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Abstract: We consider supersymmetric quantum mechanical systems in arbitrary di-
mensions on curved spaces with nontrivial gauge fields. The square of the Dirac operator
serves as Hamiltonian. We derive a relation between the number of supercharges that
exist and restrictions on the geometry of the underlying spaces as well as the admissible
gauge field configurations. From the superalgebra with two or more real supercharges we
infer the existence of integrability conditions and obtain a corresponding superpotential.
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1 Introduction

Supersymmetry is a crucial ingredient in many attempts to unify the interactions con-
tained in the standard model of particle physics. It softens the ultraviolet divergences
and offers the hope of resolving the hierarchy problem. It arises naturally in low-energy

*A.Kirchberg@tpi.uni-jena.de, J.D.LaengeQtpi.uni-jena.de, A.Wipf@tpi.uni-jena.de



limits of string theory. Supersymmetric models are easier to solve than their non-
supersymmetric counterparts, since they are more strongly constrained by the higher
degree of symmetries.

In recent years we have seen a renewed interest in nonperturbative aspects of strongly
interacting supersymmetric theories. This is mainly due to the Seiberg- Witten solution
for the low-energy effective action of N'=2 super-Yang-Mills theory [1] and the Mal-
dacena conjecture stating that N' = 4 super-conformal SU(N,)-gauge theories arising
on parallel D3-branes are in the limit of large 't Hooft coupling and large N. dual to
supergravity theories on an AdSs-background [2]. Despite of these striking results there
is still a long way to go towards a better understanding of nonperturbative effects in
supersymmetric theories with less supersymmetries and finite N.. In particular, since
low-energy physics is manifestly not supersymmetric, it is necessary that this symme-
try is broken at some energy scale. As issues of supersymmetry breaking are difficult
to address in perturbation theory, one is motivated to study supersymmetric models
on a spacetime lattice. Unfortunately, supersymmetry is explicitly broken by most dis-
cretization procedures, and it is a nontrivial problem to recover supersymmetry in the
continuum limit. However, there are discretizations with nonlocal interaction terms for
which supersymmetry is manifestly realized [3]. Alternatively, for some models one can
discretize space — but not time — such that a subalgebra of the supersymmetry algebra
which determines spectral properties of the super-Hamiltonian remains intact [4].

Every supersymmetric field theory on a spatial lattice may be reinterpreted as a higher-
dimensional supersymmetric quantum mechanical system. The first studies of such sys-
tems go back to Nicolai [5] and have been extended by Witten in his work on supersym-
metry breaking [6, 7, 8]. Soon after that, de Crombrugghe and Rittenberg [9] presented
a very general analysis of supersymmetric Hamiltonians. Over the years, it has been
demonstrated that supersymmetry is a useful technique to construct exact solutions in
quantum mechanics [10]. For example, all ordinary Schridinger equations with shape
invariant potentials can be solved algebraically with the methods of supersymmetry. On
the other hand, apparently different quantum systems may be related by supersymmetry,
and this relation may shed new light on the physics of the two systems. For example,
the hydrogen atom (its Hamiltonian, angular momentum and Runge-Lenz vector) can
be supersymmetrized. The corresponding theory contains both the proton-electron and
the proton-positron system as subsectors [11].

The present work contains the first part of our attempt to better understand supersym-
metric field theories on spatial lattices. Here, we will analyze properties of quantum
mechanical systems. In a forthcoming publication, our results will be related to Wess-
Zumino models on such lattices. This paper is organized as follows: In Section 2 we
recall supersymmetric quantum mechanics with N/ supersymmetries. The main empha-
sis is on the algebraic structure of such systems. In the following section we give explicit
realizations of systems with one, two or more supersymmetries. They are based on the
Dirac operator in external gauge and gravitational fields. We shall see that for certain
background fields there are A/ inequivalent ways to take the square root of —$2. At the



same time —lD2 commutes with several particle-number operators which correspond to
complex structures. The superalgebra implies consistency conditions for these structures
and the gauge field strength. For example, the Dirac operator in four dimensions admits
an extended N =4 supersymmetry if spacetime is hyper-Kéahler and the gauge field is
(anti-)selfdual. In Section 4 we show that, for background fields admitting an extended
supersymmetry, the geometry and gauge potential are encoded in a superpotential. The
superpotential may be used to deform the generally- and gauge-covariant derivative into
the ordinary derivative. In Section 5 we apply our general results to study the Dirac
operator on the complex projective spaces CP™ with an Abelian background gauge field.
We derive explicit expressions for the superpotential and fermionic zero modes on these
Kahler spaces.

2 Extended Supersymmetric Quantum Mechanics

Supersymmetric quantum mechanics describes systems with nonnegative Hamiltonians
that can be written as

5UH:%{QZ7QJ}a ’L?j:lauNu (1)
with Hermitian supercharges (); anticommuting with an involutary operator I,
{Q;, T} =0, Tf=r, TI?=1. (2)

There are various definitions of supersymmetric quantum mechanics in the literature, for
a recent discussion, in particular concerning the role of the grading operator I', we refer
to [12]. One may also relax the condition for the left-hand side of (1), see for example
[13], but in this paper we will not consider such systems.

The +1 and —1 eigenspaces of I' are called bosonic and fermionic sectors respectively,
H=Hp®Hr, Hp=P+H, Hr=P-H, Pi= %(lil“). (3)

The supercharges Q; map Hp into Hp and vice versa. The super-algebra (1) implies
that they commute with the super-Hamiltonian,

[Qi, H] =0, (4)

and generate supersymmetries of the system. The simplest models exhibiting this struc-
ture are 2 x 2-matrix Schrodinger operators in one dimension [5, 6, 7]. In this paper we
shall investigate explicit representations of the superalgebra (1) with one, two, four and
more supercharges.



One supercharge: In this case every eigenstate of H = Q2 > 0 with positive energy
is paired by the action of @;. For example, if |B) is a bosonic eigenstate with positive
energy, then |F) ~ @Q1|B) is a fermionic eigenstate with the same energy. However, a
normalizable eigenstate with zero energy is annihilated by the supercharge, Q1]0) = 0,
and hence has no superpartner. In a basis where I' = 03 ® 1, the Hermitian charge ),
has the form

_ (0 At
Q=P QP +Pr&P-={, , ) (5)
The index of )1 counts the difference of bosonic and fermionic zero modes,
ind Q; = dimker A — dimker AT = n% — n2. (6)

Supersymmetry is spontaneously broken if and only if there exists no state which is left
invariant by the supercharges, or equivalently if 0 is not in the discrete spectrum of H.

Two supercharges: In this case there exist two anticommuting and Hermitian roots of
the super-Hamiltonian

H=Q?=Q3% {Q1,Q:}=0, Q =qi (7)

Later we shall use the nilpotent complex supercharge

Q= 1(Q1+1iQy), (8)

and its adjoint Q, in terms of which the supersymmetry algebra takes the form

H={Q,Q", @*=Q"™=0 and [Q H]=0. 9)
The number of normalizable zero modes of H is given by [6]

n® = n% + nd = dim(ker Q/im Q) = dim(ker Q' /im Q). (10)

Four supercharges: Now there are four distinct roots of the super-Hamiltonian,

H=Q}=Q}=}=q} (11)

The only nontrivial anticommutators of the complex nilpotent supercharges

Q=1(Q1+iQ2) and Q= 1(Qs+iQ4) (12)

and their adjoints are

{Q.Q" ={Q,Q"} = H. (13)



3 Supersymmetries and the Euclidean Dirac Operator

There exists a fundamental supersymmetric Hamiltonian in nature, the square of the
Euclidean Dirac operator. In other words, one identifies the Dirac operator as a super-
charge associated to this Hamiltonian. There are non-linear sigma-models which give
rise to exactly these supercharges, in particular the (1 4 0)-dimensional models studied
in [13, 14]. In contrast to those models, we allow for the presence of gauge fields but
do not include torsion. The identification of Dirac operators and supercharges has also
been employed by Alvarez-Gaumé in [15], where he uses supersymmetry to derive the
Atiyah-Singer index theorem.

The chiral supersymmetry with one charge exists in all even dimensions and for arbi-
trary gauge and gravitational background fields. It can be extended if lD2 commutes
with certain particle-number operators to be defined below. For example, in D = 2n
Euclidean dimensions and for background fields with holonomy group U(n) the operator

lD2 commutes with one particle-number operator and admits two supersymmetries. In
D =4n dimensions and for background fields with holonomy group Sp(n), there are three
conserved number operators and four supersymimetries.

We consider a smooth Riemannian manifold M of dimension D which allows for a spin
structure. We describe the gravitational fields in terms of vielbeins E;ﬁ, rather than a
metric Gpsn, which is related to the vielbein by

Gun = By ES0ap, 042 = GMNELES. (14)

The Lorentz indices A,B € {1,...,D} are converted into coordinate indices M,N €
{1,..., D} (or vice versa) with the help of the vielbein E4} or its inverse, which is given
by EM = GMNEBG§54. The Clifford algebra is generated by the Hermitian matrices
I'4, satisfying

(P4 08} =264 or {TM N} =2GMN| (15)

where the I'M = FAE% are the matrices with respect to the holonomic basis 9y;.

3.1 Chiral Supersymmetry

In even dimensions we always have chiral supersymmetry generated by the Hermitian
Euclidean Dirac operator, viewed as supercharge

Q=i =irMvy =ir4v,, V4=EYVy. (16)
The generally- and gauge-covariant derivative acting on spinors,

Vv = O+ Qu+Apm
= Ou + 1 QraplP + A% T, (17)



contains the connection €2 and gauge potential A together with the anti-Hermitian gen-
erators ['4F = % [FA,FB] and T of spin rotations and gauge transformations. The
gamma-matrices are covariantly constant in the following sense,

VulY =0y TN + T8, p0F + [Q4, TV = 0. (18)
For the involutary operator I' in (2) we take in D =2n dimensions
[ =olt...TP, (19)

where the phase « is chosen such that ' is Hermitian and squares to 1, a® = (—)". The
‘bosonic’ and ‘fermionic’ subspaces consist of spinor fields with positive and negative
chiralities, respectively, and the number of bosonic minus the number of fermionic zero
modes equals the index of the Dirac operator,

n —ny =ind ilp . (20)

Since the commutator of two covariant derivatives yields the gauge field strength and
curvature tensor in the spinor-representation,

VM, V] = Fun = Fun + Run,
Fyun = OmAN — ONAm + [Am, AN] = FiynTo, (21)
Run = OuQn — OnQu + [, Qv] = $RyvapT?5,
where the Riemann curvature tensor is obtained from the connection via
Rynap = OuQnaB — ONQas + Uy Qves — Qya® Ques, (22)
we find the squared Dirac operator or super-Hamiltonian
PP =H= Q= -GMNV VN — %FAB]'—AB- (23)
Here we have used the components of Fj;ny with respect to an orthonormal vielbein,
Fap = EXES Fyun =[Va, Vs

Note that the two covariant derivatives V;Vy in (23) act on different types of fields.
The derivative on the right acts on spinors and is given in (17), whereas the derivative
on the left acts on spinors with a coordinate index and hence contains an additional
term proportional to the Christoffel symbols,

Vupn = 0w + Qupn — Thyntoe + Autby (24)

3.2 Extended Supersymmetries

In this section we show that for particular background fields the chiral supersymmetry
can be extended to finer, particle-number conserving supersymmetries. The existence
of a single conserved number operator is equivalent to the existence of a covariantly
conserved complex structure. This way one finds that N =2 is only possible if space
admits a Kahler structure, and N =4, if it admits a hyper-Kéhler structure. Analogous
conditions are derived for the background gauge field.



3.2.1 Square Roots of H = —lDQ

In this subsection we characterize a class of first order differential operators which square
to H = —ﬁz. Our ansatz is motivated by previous results in [16, 17, 18, 19] and the
simple observation that both the free Dirac operator @ on flat space and

M TN oy,

have the same square for any orthogonal matrix I. Thus, we are lead to the following
ansatz for the supercharge in a gravitational and gauge field background,

Q(I) =i, TVVy =i(IT)YM vy, (25)
where [ is a real tensor field with components I MN.

This construction is close in spirit to the one presented in [9]. The algebraic approach
there is applied to the particular situation of a Dirac operator, and this will allow us to
interpret all quantities in [9] as geometrical ones, like connections, curvature etc.

To derive the conditions on I and the background such that Q(I)?= H, we first consider
the anticommutator of two operators with different I,

{QU, Q)Y = —3J" + JIMN{V, N} = STMN (ITFJ + JTFI)
—{(ID)"Vp(JT)? + (J1)'Vp(IT)?} Vo, (26)

where, for example
(LJTYMN = MNP and (ITFI) un =1y Frod %y .

After setting I=.J we see that Q(I) squares to the Hamiltonian H in (23) if and only if
the following three conditions are satisfied,

GMN = (1I")MN] (27)
Fun = (ITFyn, (28)
0 = Vulf,. (29)

By interpreting the I MN as components of a map [ between sections of the tangent
bundle, the condition (27) just means that I is an isometry,

G(IX,IY) = G(X,Y).

In view of our remarks above it should not be surprising that the components I AB with
respect to an orthonormal vielbein form an orthogonal matrix.

The condition (29) means, that the tensor field I must be covariantly constant. With
Ryvap = Rapyun = —Ryaap the corresponding integrability conditions read

0=TI%,Va,VelIzry = I"Rrsapl®y — Runas
or Ryn = (I"RI)yw,



and (28) simplifies to the same condition with Fj;n replaced by the gauge field strength
Fyrn. Thus we end up with the following

Lemma: The charge
QU) =iI"y\IVvy,  IMy(z) €R, (30)
is Hermitian and squares to H in (23) if and only if the following conditions hold:

VI=0, II"=1 and [I,F]=0. (31)

The hermiticity follows from VI =0, which in turn implies that the I MNFN commute
with the covariant derivative. Because of the second condition in (31) the last one is
equivalent to (28) with F replaced by F.

A trivial solution is of course I =1 in which case ) becomes the Dirac operator itself.
Let us now assume that there is a second square root Q(I) anticommuting with the
Dirac operator Q(1). With VI=0 and (26) these two charges anticommute if

(QQ),QUY = 5™ 4 VM) (s, Uy = S TVN (1P F 4 71, L0,

and this shows that the map I must be antisymmetric. Because of (27) it squares to
—1. Hence it defines an almost complex structure. Since it is covariantly constant, the
manifold is Kahler with complex structure I. Thus we have shown that H admits two
supersymmetries generated by Q(1) and Q(I) if the manifold is Kéhler with complex
structure I and if the gauge field strength F' commutes with this structure.

Now we are ready to generalize to N supercharges
Q(1) and Q(L), i=1,...,N —1.
From our general result (26) we conclude
Lemma: The N charges
Q) =i and Q(I;) =iIM I Vy, i=1,...,.N —1 (32)
are Hermitian and generate an extended superalgebra (1), if and only if

(I, ;} = —20;;1p, I = -1, (33)

)

VI, =0, [I,F]=0. (34)

The covariantly conserved complex structures form a D-dimensional real representation
of the Euclidean Clifford algebra with A'—1 gamma-matrices. We call a representation



irreducible, if only 1 commutes with all those matrices. Irreducible representations are
known to exist for

N-—-1= 8n, 6+8n, 7+ 8n,

D= 16", 816", 8-16", (35)

with n € Ny. In these cases, only trivial gauge fields on flat space are possible. We
further observe that, if {Iy,..., I, F'} satisfy the conditions in the above lemma, then
also {I,..., I, Iys1 = I --- I, F'} do, provided

k=24 4n.

It follows, for example, that the superalgebra with 7 supercharges {Q(1),Q(l;)} can
always be extended to a superalgebra with 8 supercharges. In addition, since for N'—1 =
8n the Euclidean gamma-matrices may be chosen real and chiral, one can construct
the corresponding complex structures out of the complex structures I; of the N = 8n

supersymmetry,
(0 (0 1
I; = <I~z 0) and Iy, = (_]1 0) .

For irreducible I; one can construct systems with
N=8nr and N =8n+1 (36)

independent real supercharges in this way. Note, however, that there may exist D-
dimensional matrices I; which do not generate all of GL(D) and hence do not belong to
a real irreducible representation of the Clifford algebra. These are the most interesting
cases since they admit nontrivial background fields commuting with all I;, as required
in our lemma above. Below we will discuss such systems with N' = 4 + 8n.

3.2.2 N =2 and Particle-Number Operator

On any Kahler manifold the Dirac operator admits an extended N =2 supersymmetry
if the field strength commutes with the complex structure. With respect to a suitably
chosen orthonormal frame the structure has the form (I45) = io2 ® 1,,. The charge Q(I)
on a Kahler manifold with complex structure I squares to H and commutes with the
Dirac operator if and only if

v Vv

[I,F]=0 or (FAB):<_V U

), vl =—u, vl =v.

The complex nilpotent charge in (8) takes the simple form

Q=3Q(1) +3Q(I) =ip'V4 (37)



with operators
YA =PyrP, P =11 +iD%. (38)

P projects onto the n-dimensional I-eigenspace corresponding to the eigenvalue —i, its
complex conjugate P onto the n-dimensional eigenspace +i. The two eigenspaces are
complementary and orthogonal, P+ P=1 and PP=0. The ¢ and their adjoints form
a fermionic algebra,

(v 9"} = {pM 9P} =0 and {yp, 9"} =2P47. (39)
At this point it is natural to introduce the number operator
N =3yl = 1 (D +i1450"7) (40)
whose eigenvalues are lowered and raised by 4 and 1, respectively,

[N, 41 = PPl = ¢4,
[N, ¢4 = —Pyy? = —yA, (41)

Since only n = rank P of the 2n creation operators are linearly independent we have

inserted a factor % in the definition of the number operator N in (40). This operator

commutes with the covariant derivative, because VI = 0 is equivalent to
[Var, N] = 0N + [Qp, N =0, (42)
and therefore ) decreases N by one, while its adjoint Q' increases it by one,
[N,Q]=-Q and [N,Q=@" (43)

The corresponding real supercharges are given by

Q1) = Q+Qf =ip,
Q) = i(Q - Q) =iN,ip). (44)

Finally, we observe that the Hermitian matrix
N =N - 1D = 11,5018 ¢ spin(D)
generates a U(1) subgroup of Spin(D). This is the R-symmetry of the superalgebra,
Q(1) _, [ cosa sina) (Q(1)
Q(I) —sina cosa) \Q(I))"
Next, we introduce the Clifford vacuum |0), which is annihilated by all annihilation
operators ¢4 and hence has particle number N =0. The corresponding Clifford space

10



C is the Fock space built over this vacuum state. Since only n creation operators are
linearly independent, we obtain the following grading of the Clifford space,

C=Co®CL®...aCn, dmm;:<f» (45)
p
with subspaces labelled by their particle number,
]ﬂ%:p-l (46)

In particular, the one-dimensional subspace Cy is spanned by |0) and the n-dimensional
subspace C; by the linearly dependent states ¢L|O>. Along with the Clifford space the
Hilbert space of all square integrable spinor fields decomposes as

H=HoDPH1D...DH, with N|7{p:p-ﬂ. (47)

Compared to the standard Fock space construction, cf. e.g. [20], the number operator
N in (40) commutes with the Hamiltonian even in curved space and in the presence of
gauge fields. Thus, N leaves H, invariant. The nilpotent charge () maps H, into H,_;
and its adjoint QT maps Hp into Hpyyq.

The raising and lowering operators " and 4 are linear combinations of I'* and
therefore anticommute with I" in (19). Hence they map left- into right-handed spinors
and vice versa. Since I'|0) is annihilated by all ¢4,

$*(I']0)) = —I'y?|0) =0,

and since the Clifford vacuum |0) is unique, we conclude that |0) has definite chirality.
It follows that all states with even N have the same chirality as |0), and all states with
odd N have opposite chirality,

I =4+(—)". (48)

3.2.3 N =3 and N = 4 Superalgebras

If {I,, I} satisfy the conditions (33,34), then {I, I, Is = 1,15} do so as well. For this
reason N = 3 supersymmetry implies automatically N’ = 4 supersymmetry. Hence, it
suffices to consider systems with 4 supercharges. This should be compared to the results
in [13], where systems with A" = 3 but N # 4 are possible, the reason for this being that
in [13] a more general algebra than (1) has been studied.

The dimension of the matrices I; (which equals the dimension of the manifold) must be
a multiple of 4, D=4n. In this section we choose the selfdual or anti-selfdual matrices,

SD: fl = ioy ® o9, f2:i0'2®0'3, I~3 =109 ® 01 :—flfg,

ASD: I =io3 ® o9, I, = ioy ® oy, I~3 =101 ® 09 :flfg, (49)

11



and define I; = I; ® 1,,. They generate two commuting so(3) subalgebras of so(4n).
The conditions (33,34) imply that the curvature tensor (R4p) and gauge field strength
(F4p) commute with all three I;. For example, in 4 dimensions both must be selfdual or
anti-selfdual. A 4-dimensional manifold with (anti-)selfdual curvature is hyper-Kéahler.
More generally, a 4n-dimensional manifold is hyper-Kahler if it admits three covariantly
constant and anticommuting complex structures. We see, that —lD2 admits 4 super-
symmetries if and only if the underlying space M is hyper-Kahler and the gauge field
strength commutes with the three complex structures.

For each complex structure I; there exists an associated number operator
N; =N(L) =iD+%(L), (1) = i14p045, (50)
and the 4 real supercharges take the form
Q(1) =il and Q(IL;) = i[N;,ilp]. (51)
However, the 3 number operators do not commute, because
(X(5L), (1)) =12 (4, 1)) (52)

and the antisymmetric matrices I;, together with 14,, form a 4n-dimensional real rep-
resentation of the non-commutative quaternionic algebra,

Iin = _5ij 14, £ eijka- (53)

The three matrices ¥(I;) generate an SO(3)-subgroup of Spin(4n) which rotates the real
supercharges. This is proven with the help of the simple identities

iX(1),Q(M)] = Q) and i[X(1),Q(J)] = Q(JI).

Now it follows at once, that the selfdual (anti-selfdual) SO(3)-subgroup of the SO(4)
R-symmetry is implemented by the exponentiated action of the X(I;),

U(&)QmU_l(&) = RynnQn, where
U(d@) = exp (i%(euly)),  R(@) = exp(ayly).

The I; are the 4-dimensional selfdual (anti-selfdual) matrices in (49), and I; =I; ® 1,
are 4n-dimensional complex structures with respect to a suitable orthonormal base. The
Q@ are the four real supercharges,

{Qo0,Q1,Q2,Q3} ={Q(1),Q(I1), Q(I2), Q(I3)}.

Let us remark, that other choices for the complex structures than those obtained from
(49) are possible.

12



3.2.4 N =7 and N = 8 Superalgebras

According to (35) we can find 6 or 7 real and antisymmetric matrices I;, for example
the 8-dimensional (irreducible) matrices

I~1:i01®00®02, I~3:i02®01®00, I~5:i00®02®01,
fg—i03®00®02, f4:i02®03®00, I~6:i00®02®03a (54)

I7 = IIIZI3I4I5IG —i0'2 X 02 ® 02,

tensored with 1,. Thus we can satisfy (33) in 8n dimensions and a N/ =7 superalgebra
can always be extended to a N = 8 superalgebra, since if {Iy,..., I, F'} satisfy the
conditions (33,34) then {Iy,...,Is, I = I, --- I, F'} do so as well.

In 8 dimensions there is no non-trivial solution to
[I;,F]=0, i=1,...,7,

since the only matrix commuting with all ; in (54) is the identity matrix. Hence the
manifold must be flat and the gauge field strength must vanish. In 8 dimensions, only the
free Dirac operator admits an N =8 supersymmetry. However, in 8n dimensions with
n=2,3,..., there are nontrivial solutions to the constraints in (33,34). For example,
every ﬁeld strength (Fap) =1 ® F with antisymmetric F commutes with the I; listed

in (54). In the case of extended supersymmetry one can define a set { N1, Nog, Nus, ...}
of particle-number operators that commute with each other and with the Hamiltonian.
Here the N;; are defined as

1
Nij = N(Ilfj) = ZD + Z(LI]), where Iy =1. (55)

4 Superpotentials on Kahler Manifolds

The super-Hamiltonian —ID2 admits an extended supersymmetry if it commutes with a
number operator or if the complex supercharge is nilpotent and decreases the particle
number by one. Then the manifold is Kahler and the complex structure commutes with
the gauge field strength. Now we shall see that this in turn is the condition for the
existence of a superpotential g from which the spin connection and gauge potential can
be derived.

Kahler manifolds of real dimension D = 2n are particular complex manifolds and we

may introduce complex coordinates (z*,z") with p,ii = 1,...,n [21]. The real and
complex coordinate differentials are related as follows
ozt _ M L, ozR M
dzt = i = fhdz, dzt = 89de = f“Md:U ,
oxM oz — M
O = 2O = S0, On = 5O = f750u- (56)

13



The integrability conditions for the dz# to be differentials of complex coordinate func-
tions z# are automatically satisfied on a Kédhler manifold.

The f# and f, are left and right eigenvectors of the complex structure,
I = —ifty and I'GfN = —ifM ) p=1,...,n. (57)

Since I% is antisymmetric with respect to the scalar product (A, B)= Ay, GMN By, the
eigenvectors with different eigenvalues are orthogonal in the following sense,

GMN iy = Gun YN, = 0. (58)
Identity and complex structure possess the spectral decompositions
5M = NLJMN + fMﬂ ﬂNa (59)
i’ :fMu ﬂN_f]V{] uN’ (60)
and the relations 9z#/0z" =46}, and 9z /0z" = 0 translate into

Sl =04, and  fh Y =0. (61)

With (58) the line element takes the form

ds® = Gyndz™dz™ = 2h,;d2"d2",  hys = hoy = Gun f™, F, (62)

1721
where the h,; are derived from a real Kahler potential K as follows,
’K
0zrh0ozZ"?

Covariant and exterior derivatives split into holomorphic and antiholomorphic pieces,

huw

= 9,0,K. (63)

V = d*V, +dZ"V,,
d = dz'9, +dz"9, = 9+ 9, (64)
and the only non-vanishing components of the Christoffel symbols are
I, = h*? 0yhsy = h*7 05 K, (65)
I, = W7 0ihey = W OpprK. (66)
Along with the derivatives the forms split into holomorphic and antiholomorphic parts.
For example, the first Chern class ¢; = (27i) 1h,pdz#dz” is a (1,1)-form and the gauge
potential A = A, dz* + Azdz" a sum of a (1,0)- and a (0, 1)-form. With the help of (65)
the covariant derivative of a (1,0)-vector field can be written as
V.(B"d,) = (0,B” +T%,B")d,
= (0B 4+ h*? (0,hsv)BY)0, (67)
= h*?8,(hsvB")0,.
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Let us introduce complex vielbeins e, =eh 0, and e® = e, dzt, such that hp, = %5@56%85.

The components of the complex connection can be related to the metric hy, and the
vielbeins with the help of Leibniz’ rule and (65) as follows,

wﬁaeg = Vuea = Vulegdy) = (Ouen)0y + €10,
= (0,€%)0, + eLh*? 0, (hsy)0, = W70, (el hsy)0, = eghp‘?au(egha-,,)eg.

Comparing the coefficients of eg yields the connection coefficients wﬁa. The remaining
coefficients are obtained the same way, and one finds altogether

iCas (68)

where, for example, eﬂﬁ:hﬁpeg.

Now we are ready to rewrite the Dirac operator in complex coordinates. For that we
insert the completeness relation (59) in ilp = il'N §™, V), and obtain

P =Q+Qf = 2"V, + 21V, (69)
where we are led to the independent fermionic raising and lowering operators,
ph =g 50, gt =55, (70)
and the complex covariant derivatives
V=MV, Vi=f"Vu. (71)

Of course, the supercharge @ in (69) is just the charge in (37) rewritten in complex
coordinates. Contrary to the annihilation operators 1*, the fermionic operators 1" are
independent. They fulfill the anticommutation relations

v ity (B8 v o
oy = it g™y o, g gty = I, (72)
where B = f*, fM is the inverse of h,y in (62). This can be seen as follows,
_ _ 58) - _
Wohow = F o0 P fve B M (Y fo + £ %) Fvo

The operators 1* lower the value of the Hermitian number operator
N = 2hg, ptiyp” (73)
by one, while the 117 raise it by one. The proof is simple,

[N, 9] = Qhﬁy[wTﬁwV’wU] — _Qh[w{w’rﬂ’wo}qﬂl _ —hﬁuh[w?ﬁl/ _—
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With (59,60) the fermionic operators in (38) and (70) are related as follows,

M =
PptM =

(1 +iD)M TN = 2fM 4,
(1 —iD)My TN = 2", 9", (74)

N[— N[

and we conclude that the number operators in (40) and (73) are indeed equal,
™ ippy = 2Gaw fM N TP = 2h, i

Now we are ready to prove that in cases where I) admits an extended supersymmetry
there exists a superpotential for the spin and gauge connections. Indeed, if spacetime is
Kéhler and the gauge field strength commutes with the complex structure,

Fyun = (I"FI)uy, (75)
then the complex covariant derivatives commute
[V;uVV] :‘7:#1/ :f%fNu}—MN = 0. (76)

One just needs to insert (60) and use (61). Alternatively, one may use Q=0 with the
complex supercharge in (69). Equation (76) is just the integrability condition (cf. Yang’s
equation [22]) for the existence of a superpotential g such that the complex covariant
derivative can be written as

V= gaugil =0du+yg (‘%971) =0y +wu+ Ay (77)

This useful property is true for any (possibly charged) tensor field on a Kéhler manifold
provided (75) holds. If the Kédhler manifold admits a spin structure, as for example CP"
for odd n, then (77) holds true for a (possibly charged) spinor field.

Of course, the superpotential g depends on the representation according to which the
fields transform under the gauge and Lorentz group. One of the more severe technical
problems in applications is to obtain g in the representation of interest. It consists of
two factors, ¢ = gag9,. The first factor g4 is the path-ordered integral of the gauge
potential. According to (68) and (77) the matrix g, in the vector representation is just
the vielbein 7. If one succeeds in rewriting this g,, as the exponential of a matrix, then
the transition to any other representation is straightforward: one contracts the matrix
in the exponent with the generators in the given representation. This will be done for
the complex projective spaces in the following section.

Now let us assume that we have found the superpotential g. Then we can rewrite the
complex supercharge in (69) as follows,

Q = 21"V, = 2igQog ', Qo =i ¥6 =9 'Yy (78)
The annihilation operators 1* are covariantly constant,

Vi = 0 + T 9P + [wy, 7] = 0, (79)

16



and this translates into the following property of the conjugate operators,

4 - v - v ) - v v
0t = 97 (00 + 190,97 9]) 9 2 g7 (O + [w ") g
v — (65) vo
= _Fﬂpg l'l:bpg = —h (8Mh5'p) 1/}5
This implies the following simple equation,
O (haptpp) =0, (80)

stating that the transformed annihilation operators gz are antiholomorphic. Indeed,
one can show that they are even constant.

The relation (78) between the free supercharge @y and the g-dependent supercharge @
is the main result of this section. It can be used to determine zero modes of the Dirac
operator. With (44) we find

iPx=0 < Qx=0,Q'x=0. (81)

In sectors with particle number N =0 or N =n one can easily solve for all zero modes.
For example, Q' annihilates all states in the sector with N = n, such that zero modes
only need to satisfy Qx = 0. Because of (78), the general solution of this equation reads

x = f(2)gptt---pim0), (82)

where f(Zz) is some antiholomorphic function. Of course, the number of normalizable
solutions depends on the gauge and gravitational background fields encoded in the su-
perpotential g. With the help of the novel result (82) we shall find the explicit form of
the zero modes on CP™ in the following section.

5 The Dirac Operator on CP”

The ubiquitous two-dimensional CP™ models possess remarkable similarities with non-
Abelian gauge theories in 3+1 dimensions [23]. They are frequently used as toy models
displaying interesting physics like fermion-number violation analogous to the electroweak
theory [24] or spin excitations in quantum Hall systems [25]. Their instanton solutions
have been studied in [26], and their N =2 supersymmetric extensions describe integrable
systems with known scattering matrices.

It would be desirable to construct manifestly supersymmetric extensions of these models
on a spatial lattice. To this end we reconsider the Dirac operator on the symmetric
Kahler manifolds CP". We shall calculate the superpotential g in (77) and the explicit
zero modes of the Dirac operator.
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5.1 Complex Projective Spaces

First we briefly recall those properties of the complex projective spaces CP" which are
relevant for our purposes. The space CP" consists of complex lines in C"*! intersecting
the origin. Its elements are identified with the following equivalence classes of points

u=(u,...,u") € C"*\{0},
[u] = {v = AulA € C*},

such that CP" is identified with (C"T1\{0})/C*. In each class there are elements with
unit norm, @-u = Y @/u/ =1, and thus there is an equivalent characterization as a coset
space of spheres, CP" = S"Jrl /St. The u’s are homogeneous coordinates of CP". We
define the n+1 open sets

Up = {u € C"u" £ 0} c ©"T\{0}, (83)
the classes of which cover the projective space. The n+1 maps
or: C"— U], z—[4...,1,...,2",
where the k' coordinate is 1, define a complex analytic structure. The line element on
(Dn—i—l
n - .
ds? = " du/da’ = du - da, (84)
§=0

can be restricted to S?"*1/S! and has the following representation on the k' chart,

ou ou ou ou
2 n I m i
ds® = (—ﬂdz + —dz ) (—ﬂdz + —dz )

We shall use the (local) coordinates
1
u=o(z) == (1,2) €Uy, where p*=1+z-2=1+1% (85)
p

for representatives with non-vanishing . With these coordinates the line element takes
the form

1 1
ds? = ?dz -dz — E(E -dz)(z - dz), (86)

and is derived from a Kihler potential K =In p?. This concludes our summary of CP™.

To couple fermions to the gravitational background field we must find a complex or-
thonormal vielbein, ds? = e®f,qe®, and write it as the exponential of a matrix. We
obtained the following representation for the vielbein of the Fubini-Study metric (86),

e* = e,dzt = p 1 (]PO‘H + ,071@0‘“) dz*,
o = €10, = p(PP, + pQP) Oy (57)
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Here, we have introduced the matrices

T T
P=1-2% and Q:Z, z:(zl...z”)

= - (88)

They satisfy

P’=P, Q°=Q, PR=QP=0, P=P, Q'=q, (89)

and hence are orthogonal projection operators. For the particular space CP?, the viel-
beins are known, and can be found in [27]. These known ones are related to those in (87)
by a local Lorentz transformation. We have not seen explicit formulae for the vielbeins
for n > 2 in the literature. Expressing the vielbeins in terms of projection operators as
in (87) allows us to relate the superpotentials in different representations. From (68)
and (87) we obtain the connection (1,0)-form

_Z 1 1-p _
w;fﬂ = —? (ilpaﬂ + Qaﬂ> + —pT‘2 IPaﬂZ,g.

5.2 Zero Modes of the Dirac Operator

In this subsection we want to determine the zero modes of the Dirac operator i) on
CP"™. We use the method proposed at the end of Section 4. Actually, only for odd
values of n a spin bundle S exists on CP™. We can tensor S with L¥/2, where L is the
generating line bundle, and k takes on even values. In the language of field theory this
means that we couple fermions to a U(1) gauge potential A. For even values of n, there
is no spin structure, so S does not exist globally. Similarly, for odd values of k, LF/2
is not defined globally. There is, however, the possibility to define a generalized spin
bundle S, which is the formal tensor product of S and L*/2, k odd [28]. Again, in the
language of field theory, we couple fermions to a suitably chosen U(1) gauge potential
with half-integer instanton number. In both cases, the gauge potential reads
k k
4

A=ca-du=—(0- 0K =gadgy' +gl g, ga=e A= (14171 (90)

2
with corresponding field strength

F=dA=(0+0)A= géaK. (91)

g4 is the part of the superpontential g that gives rise to the gauge connection A. It
remains to determine the spin connection part g, of g = g,94.

When using (87,88), the equation (68) can be written in matrix notation as (w,)% =
(SaﬂS*I)aﬂ, where

S =p(P + pQ) © exp (Plnp + QInp?) = exp ((]l +Q) lnp). (92)
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From the matrix form of S in (92) we read of the superpotential g,, in the spinor repre-
sentation,

1 _
g = €Xp (Z(daﬁ + Qdﬂ)raﬁ In P) ) (93)
where we have introduced
_ 1 . _ _ _
P =% 07 =20 9%, =2 17 =27 (94)

Next, we study zero modes of Q and Q' in the gauge field background (90). In the sector
of interest with N =n, the superpotential g, in the spinor representation simplifies as

n+1 _

_ 2 : a _ af
w —n ) - .
g ‘N_n (147r°) 4 since T 20 (95)

ﬂ‘N:n

All states in the N = n sector are annihilated by Qf. Zero modes y satisfy in addition

0=Qx = 2W'Vyux =21 90,97 'X, 9= gage (96)
Using (90) and (95) we conclude that

- 7 = nt+l—Fk — 7 =

x=gf @90y = (L+r2) 7 fl2)p™ - p10), (97)
with some antiholomorphic function f. Normalizability of ¥ will put restrictions on the
admissible functions f. Since the operators z#9; (no sum) commute with d, and with
each other, we can diagonalize them simultaneously on the kernel of 9,. Thus, we are
let to the following most general ansatz

= ()™ (2™, Zmi = m. (98)

There are (m:ff 1) independent functions of this form. The solution x in (97) is square-
integrable if and only if

P = [ dvol (et i) x'x
&4 /dQ/dr P2l 4 2= o (99)
so normalizable zero modes in the N = n sector exist for
m:0,1,2,...,qzé(k—n—l). (100)
Note, that ¢ is always integer-valued, since k is odd (even) if n is even (odd). Also
note, that there are no zero modes in this sector for £ < n + 1 or equivalently ¢ < 0. In

particular, for odd n and vanishing gauge potential there are no zero modes, in agreement
with [29].
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For ¢ > 0, the total number of zero modes in the N =n sector is

g —
Z<m+n 1>:%(Q+1)(Q+2)...(q+n). (101)

Similar considerations show that there are no normalizable zero modes in the N = 0
sector for ¢’ < 0, where ¢ = 2(—k —n — 1). For ¢’ > 0 there are zero modes in the

N = 0 sector, and their number is given by (101) with ¢ replaced by ¢'.

Observe, that the states in the N = 0 sector are of the same (opposite) chirality as the
states in the N = n sector for even (odd) n. The contribution of the zero modes in those
sectors to the index of ilp is given by

%(q+1)(€I+2)...(q+n), q:%(k—n—l), (102)

for all g € Z.
On the other hand, the index theorem on CP™ reads [30]

ind ip = ch(L=*?)A(CP") = i,(q+ 1)(g+2)...(g+n), (103)
cp» n:

where ch and A are the Chern character and the A—genus, respectively. Note, that this
index coincides with (102). This leads us to conjecture, that for positive (negative) k all
normalizable zero modes of the Dirac operator on the complex projective spaces CP"
with Abelian gauge potential (90) reside in the sector with N =n (N = 0) and have the
form (97).

We can prove this conjecture in the particular cases n = 1 and n = 2. For CP! we have
constructed all zero modes. The same holds true for CP? for the following reason: Let
us assume that there are zero modes in the N = 1 sector. According to (48) they have
opposite chirality as compared to the states in the N = 0 and N = 2 sectors. Hence,
the index would be less than the number of zero modes in the extreme sectors. On the
other hand, according to the index theorem, the index (103) is equal to this number.
We conclude that there can be no zero modes in the N =1 sector.

Conclusions

We have analyzed D-dimensional quantum mechanical systems that exhibit certain
amounts of supersymmetry. Taking the Hamiltonian to be the square of the Dirac
operator, H = —¢2, on a curved manifold and with background gauge fields, we have
constructed a set of inequivalent ‘square roots’ of H. This set includes, of course, the
original Dirac operator as well as additional supercharges Q(I;). We have shown how
these can be obtained from complex structures I;. Therefore, the existence of a higher
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amount of supersymmetry puts restrictions on the admissible geometries and gauge con-
figurations. In even dimensions, N'=1 gives no restrictions on the background fields,
while N =2 requires the manifold to be Kéhler and the field strength to commute with
the complex structure. The N =4 extended supersymmetry further requires space to
be hyper-Kahler and the gauge field strength to commute with all three complex struc-
tures. In four dimensions this is equivalent to the field strength being (anti-)selfdual.
In 8,12,16,... dimensions this requirement is much less restrictive. In 8 space dimen-
sions, A/ =8 has only trivial solutions, namely flat space without gauge fields. Again, in
16,24, 32, ... dimensions there are non-trivial backgrounds admitting an extended ' =8
supersyminetry.

Our construction is similar to the one given in [9]. However, our approach has the advan-
tage that all objects can be given a geometric interpretation, like connections, curvature
etc. In addition, we found the following new aspects: for backgrounds admitting ex-
tended supersymmetries (in particular N'=2) we can define particle-number operators
N commuting with the super-Hamiltonian (even in curved space and in the presence of
gauge fields). The complex nilpotent supercharges @ and Q' act as lowering and raising
operators for the number operator. The condition Q% =0 translates into the existence
of a superpotential g for the (spin)connection as well as the gauge potential.

As an application, we have deformed the Dirac operator on CP™ with the help of g into
its free counterpart and solved the Dirac equation, for all zero modes of ilp.

As already mentioned in the introduction, particular higher dimensional quantum me-
chanical systems can be interpreted as supersymmetric field theoretical models on a
spatial lattice. The results obtained in this paper will turn out to be very useful to
construct supersymmetric sigma-models on a spatial lattice. This is work in progress,
and we are confident to report on these developments in the near future.
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