q) is positive semi-definite and vanishes at p = q.
The object gjx(6o) is known as the Fisher information metric. It is by construction symmetric and
serves as a Euclidean, positive semi-definite metric on the space of parameters 6 of probability
distributions p(f). One may also see this as a two-form constructed via the pull-back of the map
6 — p(#) from a metric directly defined on the space of probability functions. The latter is obtained
from the expansion

g +dqlla) =Y 5 L a(@) ... (1.37)

q(x)
We have set here p(z) = ¢(x) + dg(z) and used that both p and ¢ are normalized such that
o 0q(x) = 0.

1.7 von Neumann’s quantum entropy

The quantum entropy or von Neumann entropy is defined for a given quantum density matrix (or
density operator) p as
S(p) = —tr{plnp}. (1.38)

The logarithm of an operator is here defined via its eigenvalues. Recall that p = p' is hermitean
and can always be diagonalized such that it has the form

p=pjli)il, (1.39)



where the states |j) are orthogonal and normalized, (j|k) = d;5. In this basis one has
S(p) == _p;jInp; = H(p) (1.40)
J

with Shannon entropy H. The quantum entropy has the properties

i) Non-negativity.
S(p) > 0. (1.41)

This follows from the fact that the density matrix has eigenvalues in the range 0 < p; < 1.
Of course, S(p) = 0 for a pure state p = |1)){t)| while mixed states have S > 0.

ii) Maximum value. Occurs for maximally mixed states. In an N-dimensional Hilbert space this
corresponds to p = diag(1/N) and S(p) =In N.

iii) Invariance under unitary transformations. The density operator transforms as
p— UpUT, (1.42)
and the von Neumann entropy is invariant,
S({UpUT) = S(p). (1.43)
This is immediately clear because unitary transformations due not change the eigenvalues.

1.8 Quantum relative entropy

The quantum version of relative entropy is defined for two normalized density matrices p and o by
S(pllo) =tr{p[lnp —Inol]}. (1.44)

As in the classical case, this holds for sup(p) C sup(o) and is extended naturally by setting S(p||o)
otherwise. Quantum relative entropy has rather useful properties and should presumably be used
more often in quantum field theory.

1.9 Rényi entropy

The quantum Rényi entropy is defined for a parameter N > 0 (not necessarily integer) by

Sn(p) Intr {pN} . (1.45)

1
T 1—-N

As a special case, for N — 1 the Rényi entropy becomes von Neumanns entropy [9, 10],

1
Intr {Vr} = Nlntr{p(1+(N—1)1np+...)}

Sn(p) = - N 1= (1.46)

"2 —tr {pInp} = S(p).

One can sometimes calculate the Rényi entropy for arbitrary integer values N > 2 and determine
the von Neumann entropy via analytic continuation N — 1.
Note that for N = 2 one has simply

Sa(p) = —Intr {pQ} . (1.47)

This is often a relatively simple quantity to compute (or measure experimentally) and allows to
distinguish pure states with S = 0 from mixed states with Ss > 0.



One can also define a generalization of relative entropy in a similar way, the quantum Rényi
relative entropy

1 tr {po™ "1}

1_ T Intr {pa™ 1} — Sy (p). (1.48)

In the limit N — 1 the quantum Rényi relative entropy approaches the quantum relative entropy,

Sn(pllo) Nt S(pllo). Ezxercise: verify this.

1.10 Joint quantum entropy

The density operator of a composite system A + B is pap and has the joint entropy

S(pap) = —tr{papInpas}, (1.49)

where the trace goes over both systems, tr = tratrg. If there is no doubt, we will denote the full
density matrix simply as pap = p and the joint entropy as S(p).

1.11 Entanglement entropy
The reduced density matrix for subsystem A of the full system A + B is defined by

pa =trp{p}. (1.50)

The associated von Neumann entropy is also known as the entanglement entropy

Sa=—tra {pAlnpA}. (1.51)

In a similar way, the reduced density matrix for system B is pp = tra{p} and the associated entropy
is Sp = —trg{pplnpp}.
For a pure state p = |¢)(¢| one can write in the Schmidt basis

1) =2V liallis), (1.52)
J
where \; >0 and ;A; = 1. The reduced density matrices are

pa=>_Ajlia)(ial,

! (1.53)
pB = Z Ajlis)(iBl-

One has then for the entanglement entropy

Sa=Sp=-Y_Xn\, (1.54)

J

and in particular both entropies are equal. (This is not necessarily the case for mixed states
p # |6)(¢|.) For a product state, only one coefficient A\g = 1 is non-vanishing and S4 = Sg = 0.
Entangled states have several non-vanishing Schmidt basis coefficients and in this sense S4 = Sg >
0 is here a measure for the amount of entanglement between subsystems A and B.



2 Entropies and entanglement of Gaussian states

2.1 Quantum field theory

We adopt now a quantum field theoretic point of view and investigate concepts like entropy and
entanglement in a field theoretic setup. Conceptually, quantum field theory can be understood
as quantum mechanics with infinitely many degrees of freedom, for a bosonic theory for example
one has one (or several) continuous degrees of freedom for each point in space. Let us consider
a hypersurface of Minkowski space such as a plane (actually a three-volume) of constant time ¢,
or more general any space-like Cauchy surface . We assume that we have coordinates x on the
surface X. The degrees of freedom of the field theory correspond then to the field values

5 (%)- (2.1)

We have here (at least) two type of “indices”: one is the position x, the other an additional discrete
index j that could label different components. There might for example be an “internal” O(N)
symmetry or we have complex fields such that ¢;(x) = ¢(x) and ¢2(x) = ¢*(x), or there might be
space-time indices if we consider vector or tensor fields, different flavors, and so on.

It will be useful in the following to combine all possible indices into one “abstract index”

m = (j,%). (2.2)

If we write > |, we mean then actually an appropriate combination of summations and integrations
over the different indices. Note that this works equally well in position space as after a Fourier
transform in spatial momentum space, at least in flat space and for a ¢ = const hypersurface.
Momentum is then just another basis to label and expand field configurations. For complex fields,
we will also take their complex conjugate to be part of the “Nambu field” ¢,,.! Nevertheless, it will
often be convenient to also talk about the complex conjugate field ¢}, although it is not independent
of ¢p,.

Quantum states of the field theory on a hypersurface ¥ can be conveniently expanded in the
analog of the position space eigenfunctions in quantum mechanics. These are eigenstates of the
field value operator

Din|d) = dml|9), (2.3)

with eigenvalues ¢,,. If the quantum system is in a pure state |¥), then (¢|¥) = U[¢] represents
its Schrodinger wave functional, to be understood as a functional of the field ¢ and to be seen as
the analog of the Schrédinger wave function (x|¢)) = ¥(x).

In principle, for arbitrary states in a quantum field theory, the Schrodinger functional can be
a rather complicated object. I will concentrate here on an important subclass of states that have a
Gaussian density matrix. This class contains vacuum and thermal states of non-interacting quantum
field theories or perturbative extensions thereof, coherent states, squeezed states, and many more.
However, it is clear that we make a restriction here. For conformal field theories we will later also
go beyond the Gaussian case.

2.2 Gaussian pure states

The most general form of a Gaussian Schréodinger wave functional representing a pure state for a
bosonic field theory can be written as

1 7 7 1 1
) = T Uox Py o ok
(0| ¥) €xXp { 2¢mhmn¢n + 2¢m)‘m + 2/\m¢m + 2¢m“m + 2“m¢m}

1 ) ) 1 1
exp {—Qwh(z) + §¢T)\ + 5)\% + §¢Tn + Qms] .

1For instance, in the absence of any other components, we have ¢1 = ¢ and ¢ = ¢*.



In the second equation, we have used a condensed notation with ¢ denotes the collection of fields,
and h, A\ and k are complex quantities that parametrize the state. Their physical meaning will be
discussed below. Gaussianity refers to the maximum power of the field appearing in the exponential
(2.4) being quadratic. Correspondingly, we have

(T[¢) = exp [—;wh% - %qﬂ - %Wﬁ + %qﬁ% + ;nw} . (2.5)

The norm is given by a functional integral over ¢,

(WD) = /D¢>exp [—;w(m he + ¢Tﬁ+m¢]
1 (2.6)
= exp {2 Indet(h + k') 4+ 21 (h + hT)ln} ,

where we use [ D¢ = [, [ D¢, with D¢, = dRe¢,dlm¢,/m for complex fields and D¢, =
d¢y,/+/7 for real fields. Canonical normalization corresponds to this expression being unity. More
generally, the scalar product between a state functional W[¢] specified by h, A and x and another
one V[@] specified by h, A and & is given by the functional integral

_ 1 . i - j - 1 1
(U|0) = /D¢ exp {—2¢T(h +hh)p+ %¢T()\ —A)+ %(/\ — Ao+ §¢T(K +R)+ 5k ,@)qu} :
(2.7)
Using two sets of eigenstates of (2.3), whose eigenvalues we denote by ¢4 and ¢_, the pure-state
density matrix can be written as

P[4, -] = (D4 [0)(T[)-)
1 1 1 ) 1 1
= exp [—thm —50LhTo + 5 (0L — DA+ A (04 — 6-) + 5 (0L + 6L)n + oul (04 + ¢>} :
(2.8)
The condition for a pure state density matrix Tr{pi’n} /Tr{px.}? =1 is satisfied as it should be.

We will also work with the canonically conjugate momentum field 7,,. In the Schrédinger
representation employed, it is given by a functional derivative operator

Tom = —i(w% . (2.9)

The representation (2.9) implies the canonical commutation relations

[¢m7 7Tm] = Z(Smny [¢m7 (bn] = [7Tm, 7Tn] = 07 (2]‘0)
and correspondingly for the complex conjugate fields.

2.3 Gaussian density matrices

The Gaussian density matrix we discussed was for a pure state. In the following, we will make the
transition to mixed states in terms of the density matrix, but restrict ourselves to situations where
the density matrix remains of the Gaussian form?. We can write such a mixed state density matrix
in the form,

plo:,0- = [ DADEPI K] pafos, o), (2.11)

2Deviations from Gaussianity can be treated in this formalism perturbatively but shall not be discussed any
further here.

~10 -



where py . [P+, @] is the pure state density matrix in (2.8) (dependent on the fields A and ) and
P[\, K] is a quasi-probability distribution. When positive, P[A, k] can be seen as the probability
distribution for statistical noise in the parameter fields A\ and k. More generally, however, P[\, k]
need not be positive semi-definite. (The density operator p should of course be hermitian and
positive semi-definite.) Note that eq. (2.11) is closely related (although not identical) to the Glauber-
P representation of a density matrix [7, 8].

In the following we will take P[\, k] to also be of the Gaussian form,

P[\ K] = exp {— (AF —jf,sf)y 27! ()\ ; j) + const} , (2.12)
with a hermitian operator ¥ that we take to be of the form?®

Y. 0%
y=xf= ( g Zz b) , with %, =%, %, =%!. (2.13)
—124p a

For this to be a properly normalizable probability distribution, the eigenvalues of ¥ should be
positive. One may also introduce the linearly transformed parameter fields,

1 1 1 1

Hm = ﬁ()\m 7jm) + \ﬁﬁma Vm = 7\&(/\777, ]m) + \/i’fmv (214)
in terms of which the exponent in (2.12) becomes diagonal,
Plu,v] = exp [—,uT(Ea =) =T (Be + ) T + const] . (2.15)

Substituting (2.12) in (2.11), one obtains straightforwardly that the mixed state density matrix
pld+,d—] is also Gaussian. In the limit where ¥ — 0, the functional P[A] approaches a delta
distribution functional and one recovers the pure state we started with. Performing the functional
integral over A and an overall shift of fields ¢, — ¢, — @, ¢_ — ¢_ — ¢ gives

1 _ _ h =S, +% -
plos 6-] = exp [— 3 (e —atol - (L, 0 ) (50 20)

1

(2.16)
+

O |

(6}~ 61)j + 53 (64 - ¢>)1 :

We have introduced here the field ¢ which corresponds to the field expectation value below.
Interestingly, this is the most general Gaussian density matrix that satisfies the hermiticity
property
plbs,d-] = plo—, 641" (2.17)

As a consequence, any Gaussian density matrix can be written in the form (2.11) for suitable
Gaussian P[A, k).
The trace of (2.16) is given by

Tr{p} = /D(b plo, #] = exp —%In det (h +ht— 2Za) , (2.18)

and in the following we will assume canonical normalization, tr{p} = 1, or divide by the appropriate
power of the above expression.

3More general Gaussian forms for P[), k] are possible but will not be needed for our construction.

— 11 -



2.4 Projections and reduced density matrix

For the computation of the entanglement entropy and related quantities, we shall require reduced
density matrices that result from performing partial traces over some of the degrees of freedom.
Towards this end, one may introduce a projection operator P = Pt = P? whereby

are the fields we want to trace out, and
Ot = Pondi (2.20)

are those we wish to retain. For example, P might be a projector in position space which equals
unity in some interval and is zero in the complement region. The reduced density matrix is formally
given by

Prlberd] = / D3 p[PG* + (1 - P)g, Pé + (1 - P)J]. (2.21)

(The projectors have been inserted here for clarity.) For the Gaussian density matrix (2.16), one
can formally perform the functional integral over ¢ and obtain yet again a Gaussian form for the
reduced density matrix,

L 1/~ - - h—d e +Sy—diry\ (Ploy — o
PRI+, 9] = exp [— 3 ((Gﬁ - ¢T)Pv (¢T_ - ¢T)P) (_Ea _ Eb(i+ﬂ)l(—+) h:—— 2(__)(+ )> (PE? — zD

+2@h oL+ LT P9y —60)]

(2.22)
We have used here the abbreviations
d(++ =(h =+ )1 = P) [(1=P)(h+hT —25,)(1 = P)] " (1= P)(h — 54 — %),
L =(h =S+ )1 = P) [(1 = P)(h+hT —25,)(1 — P)] "' (1= P)(h! — 5, + %), .
o= =%, =)A= P) [(1= P)(h+hl —25,)(1 = P)] " (1 = P)(h — S, — ),
d(__ —(ht =% =) (1 = P) [(1 = P)(h+hT —25,)(1 — P)] ' (1= P)(h! — 5, + %)

The operator inversions used here are to be done within the subspace that is integrated out. Note
that the reduced density matrix (2.22) is of the same general structure as the original density matrix
(2.16); in particular, it still satisfies the hermiticity property (2.17). However if one starts with the
density matrix of a pure state where ¥, = X}, = 0, the reduced density matrix (2.22) contains in
general terms that mix ¢ and ¢_ (the terms d(4_y and d(_4) in (2.23)) and describes therefore a
mixed state, as expected.

Because the reduced density matrix is again Gaussian, it is completely determined by the field
expectation values and the two-field correlation functions. As we will discuss, these can be computed
directly on the domain of interest without further reference to projection operators.

2.5 Correlation functions

A Gaussian density matrix can be completely characterized in terms of field expectation values and
correlation functions of two fields. More specifically, for (2.11) one has for the field ¢,, and the

canonical conjugate momentum field 7, = —id/d¢py,
_ fDd)Qbm plo, 4] _ I . fqu (—Z'ép[¢+,¢,]/5¢+m)¢+:¢7:¢ _ 294
Ol =TT Dgpls.e] O ) = I D¢ plg, 9] e 220
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For the connected correlation functions (AB). = (AB) — (A)(B) one finds

(dmdr)e =[(h+ AT = 2%0) ",
(75 mn)e =[h — (h—2a + Sp)(h+ kT —25) 7Y h — 24 — 28)]mn
= [ht = (hT =S4 = Zp)(h+ b1 = 25) 7 (AT = T4 + 5)|nn
[ =S5+ (h—Sq + ) (h+ ht —25) 7Y (AT — 0 + 23)]mn
=20+ S+ (AT =2, = Zp)(h+ AT —2%,) 71 (h — 20 — Zp)mn, (2.25)

($mmn)e =i[(h + hT = 254) " (h — L4 — Zp)mn,
(Tndm)e = —i[(h+hT = 254) " (b = 4 + p)lmn,
(r,mn)e =i[(h — Sa + o) (h+ A — 250) s,
(mipi e = —i[(ht — 24 = 2)(h+ ht — 25,) " Ynn -

(2.26)

Note that the matrices h, hf, ¥, and ¥, are fixed in terms of the connected correlation functions
of ¢, ¢* and the momenta w, 7*. For later convenience, we note the relations (using Einsteins
summation convention)

i = [0+ B = 280) ™ Sulmn {00 Tnbe — 30
1 _
= 1$OmOD) (ST + 7 Gh)e (007 ) el (D0 + Tndr)e

b = [(+ ht = 25) ™ Syloun = {0 + Tubmde — 3 (OmbT) 6177 + 7700 (607}l
(2.27)

They follow with some algebra from (2.25).

2.6 Entropy and entanglement entropy

In this subsection we will determine the Rényi entropy for the general Gaussian density matrix
(2.16) and extract from it the von Neumann entropy. The Rényi entropy is defined by (1.45). For
the purposes of the calculation that follows, it is clear that one can drop ¢ and j, as they do not
enter tr{p"}. Using otherwise the general expression for p in (2.16) leads after a straight-forward
exercise in Gaussian integration to [11]

1
Tr{p"} = exp —§Tr Indet (My)| , (2.28)

which contains the N dimensional cyclic matrix (with operator valued entries)
My = (1 +2a)ly — (a+b)Zn — (a — D)ZY . (2.29)

We have used here the abbreviations introduced in (2.27). We define further 1y to be the N-
dimensional unit matrix and Zy is the N-dimensional cyclic matrix (Zy)mn = 5(m+1)n. Here m,n
are in the range 1,..., N and the index m = N + 1 is to be identified with the index m = 1.

4This can be seen directly by writing out the expressions for tr{pN} in the functional integral formalism or more
formally by noting that ¢ and j can be changed by unitary transformations.
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One can write
My = Ax(a,b) AL (T, —bT), (2.30)

1 1
An(a,b) = (,/}1+a+b2+b+ 2) Iy — (\/}1+a+bz+b2> Zn. (2.31)

The determinant of the matrix Ay (a,b) is found to be

with

N N
1 1
det[AN(a,b):(y/i+a+b2+b+2) —<\/1+a+b2+b—2) . (2.32)

Combining terms leads to a compact expression for the Rényi entropy,

Sw(p) = M{“ln<(\/m”+§>N‘ (Vivaroso- ;)N)
()

We have rederived here in general terms, and in the the functional integral representation, a result
also known in the operator formalism [13], see also [12] and references therein.
From the result above, one can directly obtain an expression for the von Neumann entropy by

taking the limit N — 1,
S:;H{ wi+a+m+b+;>m(¢f+a+m+b+;>}
<Mi+a+m+b—;>m<¢f+a+W+b—;>}
(¢Z+a+w—b+;>m<¢3+a+w—b+;>}
(wi+a+Wb;>m<¢f+a+wb;>}.

Note that this is positive semi-definite because a — b and a + b are positive semi-definite. Note also,

(2.33)

/N

=

+
N = N = N
e
—— = ——

=

that a and b can be expressed in terms of correlation functions of fields and canonical momenta
using (2.27). The above expression simplifies for b = 0 to

Sﬂ{(¢z+a+;)m<¢z+a+;><¢z+a;>m<¢z+a;)}, (2.35)

and it vanishes as expected for b = a = 0.
As a first example and check of this formalism, consider a free real massive scalar field in
n-dimensional infinite Minkowski space. The correlation functions in this case can be written as

zp(:L’ 7)
AZy(@ = §) = (o(t, D)o(t, ) = vf{l @]
(2.36)

A% =) = (rte (0. 3) = [ 7D VT ERRLGIE

where n(p) are occupation numbers. The symmetric mixed correlation function vanishes: (¢m +
w$)/2 = 0 and therefore b = 0. Here one can evaluate the (full) entropy easily, because a =
(h + hT)~1%, as given in (2.27) is diagonal in momentum space. One finds

:iKKM@+¢Hn@@HﬂJ*M@hMM@H, (2.37)

which is the standard result for free bosonic fields. As expected, the entropy vanishes for n(p) — 0.
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2.7 Symplectic transformations, Williamson’s theorem and entanglement entropy

The above expressions can be further simplified with the help of canonical transformations. One
considers unitary changes of the field basis,

O = Upn®n 5 D = DU ) um

(2.38)
7 = U T — Wn(UT)nm .

They can be used to diagonalize hermitian operators such as h + h! as is the case in going from
position to momentum space. These transformations have unitary representations as transforma-
tions of the Schrodinger functionals. This is clear as the scalar product (2.7) remains unchanged
by unitary transformations of the field basis due to D¢ = D(U¢).

In addition to this, there is a larger class of transformations, which transform fields and momenta
into each other. Consider the combined field

X = <f> ) X = (i) . (2.39)

Their canonical commutation relation defines a symplectic metric,

DXms Xl = Qo s (2.40)

0 il
= T =
Q=0 (_M 0> . (2.41)

where, symbolically,

The transformations

such that
SQSt =Q, (2.43)

are compatible with the canonical commutation relations. This defines a symplectic transformation.
Written in terms of the Lie algebra, S = exp[i#“.J4], the condition (2.43) becomes

QI = (JHTQ. (2.44)

Indeed one can confirm that this relation defines a Lie algebra.
Recall that ¢ and m contain also the corresponding complex conjugate fields so that there are
relations

X;kn = Rman ’ Xn = R;%X:n = X:n(RT)mn . (245)

One may assume without loss of generality that there is a field basis where all fields are real
such that there R,,, = dmyn. Of course, the matrix R changes under the unitary, block diagonal
transformations (2.38). More specifically, one has

R— U*R(UT). (2.46)
The matrix R transforms also by the symplectic transformations (2.42),
R— S*R(S7Y). (2.47)

Notice that in the field basis where ¢,, is real, there is no change in R for real symplectic transfor-
mations. Hence S}, , = Sy, as expected. In a field basis that differs from this by a unitary transfor-
mation, the symplectic transformation has different form (and is not necessarily real). Specifically,
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the symplectic transformation matrix in (2.42) and the generator J# transform under the unitary
block diagonal transformations (2.38) as

S — USUT, JA = UJAUT. (2.48)

We need to show that the symplectic transformations (2.42) have unitary representations as
transformations of the states of the field theory. This is best done in the field basis where ¢,, are
real fields and R = 1. The symplectic transformations are then real and one has

JA = —(JY =N 0= -uhHTq. (2.49)

There is now a representation of the Lie algebra specified by (2.44) in terms of the operators ([14],
see also [15])

XA = 2 (T (250)
acting on a Schrodinger functional. Indeed, one can confirm that they have the same commutation
relations as the generators J#. Moreover, one has (X“)T = X4 in the sense of the bilinear form (2.7)
so that the symplectic transformations indeed have unitary representations. This is an important
result because it allows one to use the symplectic transformations to simplify calculations, for
example of the entropy. Because symplectic transformations have unitary representations, they do
not change the entropy by construction.

Finally, we note that (2.50) is invariant under the block diagonal unitary transformations (2.38)
and can therefore be used in any field basis. It is also clear that the corresponding unitary trans-
formation maps Gaussian states to Gaussian states.

In particular, the hermitian and positive covariance matrix corresponding to the symmetrized
correlation function

(2.51)

<¢m¢:>c %<¢m77n + 7Tn¢m>c)
2 Y

3 (T + Oh)e (T )e

which is a key ingredient in our discussion of Gaussian states, transforms under symplectic trans-
formations as

1 * *

A — SAST. (2.52)

This is not a similarity transformation because ST # S~!. In other words, the eigenvalues of A
are not invariant under symplectic transformations. Williamson’s theorem states (see [16] for a
discussion) however that there must exist a symplectic transformation that brings A to diagonal
form,

A:diag()\l,)\g,...,)\1,)\2,...), (253)

with real and positive A; > 0. These latter are the symplectic eigenvalues of the symmetrized
covariance matrix.
This is realized by considering the combination A{). One can show that it transforms as

AQ — SASTQ = SAQS™!, (2.54)

which indeed satisfies the properties of a similarity transformation. The eigenvalues of this combina-
tion, £);, are directly related to the symplectic eigenvalues. It is therefore convenient to determine
the eigenvalues of A and to thereby relate observables such as the entanglement entropy to the
Williamson form.

We first note that the Williamson form expression (2.53) of the symmetric correlation matrix
(2.51) results in a very simple form for the quantities in (2.27):

1
Q5 = <)\§ - 4) 5ij 5 bij =0. (255)
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Since the Heisenberg uncertainty relation tells us that a;; has to be positive-definite, this indicates
that \; > 1/2.

The symplectic transformations we have discussed and the resulting use of Williamson’s theorem
leads to a very convenient form for entropies. The entropy in (2.35) can be directly expressed in
terms of the symplectic eigenvalues as

S:;{()\j—i—;) 1n<Aj+;)—<Aj—;> 1n(Aj—;)}. (2.56)

Moreover, the symplectic eigenvalues A, follow as pairs of conventional eigenvalues £A; of the
combination AQ. Following Sorkin ([17], see also [18]), a further simplification can be obtained by
considering the matrix

1
D=AQ+ 1, (2.57)

which has the eigenvalues w;-r =1/2+)jand w; =1 /2 — A;. As noted, the uncertainty relation

gives us \; > 1/2; therefore, w;-r > 1 and w; <0. Omne can then write (2.56) simply as
S=> {w nw}) +w; In(-w;)} , (2.58)
J
where the sum is over pairs of eigenvalues. More simply,
S=> wnln(jwnm|) = %Tr{Dln (D)} . (2.59)

In the last expression, the sum is now over all the eigenvalues of D. Each negative eigenvalue
Wy < 0 is paired with a positive one 1 — w,,. A pure state without entropy has w,, € {0,1}.
Finally, we note that the matrix D in symbolic form can be expressed as

D, = (él - %<¢m7rn +7Tn¢m>c i<¢m¢:>c ) _ <i<¢m7rn>c 1<¢)m¢;>c) . (260)

- _i<7T:;z7Tn>c %1 + %<an¢2 + ¢:L7T;L>C _i<77jn7rn>c Z<7T;§1¢:z>c

Hence, the entropy associated with a Gaussian density matrix is fully determined from the set of
connected correlation functions of (2.60) evaluated in the domain of interest. It is understood that
the operator trace in (2.59) is also restricted to this domain.

Thus far, we have concentrated on the Rényi and von Neumann entropies of a single Gaussian
density matrix. It is also possible to determine relative entropies between two Gaussian density
matrices p and o in a similar way. Let us remark here that Williamson’s theorem is not as useful
for the determination of the relative entropy of two Gaussian density matrices as it is for the
determination of the entropy of a single one. This is because it is not guaranteed that there is a
basis in which the covariance matrices A(®) and A(®) (defined in (2.51)) simultaneously assume their
Williamson diagonal form. However, this should be the case when the matrices APQ and A(@Q
(which transform under symplectic transformations as similarity transforms, see (2.54)) commute,
ie. [APQ AQ] = 0. One can then write the relative entropy as

S(plo) = 3w (n || - mwf]) (2.61)

where the sum goes over all pairs of simultaneous eigenvalues (wfff ),wfg )) of D) = AP+ %]l and

D) = AQ ¢ 11,
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2.8 Gaussian reduced density matrices

Now that we have laid out the general formalism, one can apply it to determine the entropy or
entanglement entropy for various situations. Equations (2.34) with (2.27) or (2.59) with (2.60) make
clear, that the knowledge of the connected correlation functions of fields and canonically conjugate
momenta on some hypersurface ¥ is sufficient to determine the entropy. In this regard, the only
difference between the determination of an entropy and an entanglement entropy is the space on
which the traces in (2.34) or (2.59) are taken. To calculate the full entropy, the trace is to be taken
on the entire space (or hypersurface), while to calculate the entanglement entropy of a subregion,
the trace must be restricted to that subregion. In the latter case, only correlation functions in the
subregion enter, of course.

It is important to realize that the correlation functions for a subregion are for a given quantum
state in fact the same correlation functions as for the entire space — they are only restricted in the
sense that they are evaluated only for points in the region of interest. A useful recipe is therefore
to first determine the needed correlation functions for the entire space, then evaluate them on the
region of interest and afterwards perform the diagonalizations and traces needed to evaluate (2.34)
or (2.59). Below we will illustrate the procedure for an interval in d = 1+ 1 dimensional Minkowski
space.

2.9 Finite interval in Minkowski space

We will consider an interval (—L/2,L/2) in Minkowski space with one spatial dimension. A free
scalar field ¢ will be governed by a Gaussian reduced density matrix on this interval. Moreover,
the corresponding matrix entries, namely the functions h, hf, ¥, and %, introduced in section
2, will be such that the correlation functions have the same form as in infinite space; they are
just restricted to the interval. The technical difficulties arise now from the fact that products of
these functions involve integrals over the interval (—L/2,L/2), only. For example, the quantity
a=(h+ht —2%,)7!%, defined in (2.27) becomes

L/2
aw) = [ dz Ao = DAL () - 18 —)

—L/2
2.62
:/ /q2 + M? sin (%(p - Q)L) B 215(]) _ q) eiPT—iqy ( )
pa | 4V/P*+ M? %(p—q) 4 .
We have used here
A%z — 1) = 3(6()ly) + 6(w)o()), .
AS(z —y) = 3(m(2)m(y) + 7 (y)m(2)),

and the fact that the symmetrized mixed correlation function vanishes.

Note that this is a nondiagonal matrix in momentum space for finite L. Only in the limit
L — oo does one obtain sin(2(p — q)L)/(3(p — q)) = (2m)8(p — ¢) and a becomes diagonal in
momentum space (and zero). The challenge is now to find the eigenvalues of the matrix a(z,y) on
the interval (—L/2,L/2).

To solve the eigenvalue problem, we will use a discrete basis involving Fourier expansion on
the interval (—L/2,L/2). In doing so, we will not assume periodic boundary conditions. We first

divide the relevant function (or field) into a symmetric and an anti-symmetric part,

plr) = fO@) 4o @@), o) = FDEATD gy S ADZRED) )
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The symmetric part can be expanded into a Fourier series

1 , L/2 , ,
P () = 7 > en et On = / dz o) (z) e ™™ /L (n even). (2.65)
n=—oo —L/2

In a similar fashion, one can expand the anti-symmetric part

- , L/2 .
(P(a)((E) I Z ©n eznﬂm/L7 ©n :/ dr (p(a)(x) e—znTrac/L (n Odd) (266)
L= —L/2
n odd

We can summarize this as

1 & , L/2 1 , A
_ = inmx/L _ - |: —inmx/L _1\n inwz/L
() I E e , ©n /L/2 dx ¢(x) 5 ¢ +(—=1)"e . (2.67)

n=—oo

For ¢(x) € R, one has ¢, = ¢*,. Note that this type of Fourier expansion does not assume
periodic boundary conditions for ¢(z).

The so constructed discrete Fourier basis can be used to find a discrete (but still infinite)
representation of correlation functions. If one truncates the discrete spectrum in the UV, one
obtains a finite representation that can be used for a numerical diagonalization and determination
of the entanglement entropy. Details can be found in ref. [5]. An alternative numerical treatment
works entirely on a lattice discretization of the quantum field theory, see [12] for details.

The result for the entanglement entropy of a finite interval is in fact UV divergent. For a single
free, massless, real scalar field in d = 1 + 1 dimensions one finds for the entanglement entropy

St = %ln(LA) + const, (2.68)

where A is a UV momentum cutoff function and the additive constant is not universal in the sense
that it depends on how precisely the UV regulator is implemented. What is universal is the so-called
entropy c-function that is given here by

9] 1
L)y=L—=5,=-. 2.69
(L) =Ly 81 =1 (2.69)
More general, for massive theories ¢(L) depends actually on the interval length, or more specifically
on the dimensionless product M L. Moreover, for theories with more than a single field, ¢ is
proportional to the “number of degrees of freedom” which means here number of independent

scalar fields but counts more generally also Dirac fields etc.

3 Modular or entanglement hamiltonians

In this section we will be concerned directly with the form of the density matrix p for global as well
as local descriptions of quantum fields.

3.1 Density matrices in quantum field theory

In section 1 we have discussed extensively Gaussian density matrices. This is an important class of
states, in particular for free field theories or perturbative extensions. Here we will be interested in
more general descriptions of density matrices for quantum fields.

What is a typical form of the density matrix? Beyond the Gaussian case, a particularly
important class of density matrices concerns thermal states. This can be formulated also non-
perturbatively. Vacuum or ground states are part of this class in the limit of vanishing temperature
T—0.
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A thermal equilibrium is defined on some space-like hypersurface 3 of space-time and in general
coordinates as

p— %exp {— / 45,80 ()T (x)) (3.1)

Here Z is a normalization factor such that tr{p} = 1, the hypersurface volume element is d¥, =

VInu(@)d*z = /g€ apyda®daPda? /3! with normal vector n, and /g = \/—det g,,,. The vector
By (zx) is defined by

p(x) =

(3.2)

where u”(x) is the fluid velocity and T'(x) the temperature and T#(z) is the energy-momentum
tensor of the quantum fields. One can show that the state (3.1) describes a global equilibrium state
if 8¥(x) is a Killing vector field, so that it satisfies

V,.B,(z) + V,B,(x) = 0. (3.3)

Alternatively, in a conformal field theory it is sufficient if 5”(z) is a conformal Killing vector field
(this is a weaker condition) and satisfies with some function x(x) the relation

Vb (@) + Vo Bu(@) = k() g () = 0. (3-4)

One can also extend the state (3.1) to (local) thermal equilibrium with a chemical potential
wu(x) as well as more general states which also have coherent fields, order parameters and so on.

3.2 Imaginary time and Matsubara formalism

For global thermal equilibrium states there is a very useful geometric representation. In the fluid
rest frame and in cartesian coordinates one has

1
p=e (3.5)
which resembles closely the time evolution operator for a time interval At,
U(At) = e~ A, (3.6)

Expectation values or correlation functions of the form tr{pO} can be calculated by a func-
tional integral on a geometry with periodicity in imaginary time such that bosonic fields satisfy
o(t,x) = @t — i%, x). This leads to the Matsubara formalism for quantum fields at non-vanishing
temperature.

In other words, quantum fields at finite temperature are described by a geometry with period-
icity in imaginary time direction. In a general coordinate system, the periodic structure is

p(at) = £p(a" —ip"(x)), (3.7)

where the minus sign holds for fermionic fields.
The von Neumann entropy of a thermal state (3.5) follows with Z = e~7% where F = E—TS
is the free energy with differential dF' = —SdT — pdV. Indeed, it is given by

S(p) = ~tr{pp} = () ~ F) = 5. (3.8)
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3.3 Relative entropy characterization of locally thermal states

It is interesting to consider the quantum relative entropy S(p||c) for the special case where o =
%e‘ﬁH is a thermal density matrix (3.5). The relative entropy becomes

S(pllo) =Te{p In p} + B ((H), — F»)

(3.9)
=—S5,+S.+B((H),—(H)s),

where (-), and (-), denote expectation values with respect to the density matrices p and o, respec-
tively, while S, and S, denote the corresponding von Neumann entropies. Possible UV divergent
contributions to the entanglement entropy are independent of the state and cancel between the first
and second term in the second line of (3.9). (This is actually a general statement independent of
the specific choice for o made here.) Moreover, also possibly UV divergent contributions to the
expectation values of energy, e. g. from the zero-point fluctuations of various modes cancel on the
right hand side of (3.9). Note that for equal energy, (H), = (H),, the relative entropy (3.9) equals
the the difference of entropies.

We may also consider a density matrix p of the local thermal equilibrium form (3.1). If p; is
obtained from p by an excitation generated by a unitary (entropy preserving) operation such that
S(p) = S(p1), we may write the relative entropy

S(enlle) = [ 4,8, 1T = (1)), (3.10)
In particular, if 3, is constant in the region where [(T""), — (T*"¥),] is non-vanishing, we can write

S(p1llp) = B,AZY, (3.11)

where

av = [ as, (), - 1) (3.12)

is the integrated energy-momentum of the excitation. Note that (3.10) is reminiscent of the defini-
tion of temperature in the grand canonical ensemble

1
dS = dE. (3.13)

These considerations can partly be extended away from the case where ¢ is thermal in terms
of the so-called modular or entanglement Hamiltonian, defined here for the density matrix o as the
operator

K =—-1Ino, oc=e¢ K, (3.14)

The relative entropy S(p||o) becomes then
S(pllo) = =Sy + (K)p = =S, + S5 + (K), = (K) 2 0. (3.15)

The modular or entanglement Hamiltonian can be defined for any density matrix. (For Gaussian
density matrices it is quadratic in the fields.) However, it is usually not of a particularly simple
form, except if the density matrix is thermal. Of course, as the name indicates, one is typically
interested in the case where the density matrix is in fact a reduced density matrix, obtained by
tracing out certain regions of space, for example. In some situations, the entanglement Hamiltonian
defined in this way can actually be determined as we will discuss below.
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3.4 Rindler wedge and its horizon

Consider a constant time surface in Minkowski space at t = 0 and divide it into two parts: region A
corresponds to z > 0 and region B to x < 0. (For simplicity we consider a field theory in d =141
dimensions but the generalization to higher dimensions is straight forward.) We will consider the
standard Minkowski vacuum state of a quantum field theory and want to characterize the reduced
density matrix

pa =trp{p}. (3.16)

We will use geometric methods to determine the reduced density matrix p4 and the corresponding
entanglement Hamiltonian.
Consider the Rindler coordinate system (do not confuse p and o with density matrices here)

t = psinh(o), x = pcosh(o). (3.17)

Here, p > 0 corresponds to a spatial coordinate and ¢ is a new time coordinate. In particular
t = 0 corresponds to o = 0 and p = z there. The coordinate system (3.17) covers only the part
x > |t| of Minkowski space, called the Rindler wedge. Lines of constant p correspond to trajectories
of observers with constant acceleration a = 1/p. Note that this class of observers experiences a
horizon at p = 0 corresponding to the light cone & = |¢t|. Signals that are sent across this line are
never coming back into the Rindler wedge.

The Minkowski space metric becomes in Rindler coordinates

ds? = —dt? + dz® = —pdo® + dp®. (3.18)
3.5 Unruh effect

Interestingly, translations in the new time coordinate ¢ — ¢ + Ao correspond to a symmetry of
Minkowski space, namely Lorentz boosts in z-direction around the origin t = x = 0. The operator

U =e iAok (3.19)

corresponds to a Lorentz boost from the point of view of the cartesian coordinate system in
Minkowski space and to a time translation from the point of view of Rindler coordinates. In
other words, K plays the role of a Hamiltonian for the Rindler observers.

One may ask what happens if one analytically continues the time coordinate o to imaginary
values o0 = —in. Equation (3.17) becomes

t = —ipsin(n), x = pcos(n). (3.20)

This is just a parametrization of Euclidean space corresponding to the analytic continuation to
imaginary times from Minkowski space. In particular, what corresponds to boosts in Minkowski
space is now just a rotation in Euclidean space. In particular, the Euclidean coordinate 7 is periodic
in the sense that n and 1 + 27 correspond to the same point.

In other words, Rindler space is in fact periodic in imaginary Rindler time direction o = —in.
This is precisely the characteristic of a thermal state! The fluid velocity points in the direction
of time translations. To find the temperature, note that pdn is periodic after rotation % = 2mp,
corresponding to the Unruh temperature of Rindler space

1

- 21
5 (3.21)

Restoring units and taking into account that the acceleration is a = 1/p leads to the acceleration

dependent Unruh temperature
ha
T= . 3.22
2rkge ( )

— 22 —



Note that we made no specific assumption on the field theory except for a Lorentz-invariant
ground state. One therefore expects the Unruh effect to be rather universal. In particular, it holds
for both massless and massive theories, as well as both non-interacting and interacting theories.
One may also check that the “inverse temperature vector” g* = (27p,0) in Rindler coordinates or

1 cosh(o) x
b= —yt =2 =2 3.23
b T P (sinh(o)) " (t) ’ (3:23)
in Minkowski coordinates, is in fact a Killing vector, i. e. it satisfies the condition in equation (3.3).

We can now come back to the original problem to determine the reduced density matrix p4 on
the half space x > 0 at ¢t = 0. It is given by

PA = %QXP [_/dZHBuTuV} = %exp |:_/0 dx 27 %(l‘)] ’ (324)

with Hamiltonian density of the quantum field theory T% = J#. Indeed, this corresponds to
a thermal density matrix with space-dependent temperature 7' = 1/(27x). In particular, the
temperature diverges when one approaches the boundary  — 0.

Note that the interpretation of the thermal character of the state described by p4 is rather
subtle. The state is vacuum-like and in particular has the same expectation values and correlation
functions as the Minkowski space vacuum (when the latter is restricted to the Rindler wedge and
with the correct identification of coordinate points of course). In other words, one simply has to
probe the Minkowski space vacuum on the right accelerated trajectory to find thermal correlation
functions!

3.6 Hawking radiation, temperature and entropy of black holes

A Schwarzschild black hole with mass M has the metric
2GNM 2GNM\ !
ds? = — (1 - f ) dt* + (1 ~ ;f ) dr® 4+ r2dQ?. (3.25)

Note that at the horizon, r = 2GNM, the signs of the coefficients in front of dt? and dr? change
and time ¢ and radius r effectively change their role for r < 2GNM. We consider now the region
just outside the horizon

2

=2GNM + ———— 2
r N + SGNM, (3 6)
and find for the metric to lowest order in p
2 P’ 2 2 2 1002
ds® =—————=dt* + dp” + (2Gn M )*dQ2
16(GNM)2 p7+ (26N M) (3.27)

= — p?dr? + p* + (2GNM)2d?,

1
G M
sense because a stationary observer just outside the horizon must accelerate strongly to remain

where we have used dr = dt in the last equation. This is just the Rindler metric! This makes
stationary.

In a quantum state that plays a similar role for the Schwarzschild geometry as the Minkowski
space vacuum for the Rindler wedge, the accelerated observer outside the horizon should see a
locally thermal state with temperature

1 1
T = — = s
(r) 2mp  dm\/2GNM(r — 2GN M)

(3.28)

in close analogy to the Unruh effect.
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If one goes further away from the horizon, the temperature is red-shifted according to the metric
(3.25) (excitations loose frequency when propagating up the gravitational potential) and one has

) 1 _ 2GxM )
T(r') = L . (3.29)
47T\/2GNM(’I“ — QGNM) \/1 _ 2G,§M 47T\/2GNM7“ (1 o 2GN1\4)

r’

For ' — oo and radius r close to the horizon r — 2GNM this becomes (in the last equation we

restore SI units for clarity)
1 he?

T 87GuM  BrGx Mg
This is the Hawking temperature of a Schwarzschild black hole.

Ty (3.30)

From the temperature it is straight forward to obtain an entropy by thermodynamic consider-
ations. Consider the differential

1
ds = TdE =8mGnNMdAE. (3.31)
If some energy is added to the black hole it should increase in mass, dF = dM, so
dS = 8rGNMdM = AnGyd(M?). (3.32)

Assuming S = 0 for M = 0 one can integrate this to S = 4rGNxM?2. Moreover, the result can be
written in terms of the area of the horizon A = 47 R? = 47 (2GxM)? and one obtains

A A Acks
~ 4Gn 42 4hGx'

(3.33)

where we have used the Planck length I, = \/Gnf/c3 and restored SI units for clarity in the last
equation. The result (3.33) is known as the Bekenstein-Hawking entropy of a Schwarzschild black
hole.

It is currently unclear whether the Bekenstein-Hawking entropy can also be derived directly an
an entanglement or relative entanglement entropy.

3.7 Modular hamiltonian for conformal field theory in double-light cone geometry

For conformal field theories, the entanglement or modular Hamiltonian is also known for another
geometry, namely a region in Minkowski space bounded by two light cones [19, 20] (see also [21]).

Consider a light cone originating at a point p* in d-dimensional Minkowski space and another
one ending at the point ¢* in the future of p* (see figure 2 for an illustration). The two light cones
intersect on a ball of dimension d—2 (i. e. two points for d = 141 and a surface in d = 3+1). One
may now consider any hypersurface in the interior of the double light cone region with boundary
on the intersection of the two light cones. One can then write the reduced density matrix in that
region as

1
p= ZG_K, Z=Tre X, (3.34)

where K is given by the local expression

K:/ZdEufl,(x)T’“’(x). (3.35)

Here T"" () is again the energy-momentum tensor of excitations in the field theory and £ (x) is a
vector field that can be written as

£ (x) = L)Q (¢ —z)"(z—p)(g—p)+ (x—p)(q¢—2z)(g—p) — (¢ —p)"(x—p)(qg—x)].

(g—p
(3.36)
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Note that (3.35) is again of the same form as a density matrix of a thermal state if one identifies
€* = Zut the vector of (inverse of) temperature 7" and fluid velocity u”. The vector £ vanishes
on the boundary of the region enclosed by the two light cones corresponding formally to an infinite
temperature.

To repeat, the above result holds only for conformal field theories. This is also underlined by
the fact that &#(x) in (3.36) is a conformal Killing vector field which satisfies (3.4) but not a Killing
vector field as would be needed for a thermal equilibrium state of a non-conformal field theory.

In d =1+ 1 dimensions, one can obtain the modular Hamiltonian for the Rindler wedge from
the double light cone region by sending one light-cone intersection point to spatial infinity. There is
another interesting limit which corresponds to the early-time limit of an expanding quantum string;
this will be discussed below.

3.8 Entanglement in an expanding quantum string

Consider a region in d = 141 dimension bound by a light cone originating at ¢t = x = 0. This is the
region of particle production from an expanding QCD string that forms between a highly energetic
quark-anti-quark pair produced at t = z = 0 (e.g. from a virtual photon in ete™ collisions). One
can send the end point of the future light cone ¢ to time-like infinity, and (3.35) assumes a relatively
simple form. This is best described in terms of Bjorken (or Milne) coordinates of proper time 7
and rapidity 7 related to standard Minkowski space coordinates by

t = 7 cosh(n), z = 7sinh(n). (3.37)

In this coordinates, the limit of (3.36) is a vector f# = w*/T where u* points in the direction of
translations in Bjorken time 7 and the temperature reads (in the second equation we restore SI

units for clarity)
1 R
T(r)= — = .
(7) 2rt 27wtk

(3.38)

This time dependent entanglement temperature governs the early time limit of an expanding quan-
tum string [5, 22]. In fact, a QCD-type string is not conformal baut at very early proper time
7, there is an emerging conformal symmetry when the one-dimensional “Hubble rate” H = 1/7 is
much larger than any other relevant mass scale.

One can show that this temperature is indeed a result of entanglement between different regions
in Minkowski space. Finite regions in Minkowski space have reduced density matrices that describe
mixed states (as a result of entanglement). For a massive field theory, one can consider a rapidity
interval An at fixed dimensionless combination M7. If one takes An — oo for fixed M, one
recovers formally a pure state with vanishing entanglement per unit rapidity, 0Sa,/0An — 0. In
contrast, if one first takes the conformal limit M7 — 0 and then An — oo, one finds formally
a mixed state with finite entanglement entropy per unit rapidity dSa,/0An — ¢/6 and non-zero
temperature T = 1/(277) [5, 22].
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