DIAS — STP — 89 — 31

TODA THEORY AND W-ALGEBRA
FROM
A GAUGED WZNW POINT OF VIEW

J. Balog!, L. Fehér? and L. O’ Raifeartaigh

Dublin Institute for Advanced Studies,
10 Burlington Road, Dublin 4, Ireland

P. Forgécs®

Maz-Planck-Institut fir Physik und Astrophysik
~Werner-Heisenberg-Institut fur Physik—
P.O.Boz 40 12 12, Munich (Fed. Rep. Germany)

A. Wipf

Institut fiur Theoretische Physik
ETH-Honggerberg
CH-8093 Zirich, Switzerland

Abstract

A new formulation of Toda theories is proposed by showing that they can be re-
garded as certain gauged WZNW models. It is argued that the WZNW variables are
the proper ones for Toda theory, since all the physically permitted Toda solutions
are regular when expressed in these variables. A detailed study of classical Toda
theories and their W-algebras is carried out from this unified WZNW point of view.
We construct a primary field basis for the W-algebra for any group, we obtain a
new method for calculating the W-algebra and its action on the Toda fields by con-
structing its Kac-Moody implementation, and we analyse the relationship between
W-algebras and Casimir algebras. The W-algebra of G2 and the Casimir algebras
for the classical groups are exhibited explicitly.
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I. Introduction

Two dimensional conformally invariant soluble field theories are based on var-
ious extensions of the chiral Virasoro algebras. The best known extension is the
Kac-Moody (KM) extension [1], whose most prominent Lagrangean realization is the
Wess-Zumino-Novikov-Witten (WZNW) model [2]. There are various indications
that the KM algebra may even underlie all the rational conformal field theories. For
example, the Goddard-Kent-Olive (GKO) construction [3] generates a huge class of
rational conformal field theories. Another extension is the so-called W-extension,
which is a polynomial extension of the Virasoro algebra by higher spin fields. The
study of polynomial extensions of the Virasoro algebra was initiated by Zamolod-
chikov [4]. Later it was realized [5,6] that a large class of polynomial extensions of
the Virasoro algebra can be constructed by quantizing the second Gelfand-Dickey
Poisson bracket structure of Lax operators, used in the theory of integrable systems.
These W-algebras proved very fruitful to analyse conformal field theories and they
become the subject of intense studies [5-8]. Recently it has been found by Gervais
and Bilal that Toda theories provide a realization of W-algebras [8,9]. Toda theories
are important in the theory of integrable systems and include the ubiquitous Liouville
theory, which, among other things, describes two dimensional induced gravity in the

conformal gauge.

There are a number of results suggesting that Toda theories must be closely
related to WZNW models. First, in both cases the fields can be recovered from
the generators of the respective extended Virasoro algebras (KM and W-algebras)
by means of linear differential equations [8]. Second, the Gelfand-Dickey Poisson
bracket structure can be obtained by a Hamiltonian reduction from a KM phase
space [10]. Finally, it has been shown by Polyakov [11] that two dimensional induced
gravity (in the light cone gauge) exhibits (left-moving) SL(2, R) KM symmetry.



In a recent letter [12] we have shown that the exact relationship is that Toda
theories may be regarded as WZNW models (based on maximally non-compact, sim-
ple real Lie groups) reduced by certain conformally invariant constraints. To be more
precise, Toda theory can be identified as the constrained WZNW model, modulo the
left-moving upper triangular and right-moving lower triangular KM transformations,
which are gauge transformations generated by the constraints. The advantages of
treating Toda theory as a gauge theory embedded into a WZNW model are the fol-
lowing: First, the coordinate singularities of Toda theory disappear by using the
WZNW variables. Second, the W-algebra of Toda theory arises immediately as the
algebra formed by the gauge invariant polynomials of the constrained KM currents
and their derivatives. Third, the general solution of the Toda field equations is easily
obtained from the very simple WZNW solution. Finally, there are natural gauges
which facilitate the analysis of the theory. In this paper we exploit the embedding of
Toda theory into the WZNW model to obtain a number of new insights and results
about the structure of Toda theory and W-algebra. All our considerations are clas-
sical. We hope that their quantum generalizations will provide new constructions of

quantum Toda theories [13] and W-algebras.

We first set up a Lagrangean framework for the WZNW-Toda reduction, namely
we establish that Toda theories can be identified as the gauge invariant content of
certain gauged WZNW models. Our gauged WZNW models differ from the usual
gauged WZNW models [14] used in the path integral realization of the GKO con-
struction not only in the non-compactness of our groups, but also in that instead of
a single diagonal subgroup we gauge two subgroups of the left x right WZNW group,
the upper triangular maximal nilpotent subgroup on the left and the lower triangular
one on the right hand side. The nilpotency of the triangular subgroups is crucial to
this ambidextrous generalization of the usual vector gauged WZNW models, and in
fact the nilpotency of the gauge group is the reason for the appearance of the simple
polynomial structures in Toda theory. The constrained WZNW model is recovered
in this framework by an appropriate partial gauge fixing which leaves the left and

right moving triangular gauge transformations mentioned earlier as a residual gauge



symmetry.

In most of our considerations we rely heavily on the use of a class of natural
gauges used in studying the gauge invariant differential polynomials in the review
paper [10] by Drinfeld and Sokolov. The basic property which makes the DS gauges
convenient is that in each DS gauge the surviving components of the KM current
serve as a basis for the W-algebra.

Working in the DS gauges, we give a simple algorithm to find the KM transfor-
mations which implement the canonical transformations generated by the W-algebra.
This provides us with a new method both for computing the WW-algebra and for de-
termining the action of the W-algebra on the Toda fields. Our method crucially
depends on using the embedding WZNW theory and its full, non-constrained KM
algebra. We illustrate the method on the examples of A; and By and demonstrate
its power by computing the complete W-algebra relations for the rather nontrivial
example of Gs.

We find a DS gauge which enables us to construct a primary field basis of the W-
algebra. As far as we know a general algoritm for constructing primary YV-generators
has not been known before, although such generators have been found in low dimen-
sional examples [6]. We note that even the existence of a primary field basis is not
completely trivial, since such a basis is constructed by a non-linear transformation
[6] even if one starts from VW-generators transforming in a linear (inhomogeneous)
manner under the Virasoro algebra. Our construction of the primary YW-generators is
based on a special SL(2, R) subgroup of the WZNW group, which plays an important
role throughout the theory. The primary W-generators are associated in a natural
way to the highest weight states of this SL(2, R) in the adjoint representation of the
WZNW group.

There have been attempts [15] at constructing polynomial extensions of the Vi-
rasoro algebra from a KM algebra by using the higher Casimirs of the underlying
Lie algebra similarly as the second order Casimir is used in the Sugawara construc-
tion. On the quantum level these Casimir algebras close only under very restrictive

conditions on the KM representation. We show that the leading terms (i. e. terms



without derivatives) of the W-generators are always Casimirs, and that the Poisson
bracket version of the Casimir algebras always close. In fact, we prove that these
classical Casimir algebras are obtained from the corresponding W-algebras by a cer-
tain truncation, and thus the Casimir algebras can be used to investigate the leading
terms of the W-algebras. For the classical Lie algebras A;, B; and C; we give the
explicit form of the Casimir algebra.

We also consider the existence of quadratic relations for the W-algebras. In the
case of the A;, B; and Cj Lie algebras it is easy to display WW-generators with quadratic
relations. The above mentioned relation between the Casimir and W-algebras shows

that for the other Lie algebras the VW-relations are necessarily of higher order.

Finally, we investigate how the Toda fields can be reconstructed from the W-
generators. This reconstruction is a reduced version of the reconstruction of the
group valued WZNW field from the KM currents, and this tells us that every Toda
solution with regular VW-generators can be represented by a regular WZNW solu-
tion. The reconstruction problem leads us to studying the differential equations
satisfied by the gauge invariant components of the constrained WZNW field. This
way we recover the Lax operators studied in [10], which also appear in the generalized
Schrodinger equations of [8]. For A;, B;, C; and G2 the reconstruction problem can
be reduced to solving a single ordinary differential equation of the order of the defin-
ing representation of the corresponding algebra, in all other cases one inevitably has
a pseudo-differential equation. We will see that one has a single ordinary differential
equation exactly when the representation in which the group valued WZNW field is
taken is irreducible under the SL(2, R) subgroup mentioned earlier, and that in gen-
eral the structure of the pseudo-differential operator depends on the decomposition
of this representation under the SL(2, R) subgroup.

The plan of the paper is the following: In Chapter II we present a short re-
view of the reduction of the WZNW model to Toda theory and describe the gauged
WZNW framework. We elaborate on the role of the residual gauge invariance and
on the gauge invariant quantities in Section 1I.2. The longest and most important

chapter is ITI. We start it with the definition of the W-algebras. In III.1 we present



the construction of the Drinfeld-Sokolov gauges and observe that in these gauges the
W-algebra reduces to the Dirac bracket algebra of the surviving KM current com-
ponents. In II1.2 we exhibit a primary field basis of the W-algebra and illustrate it
with By. In I11.3 we give an algorithm to implement the action of the WW-algebra by
means of KM transformations and illustrate the procedure with As and Bs. In I11.4
first we display a subclass of Drinfeld-Sokolov gauges where the W-algebra relations
are quadratic for A;, B; and C}. Then we introduce the ‘diagonal’ gauge, which is
frequently used in Chapter IV., and briefly discuss the related Miura-transformation.
Chapter IV. contains a detailed analysis of the relation between the Casimir Poisson
bracket algebras and the WW-algebras. In IV.2 we present the explicit Poisson bracket
algebra of the Casimir operators of the classical Lie algebras A;, B; and Cj. In the
last chapter, V., we study the differential and pseudo-differential operators appear-
ing when reconstructing the Toda-fields from the WW-generators (or the constrained
WZNW fields from the KM currents). There are three appendices; Appendix A con-
taining our conventions and some important group theoretical results, Appendix B
with the complete W(G3) algebra and Appendix C with the details of the calculations

of the Casimir algebras.



II. Toda Field Theory as a Gauge Theory

In this chapter first we summarize the main points of the reduction of WZNW
models to Toda theories. Then we show how to set up a Lagrangean framework
for the reduction, using an ambidextrous generalization of the usual vector gauged
WZNW models. Then we elaborate on the concept of residual gauge transformations
and on the corresponding gauge invariant quantities. In particular, we point out
that in the WZNW framework W-algebras appear naturally as symmetry algebras
of Toda theory.

I1.1. Toda Theory as a Gauged WZNW Model

The so called Toda field equations constitute a rather interesting set of inte-
grable (soluble) equations. These equations appear naturally in various problems
(cylindrically symmetric instantons [16], etc.) and they can also be thought of as a

generalization of the ubiquitous Liouville equation:
040_¢p+ Me? =0, where M = const. . (2.1)
Now the Toda equations are given as:
e’ 1 21 1 B
0:0-¢ + Slaf*M*exp{ > Kapd’} =0, (2.2)
BeA

where K, is the Cartan matrix™® of a simple Lie algebra, A denotes the set of simple

roots and the M®’s are (positive) constants. The corresponding Lagrangean is:
K 1 1
_ - B _ - B
c=2( > S Kes0s9% 007 = 37 M expl; 3 Kap 6 1), (23
a,BEA aEA BEA

where k is the coupling constant of the theory. Clearly (2.2) reduces to the Liouville
equation (2.1) by making the simplest choice for K.z, namely when it is just a

number (corresponding to a rank one algebra). In fact Toda field theories are also

* Our conventions are collected in Appendix A.



distinguished by being the only two dimensional, nontrivial conformally invariant
models which are soluble [8,16], in the class of scalar theories without derivative
couplings.

These theories possess an improved energy-momentum tensor

K 1 o 1 o
Oy = 5( > WKaﬁaﬂﬁ 0x¢f —4 > Wai ¢ ) (2.4)
a,BEA acA
with vanishing trace, ©,1_ = 0, on shell. Interestingly, the general solution of (2.2)

can be written in closed form [16].
Let us recall first, how Toda theories can be regarded as constrained WZNW
models. We start with the WZNW action based on a connected real Lie group G

(with maximally non-compact simple real Lie algebra G)

S(g) = —8%/dzxn“”ﬁ{(g_laug)(g‘laug)} + %/BS TY{(g‘ldg)?’} ,  (25)

where ¢ is a group-valued field and Bj is a three-dimensional manifold whose bound-
ary is Minkowski space-time. We choose the coupling constants « and k to be related
by the equality k = —4nk.

This action possesses left and right KM symmetries. Their Noether currents

associated to some Lie algebra element, A\, are given as follows:

JA) =Tr(A-J),  J=r(d4g9)g7" 2.6
JO) =Te(A-J),  J=—rg Hd_g) . '

The field equations are equivalent to the conservation of the left and right currents:
0_J=0 dpJ = 0. (2.7)

Let now p® and v® (o € A) be arbitrary positive numbers and denote the set of
positive roots by ®T. The main result of ref. [12] was that by imposing the following

constraints:



the equations of motion of the WZNW theory (2.7) reduce to the Toda field equations

(2.2). To prove this result we start with the (local) Gauss decomposition
g = ABC (2.9a)

of the group valued field g, where

A:exp{ Z a‘PE(p} C’:eXp{ Z c‘pE_w},

pedDT pedDT

B= exp{% Y qu‘Ha} .

acA

(2.9b)

This group-valued Gauss decomposition is locally unique for Lie groups G with max-
imally non-compact Lie algebras.
Now exploiting the fact that p® and v® are zero for all but the simple roots, the
constraints (2.8) can be re-written as:
A7t A= Z 1|a|21/°‘Ea exp {1 Z Kap9®}
2 2

aEA A
€ oe (2.10)

(0,C)C~t = Z %|a|2,uo‘E_a exp{% Z Kopd®} .
aeA BeA
Substituting (2.10) into the field equations (2.7) one indeed recovers the Toda equa-
tions (2.2) (with M = |a|?u*v®). It can be shown that this reduction is canonical in
the sense that the Poisson brackets of the Toda variables ¢ and ¢ can be calculated
either from the Toda or from the WZNW action (as a requirement, this fixes the
relationship between the coupling constants).
We remark that the famous Leznov-Savaliev general solution of the Toda field
equations [16] can be derived effortlessly from the general solution of the WZNW
field equations (2.7):

g9(=",a7) = gr(@™) - gr(z™) , (2.11)

where g, and gr are arbitrary group valued functions constrained only by the bound-
ary conditions and there is an obvious constant-matrix ambiguity in the definition of

gr and gr. The general solution of the Toda equations can be obtained from (2.11)



by first imposing the constraints (2.8) and then decomposing it according to (2.9)
[12]. In Chapter V we shall show that it is equally easy to recover the solution of the
Toda field equations in the form recently found by Gervais and Bilal [8] from (2.11).

As the quantization of Liouville and Toda theories is expected to be simpler
in the WZNW formulation, it is worthwile to find a Lagrangean realization of the
reduction of the WZNW model to Toda theory. In the following we wish to show
that an ambidextrous generalization of gauged WZNW models [14] provide a natural
framework to carry out this reduction. For example, gauged WZNW models turned
out to be useful in the Lagrangean description of the Goddard-Kent-Olive coset
construction (GKO) [3].

We shall need the Polyakov-Wiegmann identity [17] expressing the WZNW ac-
tion for the product of three matrices A, B, C as the sum of the respective actions

for A, B and C, modulo local terms:
S(ABC)=S(A)+ S(B)+ S(C)
+ m/dza: Tr{(A™"0_A)(0.B)B~! (2.12)
+ (B7'0_B)(04+C)C™ ' + (A7'0_A)B(04C)C'B™'}.
Next we want to consider the gauged version of the WZNW theory, i.e. we are looking

for an action invariant under the transformations:
g — agf? ac€H, peH, (2.13)

where «, 3 are functions of both z* and z~, and H, H are two isomorphic subgroups
of G.

Let us first recall the ‘usual’ gauged WZNW models [14]. In the standard case
one gauges a diagonal (vector) subgroup, H, of the Kac-Moody group G, x Ggr. Now

the transformation of g under the vector subgroup is given as:
g—ygy ! y(zt,z7) € H. (2.14a)
It is easy to see that the action functional

I(g,h,h) = S(hgh™) = S(hh™Y)  h, he H



is gauge invariant, provided (2.14a) is supplemented with

h— hy™t h — hy™t. (2.14b)
Using (2.12) I(g, h, h) can be re-written as
I(g,A-,A}) = S(g9) + %/dzﬁ Tr{(A-(9+9)9~" + (97 0-g) A4

—|— A_gA_|_g_1 — A_A+}
where S(g) is the WZNW action (2.5) and

(2.15)

A_=h"t0_h Ay =(04h Hh. (2.16)

In the action functional (2.15) A_, A are regarded as the light-cone components of
some ‘gauge field’ belonging to the adjoint representation of H, transforming accord-
ing to (2.16), and its gauge invariance is obvious from the above construction. The
variation of this action with respect to the non-propagating gauge fields A4 provides
constraints which classically set the currents of H to zero. It has been demonstrated
[14] that a careful quantization of (2.15) yields the GKO coset construction.

At first sight it seems impossible to generalize (2.15) to be invariant under the
more general transformations (2.13), since now the only obvious candidate for an
invariant action is just S(hgh~!) which is non-local in the gauge fields. However,
in the rather degenerate case when H and H are the subgroups of G generated by
the step operators associated to the positive and negative roots, and denoted by N
and N respectively, their Lie algebras are nilpotent, and hence one has the crucial
property that:

S(h)=S(h)=0. (2.17)

So S(hgh~')—S(g) is local, therefore the gauge fields A_, A, in eq. (2.16) (where
now h € N and h € N) can be used in this case in the same way as for the case of
a diagonal subgroup to set the corresponding N and N currents to zero. Since the
constraints we want to implement set certain currents to constants rather than to

zero, we consider the following action:

Hg: A= A1) = 8(9) + 1 [ € Tr{(A-(049)g™" + (g7 10-) A+

+A_gALg Tt —A_p— A_|_V}

(2.18)



where p, v are special (constant) matrices, given by:
1 2« 1 2«
V:Z§|Q|VEQ ;1,:2§|a|,uE_a.
aEA aEA
A4, A_ are now independent gauge fields in the adjoint representation of the sub-
groups N and N so they are nilpotent matrices. The invariance of the action (2.18)

under the gauge transformations
g—agBf ™t AL s aA_a Tt 4 ad_a Tt Ay = BALBTHH(048)87 (2.19a)

where

a=alzt,z7)eN and B=pT,z7)eN (2.190)

is now not completely obvious because of the non-gauge-invariant looking terms,
Tr(Ay v + A_p). However, these terms change by a total derivative under gauge
transformations because of the special form of A, A_ and that the matrix v (resp.
p) contains only step operators corresponding to simple positive (resp. negative)

roots. For example under the transformation (2.19) with
Bat,a7)=exp[ D ppE_]
pedT

we have

Tr{v-(048)87'} = > vP041b,,

pEA

and the term Tr A, v indeed changes only by a total derivative. The equations of

motion following from (2.18) are:

Op(g7r0_g+g"A_g)—[Ay, g7'0_g+g tA_g|+0_AL =0 (2.20a
0_ (0199~ + 94197 ) +[A-, 04997 +9Arg I+ 0, A =0 (
Tr(E_o(9 ' 0_g+g tA_g—1v)]=0 (2.20c
(

Tr[Ea(d199™" +9Ayg™" — )] = 0.

Now making use of gauge invariance, A; and A_ can be set equal to zero simul-

taneously and then we recover from (2.20) the equations of motion of the WZNW



model (2.7) together with the constraints (2.8). Note however, that setting Ay, A_
to zero is not a complete gauge fixing. Indeed, it is clear that the condition Ay = 0 is
invariant under chiral gauge transformations a = a(x™) and 8 = S(x_) which are in
the intersection of the gauge group and the KM symmetry group of the theory. Since
in the Ay = 0 gauge (2.20) reduces to (2.7) and (2.8), it follows that the residual

gauge transformations
g— agp! where o = a(zt) € N, and B=pB(")eN (2.21)

must leave (2.8) invariant. This can also be verified by using the standard transfor-

mation property of the currents J and J under KM transformations:
J = aJa t + k(0;a)a? and J— BIB + Kk(0_B)B7L. (2.22)

Note that these chiral gauge transformations (2.21) form the complete residual gauge
group of the gauge AL = 0.

From now on we stay in this gauge. Here we point out how the residual gauge
transformations (2.21) arise from the Hamiltonian point of view. To this and in the
rest of the paper we take the space of solutions, given by (2.11), of the WZNW theory
as our phase space. This is convenient here because of the left-right factorized form of
the general solution. The translation to the equivalent equal time canonical formalism
could be made by parametrizing the solutions by their initial data and expressing the
initial data in terms of the canonical varibles. To make this translation as easy as
possible, in this paper we use equal time Poisson brackets on the space of solutions.
After these remarks, let us observe that the KM Poisson brackets of those current
components which are to be constrained according to (2.8) vanish on the submanifold
of the phase space defined by (2.8) (constraint-surface), i.e. we are dealing with
first class constraints. Now first class constraints always generate such canonical
transformations which leave the constraint-surface invariant, and it is easy to see that

in our case these are naturally identified with the residual gauge transformations.



I1.2. Gauge Invariant Quantities

Clearly the Toda fields, ¢* in (2.9b), are not affected by the residual gauge
transformations (2.21). Assuming the validity of the Gauss decomposition, (2.9), the
Toda fields constitute a complete system of independent invariants with respect to
these transformations on the ‘constraint-surface’. In other words, Toda theory can be
identified, at least locally, with the constrained WZNW model modulo residual gauge
transformations. From now on we shall refer to the residual gauge transformations

(2.21-22) simply as gauge transformations.

It is important to note, that (2.9) is valid only in a neighbourhood of the identity
of G. As a consequence of this non-global nature of the Gauss decomposition, our
reduction can generate singular Toda solutions from perfectly regular WZNW ones.
This is the basis of one of the most important properties of the WZNW setting of Toda
theory, namely, that the physically allowed singularities of the Toda solutions are
precisely those which disappear by using the WZNW variables. We have shown this
in [12] in the special case of SL(2, R), by proving that the requirement that a Liouville
solution be obtained from a regular solution of the WZNW theory, is equivalent to
demanding that the associated energy-momentum tensor (2.4) be regular.

In Chapter V we shall show that this generalizes for a rank [ algebra where besides
the energy-momentum tensor there are [ — 1 additional ‘VV-densities’. In that case
the Toda solutions with regular YV-densities can be represented by regular WZNW
solutions, even if they appear singular in terms of the original local Toda variables
¢“. It can be argued that the singular classical solutions with regular WW-densities
correspond to an important sector of the quantized Toda theory. In the WZNW
context these solutions are clearly on the same footing as the manifestly regular
solutions. Thus the WZNW variables are the proper ones for Toda theories. However,
since we must still identify gauge-related WZNW fields, we are lead to study the

gauge-invariant quantities in the constrained WZNW theory.

The Toda fields ¢* are invariant, but they are only well-defined for WZNW

solutions in that neighbourhood of the identity where the Gauss-decomposition (2.9)



is valid. Of course one could cover G with a finite number of patches and introduce
locally regular Toda fields on them. These local fields would be related by some
group transformations on the intersections of these patches and together they would
define a global Toda field.

Fortunately there is a simpler and more direct way to find globally well-defined
quantities which reduce to the local Toda fields in the neighbourhood of the identity.
Consider some (d-dimensional) representation of G and choose a basis such that the
Cartan subalgebra is represented by diagonal matrices, and the Lie algebras of N
and N are represented by upper and lower triangular matrices, respectively. Then,
because o and 8 in (2.21) are upper and lower triangular matrices respectively, with
1’s in their diagonals, it follows that the lower-right sub-determinants

i --- Yid

D; = det : : (2.23)

9di -+ Ydd
of the matrix (g;;) are all gauge invariant quantities. It is also easy to see that in the
Gauss decomposable case the Toda fields ¢ can be recovered as linear combinations
of logarithms of the D;.
For example, let us consider A; and take G = SL(l + 1, R) in the defining repre-
sentation. Using the standard convention, in which H,, has 1 in its z¢-slot, —1 in
its (¢ + 1)(i + 1)-slot and 0’s elsewhere, for a Gauss decomposable g one obtains the
simple formula:

D; = e 3%i-1 where b = P* . (2.24)

The local Toda field ¢ indeed becomes singular where the Gauss-decomposition ceases
to be valid, that is where one of the sub-determinants D; changes sign.

In general the globally well-defined sub-determinants (2.23) yield an overcom-
plete system of invariants, but in each concrete case one can single out [ independent
ones. For example, for the defining representations of the classical groups, the last [
sub-determinants starting from gg44 suffice. They can be used as global variables for
the Toda theory, after imposing the constraints (2.8). Since these sub-determinants

are polynomial in the components of the basic WZNW field, g, they appear better



suited for quantizing Toda theories than the original Toda fields themselves.
For later use we note that beside the sub-determinants, which are fully gauge-
invariant polynomial quantities, there are other important quantities, which are linear
in g, but invariant under left (or right) gauge transformations only. These are simply
the elements of the last row (column) of g (and of g7, and gr in (2.11), respectively).
As the KM algebra plays a central role in WZNW theories, it is clear that gauge
invariant quantities formed out of the KM current J (and J ) will also be important
in the Toda theories. To illustrate this, we recall how the conformal invariance of
the Toda theory appears in the WZNW framework. Here we restrict ourselves to the
left-moving sector. It can be shown that there is a unique Virasoro algebra in the
semidirect product formed by the KM algebra and its associated Sugawara Virasoro
algebra, weakly commuting with the constraints (2.8). Since the residual gauge

transformations are generated by these constraints, the energy-momentum density

L=L°—-Tr(J'p) where L°= i Te(J%), p= % > H, (225)
acdt
giving rise to this Virasoro algebra, becomes gauge invariant on the constraint-surface.
It follows that L must generate the conformal symmetry of the constrained WZNW,
i.e. of Toda theory. (One can verify that, after imposing (2.8) and using the local co-
ordinates defined by the Gauss decomposition (2.9), L indeed reduces to the improved
energy-momentum tensor O, (2.4).) Note that p in (2.25) has the property:

0, Ey] = E, when ac A, (2.26)
and that the classical centre of the (Toda) Virasoro algebra is:
c=—12kTr(p?) , (2.27)

where k is the level of the underlying KM algebra.
We will see in Chapter 111 that, besides L, there are other gauge invariant polyno-
mial quantities formed out of the constrained KM current and its derivatives. These

objects will be referred to as gauge invariant differential polynomials.



A crucial property (we elaborate on this in Chapter III) of the gauge invariant differ-
ential polynomials is that they form a closed algebra under the KM Poisson bracket
operation. That is, the Poisson bracket of two gauge invariant differential polyno-
mials is again expressible in terms of gauge invariant differential polynomials and
-distributions. This means that if the quantities W* form a basis in the ring of

gauge invariant differential polynomials then we have:
{Wia), Wiy} = B/ W)s® (@t —y') (2.28)
k

where the P,zj are polynomials of the W*s and their derivatives. These Poisson
bracket relations generate a nonlinear algebra, reminiscent of a universal enveloping
algebra.

This nonlinear algebra of the gauge invariant differential polynomials always contains
the Virasoro algebra, hence it is a polynomial extension of it. This way one associates
an extended conformal algebra to every Kac-Moody algebra based on maximally non-
compact simple real Lie-algebras, for any level k. It turns out that this polynomial
algebra is always finitely generated, by I=rank(G) elements. In the literature these
algebras are referred to as classical WW-algebras.

The quantum analogues of these Poisson bracket algebras play an important
role in conformal field theory [4-9]. It has recently been realized [5-6] that quantum
W-algebras can be constructed by quantizing the so-called second Gelfand-Dickey
Poisson bracket algebra of pseudo-differential operators, which has been studied ear-
lier in the theory of integrable systems and is known to be isomorphic to the algebra
of gauge invariariant differential polynomials [10] mentioned above.

It is worth noting that the differential operators which provide the bridge be-
tween the original Gelfand-Dickey construction and the KM approach to VW-algebras
[10] (also constructed by an independent reasoning in [8]) appear naturally in our
framework. They are nothing but the operators defining the differential equations
satisfied by those (last row) components of gy, which are invariant under left gauge

transformations. These differential equations can be obtained as a consequence of



the obvious relation

(k04 —J)gr =0, (2.29)

where (2.29) is taken in the defining representation of the corresponding maximally
non-compact real Lie-algebra G (see Chapter V for more details).

In their review paper [10] Drinfeld and Sokolov studied the algebra of gauge
invariant differential polynomials by making use of the constrained KM algebra. We
shall see that exploiting the full (unconstrained) embedding KM algebra yields further

insight into the structure of classical W-algebras and leads to new results.



III. The W-Algebra

In this chapter we undertake a detailed analysis of the W-algebra introduced in
Chapter II. We first make the definition of the W-algebra more explicit. The basic
objects we are dealing with are gauge invariant differential polynomials, W*, defined
on the space P of the constrained KM currents (i. e. currents J satisfying (2.8)). The
Poisson brackets of the W* are obtained by first extending their domain to the whole
KM phase space, K, computing the Poisson brackets on K and then restricting to
P. The Poisson brackets on K depend on the chosen extension of the W*’s (denoted
by V~VZ), but their restrictions to P, which are again gauge invariant, do not. This
follows by using the standard properties of the Poisson bracket from the the first class
nature of the constraints, from the fact that the W*'s are invariant under the gauge
transformations generated by the constraints (and the assumption that the W' are
real analytic in a neighbourhood of P).

There is no reason to expect that a generic extension of the W*’s closes under the
Poisson bracket on K, but there is a trivial extension, which has the property that
the Poisson brackets of the W's not only close but have the same formal structure

on K ason P, i.e.
{Wia), Wi (y)} =Y B W) s® (@ —yh),
k

where the P,f;j 's are the ‘structure differential-polynomials’ (2.28) of the W-algebra.
This particular extension is constructed as follows. First one expands the general
KM current J € K in the Cartan-Weyl basis and notices that in P the upper trian-
gular and Cartan components vary freely, while the lower triangular components are
completely fixed by (2.8). The trivial extension W# of W is then defined to be the
one which simply does not depend on the lower triangular current components.
Every element W of the W-algebra generates canonical transformations on the

KM phase space by the formula

27
J = J+65J 5WJ:—/ da:la(a:){W(x),J},
0



where W (z) is any extension and a(z) is an arbitrary test function.
(Note that our equal-time Poisson brackets and spatial 0’s are in fact equivalent to
light-cone brackets and d’s. Prime everywhere means, even on ¢’s, ‘twice spatial-
derivative’ and this reduces to 9y on quantities, J(x), W*(z) and our test functions,
which depend on z = (2%, 21) through =™ only.)

Since the transformation 0,3 is canonical (preserves the KM-structure and hence
the co-adjoint orbits in K), it follows that it can be represented as a field dependent

KM transformation, i.e.
owd =0rJ = [R,J)+ kR,

where R(J) is some (J-dependent) element of the KM algebra. The transformation
0y transforms P into itself, and it in fact induces a transformation dj;, on the space
M of the gauge-orbits in P. The transformations dy; corresponding to different
extensions W of W differ on P only by (field dependent) gauge trans formations, and
thus the induced transformation dj;, do not depend on the extension (only on W).

Of course, the reduced phase space M carries its own Poisson bracket structure
which is inherited from the Poisson bracket structure of K, and is described by
the standard Dirac bracket formula if one parametrizes M with some section of the
gauge orbits in P (gauge choice). The induced WW-transformations d;;, are canonical
transformations on M with respect to this induced (Dirac) Poisson bracket.

In Section III.1. we introduce some convenient gauges (called DS gauges), which
will be used to show that the W-algebra has a finite (I-dimensional) basis and to
exhibit some particular bases W* (i = 1...1). The particular WW-generators W* will
be the gauge invariant extensions (from the gauge section to P) of those current
components (called DS currents) which survive the gauge fixing. Thus, in these
gauges the W-algebra appears as the Dirac bracket algebra of the DS currents. This
is the basic fact on which most of our results are based.

In Section III.2. we exhibit a conformal field basis of the W-algebra. In Section
III.3., working in a DS gauge, we shall present an algorithm for finding the field

dependent KM transformations which implement the induced W-transformations dy;, .



This algorithm is our main result since it enables us to calculate the action of the
W-algebra on any gauge invariant quantity. In the last section we deal with some

particular gauges which facilitate the study of some properties of the W-algebra.

II1.1. Drinfeld-Sokolov Gauges

In this section we recall the construction of a class of particularly convenient
gauges in which the properties of the W-algebra become apparent. This class of
gauges has been introduced first by Drinfeld and Sokolov [10], so we call them DS
gauges.

First we consider a special sl(2, R) subalgebra of G, S, which will play an im-
portant role in what follows. This subalgebra is spanned by the Cartan element p in

(2.25) and nilpotent generators Iy such that
I, I_]1=2p p, 1] =+1y . (3.1)

The step operators are explicitly given by

=YnE, L=Y"E, (3.20)

i=1 i=1 "
where
l
n el w=2Y K. (320
j=1

Note that since Tr(I_E,,) = rku’ any element of P, i.e. any current fulfilling the
constraints (2.8) (with p® = u*), has the form

J(@)=I_+> 0*(x)Ho+ Y (?(2)E,. (3.3)

aEA pEDT

The adjoint representation of G decomposes into & multiplets. Since p is an element

of the Cartan subalgebra of G the step operators are p-eigenstates,

[p, Ep] = h(p)E,, (3.4a)



where h(yp) is the height of the root ¢, i.e.

! !
h(p) = Zmi if ©= Zmia,-. (3.4b)
i=1 i=1
Let Gp, be the eigensubspace of p of eigenvalue h. If h # 0, then
dim G, = number of roots of height h. (3.5)

It can be shown [18, 10] that, if for 1 < h < hy (hy: height of the highest root )
np, = dim G, — dim Gp41 , O nw=10), (3.6)
h

is not zero, then h is an exponent of G with multiplicity ny,.

We recall the meaning of the exponents and their multiplicities [18]: The ring of
group invariant polynomial functions on G is generated by [ homogeneous elements
whose degrees are determined by the exponents, h. More precisely, there are exactly
ny independent generators of order A + 1. In other words, these generators define
a complete set of independent Casimir operators. We note that h = 1 and h = hy
are always exponents. The multiplicity of the exponents is always 1, except for Doy,
where there are 2 independent Casimirs of order 2.

Note that for (h > —1) I_ maps Gp41 into G, injectively, that is
dim I_(Ghy1) = dim Gpo1, (3.7)

where I_(Gp+1) = [I—-,Gr+1]. For any exponent, h, let V}, be a linear complement of

I_(Gpy1) in Gy, (dim Vi, = ny,) and let us also introduce the direct sum
V=P (dim V =1). (3.8)
h
We choose a basis F; (i =1...1) in V in such a way that

holds, where
l=hy <hy<---<hy=hy (3.90)



is the list of the exponents with possible multiplicities included (see Appendix A).
The basic fact we need is that any constrained current of the form (3.3) can be

uniquely gauge transformed into a current J(z) of the form
A~ l .
J(z) = A(z)J(2) A7 z) + kA () A (z) = I_ + Z W' (x)F; , (3.10)

and that the W(x) and the parameters a®(z) of the gauge transformation

A(z) = exp | Z a?(z)E,)
pEDT
are differential polynomials in the components of J(z). The proof of this statement
[10] is actually easy. Using the fact that the gauge transformations are generated by
upper triangular matrices, the inspection of (3.10) reveals that it is uniquely soluble
in purely algebraic steps for both W*(z) and a?(z) in terms of J(x).

Denote now by My the space, whose ‘points’ are currents of the form (3.10).
The previous statement tells us that My defines a complete gauge fixing. Moreover,
it also follows immediately that the components, W(z), of the unique intersection
point of My with the gauge orbit passing through J € P define gauge invariant
differential polynomials on P, which freely generate the WW-algebra. In other words,
the W*s form a basis in the algebra of gauge invariant differential polynomials.

On the other hand, a completely general element of the KM algebra K can be

expanded as

J(@) =) Ul@)Fi+ Y &P @)E_,+ > & (), Ey (3.11)

i=1 peEDPt pEDPT

and My is obtained by first constraining the £~ (z) by imposing (2.8) and then also
fixing the residual gauge freedom by setting the {¥(z) to zero. The current compo-
nents, U*(x), which are not affected by this two step restriction and the corresponding

gauge invariant differential polynomials, W(z), are related by

U (@) iary = W) 01y - (3.12)



However, it should be stressed that conceptually the U?(x) (linear functions on K)
and the W'(z) (gauge invariant differential polynomials on P) are very different
objects and must be carefully distinguished. To make this distinction even clearer
we introduce a separate name for the U*. From now on we shall refer to them as DS
currents. It will turn out that most of our results are a consequence of (3.12). For
example, this relation immediately implies that each differential polynomial W*(x)
contains a leading term, i.e. a term without derivatives. In Section IV.1. we shall
prove that the leading terms of any )W-basis are obtained by restricting Casimirs
from K to P.

Now we discuss how the W-algebra appears in a DS gauge. Clearly My inherits
a Poisson bracket structure from the embedding KM algebra. This induced Poisson

bracket structure is given by the familiar Dirac bracket formula [19]

(o) ={ro} = 2 [ [ ey {re@pasenlew.o) 519
aBe”’ 70

which is valid for two arbitrary phase space functions (f and g are functions on the
KM phase space but only their restriction to My really matters). In this formula the
£€“ are the current components to be constrained (cf. (3.11)), and Dyg(z,y) is the

inverse of
P (a,y) = {€ (@), € ) } . (3.14)

which satisfies

27
3 /0 Ay CP (2, y) Dgy (y, 2) = % (a1 —2") | (3.15)
Be®

for arbitrary o,y € ®. (Observe that the matrix-elements C*%, where o, 3 € &~ ,
vanish on P, while the submatrix C~*# («a, 8 € &%) is regular on My. Hence C*8
is also regular on My .)

Now the DS currents, U*(z), which survive the complete gauge fixing provide us with
coordinates for the phase space My . Thus the induced Poisson structure of My can
be described by specifying the Dirac brackets of the U?(x). The crucial point is that
the Dirac brackets of the DS currents satisfy

{Ui(a;),Uj(y)}*:{Wi(a;),wj(y)} on My (3.16)



as a consequence of (3.12). As discussed earlier the Poisson brackets of the W's are
in principle calculated by first extending them to K and then restricting the Poisson
brackets calculated on K to P. Because of the gauge invariance of the W*’s, this is
equivalent to calculating the Dirac brackets of the DS currents.
To summarize, we see that if the space of gauge orbits M is parametrized by the
gauge section My, then its Poisson bracket structure is naturally described by means
of the Dirac brackets of the DS currents, and that the W-algebra can in fact be
regarded as the Dirac bracket algebra of the DS currents. It will be demonstrated
in the rest of this chapter that the properties of the W-algebra are most effectively
studied by making use of the DS gauges.

The family of DS gauges is parametrized by the possible choices of the linear
space V in (3.8). It is easy to see that U'(x) ~ L(x) on My and therefore W!(z) ~

L(z) on the constraint-surface P, for any DS gauge.

II1.2. Conformal W-Generators

The energy-momentum density of the Toda theory, L in (2.25), generates the
action of the conformal group on the KM phase space. This conformal action operates

as
J—>J+(5LJ

opd = — /27T dz? a(x){ L(z), J} = (aJ) +kd" p+d [p,J], (3.17)
0

where J € K and a(z) is any test function. The main point of this section is the
observation that the W-generators associated to a certain DS gauge (highest weight
gauge) are primary fields with respect to this conformal action.

To demonstrate this it will be useful to describe the conformal action in terms
of field dependent KM transformations. Let R(J) be a KM algebra valued function
defined on the KM phase space. Then it generates an infinitesimal (field dependent)

KM transformation:

J—J+0rJ orJ = [R, J] + kR . (318)



Now it is not difficult to verify that the conformal action ¢z is implemented by the

field dependent KM transformation generated by the particular KM valued function
1 /.
Ry(a,J) = —aJ +d'p, (3.19a)
K

that is one has

orJ = 0Rr,J for any J. (3.190)

The conformal action (3.17) transforms the set of constrained KM currents, P,
into itself. Another crucial property of d1, is that on P it commutes (modulo gauge
transformations) with the action of the gauge transformations (2.22). Therefore
(3.17) induces a conformal action on the gauge equivalence classes of the constrained
currents, which amounts to an action on the set of gauge fixed currents, My, rep-
resenting those equivalence classes, for any choice of V. Our purpose below is to

describe this induced conformal action
J—J+01J, (J € My) (3.20)

operating on My .
In general J + 6rJ ¢ My, and therefore to determine 07 .J we must find the

compensating (unique) gauge transformation, » = r(a, J), such that
J+orJ+9,.J € My, for any J € My, (3.21a)
and then we have
0t J =65J +0,J =0pJ with R=R(a,J)=Ro(a,J)+r(a,J). (3.21b)

Before trying to determine r(a,.J) let us recall that 0] is a canonical trans-
formation on the reduced phase space My, generated by L by means of the Dirac

bracket:

5T = — /:ﬂ dr* a(a){L(x). 7} = —/OZF ara(@){U' @), 7} (3210



on My . Here the second equality holds provided we normalize the DS current U!
according to

Ul(z) = L(x) on My, (3.22a)

which corresponds to the following normalization of the basis vector F} :
TrFil_=k. (3.220)
With this normalization, as an obvious consequence of (3.16) and (3.21c), we have :
63 Ul = a(UY) 4 2d'U* — xTr(p?) o’ (3.23)

Next we want to determine the induced conformal transformation of the U? for

© > 2. First, for an arbitrary gauge fixed current

l

J(z)=1_+) U'(x)F; (3.24)
i=1
one easily sees that :
l . .
Orod = [a(U") + (hi + 1)a'U") F; + ka” (3.25)
i=1

where h; is the height of the Lie algebra element F; according to (3.9a). The last
term is ‘out of gauge’ so one indeed needs a ‘compensating’ gauge transformation.
In principle it is a purely algebraic problem to find r(a,.J), but in practice it is quite
hard to produce an explicit formula for the solution in an arbitrary DS gauge for an
arbitrary Lie algebra.

However, one can find a special gauge in which the form of r(a, J) is particularly
simple and the DS currents are primary with respect to the induced conformal action
(3.21). The construction is based on the si(2, R) subalgebra S introduced in the
previous section. Since the adjoint representation of G decomposes into S multiplets,
it is natural to consider the corresponding highest weight states, i.e those Lie algebra
elements which commute with 7. It is easy to see that the highest weight states in

G, span a natural complement of I_(Gp41). Chosing this particular complement in



the construction presented in III.1. we obtain a particular DS gauge, which we call
the highest weight gauge. By using the fact that the basis vectors F; of V in (3.8)

now satisfy the condition
F1N1+, [I+,Fi]:0, 1=2...1 s (326@)

one easily proves that in the case of the highest weight gauge the compensating gauge

transformation r(a, J) is given by the simple formula
1 1
r(a,J) = —gha I,. (3.260)
The corresponding conformal variation of the DS currents U? then turns out to be
U =a(U + (hy +1)d’U*  for i=2...1, (3.27)

i. e. they are indeed primary with respect to the induced conformal action (3.21).
Equivalently, one can say that the corresponding gauge invariant differential polyno-
mials, W, are primary with respect to the original conformal action (3.17) (restricted
to P). The conformal weights of the W*’s (U"’s) are (h; + 1), i.e. they are in one-to-
one correspondence with the orders of the independent Casimirs of G.

To summarize, we have proven that the generators W* (i = 2...1) defined by
the highest weight gauge, together with L = W1, constitute a natural, conformal
field basis of the W-algebra. This is one of our main results. As far as we know,
an algorithm to find a conformal YW-basis has not been known before in the general
case, although conformal VW-generators were explicitly exhibited for some particular
low dimensional examples [6] .

We now illustrate the idea of both the DS and the highest weight gauges on
the example of By = 0(3,2). We use the convention [20] in which this Lie algebra
consists of (5 x 5) matrices which are antisymmetric under reflection with respect to
the ‘second diagonal’. The Cartan subalgebra is spanned by the diagonal matrices
in Bs. In this convention the Lie algebras of N and N are represented by upper and

lower triangular matrices, respectively. In particular, the E,, for « € A have non-zero



entries only in the first slanted row above the diagonal. The Cartan element p in

(2.25) is then easily found to be
p = diag(2,1,0,—1,-2). (3.28q)

By a convenient choice of the parameters 7; in (3.2) we can choose the step operators

of S as

040 0 0 00 0 0 0

006 0 0 10 0 0 0
I,=l000 -6 0|, I_=|lo1 0 o0 o0 (3.28b)

000 0 -4 00 -1 0 0

000 0 0 00 0 -1 0

(Note that the value of the parameters 7; is irrelevant since they can be redefined by
rescaling the simple step-operators.) The elements of G;, are now those matrices in
B> that have non-zero entries h steps above the diagonal only. Before describing the
general DS gauge, we need to know the image I_(G3). In fact, an easy calculation

yields that I_(Gs) is the set of matrices of the form
0Oz 0 0 O

00 —z 0 0
00 0 =z 0 |. (3.29)
00 0 0 —g
00 0 0 0

Since dim Gy = 2, there is now a one parameter family of (one dimensional) linear
sub-spaces V7 of G; which are complementary to I_(Gz2) in G;. These are nothing

but the ‘lines’ spanned by the vectors of the form

0 p 0 0 0
0 0 k—p 0 0
0

F=F@E=]00 0 p-=x , (3.30)
00 0 0 —p
00 0 0 0

for any real p. Note that F; has been normalized according to (3.22b). (For the B;
algebras Tr means half of ordinary matrix trace in the defining representation.) The

general current in the ‘DS gauge of parameter p’ is written as

0 pUY 0 U? 0

1 0 qU! 0 ~U?

0 1 0 —qU! 0 . (3.31)
0 0 -1 0 —pU*t

0 0 0 -1 0

J(x)=1_+U'(z)F, + U*(z)F» =



where ¢ = k—p. We designate this set of gauge fixed currents as M. Observe that
for bp = 2k the matrix F; is proportional to I, so that this value of p corresponds
to the highest weight gauge.

It is not hard to calculate the compensating gauge transformation r(a,.J) in

(3.21) which cancels the last term in (3.25). The reader can check that the result is

00 yv2 y3 O
X 00 0 0 —ys
r(a,J) = —§/<ca"l+ +{0 0 0 0 -y |, (3.32a)
0 0 0 O 0
00 0 O 0
with
y2 = Aa"”’, ys = A[wa"" —a"U', X = k(2K — 5p), (3.320)

which reduces to (3.260) in the case of the highest weight gauge, as it should. The

corresponding conformal variation of U? on M, is given by:
6F U? = 4d'U? + a(U?) — A((ﬁ;—p)a'"Ul + k(a"UY) — ﬁ;za""'). (3.33)

Since U' generates the induced conformal action on M, through the Dirac bracket,
from (3.33), taking (3.16) also into account, we can read off the Poisson bracket of

W1 with W2 (restricted to P), which is now given as:

{(Whz), W2(y)} =3W2(2)'6(a" — y') + 4W3(2)d" (2" — y')
(3.34)
+ /\((p—lﬁ)(Wl(s)m . K(Wl(sl)// + fi2(5m”).

For A=0, that is for the heighest weight gauge, the corresponding W-generator,
W2, is a conformal primary field of weight 4. The generator W? = W(zp) associated
to any other DS gauge (of parameter p) transforms in a complicated, inhomogeneous

manner under the conformal action.

I1I1.3. KM Implementation of VW-Transformations

Here our purpose is to study the canonical transformations defined (as discussed

at the beginning of the chapter) by the W-algebra on the space of gauge orbits



M. For this we consider the transformation dy;, induced on M by the following

W-transformation 4,5, (acting originally on K) :

l 27
T 4657 5T = _Z/ dt a@){ Wi@), 7}, (339)
i=170

where the Wi(z) are some arbitrary extensions from P to K of the W-generators
Wt(x) associated to some DS gauge with gauge section My, and the a;(z) are ar-
bitrary test functions. We parametrize M by My and in this parametrization the

transformation 4y, is generated by means of the Dirac bracket according to
J = T+ 85T Sty J = —{Q(a, J), J} , (3.36a)

with

Qla,J) = Z /0 " gt a;(2)U*(z) , (3.36D)

where the U(x) are the corresponding DS currents. Similarly to the special case
of the induced conformal transformation 47 discussed in the preceeding section, the
induced W-transformation dy;, can be implemented by some field dependent KM
transformation R(a, J).

Of course, this KM implementation is in principle possible in any gauge, but
here we show that in the DS gauges there exists a simple, effective algorithm for
actually computing the KM valued function R(a,.J) which implements dj;,, i. e.
which satisfies

dpyd = 0rJ for any J e My . (3.37)

This is immediately translated into the action of the YW-algebra on itself, since in the
DS gauge the W*(x) reduce to the current components U?(z). An extra bonus of the
KM implementation is that the KM algebra acts also on the G-valued WZNW field

g(xT,27) and from that action we get:

dwg = ORrg that 1is {Q(a,J),g}* =—R(a,J) g, (3.38)

where ‘dot’ means ordinary matrix product. From this equation we can read off the

action of the W-algebra on the Toda fields, which are the sub-determinants of g.



In order to make the presentation more concrete, we consider as examples the
W-algebras of the rank 2 Lie algebras Ay, By and G5. The As example, which is the
simplest non-trivial case, is included for the purpose of illustration. The By example
has some non-trivial features which will motivate some developments in subsequent
sections. Finally, G2 (in Appendix B) illustrates the power of the method, since it
enables us to compute the very non-trivial structure polynomials of this W-algebra.

We start by presenting a general characterization of the tangential (gauge pre-
serving) KM transformations for an arbitrary DS gauge. First we pick a point,
Jo € My, and consider the tangential KM transformations at Jy. In other words,
we want to describe all elements R(.Jy) of the KM algebra, which map Jy € My into

My, i. e. we want to solve the condition that
J() + (SRJO = J() + [R, Jo] + h”,R/ is in Mv. (339)

To give the general solution of this condition, it turns out to be useful to supplement

the decompositions introduced in section III.1,
Gh =V ®I1_(Ghy1) » h>1 (3.40)

by similar ones for the subspaces G_j of G corresponding to the negative roots (cf.

(3.4)). Indeed, the decomposition we consider is induced by (3.40) as follows:
G hn=V_paU_,, for h>1, (3.41)
where V_j, is the transpose of Vj:
Vi = {vt lve Vh} , (3.42a)
and U_j, is the annihilator of V}, in G_; with respect to the scalar product Tr :
U_hz{ueg_h | Truv =0 VUEVh} : (3.42b)

(The transpose in (3.42a) can be defined abstractly by means of the Cartan-Weyl

basis as B, = E_,, H!, = H,, but in convenient conventions [20] it is the ordinary



matrix transpose.)
Having introduced the necessary definitions now we return to the study of (3.39) and

decompose the quantities entering this condition as follows:

R(z) = Y (un(@) + vn(@) + Y mla) | (3.430)

h>1 h>0
where u_p, v_, and y, are in the subspaces U_j, V_j, and G, respectively, and

Jo(@) =I1_+) v)(x) Spdo(@) =Y wn(), (3.43b)

h>1 h>1

where both vg and v, must be in V},. By analysing equation (3.39), one finds that
if Jo and all the v_p(x) are given, then the remaining components of R are uniquely
determined differential polynomials in terms of these. Furthermore, it follows that
the components of dz.Jy are differential polynomials of .Jy and v_j; as well. In fact,
the differential polynomials, R and dgJy, are linear in v_j(z), but in general non-
linear in Jy.
The above result provides us with a complete characterization of the tangential KM
transformations at the arbitrarily chosen gauge-fixed current Jy. To actually prove
this, one has to consider equation (3.39) height by height, starting from below, and
use the following two properties of our Lie algebra decomposition:
First, for h > 0, I_ maps Gy into Gj_1 in a one-to-one manner and this map is in
fact onto for those h which are not exponents. Second, for 1 < h < (hy — 1), I_
maps U_p onto G_j,_1 also in a one-to-one manner.
By using these properties of I_, it is not difficult to verify that condition (3.39)
is indeed uniquely soluble for R(Jy) and drJy by purely algebraic means at every
height, once Jy and the v_j are given, and that the solution is linear in v_y,.

Let us choose a basis {F ™'} in @, V_p, dual to the basis {F;} in €, V4

F?

Fi=_—_—1
Tr F, F!

(3.44a)
Since we assume that F; € V}, , the duality property (which we shall need later on)

TrFF~9 =57, (3.44b)



is automatic in almost all cases, i.e. for those basis vectors which correspond to
exponents h; # h; of multiplicity 1, and we can also ensure this by a choice in the case
of those 2 basis vectors which correspond to that exceptional exponent h = (20 — 1)

of Dy whose multiplicity is 2. Using this basis, we can now write R in (3.43) as

R = R(a, Jy) = Za, VF~ +Zu h( —I—th(x), (3.45)

h>1 h>0

where the a;(x) are arbitrary functions and the u_j and y, are differential polyno-
mials linear in the a;, but not necessarily in .Jy.

It is important to emphasize that, since Jy was arbitrary in the construction, this
equation defines an element R(a,J) of the KM algebra for any J and a;. According
to its construction, at any fixed .J € My this KM valued function R(a,.J) provides a
parametrization of the set of tangential KM transformations at J, by the [ arbitrary
real functions a;(x). Hence it is clear that by varying J and at the same time pro-
moting the parameters a; to functionals of J one can write in the form R(a(J),.J)
the most general field dependent, gauge-preserving KM transformation on My . So,
in particular, the field dependent KM transformation implementing the induced W-
transformation &y, (3.37) can also be written in this form with some functionals
a;(J).

The result we prove is that the above constructed KM valued function R(a,.J)
when considered for fixed (J-independent) a; and varying .J is the one which imple-
ments the induced WW-transformation 4y, according to (3.37) and (3.38).

This result means that we in effect replaced the task of finding the inverse of
the matrix C*?(z,y) (3.14) which enters the standard formula (3.13) of the Dirac
bracket, by the much easier (as will be clear from the examples) task of solving
equation (3.39).

To justify our claim we now show that

(G o) = {£,Q} (o) (3.46)

holds for an arbitrary real function f(.J), where R = R(a,J) is given by the above
construction, @ = Q(a,J) is the moment of the DS currents defined in (3.36b) and



Jo € My is arbitrary.

To this first we recall that any element Ry of the KM algebra defines a particular
(field independent) KM transformation dg, on the full KM phase space K, which is
an (infinitesimal) canonical transformation generated by means of the KM Poisson

bracket by the function:

27
(1) = [ ds T Ro(a)T(a) (3.47)
0
This means that the relation
Or, F'(J) = {F Qo}(J) (3.48)

is satisfied on the full KM phase space K, for any real function F'(J). The trick is
that now we take Ry to be R(a,.Jy) in (3.45) for fixed Jy and a. In this case we
know that at Jy the variation dg, respects the constraints defining My (R(a, Jo) was
constructed by requiring this) and therefore at .Jy the constraint-contributions drop

out from the Dirac-bracket of Q¢ (3.47) with any quantity. This way we derive

{F.Qo} () = {F.Q0} () (3.49)

On the other hand, it is easy to see that for Ry = R(a, Jy) the functions Qo(J) (3.47)
and Q(a, J) (3.360) differ on My only by a constant. This implies that they can be
interchanged on My under Dirac-bracket. Taking this into account we immediately
obtain (3.46) by combining (3.48) and (3.49) and by taking Fjp;, = fim, . This
finishes the proof.

We now illustrate on the simplest non-trivial example, A; = sl(3, R), how to
calculate the W-algebra by our algorithm. The W(As)-algebra is well known but it
is worth reconsidering it in the present framework as an illustration. We use again

the conventions of [20]. The Cartan element of the special sl(2, R) is represented by:

p = diag(1,0,—1). (3.50a)



Choosing 7y =72 =1 in (3.2) the remaining generators of S are given by:

I, = I = (3.500)

o O O
S O N
o NN O

o

=

(oW
o = O
o O
o O O

As in the By example, there is a one parameter family of DS gauges, and the

gauge fixed current in the ‘DS gauge of parameter p’ is written as

J(x) =1_+U(z)Fy + U?(z)Fy , (3.51)
where we can take
0 p 0 0 0 1
Fr,=F(p)=(0 0 k—p and F, =10 0 0 (3.52)
0 0 0 0 0 O

Here F} is normalized according to (3.22b). The highest weight gauge corresponds
to 2p =k, but here we choose to work in the ‘Wronskian gauge’ p =k, which is the
gauge usually considered in the literature [5-9] (the origin of the name ‘Wronskian
gauge’ will become clear in Chapter V).

Our aim is to find the explicit form of R(a,.J) in (3.45) in the Wronskian gauge.

In this case

0 0 0 000
F'=11 0 0 and  F2=[0 0 0], (3.53)
0 0 0 1 00

and U_; in (3.42b) now consists of matrices for which only ass is non-zero, while U_»

is trivial. The explicit form of R in (3.45) reads then as

Yo N Y2
R= R(a’b a2, J) = % (go - yO) gl ’ (354)
a2 U_1 —Y0

where the a; are arbitrary functions and the other entries are to be determined by
the condition that the variation dgJ must leave J ‘form invariant’. In our case this

means that dgJ must be of the form

0 kU osU?
spd=[R,JJ+xR =0 0o 0 |, (3.55)
0 0 0



since in the Wronskian gauge

kUL U?
J = 0
1

o] . (3.56)
0

S = O

As it follows from our general result, substituting (3.54) and (3.56) into (3.55) one
obtains a system of equations which is uniquely soluble in purely algebraic steps for
both the component functions u_;...ys of R and for the corresponding variation
of J. One has to consider (3.55) height by height, starting from below, and easily

obtains the following formulae for the components of R(a, J):

u_lzﬂ_,m’% y1 = a U + axU? — Ky,
K
Yo = aj + g[mUl — Kay), 1 = aaU? — Kgp, (3.57)
ai ..o ~
g0:2y0—a’1, yZZ;U +K,y/1

Before proceeding let us note that R(a2=0) implements the induced conformal

action in the Wronskian gauge, and in fact one can rewrite the above formula as
]‘ I~ ]‘ 1 124
R(ay,a2=0,J) = [;alJ +ayp] — m[§a1]+ + kai Fs] , (3.58)

which is consistent with (3.21) and (3.19a) describing the conformal action in general.

The variation of J under the KM transformation dz is found to be :

U =[x (U")' + 20" — 26a!
(3.59)
+ [2&2(U2)/ —+ ?,a’2U2 _ K2(a2U1)” + K;Ba/z///]

and

0U? =[ar(U?) + 3a}U” + *a{U" — K*al"]

2 2
+ az[KIZ(UZ)// + gﬁgUl(Ul)/ . g%4([]1)///]

2
+ a/2[§K3(U1)2 + 2!{,2(U2)/ . 2!{,4(U1)”]

4 2
—26tal(UY) — §f§4a’2"U1 + §f§5a’2”” .
Now by combining equations (3.36) and (3.37), it follows that

(3.60)

=Y [ atas){ v, 06} (361

j=1,2



holds, so from (3.59) and (3.60) one can read off the Dirac brackets of the DS currents,
yielding immediately the Poisson brackets of Wl and W2 according to (3.16). (See
section IV.1.)

Observe that the W?2 generator associated to the Wronskian gauge is not a

primary field with respect to W' = L. However, it is easy to see that the combination

1452

W2 — ?(Wl)’ (3.62)

defines a primary field of weight 3. By investigating the transformation rules be-
tween the W-bases corresponding to different DS gauges one can prove that (3.62) is
precisely the W-generator associated to the highest weight gauge.

Note also that in this example the components of R(a, J) in (3.57) are only linear
functions of the current components, and as a consequence dg.J is at most quadratic
in J, which implies that the Poisson brackets of the W-generators are also (at most)
quadratic polynomials. This is not always the case, as can be seen e.g. in the example
of Bs.

We now illustrate the action of the WW-generators on the components of the
matrix-valued field g(z™, x7) on this example. All we have to do is to use the results
(3.57) for (3.54) and substitute it into (3.38).

Let us discuss the conformal transformations first. For this case, we find:

a

61915 = arg1i + (a1U" — kal)ga; + (;le — k2ay)gs; (3.63a)
a

0192; = ;1911 — Kaj g3 (3.63b)
a

0193i = ;lgzz' — a1 93 - (3.63¢)

To simplify (3.63) we can make use of the relation between the currents and the

matrix-valued fields, (2.6). In this example this gives
92i = KOY; g1 = K0, (3.64)

where 1); = g3; and @ = 0/9xT. (2.6) also gives a differential equation satisfied by 1;
(see Chapter V), which we will not explicitly use here. Using (3.64), (3.63c¢) simplifies
to

019 = a10v¢; — a/ﬂbi ) (3-65)



which tells us that v; is a primary field with conformal spin —1, whereas the remaining
equations in (3.63) describe the conformal transformation properties of the secondary
fields (3.64).

We now turn to the genuine W-transformation generated by U2. Using (3.64)

again, we find

2
O2¢)i = aa(K20% — %ﬁUl)@b ahO; + 267 s (3.66)

(3.66) can be thought of as the transformation rule for a ‘W—primary’ field under the
W2-transformation (for the Ay W-algebra).

For the algebra B; we have derived the conformal action in Section III.2. Thus
it only remains to determine the canonical transformation generated by W2 to know
the complete set of transformations generated by the W-algebra in this case, from
which we can of course again (as for As) read off the W-relations themselves. By
applying the algorithm presented above one finds after lengthy but straightforward

calculations that
2

{U2($), U2(y)}* _ %Z[farl—l(l,) + f2i+1(y)] 5(2i+1)($1 - yl) - h”,5P (5(7)(1}1 - yl)

i=0
(3.67)
on M,, where
F1=QiU%" +QU'U% + Q3(UH" + QiU (U
+ QWY+ Qs(U’ 568
3.68
=QIU? + Q3UN + Q3UY’, FP= QU
P=p*+(p—q)° and g=r—p.
Here Q°, Q¢ are polynomials of the parameter p, given explicitly as follows:
k
Q1 = — 2K%p Q3 =8p* — 16kp + 4k> Q3 =2x"[P + 2pq]
, ) y (3.69a)
Q1 =2 (3p — q) Q3 =— 26" 2P + 3pg] Qg =2(q + x)pq”
— #(q+ K)*P — 2r%(2q + K)pq
° =26%[(q + k)P + ripq]
(3.690)

Qi =2r%(q + k)P + 2k%(q + 2K)pq

Qs =k[3¢% + 4rq + 262]P + 2K (q + 2K)pq



Observe that unlike for the As-model, there is now also a cubic term, (U')? in F!.
The coefficient @} of this single cubic term vanishes in the special cases when p = 0,
k or p = 2k. In other words, the By W-algebra is given by quadratic relations in
that W-bases which are associated to the particular DS gauges of parameter p = 0,
k or p = 2k. These ‘quadratic gauges’ could be useful in the quantization of the W-
algebra, since normal ordering is more complicated when the order of the polynomials
involved gets larger. In contrast, the conformal properties are hidden in these gauges
and are not as transparent as in the highest weight gauge (which belongs to 5p = 2k

in the By example ).

I11.4. Other Convenient Gauges

In the previous sections we have discussed the DS type gauges and have shown
that choosing a DS gauge naturally leads to a corresponding choice of basis for the
W-algebra, by relating the VV-generators to the non-vanishing current components in
that gauge. The highest weight gauge plays a particular role because the correspond-
ing W-generators are conformal primary fields (with the exception of the conformal
generator W1). In the examples of As and Bs (C3) we have shown that it is pos-
sible to choose such DS gauges in which the generating relations of the WW-algebra
are quadratic. These gauges are also important because the quadratic closure of the
algebra simplifies the quantization. In this section we show that such gauges exist
for the algebras A;, B; and C;. We will see in the next chapter that they are not

available for the rest of the Lie algebras.

We start by considering A;, i.e. sl(l + 1, R) and will use the defining represen-
tation. Here (and also for B;, C; and D; later) we shall use the conventions [20] in
which the positive and negative step-operators are upper and lower triangular matri-
ces, respectively, and the elements of the Cartan subalgebra are diagonal matrices.

For simplicity, now we choose all 7; in (3.2) to be equal to 1, and then the matrix I_



reads

0 0 0 0 0
100 0 0
010 ...00

I_ = Lo . (3.70)
000 ... 00
000 ... 10

The elements of G, are matrices with non-zero entries only in the slanted row A steps
above the diagonal. The image I_(Gp+1) (for A > 0) consists of those matrices in G,
for which the sum of the matrix elements is zero. Fixing a DS gauge means chosing
a single matrix in G, for which the sum of the matrix elements is different from zero.

The simplest choice yields the ‘Wronskian’ gauge defined by

o Ut ... U
0 0 ... 0

J=I_+]. . - (3.71)
0 0 ... 0

This gauge is a special example of the more general block gauges for which

. 0 U
J—I_+j—I_+<0 0) (3.72)

and U is a p x ¢ block (p+ ¢ = [+ 1) containing the [ DS currents. The ‘Wronskian’
gauge is the special case when p=1 and ¢=I[. In general these ‘block’ gauges are not
unique: we are still free to distribute the DS currents in a number of different ways
along the intersections of the slanted rows with the block.

Now we are going to show that the W-algebra closes quadratically in any of
these ‘block’ gauges. According to the results developed in the previous section, we
can derive the WW-relations by determining the field dependent KM transformation
R(a,J) in (3.45) which implements the induced W-transformations on My . To this

first we rewrite the defining equation (3.39) of R(a,J) in the form
R, I_]+ kR = 6J + 4, R]. (3.73)

Now, since we know that the unique solution of (3.73) for R = R(a,J) and d.J is

linear in the infinitesimal parameters of the transformation, i.e. in the functions a;



introduced in (3.45), and polynomial in the given gauge fixed current I_ + j, we can

expand both R and §.J in powers of the DS currents (j):

R=Ry+Ry+Ry+---

(3.74)
5 = (60)0 + (0J)1 + (6J)a + -+
and solve (3.73) perturbatively:
(R, I_]+ &R, = (0J)m + [J, Rm—1] m=0,1,2... (3.75)

Since in the ‘block’ gauge both J and §.J are upper triangular in the block sense:

j:<8 g) 51':(8 55) (3.76)

if we write out (3.73) in ‘block’ components it is not difficult to see that the first

order solution must be of the form

Ry = <6‘ g) , (3.77)

where the p x p block A and the ¢ x ¢ block C' are further restricted by
Api=0 for i <p-—1 and Cii=0 for 1>2 (3.78)

and that the second order solution is of the form

0 D . . :
R2:<0 0) W]th Dilszj:07 22172,_,p; j:172"'Q' (3.79)

For the ‘block’ gauges the expansion stops here and, by the results of III.3., this
implies that the algebra of the W-generators corresponding to any DS gauge from
the family of block gauges closes quadratically indeed.

Note that the ‘Wronskian’ gauge is special since D = 0 in this case and thus the
KM transformation R = R(a, j) is only linear in the DS currents. The algebra is still
quadratic, since

(0J)2 = [R1, j]. (3.80)

For the other matrix algebras, B; and Cj, one can define analogous ‘block’ gauges

by embedding them into appropriate A-type algebras.



For C; ~ sp(2l, R) we can use the 2/-dimensional defining representation. We
write the C} matrices in terms of four [ x [ square blocks. In this notation the

symplectic metric is given by

G = <_0€ 8) , (3.81)

where the only nonvanishing entries of ¢ are in the second diagonal (the diagonal from
bottom-left to top-right), and these entries are all 1. The elements of the Lie-algebra
are represented by matrices of the form

K:(é _BA> where B=B C=C (3.82)

and ~ means reflection with respect to the second diagonal.
Positive (negative) step-operators are again upper (lower) triangular matrices
and elements of the Cartan subalgebra are diagonal. By a convenient choice of the

(irrelevant) parameters 7;, I_ is now given by the 2 x 2] matrix:

000 ... 0 0
100 ... 00
010 ... 00

I_ = Lo . (3.83)
000 ... 0 0
000 ... -10

It has [ 1 entries and (I — 1) (—1)’s.

The ‘block’ gauges, in which the algebra closes quadratically are characterized by

J:I_+<8 g) (3.84)

where U = U and it has non-vanishing components along every second slanted row,
corresponding to the exponents of this algebra.

Finally, for B; ~ so(l+1,1) we take the (2/41)-dimensional vector representation.
In a 3 x 3 block matrix notation corresponding to the partition /4141 the Lorentzian

metric is

(3.85)

Q
I
n oo
o= o
con



and the elements of the Lie-algebra are of the form

A X B ) )
K=[Y" 0 -X' where B=-B, (C=-C. (3.86)
cC -Y -A

The matrix I_ is again similar to (3.83) but it is now a (2 +1) x (2/ + 1) matrix
and has [ upper entries 1 and [ lower entries (—1). The ‘block’ gauges for this algebra

are defined by

0 =z b
J=I_+10 0 —a'], (3.87)
0 0 0
where b = —b and the DS currents are again distributed along every second slanted

rOW.
An other convenient gauge is what we will call the diagonal gauge. It is defined

by

J(z) =I_+) 0;(x)H;. (3.88)

(Here we choose the {H;} to form an orthonormal basis for the Cartan subalgebra.)
Note that this is a new type of gauge fixing, not a member of the family of the DS
gauges, but it will turn out to be very useful in applications and it is most useful in
the quantum theory. Before we start discussing the gauge choice (3.88) in detail, we
mention two difficulties connected with it. We will illustrate these difficulties on the
simplest example, sl(2, R).

In this case the gauged fixed current in the diagonal gauge is parametrized by a

single real field 0(x):
6 0
Jdiag = < 1 _9) (389)

and it is easy to see that the transformation from the ‘Wronskian’ gauge

TWion = ((1) U?) (3.90)

to the diagonal gauge amounts to solving the Riccati equation

0? — k' = U. (3.91)



Now, if we require all fields to be periodic and integrate the Riccati equation over the

period, the derivative term drops out and we see that (3.91) has no solution unless
2

/U(x)dxl > 0. (3.92)
0
In other words, the diagonal gauge can only be reached from that part of the phase

space where (3.92) is satisfied.

A related difficulty is that when the Riccati equation can be solved, its solution
is not unique, it in fact has two independent solutions. (For an arbitrary Lie algebra,
the number of independent solutions of the analogous equations is equal to the order
of the Weyl-group.)

However, note that when available the diagonal gauge is locally well-defined
(the ambiguities mentioned above correspond to finite gauge transformations) and
therefore the corresponding Dirac brackets are also well-defined. Since the WW-algebra
is determined by polynomial relations, its structure can be analysed by restricting the
considerations to that part of the phase space where the diagonal gauge is available
and we will see that this is often convenient.

Expanding the general KM current, .J, in the Cartan-Weyl basis as

!
J= Y ¢¥E_,+) 0;H;+ Y (YE,, (3.93)
1

ped+ 1= pedDT

the set of constraints defining the diagonal gauge can naturally be divided into two

X = <§> (3.94)

The diagonal gauge is defined by constraining the £~% by imposing the original

parts:

constraints (2.8) and, in addition, setting the (¥ to 0. Since on the corresponding

constraint surface

{£&,61=0 and {¢.¢} =0, (3.95)

the C' operator, whose inverse enters the formula for the Dirac bracket can schemat-

ically be written as

C =[x}~ (_(19 fg) , (3.96)



where B = {{,(}. Now the Dirac bracket of any two quantities u and v takes the

form
{u,v}* = {u, v} + {u,} BTH{(, v} — {u, (}BTHE, v} (3.97)

The important property of the diagonal fields #;(z) that makes the diagonal gauge

extremely simple is that they (weakly) commute with the additional constraints (¥ :

{0i(z), ¢} =~ 0. (3.98)

Because of (3.98), the Dirac bracket of two diagonal currents is the same as their

original KM Poisson bracket:

{0:(2),0;(y)}* = {0:(2),0;(y)} = Kdy;0" (=" —y"). (3.99)

In other words, the diagonal components of the current are a set of free fields. There-
fore in the diagonal gauge the W-generators are given as differential polynomials in
free fields and these differential polynomials are simply obtained by restricting the
full (gauge-invariant) differential polynomials to the ‘diagonal currents’ of the form
(3.88). This free-field representation of the WW-generators is called the Miura trans-

formation and has been used to quantize the theory [5].



IV.1. Leading Terms and Casimir Algebra

We have already seen that any DS gauge defines a basis of the W-algebra, and
that there is a one-to-one correspondence between the conformal weights of the W-
generators associated to the highest weight gauge (or the scale dimensions of the W-
generators associated to any DS gauge) and the orders of the independent Casimirs of
the underlying simple Lie algebra. In this section we shall elaborate on this connection
further, by showing that the leading terms of the W-generators (i.e. terms without
any derivatives) are always Casimirs (restricted to P). Then we demonstrate that
the Casimirs themselves form a polynomial algebra under the Poisson bracket, which
is a truncated version of the full W-algebra. This Casimir algebra, in its quantum
version, has been studied in [15].

We shall denote the leading terms of the VW-generators, W7, by Wg . Since these
leading terms contain no derivatives, they are invariant under rigid gauge transfor-

mations, that is
Wi(JA =wl(J) for AeN,  where J4=AJA™!

for any constrained current (J € P). On the other hand, an arbitrary Casimir C7 is
a group-invariant polynomial, that is for any KM current J and an arbitrary B € G
one has

Ci(JP)=0CI(J)  where JB=BJB7'.

First we want to show that the leading terms of the WW-generators are restricted

Casimirs, or in other words that
Wi(J)=C'(J) JeP (4.1)

for some C7.

To this we shall use the theorem of Chevalley from the theory of invariant poly-
nomials [18], which we now recall. This theorem states that there is a one-to-one
correspondence between the Casimirs and the Weyl-invariant polynomials on the

Cartan subalgebra, and that the correspondence is simply given by restriction. That



is, first, if CV(J) is an arbitrary group invariant polynomial (Casimir) on G, then its
restriction to the Cartan subalgebra, C7(H), is a Weyl-invariant polynomial. (We
shall denote the Cartan subalgebra by H and the restriction of any function to H by
an overbar.) Conversely, from any given Weyl-invariant polynomial on #, a corre-
sponding full group invariant can be reconstructed in a unique way.

For later use we also recall that the uniqueness of the reconstruction is proven
by ‘diagonalization’. First note that for any Lie algebra element J in the compact

form of G there exists a group element g € G that ‘diagonalizes’ J:
J9=gJg ' =H(J)eH.

(The use of the compact form is justified here since the problem is purely algebraic.)

Using the group invariance of the Casimir C7 we see that
CI(J) = C7(J9) = C7(H(J)) = C?(H(J]))

so C7 determines the full Casimir C7 uniquely indeed.

By using Chevalley’s theorem (4.1) will follow if we can prove that the restric-
tion of W (J) to currents J in the diagonal gauge (cf. (3.88)) is a Weyl-invariant
polynomial of the Cartan components of J. To this we only have to show that for any
‘diagonal’ constrained current .J it is possible to find such rigid gauge transformations
A € N, whose action on the Cartan components 6; of J coincides with the action of
the Weyl-group on the 6;.

To show this, let us choose a simple root «j; and consider the action of the

following finite gauge transformation:
A=e® with a=wk,, (4.2a)
on a constrained current J € P:
J — J@D =¢Je™ = J +[a,J] + 3[a,[a, J]] + - - -, (4.2b)

where w is an arbitrary real parameter. Parametrizing the constrained current J € P

in the following way:

l l
J=1_ + ZQZHO“ + ZCzEal + ZC@E¢7
=1 1=1 ©



where ¢ runs over the set of positive non-simple roots, we find (remember that 7_ is

given by (3.2)) that the components of J transform under (4.2) as
Hz(a) = 91 + wéika

a 2w
(Y =¢- —|25z'k > (g, 00)0; — w?diger
i

[e%

C&“) =Cp + Z Wpj(w)¢s + Z Py (W)Cpr
J @’

where the precise form of the coefficients ¥,; and @, is irrelevant for our purpose.

Now we fix J € P and choose the parameter w to be

2
w= —m zj:(aj,ak)ej ,
so that the set of components ((;,(,) transforms homogeneously:
(V=G = D WGt Y R
J @’
which implies that the transformation (4.2) applied to the ‘diagonal’ current

I
Jdiag =1_+ ZgiHai

i=1
takes it into another current which is also in the diagonal gauge. Moreover, with this

choice of w the action of the gauge transformation A = e® (4.2a) on the the Cartan

components #; of this particular diagonal current is:
(a) 2
J

which is precisely the same as the effect of the Weyl-reflection corresponding to the
simple root «j on the Cartan components 6; would be. This implies that every
Weyl-transformation of the Cartan components of the diagonal currents can indeed
be implemented by rigid gauge transformations. (Since the Weyl-group is not a
subgroup of N, the particular rigid gauge transformation A which ‘implements’ a

given Weyl-transformation on the components ; of a ‘diagonal’ current Jgj.g must



depend on the particular current on which it acts, and it is really field-dependent
according to the above construction.) Since the leading term Wg is invariant under
rigid gauge transformations, it follows that its restriction V_Vg to the diagonal gauge is
a Weyl-invariant polynomial of the current components 6;. Chevalley’s theorem then
tells us that Wg is the restriction of a uniquely determined Casimir C7 to the diagonal
currents (note that I_ has no contribution in C7(Jgag) because of the neutrality of
the group invariant C7). To finish the proof of (4.1) one has to show that the leading
term Wg itself is the restriction of the same Casimir C? to P. This last step follows
from the fact that Wg and the restriction of C7 to P are the same (namely V_Vg )
when restricted to ‘diagonal’ currents, since an N-invariant on P can uniquely be
reconstructed from its Weyl-invariant restriction to the space of diagonal currents.
(The uniqueness of this reconstruction can be shown by an argument similar to the
one that was used in the case of the Chevalley theorem.)

It is not hard to see that the Casimirs {C7} corresponding to the leading terms
of a W-basis {W7} form a basis in the ring of group-invariant polynomials. (It is
enough to prove this for a W-basis constructed by means of some DS gauge, but
in this case these [ Casimirs are independent even if restricted to the gauge section
My, where they simply coincide with the [ DS currents {U7}.) So we can associate
a Casimir basis to any W-basis. On the other hand, it is also possible to choose
some convenient basis for the Casimirs first, and then construct a VW-basis in such a
way that the leading terms of the VW-generators are the given set of Casimirs. For

example, for the case of A; we can choose the Casimirs as:

) 1 .
CﬂzmTrJHl, j=1,2...1 (4.3)

Then we can define W-generators corresponding to these Casimirs by the formula:

Wi = Trjj+1,

J+1

where

J=AJA !y gA AL



is the representative of the gauge orbit of the constrained current J € P in some
particular DS gauge. (Remember that both J € My and the gauge transformation
A are uniquely determined by J € P.) It follows that we have

Wi— it L Tr(J +wATTA)ITE = L g , o (4.4)

j+1 j+1 j+1

that is the leading terms of the W/ are indeed the Casimirs C7. It is also easy to
see that the {W7} associated by this method to a set of independent Casimirs form
a basis of W-algebra. (The W-generators associated to a given Casimir by means of

different DS gauges differ in their derivative, non-leading terms.)

In the SL(3, R) example, choosing the ‘Wronskian’ gauge

(0 Wt w2
J=11 0 0
0 1 0
we have
Wh=1TrJ? and W2 =1Tr.J% (4.5)

By using the results of Section II1.3 on the A2 example we can derive the relations
(W), W(y)} =k(WY) (2)6 + 26W(2)d" — 2K36"
{(Wh(z), W2(y)} =26(W?) ()0 + 3sW?(z)d’
— KW (z)8]" + k6"
(4.6)
{W?(2), W2 ()} =sl3(WH)' W + (W?)" — 352 (W)"](2)9
+ K[2(W1)?2 + 26(W?) — 262(W1)"](2)d’
— 263 (W (2)8" — 21x3W(2)0" + 250",
where § = §(z! — y!) and z° = y°. On the other hand, it is not difficult to verify
that the corresponding Casimirs
Ct=1TrJ?> and C?*=1TrJ? (4.7)
satisfy the following algebra under Poisson bracket:
{C(x),C (y)} = K(CH)(2)6 + 26C*(x)d’
{CY(x),C%(y)} = 2k(C?)(x)0 + 3kC?(z)d (4.8)
{C%(x), C*(y)} = K[3(CY) CH(2)d + £[3(C)*|(2)d"



which is nothing but the leading term (in &) of the full W-algebra for SL(3, R).
In fact we will show that in general, if the W-generators W* and W/ satisfy

{Wia), Wi(y)} =Y fAW)(@)6W (2" -yt
A

where the ‘structure functions’ f4(W) are differential polynomials in {7}, then the

corresponding Casimirs C* and C satisfy the simplified (truncated) algebra
{C*(@),C7 ()} = f3(C)(@)d" + f1(C) ()9 (4.9a)

where f} and f) are the leading terms of f! and f° in the number of derivatives,
which are 0 and 1 respectively.

To show this, let us first note that from the form of the KM Poisson brackets
and group invariance of the Casimirs it already follows that the commutator (4.9a)

must be of the form
{C'(x),C7(y)} = g (J) ()0 + g7 (J, J") ()3 (4.90)

with some group-invariant functions g& and ¢9. (¢¢ is polynomial in J, but linear in

J'.) Now we have to demonstrate that
90(J) = fo(C(7)  and  g{(J,J) = f{(C(])). (4.10)

We will make use of the diagonal gauge and the Chevalley theorem once more. In

the diagonal gauge the leading terms of W* and C* coincide and therefore we have
go(H) = fo(C(H))  and  §(H,H') = f{(C(H)). (4.11)

Now applying the Chevalley theorem to g3, the first equation in (4.10) follows from
the first one in (4.11). Before one is able to apply the theorem also to g%, one first has
to generalize it for the case of operators containing one derivative. This is possible
and the proof is basically the same as for operators without any derivatives. Let us

define the group invariant §9(J, J') by

gi(J, ") = [L(C(T)) + 01(, T').



From the second equation in (4.11) we see that 69(H, H') vanishes, but then the full

69(J,J') must vanish too since
01(J,J") = 8L (H(J), (J')9) = 81(H(J), (H')?) = 61 (H(J), (H')?) = 0

where the second step follows from the neutrality of the group-invariant §9.

This way we have shown that the set of Casimirs closes to form a polynomial
algebra under the Poisson bracket and that this algebra is a truncated version of a
corresponding W-algebra. Since the completely local Casimirs {C*} are more elemen-
tary objects than the {W*} which contain derivatives as well, one can ask whether
the closure of the Casimir algebra can be shown without any reference to the more
complicated W-algebra. In other words, one has to show that (4.9a) holds with some
functions f§ and fP. It is trivial that g§ in (4.9b) depends on J only through the
Casimirs, since this merely expresses the fact that the {C*} form a basis for the
completely local group-invariants.

To show that ¢? is also a function of the Casimirs we go to the diagonal gauge

again. In this gauge the restriction of g9 must be of the form
O(H,H') = Z A, (4.12)

where the {6;} are coordinates with respect to some basis in the Cartan subalgebra
and the coefficients {A4;} can be considered as an [-component vector in the Cartan

subalgebra and can be expanded as
0CI (H)
simply because the [ vectors {0C7/90;} are linearly independent. (This is the analytic

expression of the fact that the [ invariants {C7} are functionally independent.)

Substituting (4.13) into (4.12) we find

V(H, H') = ZBW 0; = Zhﬂ B;[CI(H)]'




and we see that the coefficients B; must be Weyl-invariants:
l
91HH Zh 1 B; ( ))[CJ( )]

Now using the generalized Chevalley theorem for ¢¢ again we have

BT = 3 B O]

After this digression we return to the question of the quadratic closure of the W-
algebra. We have shown in the previous section that the WW-algebras for A;, B; and
C are quadratic in a suitable chosen basis. As an application of the relation between
the W-algebras and the algebras of the corresponding Casimirs we now prove that
no such basis exists for D; and the exceptional algebras. In fact we show this for the
Casimir algebras, from which the analogous result for the W-algebras immediately
follows.

Let Cr be the highest order Casimir, of order H (see Appendix A), and let us

consider the Poisson bracket of C'y with itself:
{CH(2),Cr(y)} =Ta2n—2(C)(2)0" + 45y _5(C)()0. (4.14)

(Here the two structure functions are not independent of each other due to the
antisymmetry of the Poisson bracket.) The structure function I'agy_2(C) is a Casimir
of order (2H — 2) and by inspecting the list of group-invariants for the case of the
exceptional groups it is easy to see that it can never be expressed as a quadratic
function of the basic Casimirs {C7} for these groups.

The situation for D; is more complicated. Here we can show that the set of

Casimirs {Ct,C?,...,C'} defined by

det(1 — /pJ) =1-) p"C" (4.15)

where the determinant is taken in the 2/-dimensional vector representation of Dy,

form a quadratic algebra under Poisson bracket. (This is actually the same algebra



as formed by the corresponding Casimirs of the B; and Cj groups.) However, as is well
known, (4.15) is not a correct choice of basic Casimirs for D;, the latter is given by
the set {C1,C?%,...,C""1;C, = \/@} By introducing the ‘spinorial’ invariant C,,,
we destroy the quadratic property of the algebra. We find that I'y;_g, the structure
function in the commutator of two highest Casimirs C*~1 is given by (see Appendix

C)

Ty = —126(C,)2C' =3 — 4xC'=1C1 2 (4.16)

which is indeed cubic for [ > 3.

IV.2. Explicit Casimir Algebras

In IV.1 we have shown that the Casimir operators, C", form a closed, polynomial
algebra under Poisson bracket, which is a truncated version of the WW-algebra. These
Casimir algebras are interesting in their own right and they are also useful for studying
the related W-algebras. In this subsection we exhibit their structure in some detail.

First, it is obvious that the Casimirs are conformal primary fields with respect to
the Sugawara energy-momentum tensor. Next we want to determine the non-trivial
Poisson bracket relations describing this algebra. What we are actually going to
calculate is the Poisson bracket of the generating polynomials

!

A(p, ) = det (1 = pJ(z)) =1- Y p"+'C"(x (4.17a)

n=1
and

B(p,x) = det (1 — /pJ(x)) =1 - Z ee: (4.17D)

for the [ independent Casimirs C!, ..., C! of the A; and B; (C)) algebras respectively.
One first observes that the overcomplete set of group invariant polynomials
1

Q" (z) = ETI«J"(Q;) n=23,... (4.18)



which are related to the [ independent Casimirs C™ via
_ 1 d”
0"12———ep( ZuQ)Iu o, for A,

1 d»
C'"=—— — exp(—ZZuTQ2r>|M:0, for By, (Y,
’ r=1
satisfy the Poisson brackets (see Appendix C)

[Q"(@),Q" (W)} =x|(p—2) Q" = L Q" Q" |(2) ¢

. (4.19)
Frm =1 @) - 5 Q@Y @)9

where § stands for 6(z! — y') as before, p = n+m, ¢ = (n—1)(m—1) and N
is the dimension of the defining representation. Note in particular that for the B
and C' algebras both n and m must be even integers (since for odd n the Q™ vanish
identically) and as a consequence the quadratic terms on the right hand side of (4.19)
are automatically absent.

However, formula (4.19) is only the first step in finding the explicit Casimir

algebras. For example, in the case of A5 one obtains
4 K 4 !
3 3 _ 4 F2n2) s B 4 F2n2
[Q%@), Q) = n(4Q" = Q%Q?) ' + S (40" - 5Q%Q?) 6

and only after expressing Q% in terms of the independent Casimirs Q? and Q3 via
2Q* = (Q%)? does one find the result (4.8) (note that Q% = C! and Q3 = C? there).
More generally, if one computes the Poisson brackets of the highest Casimirs for
an algebra of rank [, one has to use the characteristic polynomial O(l/2) times to
express the right hand side of (4.19) in terms of the independent Casimirs. Clearly
this method becomes soon cumbersome and another algorithm is needed.

As a first step to calculate the Poisson bracket of the generating polynomial

(with itself) we expand its logarithm:
logdet (1 — pJ(z Z pQ" (x (4.20)

and use (4.19) to calculate the Poisson bracket of logdet(1 — u.J). This allows then

for the computation of the Poisson brackets of the determinant. After some algebra



one finds that this Poisson bracket can be reexpressed in terms of the determinant
and its derivatives. For the details of the derivation we refer the reader to Appendix
C. The final results are:

A; algebras:

{A(p, ), A(v,y)} =kp?r? (ﬁ(a,, —9,) — Hilaua,,) A(p,z)A(v, z) 8’

+/4;,u2V2<(8,, —8N); !

= - H—13u8v> A(p, )0 A(v, ) §

kU2

+ DR (A(p,, )0, A(v, ) — A(v, a:)@wA(,u,x)> d,

(4.21)
By, C; algebras:
{B(u, ), B(v,y)} =4kpw

(v0y, — pd,) B(p, z)B(v, ) 6

U—v

1
+ dkpv (v, — ,u@u)ﬁ (B(p,, z)0,B(v, x)) J

+ 2%#1/% (B(p, x)0,B(v,z) — B(v, x)()mB(,u,a:)) J.
8 (4.22)
The algebra of the Casimirs can now be computed by inserting the expansions (4.17)
into both sides of (4.21) resp. (4.22) and comparing coefficients in the resulting
polynomials in g and v. One sees, in particular, that with respect to the Casimirs
defined by the determinant the algebras close always quadratically.

For example, for the highest Casimirs of A;, [ > 2 one obtains

[C'(@),C ()} = kau(@)8’ + Sai(w)
) (4.23)
a; = —2Cl0l_29(l - 3) + H—I(Cl_l)Z

and for the highest Casimirs of B; and C; with [ > 2 one finds
/
(CY(x),Cl(y)} = —4kCIO15 — zﬁ(olc’—l) 5. (4.24)

The corresponding results for the lower Casimirs are presented in Appendix C.



V. Differential and Pseudo-Differential Operators and Toda Fields

The aim of this last chapter is to demonstrate that the differential and pseudo-
differential operators studied in [10], and taken as a starting point for the quantization
of W-algebra in [5], arise naturally in our framework. These operators appear in the
differential equations satisfied by the gauge-invariant components of the WZNW field.

Let us recall that the solution of the field equations for the group-valued field g
is
") gr(z7) (5.1)
with

gror =J and 9r'9r=J (5.2)

and where the currents J and J are subject to the constraints (2.8). (In this chapter
prime means 2k0/0z'.) We will consider the simplest case, SL(n,R) first, and
concentrate on the left-moving part of the theory. (We omit the subscript L.)

In order to reconstruct the group-valued field g(z) from the current J(z ™) (sat-

isfying the constraints (2.8)), one has to solve the set of linear differential equations
g=Jg. (5.3)

Obviously this is a separate set of equations for each column-vector of the matrix g,

which are of the form

glli gi1i
glzi . g2

==+ |- (5.4)
Ini ni

Solving (5.4) is the simplest in the ‘Wronskian’ gauge, (3.71). In this gauge one can

easily express all components of g in terms of the bottom components, g,;, denoted
by ;: ,
In—1)i = ¥;

1

9(n—2)i — Vi

g1i = %(n_l)



leading to a single n*M-order differential equation satisfied by ;:

n—1
P = 3 Uiy, (5.6)
j=1
The group-valued field g can now be built from the n independent solutions of (5.6):
n—1 n—1 n—1
(gl
g = :, :/ :, (5.7)
U1 R
Y1 Y2 . Yn

where the set of solutions {1;} must satisfy the Wronskian constraint (hence the
name of the gauge):

detg =1 (5.8)

in order that the matrix g be an element of the group SL(n, R).

We note that if the DS currents {U7} are regular functions then so are the solu-
tions {1;} of the generalized Schréodinger equation (5.6). By combining g7, given by
(5.7) with the similarly constructed right-moving solution gg, the resulting WZNW
field g(z*,27) is also regular, as are the globally defined Toda fields, being sub-
determinants of the latter (according to (2.23)). Furthermore, if the ¥V-generators
corresponding to a given (say, the ‘Wronskian’) DS gauge are given by regular func-
tions for a Toda solution, then by this procedure one can always construct a regular
WZNW representative of that Toda solution, whether or not the solution appears to
be regular in terms of the traditional local Toda variables, ¢®.

We also remark that once the solutions of the ‘right handed’ analogue of (5.6),
{xi}, are known, then as a consequence of (2.24) and (5.1), the Toda fields can be
expressed in terms of the {¢}’s and the {x}’s as follows:

e~ 3Pn-1 _ D,=1-x
e"3% 2 =D, | = det (W . X,/ v X)
Yox' Pex
=W xX)W-x) - @@ X) (5.9)

1 W "N X
e~ 2Pn-3 — D,,_o = det ¢/ . X// ¢/ . X/ 'Qb, X
ve-x" oYX Yex

= (0 X)W X))+



where

w-x=Zwi-xi, w’-x=Zwé-xi, (5.10)

and so on. In fact equation (5.9) was the starting point of the analysis of Toda
theory in [8]. Without going into details we note that the above results can easily be
generalized for the B; and Cj series.

So far we have studied (5.4) in a definite DS gauge. Let us now try to solve
it for g without gauge-fixing the current .J. It is easy to see that starting from the
bottom row, it is always possible to eliminate all higher components of g succesively,
even without any gauge fixing. This elimination leads to a differential equation of
the form:

n—1
DMy = 0™y — Y WIJ (zH)]0" 1y = 0. (5.11)
j=1

Here 0 = k0/0z™T and the coefficient functions {W7} are automatically obtained as
some differential polynomials in the current components. Moreover, they are gauge
invariant, since the original equation (5.3) was gauge-covariant and the bottom com-
ponents g,; = 1; are gauge-invariant (with respect to left-moving upper triangular
gauge transformations). This implies that the W7’s in (5.11) are nothing but the W-
generators associated to the ‘Wronskian’ gauge, since they reduce to the DS currents
{U7} in this gauge.

To summarize, if the W-densities associated to a DS gauge (here the ‘Wronskian’
gauge) are known, then one can reconstruct the corresponding WZNW solution by
solving (5.2) for g = g1, -gr in that DS gauge. In the reconstruction procedure one ob-
tains a higher order differential equation (here (5.6)) satisfied by the gauge-invariant
(bottom row) components of g, (and an analogous equation for the last column of
gr)- The same equation can also be derived from (5.4) by elimination without any
gauge fixing. Since the resulting differential equation is gauge-invariant, one can read
off the explicit formula of the YW-generators corresponding to the given DS gauge by
comparing the coefficients in the differential equations obtained with and without
gauge-fixing. By a similar argument, one can also establish the transformation rules

relating the YW-bases corresponding to different DS gauges.



The elimination is also simple in the diagonal gauge. In this gauge

6, 0 ... 0
0 6 ... O
J=1. . . | (5.12)
0O 0 ... 6,
and the differential operator takes the form
DA = (9 —01)(0—03)...(0 —0y). (5.13)

By rearranging this product as a sum corresponding to (5.11), one can read off the
expression of the WW-generators in this gauge. Note that the diagonal fields (5.12)
are not independent, because 61 + 03 + --- + #,, = 0. This is the original form of
the Miura transformation [21] and the operator (5.13) is the starting point for the
Lukyanov-Fateev free-field construction of quantized W-algebra [5].

The derivation of the gauge-invariant higher order differential operators and the
reconstruction of the matrix valued field g from the constrained currents (or from
Wh-generators) proceeds analogously for the Lie-algebras B,, and C,,. The resulting
gauge-invariant differential operators are of order (2n + 1) and (2n), respectively,
according to the dimensions of the defining representations. Due to the restric-
tions (3.86) and (3.82), the differential operators PP and D) are (formally) anti-
selfadjoint and selfadjoint, respectively. Without going into details, we give these

operators in the factorized form corresponding to the diagonal gauge:
DB = (0—0,)(0—02)...(0—0,)00+0,)...(0+02)(0+61) (5.14a)
DO =(0—0)(0—02)...(0—0,)(0+0,)...(0+0:)(D+6,)  (5.14b)
Here the 0;’s are independent free fields.
The case of the algebras D,, is more complicated. As an example, let us consider

D3 first. We use the 6-dimensional vector representation and go to the diagonal

gauge, where (with a convenient choice of the 7;)

6 0 0 0 0 0

1 62 0 0 0 0

B o 1 6 0 0 o0
J=I_+j= 0 1 0 -6 o0 0 (5.15)

0 0 -1 -1 =6 O

0o 0 0 0 -1 -0



If we write out (5.4) in components we have (suppressing the index 7):

95 = —(0+01)g6 (5.16a)
93+ g2 = —(0 + 02)g5 (5.16b)
92 = (04 03)g4 (5.16¢)

92 = (0 — 03)g3 (5.16d)

91 = (0 —02)g2 (5.16¢)
0=(9—61)0 (5.16f)

From (5.16) we see that the elimination is blocked here after the second step, since
the combination g3 — g4 never occurs on the left hand side. On the other hand, its

derivative can be expressed, combining (5.16¢) and (5.16d):

9(93 — 9a) = 03(93 + 94). (5.17)

One can go on with the elimination by integrating (5.17) (formally) using the ‘anti-
derivation’ symbol 9~ !:
(g3 — 94) = 07 '03(g3 + ga)- (5.18)
One then finds:
DP) = (8= 01)(0 — 02)(0 — 0507 05) (0 + 02)(D + 01)
= (0 —01)(0 — 02)(0 — 03)071(0 + 03) (9 + 02) (0 + 01).

(5.19)

Similarly, by performing the elimination in the (2n)-dimensional vector representa-

tion, one can associate a pseudo-differential operator to any D,, algebra:
DP) = (0 —0.)(0—03)...(0 —0,)0 LD+ 0,)...(0+ 02)(d+ 61). (5.20)

This not only shows that it is impossible to obtain a differential operator for D,, in
the vector representation, but from the example of D3 ~ A3 we also see that the type
of pseudo-differential operator depends on the representation in which (5.4) is taken.
(For D3 there is an ordinary differential operator corresponding to the 4-dimensional

representation, but this is the spinor of Dj.)



For the case of A,,, B, and C,, what makes the elimination simple is that the
matrix I_ (see (3.70) and (3.83)) has non-zero entries immediately below the diagonal
and only there. Since I_ is the negative step-operator of the special sl(2, R) subal-
gebra § introduced in section I1I.1, this fact means that the defining representations
of these algebras are still irreducible with respect to this sl(2, R) subalgebra.

For D,,, the vector representation is reducible with respect to S with branching
2n = (2n — 1) 4+ 1. This is why one has a pseudo-differential, rather than a differen-
tial, operator after eliminating the higher components from the system of first order
differential equations (5.4). (The spinor representations of D,, are even worse from
this point of view, except for n = 3.)

Turning to the exceptional algebras, we find that the 7-dimensional represen-
tation of G5 is irreducible with respect to & and therefore the elimination for Go
will result in a 7" order differential operator (see Appendix B). The corresponding
branching rule for Fy is [22] 26=17+9, so in this case we have a pseudo-differential
operator, containing one integration.

Finally, for Fg, E7 and Eg the branching rules are [22]:
Eg : 21=174+9+1
Er:  56=28+18+ 10 (5.21)

Eg: 248 =059+47+39+35+27+23+15+3

and therefore in these cases the elimination leads to pseudo-differential operators,

containing 2, 2 and 7 integrations, respectively.



VI. Conclusions

In this paper we have shown that extended conformal algebras, W-algebras arise
naturally in the constrained WZNW formulation of Toda field theories. Our main

results are the following:

We have given an ambidextrous generalization of the usual gauged WZNW mod-
els to derive Toda theories. Using the embedding WZNW phase space, we have shown
how to implement the action of the W-algebra generators as certain field dependent
Kac-Moody transformations. This led us to a powerful algorithm to calculate the
W-algebra relations. Using this algorithm we calculated the so far unknown Poisson

bracket algebra of W(G3) explicitly.

We exhibited a particular basis where all the VW-generators are conformal pri-
mary fields. We have also shown that for the A, B, C' series there is always a basis in
which the W-algebra closes quadratically, and that is not true for the rest of the sim-
ple Lie-algebras. Finally we have proved that the leading terms of the YW-generators
(i.e. terms without derivatives) are restricted Casimir operators. We exhibited the
Casimir algebra relations in detail for the A, B and C' series and have given a general

proof of closure of their Poisson bracket algebra for any simple Lie algebra.

As found in [15] the quantum version of the Casimir algebra does not close
in general (it has been shown to close for SU(3) only when the level is equal to
one) hence it is natural to ask whether an extension of the WW-generators to the full
Kac-Moody phase space (in the sense discussed in the introduction of Chapter IIT)
exists, with the full, unrestricted Casimirs as leading terms. If one could find such
an extension it would make possible to associate a representation of the VW-algebra
in terms of unrestricted Kac-Moody generators to any Kac-Moody algebra. As such
an extension would also be a deformation of the Casimir algebra, it could possibly
survive quantization. This problem is certainly very interesting as it would also
clarify the origin of W-algebras, without making reference to any particular model.
A detailed investigation of such deformations of the Casimir algebras is outside the

scope of this paper. After some preliminary investigation of the problem we found



that at least for As one cannot extend the W-algebra to the whole phase space of
the (chiral) Kac-Moody currents, at least with the assumption of the W*’s being
differential polynomials with unresticted Casimirs as leading terms.

However by giving up the polynomial nature of the W*s we have found such
an extension of the generators of the W-algebra for As. In fact this result can be

generalized for an arbitrary A,, algebra. This problem is under investigation.
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Appendix A: Conventions

Here we give our conventions and present some formulae which are used in the paper.

Space-time and Poisson brackets:

1
Mo =—m1 =1, aF= 5(110 tao'), dr=00+0 . (A.1)

We use equal time Poisson brackets and spatial d-distributions. At fixed z:° all quanti-
ties are supposed to be periodic with period 27. Prime means ‘twice spatial derivative’
everywhere, even on Dirac ¢’s. Note that this is equal to 04 on quantities depending
on x through =% only.

Conformal primary fields:

The left-moving conformal transformations are generated by the conserved moments

Q. :/0 ' dzta(z)L(z) (A.2)

of the Virasoro density L(z) = ©44 (), for any periodic test function a(z) for which

0_a(z) = 0. A conformal primary field ¥ of left conformal weight A transforms as
0L¥)(y) = —{Qa, ¥(y)} = a(y)9+ ¥ (y) + A - ¥(y) Dyaly) . (A.3)
If 0_W¥ = 0 then this is eqivalent to
{L(@), U(y)baomyo = A U(2) 8" (@' —y') + (A = 1) - (040(x)) d(z" —y'). (A4)

Lie algebras:

Let G, be a complex simple Lie algebra, ® the set of roots with respect to some Cartan
subalgebra, and A a set of simple roots. There is a Cartan element H,, associated to

every ¢ € ® and the Cartan matrix K,g is given as

. 2
Kop = oHg) = 2|Oé|zﬁ = %Tr (Ha - Hg) a,BeEN, (A.5)

where Tr is the usual matrix trace multiplied by an appropriate normalization con-

stant, which ensures that |0¢10ng|2 = 2. For example, for the defining representations



of the orthogonal Lie algebras B; and D; this normalization constant is %, and it is
1 for the defining representations of A; and C;. For any positive root a € ®* we

choose step operators F, so that we have

2

H,=[E,,E_,] Tr (Ey - Eg) = W(Sa’_ﬂ Tr (Ey-Hpg) =0 (A.6)

for a, p € @, and also
[Ha,Eﬂ] = KﬂaEg , for a,BbeA. (A?)

In our Cartan-Weyl basis H, (o € A), Ey, (¢ € @) all the structure constants of
G. are real numbers. Throughout the paper we use the mazimally non-compact real
form G of G. for which the Cartan decomposition is valid without complexification.
We in fact take G to be the real span of the Cartan-Weyl basis of G.. The maximally
non-compact real forms of A;, By, C; and D; are (up to isomorphism) sl(l + 1, R),
so(l,l + 1, R), sp(2l, R) and so(l,l, R), respectively.

The exponents of the simple Lie algebras are listed in the following table:

Algebra Exponents
Ay 1,2...,1
By 1,3,...,20 -1
G 1,3,...,20 -1
D 1,3...,20-3;1—-1
Go 1,5
Fy 1,5,7,11
Eg 1,4,5,7,8,11
Ey 1,5,7,9,11,13,17
Es 1,7,11,13,17,19,23, 29

Kac-Moody algebras:

We denote the space of G-valued left-moving currents by K. The KM Poisson brackets

of the components of J(z) = J*(x)T, are given as:
{J9(@), J* (1) baomyo = F2T(2)d (2" — ") + mg®*8' (2 —y") (A.8)

where the f2° are the structure constants, the KM level k is —47k, and Lie algebra

indices are raised and lowered by using the metric

Gap = Tr(Ty, - Tp) . (A.9)



Appendix B: G, W-algebra

In this Appendix, as a nontrivial example, we compute the Poisson-bracket re-
lations of the W-algebra corresponding to G2 explicitly, using the tangential Kac-
Moody method introduced in III.3.

We will work in the 7-dimensional representation of G and choose the following

matrix representation for the two simple step operators:

00000 0 O 0 1 0 O 0 0 O
0 01 00 0 O 0 0 0 O 0 0 O
00000 0 O 0 0 0 v2 0 0 O
E,=10 0 0 0 0 0 O Eg=10 0 0 0 —v2 0 0 |. (B1Y)
0 0000 —1 0 0 0 0 O 0 0 O
00 0O0O 0 0 O 0 0 0 O 0 0 -1
0000 0 0 O 0 0 0 O 0 0 O
Choosing 7, = 15 = 1, the generators of the special sl(2, R) subalgebra are
1
I_=E,+E;, I,=10E,+6Es p= 5[@, 1] (B.2)

where p is a diagonal matrix with diagonal elements 3,2, 1,0, —1, —2, —3, respectively.

Since there is no ‘quadratic’ gauge for G5, the only distinguished gauge is the
‘highest weight” DS gauge and we will work in this gauge. We denote the two DS
fields by L and Z, which are the coefficients of %Lr and the step operator for the

highest root, respectively:

0 3L 0 0 0 Z 0
1 0 5L 0 0 0 -z
0 1 0 3vaL 0 0 0

J=|o o vz o -=3smL o 0 |. (B.3)
0 0 0 —3 0 5L 0
00 0 0 ~1 0 —3L
00 0 0 0 -1 0

On the other hand, a general Lie algebra element can be parametrized as

H, A B v2C D E 0

aq H2 A2 —\/§B C 0 —F
b a9 H3 \/§A1 0 —C -D
R=|vic —v3b via, 0 —v3A; vaB —viC |, (B.4)
d c 0 —Vv2a1 —Hg —A2 -B
€ 0 —C \/§b —a —H2 —A1

0 —e —d —V2c —b —a; —H;



where H1 = H2 + Hg.

Now we have to solve the equation

5J = [R,J]+ kR’

(B.5)

for the variations 0L, 0Z parametrizing §.J in terms of the independent parameters

of R, which are the parameter e and a certain linear combination of a; and as, which

correspond to the variations generated by Z and L, respectively.

Let us discuss the conformal variation first. Using (3.22b), we see that the

properly normalized conformal generator is

14
A= —L.
K

The conformal variations, generated by the conformal ‘charge’

27
Qo :/ deta(z)A ()
0
(through Dirac-brackets) are obtained by solving (B.5) with

e=20 and a; = as — —q.
K

We find:
{Aa Qa}* - 5aA = CYA/ + 2O!IA — 14/43&”’

{Z,Qu}" =0aZ =aZ'+6d'Z.

From (B.9) we see that the central charge of the Virasoro algebra is

c— —168k

and that the field Z is a conformal primary field with conformal spin 6.

The only nontrivial WW-transformation is generated by

2T
Qe = / dzte(r)Z(z).
0
The corresponding variations can be found by solving (B.5) now with

e#0 and 9a1 + bas = 0.

(B.6)

(B.7)

(B.10)

(B.11)

(B.12)



After a lengthy computation we find
{Z,Q.} =0.Z

1 . ,
168 K,lle(ll) + 12; KJZH_ eQ )(2z+1) + 6(2Z+1)Q2i+1]}7 (Bl?))

where

Q1 = —4576L%Z — 756k°L" Z — 1850Kk2L'Z' — 860k>LZ" — 74k*Z""
+230400L° + 407392k2L3L" + 1514056Kx%L* (L) 4+ 111956K*L2L""

+ 1010254k LL'L"" 4 7976376 *L(L")? + 1648812x*(L/)2L" + 21196x°LL®)
495117

+ 138201R°L'L"" + B6443LR°LV L + ==

(L'")? +2073k8L®),

Q3 = 124007 + 120k*Z" — 168608 L* — 184316K>L2L" — 457655k>L(L’)?

— 34870K*LL" — 157520k L' L"" — 124443k*(L")? — 3410x5L®),

Qs = —527 + 30580L°3 + 17226K2LL" +

42
%’7%2 (L/)Z + 1683"{,4[//”,

Q7 = —2046 L% — 396K>L",

Qo = 55L.
Note that it is a nontrivial check on our result for 6.7 that it can be written in
the form (B.13), which follows from the antisymmetry of the {Z, Z}* Dirac-bracket
hidden in {Z, Q.}*.
Finally, by introducing an orthonormal basis { H1, H2} in the Cartan subalgebra
defined by

3
[EaaE};] = \/iHl [EﬁaEE] = -

3
T+ ot (B.14)

and going to the diagonal gauge where
J=1_+6,H{+ 0,H, (B.15)

we can easily write down the 7*P-order differential operator discussed in Chapter V:

()——ﬁ——z /i——l ——1 /4;——1 —|——1
b2 (0 \/692)( o \/692 \/591)( o \/692 \/591) B.16
-(3)(3+1 1 )(8+1 1 )(8+2 0s). (510
RO \/6 \/5 " \/6 \/é " \/6



Appendix C: Explicit Casimir Calculations

In this appendix we present the arguments leading to the Poisson brackets (4.21)
and (4.22). We then use these results to derive explicit formulae for the Poisson
brackets of the Casimirs C™ as defined in (4.17).

First we need the Poisson brackets of the group invariant objects, Q™, defined in

(4.18). We observe that due to the invariance of the trace under cyclic permutations
Faved Tt (JOTC) = Tr(J" [, Tb]> - Tr<J"+1Tb . J"TbJ> —0, (C.1)
the Poisson brackets of the Q™’s are given by
{Q"(@). Q"(9)} = RgaTe(J" 7T (Te(/" 7 T7) (@) 8 + Te(J™ 711" (2)3), (C-2)
where the argument of § and ¢’ is (z! — y'). Now by using the identity
J" = Te(J"T,)T% + % Q, (C.3)

valid for the A, B and C series, we find

9 Tr(J™T*) Te(J™T?) = (n+m) Q"™ — % Q Q™
gabTI'(JnTa) TI‘(Jme)/ _ m(Qn—i—m)/ o % Qn(Qm)/ .
Together with (C.2) this leads to the Poisson brackets (4.19).

Now we are ready to calculate the Poisson brackets for the generating function

for the A; algebras
f(p, z) = logdet (1 - ,uJ(x)). (C.4)

By using the power expansion (4.20) and the Poisson brackets (4.19) one arrives at

lma) frpy=r 3w ((-2Q72 = £ Q"Q" ") (@)’

(C.5)
Y0 (m=1)(Q2) = LQMHQ™TY ) (@))

where p =m+n and ¢ = (n—1)(m—1).



The sums quadratic in the Q™ are readily expressed in terms of f and its derivatives
and we turn to the more difficult task of expressing the two remaining sums linear
in the Q™ in terms of f.

In the first sum

Yo =2 =) (p-2)(w)E QP Y (/)

n,m>2 p>4 mAn=p

we insert the identity
-3 3—p

p—3 3
Z gr-m @ o'

a—1/a
n+m=p

and then the remaining sum over p can be written in terms of f and its derivatives

as
2.,2
}:@—2m%me2:£{i(@f—@J) (C.6)

In the second nontrivial sum in (C.5)

we insert
m—1) " "M = -  — ) | [ —
Z( ) (0 —1/)? v )a—l/a
and the remaining sum over p can again be written in terms of f and its derivatives
as
2,2 2,2

S m— D (@) = 00,1 + 0, (1) - w). (1)

p—v (k=)

Finally, using (C.6) and (C.7) in (C.5) yields

{f(:u7$)7f(y7 V)} = Kﬂzl/Z(ﬁ[auf - 8uf] - %8;1][81/][) 6/

2017 (0) — F(n)] — -0 0:0,7 )5

+ kplv? (L(‘?m&,f + _
p—v (h—v) )

From this equation one immediately obtains the Poisson brackets (4.21) of the gen-

erating polynomial A(u,z) = exp(f(u,x)) for the A-series.



The Poisson brackets for the generating polynomial of the B and C series can
be calculated in a similar manner. The only difference is that instead of formulae
(C.6) and (C.7) one needs the identities

S 20— D Q0D = (10,9 — o) (C.9)

n,m>1

and

1
§ : . n,m n2(p—1) _ — e _
(2m ]‘)lu v Q P - 2/J”/(,U—l/)2 g v

n,m>1

to derive the Poisson brackets (4.22). (Here g(u,z) = log B(p, x).)
The Poisson brackets of the generating polynomials contain all information about
the Casimir algebra. For example, by using the expansion (4.17a) in (4.21) one

obtains for A;
1
{Ck(x),C*(y)} = wag(z)d' (z* — y*) + ima;c(x)(S(a:l —yY , k=1,2..1, (C.11)

where

k
ap = 2kO(1+1 — 2K)C?** =1 1 0(k —2) - k(1 — = 1)(Ck—1)2
k—3 ' .
—20(k—3) > 0(1—i—k)(i+1)CrCF2
1=0

and by using the expansion (4.17b) in (4.22) one obtains for the B; and C; algebras

{Ck(x),C*(y)} = kbg(x)d (' — y*) + %/ﬁ;b;c(x)(S(a:l —yY , k=1,2..10, (C.12)

where
k—2 ' .
b = 4(2k — )O(1+ 1= 2k)C* 1 —40(k —2) > 0(1 — i — k)(2i + )CFH 71,
1=0

In particular, for the highest Casimirs the Poisson brackets simplify to (4.23) and
(4.24).
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