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Quantum origin of fluctuations

Universe was almost homogeneous at early times
small fluctuations magnified by gravitational attraction
primordial fluctuations most likely quantum fluctuations maginfied by
inflation
[Mukhanov & Chibisov (1981), Hawking (1982), Starobinsky (1982), Guth & Pi (1982),
Bardeen, Steinhardt & Turner (1983), Fischler, Ratra & Susskind (1985)]

2 / 19



Non-relativistic quantum fields
Bose-Einstein condensate in two dimensions
[Gross (1961), Pitaevskii (1961)]

�[�] =

Z
dt d2x
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~�⇤(t, x)
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~2

2mr�⇤(t, x)r�(t, x)� �(t)
2 �⇤(t, x)2�(t, x)2

)

traping potential V (t, x) and coupling strength �(t)
can be realized and controlled experimentally

[Oberthaler group, KIP Heidelberg]
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Superfluid and small excitations

Complex non-relativistic field can be decomposed

� = eiS0

✓
pn0 +

1
p

2
[�1 + i�2]

◆

real fields �1 and �2 describe excitations on top of the superfluid
stationary superfluid density n0(x) and vanishing superfluid velocity

v =
~
mrS0 = 0
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Sound waves / phonons

small energy excitations are sound waves or phonons
propagate with finite velocity, similar to light
local speed of sound

cS(t, x) =
r

�(t)n0(x)
m

sound waves propagate along

ds2 = �dt2 +
1

cS(t, x)2 (dx � vdt)2 = 0

acoustic metric for v = 0

gµ⌫ =

0

B@
�1 0 0
0 1

cS(t,x)2 0
0 0 1

cS(t,x)2

1

CA
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Relativistic scalar field

low energy theory for phonons (with � = �2/
p

2m)

�[�] =

Z
dt d2x pg

⇢
�

1
2gµ⌫@µ�@⌫�

�

metric determinant pg =
p

�det(gµ⌫)
acoustic metric depends on space and time like the space-time metric in
Einsteins theory of general relativity !
phonons behave like real, massless, relativistic scalar field in a curved
spacetime !
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Density profiles

assume specifically for r = |x| < R

n0(r) = n̄0 ⇥


1 �

r2

R2

�2

experimental realization with optical trap and digital micromirror device
approximate realization in harmonic trap

Position

D
en
si
ty
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Acoustic spacetime geometry
variable transform to 0  u < 1

u(r) = r
1 �

r2
R2
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R

leads to Friedmann-Lemaitre-Robertson-Walker metric

ds2 = �dt2 + a2(t)
✓

du2

1 � u2 + u2d'2
◆

negative spatial curvature
 = �4/R2

scale factor

a(t) =
s

m
n̄0

1
�(t)
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Hyperbolic geometry

G
eo

m
et
ry

D
en

sit
y

9 / 19



Experimental realization in a Bose-Einstein condensate 2
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FIG. 1. Curvature in space and time realised in a Bose-Einstein condensate. a) Hyperbolic space with constant negative
curvature mapped onto the finite-sized Poincaré disc. b) Realisation of a hyperbolic geometry in an inhomogeneous condensate. The
corresponding density profile (black) is approximated by a condensate in a harmonic trap (red). c) Propagation of a phononic wave
packet averaged over ⇠ 100 realisations (left) and di↵erence to the unperturbed condensate (right). d) Quantitative comparison
between prediction and experiment for the propagation along the geodesic indicated in the lower right panel of c (black line). The
red dots mark the position of the wave packet at each time. The blue line is the theory prediction for the hyperbolic space and the
grey line the prediction for the acoustic metric of the parabolic Thomas-Fermi profile. e) Illustration of the equivalence between an
expanding space and the static BEC with dynamically controlled s-wave scattering length as. f) Density and density contrast �c of a
single realisation before and after a ramp with scale factor a(t) / t� . The emergence of fluctuations on large scales indicates particle
production. g) Structures are distributed randomly in di↵erent realisations.

gation averaged over ⇠ 100 realisations, as well as the
density di↵erence to the unperturbed system. For each
time-step, the profile of the density is extracted along
the geodesic connecting the initial perturbation with the
centre of the condensate.

Figure 1 d shows the normalised profiles from which
the positions of the minima are extracted (red points).
We use the three points marked with open symbols to
fit the speed of sound at the centre of the condensate.
This measured speed of sound and the extracted Thomas-
Fermi radius completely determine the metric and hence
set the prediction for the phononic wave packet trajec-
tories (for further details see methods). The solid grey
line in Fig. 1 d shows the prediction for the harmonically
trapped condensate, and the blue line the prediction for
a hyperbolic space. This serves as a quantitative demon-
stration that a condensate in a harmonic trap approxi-
mates a hyperbolic geometry, corresponding to negative
curvature. Deviations only occur close to the Thomas-
Fermi radius of 25µm.

This concept can be extended to di↵erent curvatures

by choosing the appropriate density profile (see meth-
ods). For spacetime geometries beyond hyperbolic, we
use a digital micromirror device (DMD) [5, 6] to con-
figure arbitrary spatial curvatures. One such possibility
is positive spatial curvature, also known as spherically
curved space. Figure 2 contrasts the wave packet propa-
gation on background densities corresponding to hyper-
bolic and spherical metrics. We observe fundamentally
di↵erent evolution in agreement to the expected dynam-
ics. This confirms that our simulator can be configured
to positive or negative curvature.

The implementation of curvature in time, i.e. extrin-
sic curvature, is depicted in Figure 1 e in two equiva-
lent representations of a spatially flat FLRW metric with
increasing scale factor a(t). The distance covered by a
signal moving at the causal speed in a unit of time is
depicted by the separation between the circles. For a
constant causal speed, the expansion of space is encoded
in the increase of coordinate distance between the two red
points, as illustrated on the left side of 1 e. However, this
is equivalent to keeping coordinates static (comoving co-
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Particle production
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ti tf
t

ai

af

I II III

a(t)

time-dependent scattering length induces time-dependent metric

ds2 = �dt2 + a2(t)
✓

du2

1 � u2 + u2d'2
◆

particle concept works well in regions I and III but not in region II
vacuum state in region I leads to state with particles in region III
expanding space produces particles !
analytic calculations possible for power law scale factors

a(t) = const ⇥ t�
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Mode functions and Bogoliubov transforms
field gets expanded in modes

�(t, u,') =
Z

k,m

h
âkmHkm(u,')vk(t) + â†

kmH
⇤
km(u,')v⇤

k (t)
i

spatial part Hkm(u,') can be expressed in terms of spherical harmonics at
complex angular momenta in hyperbolic geometry
mode functions satisfy

v̈k(t) + 2 ȧ(t)
a(t) v̇k(t) +

k2 + ||/4
a2(t) vk(t) = 0

vacuum state only unique for ȧ(t) = 0 where vk(t) ⇠ e�i!kt

Bogoliubov transforms between different choices of âkm and vacuum states

ti tf
t

ai

af

I II III

a(t)
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Observation of particle production
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rescaled density contrast

�c(t, x) =
s

n0(x)
n̄3

0
[n(t, x)� n0(x)] ⇠ @t�(t, x)

allows to test relativistic scalar field
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Density contrast correlation function
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Time dependent correlation functions after expansion
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Figure 1. Theoretical prediction for density-density contrast correlation functions as they evolve through hold time, propagating
at twice the speed of sound. These results are given for a condensate with an initial temperature of roughly 40nK and taking into
account an experimental precision of 0.8µm by convoluting the functions defined in momentum space with a Gaussian distribution of
the corresponding width.

Figure 2. Speed of sound 1.2µm/ms. Initial scattering as = 350a0.
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Figure 1. Theoretical prediction for density-density contrast correlation functions as they evolve through hold time, propagating
at twice the speed of sound. These results are given for a condensate with an initial temperature of roughly 40nK and taking into
account an experimental precision of 0.8µm by convoluting the functions defined in momentum space with a Gaussian distribution of
the corresponding width.

Figure 2. Speed of sound 1.2µm/ms. Initial scattering as = 350a0.

Experiment Theory

analgous to baryon accoustic or Sakharov oscillations in cosmology
optical resolution important for detailed shape
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Expansion history
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Oscillations in Fourier space
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Sk(t) =
1
2 + Nk + Ak cos(2!k(t � tf) + #k)

decelerated, coasting and accelerated expansion
good agreement with analytic theory (solid lines)
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Quantum recurrences

uniform expansion with a(t) = Qt is special
shows quantum recurrences of the incoming vacuum state at special values
of wavenumber k

kn =
af � ai
�t

"✓
n⇡

ln (af/ai)

◆2
+

1
4

# 1
2

,

with integer n = 1, 2, 3, . . .
at these points one has trivial Bogoliubov coefficient �k = 0
can be seen experimentally as a discontinuity in the phase !
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Conclusion

Bose-Einstein condensates can be quantum simulators for quantum fields
in curved spacetime
Symmetric spaces with constant curvature can be realized with specific
radial density profiles
Experimental realization in two spatial dimensions
Time-dependent coupling allows to simulate expansion
Particle production by time-dependent scale factor
Oscillations after expansion allow detailed investigations
Quantum information theoretic aspects also accessible
Extensions to three dimensions, other geometries, other field content, and
more, are possible
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Geometries with constant spatial curvature
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Propagating sound waves
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