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Supersymmetry Breaking in Low Dimensional Models
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Abstract

We analyse supersymmetric models that show supersymmetry breaking in one and two dimensions using lattice meth-
ods. Starting from supersymmetric quantum mechanics we explain the fundamental principles and problems that
arise in putting supersymmetric models onto the lattice. Wecompare our lattice results (built upon the non-local
SLAC derivative) with numerically exact results obtained within the Hamiltonian approach. A particular emphasis
is put on the discussion of boundary conditions. We investigate the ground state structure, mass spectrum, effec-
tive potential and Ward identities and conclude that lattice methods are suitable to derive the physical properties of
supersymmetric quantum mechanics, even with broken supersymmetry. Based on this result we analyse the two di-
mensionalN = 1 Wess-Zumino model with spontaneous supersymmetry breaking. First we show that (in agreement
with earlier analytical and numerical studies) the SLAC derivative is a sensible choice in the quenched model, which
is nothing but the two dimensionalφ4 model. Then, we present the very first computation of a renormalised critical
coupling for the complete supersymmetric model. This calculation makes use of Binder cumulants and is supported
by a direct comparison to Ward identity results, both in the continuum and infinite volume limit. The physical picture
is completed by masses at two selected couplings, one in the supersymmetric phase and one in the supersymmetry
broken phase. Signatures of the Goldstino in the fermionic correlator are clearly visible in the broken case.
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1. Introduction

Symmetries are one of the guiding principles in contemporary theoretical physics. They led to the construction of
the standard model of electroweak interaction [1–3] and strong interaction [4]. Based on the underlying symmetries
bottom and top quark as well as theτ neutrino have been predicted and the experimental discoveries, the last one
more than two decades after the prediction [5], substantiated the success of the standard model to describe the physics
on energy scales below1 TeV. The extension of the standard model’s symmetries by further ones is constrained by
the celebrated Coleman-Mandula theorem [6]. A way to circumvent this no-go theorem is given by extending the
Poincaré algebra with anti-commutingsupersymmetrygenerators [7] that relate particles with integer spin to ones
with half-integer spin.

The first field theoretical realisation of a renormalisable model with supersymmetry is the Wess-Zumino model
[8] in four spacetime dimensions with a field content of two (real) scalars and a Majorana fermion. Since then a
variety of models with global supersymmetry have been constructed, for example supersymmetric gauge theories or
supersymmetric sigma models and some of these possess several supersymmetries. For an introduction, see [9–11].
Supersymmetric extensions of the well established standard model may solve or weaken several problems of the
standard model, such as the hierarchy problem, the occurrence of dark matter and the strongCP problem [12–14].

Supersymmetric models have certain theoretical advantages, such as less severe divergences in perturbation theory
as compared to models without supersymmetry, and the supersymmetry algebra induces a vanishing ground state
energy, as long as supersymmetry is unbroken. If the ground state is invariant under supersymmetry, mass degenerate
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multiplets of bosonic and fermionic particles are predicted, and it known that in certain classes of supersymmetric
theories a spontaneous breaking of supersymmetry is not possible [15]. In experiments no such mass degeneracy has
been detected so far, and the masses of bosonic and fermionicparticles appear to be unrelated. At first sight these
results tell us that supersymmetry is not realised in nature. However, as first analysed by O’Raifeartaigh [16] this
non-degeneracy of masses is naturally expected if supersymmetry isdynamically broken.

In a theory with dynamical supersymmetry breaking the ground state is not invariant under supersymmetry, and the
ground state energy is lifted above zero [17]. But the supersymmetry algebra is still present and this has implications
for the physics in the dynamically broken sector. To date theLarge Hadron Collider is fully operating and it is expected
to measure remnants of supersymmetry in collision events within the upcoming years. Clearly, if supersymmetry plays
any role in nature then it is mandatory to explore supersymmetric theories with methods that are applicable in the non-
perturbative regime.

Among those methods the lattice regularisation in combination with importance sampling based statistical ‘Monte-
Carlo’ methods has been most successful over the last decades. Lattice methods often provide the only viable way
to gain information about the non-perturbative sector of quantum field theories. Early simulations that aimed at an
understanding of the pureSU(2) Yang-Mills theory [18] built the basis for recent computations from first principles
of the Hadron spectrum in full quantum chromodynamics [19],which is only possible due to increasing computing
power and algorithmic improvements. As non-perturbative effects are automatically taken into account in lattice
simulations, it is desirable to apply the lattice approach to supersymmetric theories as well. This has been the subject
of a number of publications, see, e.g., [20–24] and for recent progress in supersymmetric Yang-Mills theories [25–28]
and references therein.

In all lattice regularised versions of field theories symmetries are of particular interest. If a symmetry of the contin-
uum theory is not implemented in the lattice version it may happen that the symmetry is not restored in the continuum
limit. E.g. for simulations of gauge theories it is important to implement the lattice version of the continuum gauge
symmetry [29]. But not every symmetry can be directly implemented in the lattice regularised theory. For instance,
the Nielsen-Ninomiya theorem [30–32] forbids the exact implementation of chirally symmetric fermions with a local
fermion interaction and without introducing additional fermion flavours on the lattice. Nevertheless, it is possible to
construct a (deformed) lattice version of the chiral symmetry, which is given by the Ginsparg-Wilson relation [33], so
that a restoration of the continuum chiral symmetry is ensured in the continuum limit of the lattice action.

For supersymmetry as extension of the Poincaré algebra a fully realised supersymmetry algebra on the lattice must
inevitably contain the generators of translations which would imply arbitrary translations to be part of the symmetry
group of the lattice theory. By contrast, lattice regularised theories are only symmetric under translations by the lattice
spacing. Therefore a complete realisation of the continuumsupersymmetry algebra on the lattice is impossible and
the full supersymmetry can only be realised as an accidentalsymmetry in the continuum limit of the lattice regularised
theory. Technically, the reason for this can be traced back to the failure of the Leibniz rule on the lattice [34].

It has been shown that even in supersymmetric quantum mechanics a naive discretisation does not lead to a super-
symmetric continuum limit [35]; generically, such a limit can at best be achieved by fine-tuning the bare coefficients
of all supersymmetry-breaking counterterms [36]. This, however, requires much knowledge of the theory in advance.
In some cases the relevant operators can be determined perturbatively, cf. [37]. To circumvent the fine-tuning pro-
cess several approaches are conceivable. Firstly a partialrealisation of supersymmetry on the lattice is possible for
theories with extended supersymmetry (for a review see [38]). Secondly recent developments aim at the construction
of a Ginsparg-Wilson inspired relation for supersymmetrictheories to obtain a lattice version of supersymmetry such
that the continuum supersymmetry is broken in a controlled way [39]. Alternatively for scalar theories a deformed
supersymmetry algebra on the lattice can be constructed by using a non-local product such that the theory is invariant
under the full (deformed) lattice supersymmetry [40, 41].

Apart from an explicit supersymmetry breaking by the finite lattice spacing there exist further supersymmetry
breaking effects that must be controlled in the analysis of supersymmetric theories. For example, at finite temperature
Lorentz invariance and therefore supersymmetry as extension of the Poincaré symmetry are broken.1 In addition,
for a finite spatial volume there may exist tunnelling processes between two formerly separate ground states such

1This problem can be avoided by choosing periodic boundary conditions also for the fermions. However, this is only possible for an unbroken
supersymmetry.
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that the finite volume ground state energy is raised above zero. As it is inevitably to use finite lattices for numerical
simulations these explicit supersymmetry breaking effects must be taken into account.

We begin our investigations with discretised supersymmetric quantum mechanics with dynamically broken super-
symmetry in Sec. 2. In this setting the basic concepts of supersymmetric theories are explained and reference results
for certain observables are computed via the operator formalism, thus allowing to understand the physics behind su-
persymmetry breaking on solid grounds. The corresponding lattice regularisation is based on a formulation that has
been used in the unbroken supersymmetric quantum mechanicswith great success [42]. We verify that even for quan-
tum mechanical models with broken supersymmetry it is possible to obtain accurate results on the low lying energy
spectrum from lattice simulations.

The minimal setting for a field theory with supersymmetry breaking phase transition is given by theN = 1 Wess-
Zumino model in1 + 1 dimensions, which is analysed in Sec. 3. In the context of thequenched model a particular
renormalised critical coupling for theZ2 symmetry breaking is shown to be independent of the chosen lattice regulator.
The corresponding critical coupling in the full theory is determined and the relation betweenZ2 and supersymmetry
breaking is worked out.

2. Broken supersymmetric quantum mechanics

An extensive analysis of quantum mechanical systems, such as the anharmonic oscillator, with lattice regularised path
integrals has been performed almost three decades ago [43].There has been renewed interest in quantum mechanical
systems on the lattice in the context of supersymmetric quantum mechanics (SQM). In several works SQM has been
used as a toy model to study the supersymmetry breaking induced by a naive lattice formulation [44] and to explore
lattice regularisations with partially [35, 42, 45, 46] or fully [40] conserved supersymmetries. It has been pointed
out that a discretisation without any conserved supersymmetries may not be free of finite supersymmetry breaking
renormalisation terms in the continuum limit [47] such thata careful treatment of supersymmetry restoration is needed.
Most of the lattice studies of SQM so far have been carried outfor the case of an unbroken supersymmetry and only
few of them [48, 49] consider the case of the dynamically broken supersymmetry. Here, the case of a SQM with
dynamically broken supersymmetry is considered to explainthe concepts and effects of supersymmetry breaking in
a setting that allows for high precision measurements in thelattice theory and provides the possibility to compare to
exactly calculable reference values from the operator formalism.

2.1. Operator formalism
SQM in one dimension is a generalisation of the supersymmetric harmonic oscillator.2 In analogy to supersymmetric
field theoriesnilpotentsuperchargesQ and its adjointQ† are introduced,

Q† =

(
0 0
A 0

)

= AΨ†, Q =

(
0 A†

0 0

)

= A†Ψ, (1)

with fermionic creation and annihilation operatorΨ† andΨ and first order differential operators

A =
d

dφ
+ P (φ), A† = − d

dφ
+ P (φ) (2)

containing theprepotentialP (φ). In accordance to the field theory language we denote the position operator of the
quantum mechanical system byφ. The Hamiltonian is constructed via

1

2
{Q,Q†} =

(
HB 0
0 HF

)

=
1

2

(

− d2

dφ2
+ P 2(φ) + [Ψ†,Ψ]P ′(φ)

)

≡ H, (3)

and acts on two-component state vectors|ψ〉 = (|ψ〉B, |ψ〉F)
T where, for convenience, the first component is called

‘bosonic’ and the second one ‘fermionic’. The supersymmetry algebra is completed by the nilpotency ofQ andQ†

and the commutation withH ,
{Q,Q} = 0, {Q†,Q†} = 0, [Q, H ] = 0. (4)

2An extended introduction to the operator formalism for supersymmetric quantum mechanics can be found in [50, 51].
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Figure 1: Energy spectrum for the unbroken supersymmetric quantum mechanics discussed in [42].Q andQ† map between bosonic and fermionic
sector.

If P is a linear function ofφ thenA andA† are the bosonic annihilation and creation operators of the (supersymmetric)
harmonic oscillator. Accordingly the bosonic and fermionic Hamiltonian is given by

HB =
1

2
A†A = −1

2

d2

dφ2
+ VB, HF =

1

2
AA† = −1

2

d2

dφ2
+ VF, VB/F =

1

2
(P 2(φ)∓ P ′(φ)). (5)

Both Hamiltonians are by construction non-negative. The bosonic sector of a zero energy state is annihilated byA
and a fermionic one is annihilated byA†,

HB|0〉B = 0 ⇔ A|0〉B = 0, HF|0〉F = 0 ⇔ A†|0〉F = 0. (6)

The supersymmetry algebra implies a strict pairing of excited states, i.e. for every bosonic eigenstate|ψB〉 with energy
E > 0 there is a fermionic partner state

|ψF〉 =
1√
2E

Q†|ψB〉, |ψB〉 =
1√
2E

Q|ψF〉 (7)

with identical norm and energy.
The zero energy state(s) of the super HamiltonianH can be given explicitly (in position space) as solutions of first

order differential equations. If one of these functions is normalisable, then the supersymmetric ground state exists and
supersymmetry isunbroken. Since the product of possible zero energy states〈x|0B〉 · 〈x|0F〉 is constant, there is at
mostone normalisablestate with zero energy. The explicit form of solutions implies that for a polynomial prepotential
P (φ) =

∑N
n=0 cnφ

n with cN 6= 0 supersymmetry is unbroken iffN is odd. In that case there is one normalisable
zero energy state and the spectrum is similar to the one depicted in Fig. 1.

2.1.1. Supersymmetry breaking and the Witten index
An existing and unbroken supersymmetry is defined by the existence of a normalisable ground state|0〉 which is
annihilated byQ andQ† which impliesHB|0〉B = HF|0〉F = 0. Witten introduced anindex[15] to determine whether
supersymmetry can be broken dynamically in supersymmetricfield theories. In the present context it is given by the
trace over all eigenstates ofH ,

∆ = Tr(−1)NF, (8)

whereNF =

(
0 0
0 1

)

is thefermion numberoperator that commutes withH .3 Now, two alternatives exist:

3As it stands,∆ is not well defined and requires a normalisation, e.g.∆ = limβ→0 Tr[e
−βH(−1)NF ].
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Figure 2: Energy levels for the broken supersymmetric quantum mechanics. Each level is doubly degenerate with one bosonic and one fermionic
eigenstate.

• For brokensupersymmetry there is no normalisable zero energy state. All eigenstates ofH have positive
energies and must be paired, which implies∆ = 0.

• For unbrokensupersymmetry there arenB bosonic andnF fermionic ground states with zero energy. They
contribute withnB − nF to the Witten index. All contributions from the excited states cancel, which gives
∆ = nB − nF.

Therefore a non-vanishing Witten index implies an unbrokensupersymmetry, but not necessarily vice versa. It is still
possible that supersymmetry is unbroken while there are thesame number of bosonic and fermionic zero energy states.
For a one dimensional supersymmetric quantum mechanics at most one zero energy state is possible and∆ 6= 0 is
equivalent to unbroken supersymmetry.

2.1.2. Specifying the model
The minimal modification of the supersymmetric harmonic oscillator with broken supersymmetry is given by the
prepotential

P (φ) = mφ+ hφ2 (9)

with vanishing Witten index. Hence there isno normalisableground state with zero energy. The spectrum is com-
pletely degenerate and acting with the supercharges on one finite energy ground state will give the corresponding
superpartner of this ground state.4

This model depends on the dimensionful parametersm andh and in analogy to the supersymmetric harmonic
oscillatorm is used to set the scale. Thereforef = h/m1.5 provides a scale independent dimensionless coupling.
In a heat bath the dimensionless temperature is given byT = (mβ)−1 with β as dimensionful inverse temperature.
Eventually coordinates are made dimensionless by settingΦ = φ

√
m.

The energy spectrum and corresponding states can be computed directly by a discretisation of position space
and replacement ofddφ by a discretised derivative. After the analysis of different possible discretisations in [52] the
numerically most stable choice is the SLAC derivative [53],which for periodic boundary conditions on a lattice with

4If not otherwise stated, “ground states” may also have a positive energy.
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Figure 3: Probability densityρ0(Φ) (shaded areas) for bosonic and fermionic ground state and potentialsVB/F (lines) of the corresponding
Hamiltonian at couplingf = 0.2.

an odd number of pointsN and lattice spacinga is given by

a(∂SLAC)xy =

{

0 : x = y
π
N (−)x−y 1

sin(π(x−y)/(Na)) : x 6= y
,

−a2(∂SLAC)2xy =

{
π2

N2

N2−1
3 : x = y

2π2

N2 (−)x−y cos(π(x−y)/(Na))
sin2(π(x−y)/(Na)) : x 6= y

.

(10)

The spectrum of the diagonalised Hamiltonian is depicted inFig. 2. For weak couplingsf . 0.1 there is an
additional (approximate) degeneracy of the excited spectrum corresponding to the perturbed energy levels of two
harmonic oscillators with energiesNm residing at the minima of the bosonic and fermionic potential VB/F (see Fig. 3).

Interpretation as a physical system.The naming ‘bosonic’ and ‘fermionic’ sector may sound misleading because of
the complete degeneracy of the spectrum. The system can be interpreted as a particle with spin1/2 moving in an
external potential that depends on the spin orientation. So‘bosonic’ may refer to ‘spin down’ and ‘fermionic’ to ‘spin
up’, respectively. Supersymmetry in this case is represented as degeneracy between an up and a down state. For
the case of unbroken supersymmetry the ground state is unique and is invariant under application of supersymmetry
although it is in a definite spin state given by the interaction potential. For the broken supersymmetry there are (in the
present case) two different ground states none of which is energetically preferred (see Fig. 3). There is no interaction
given by the Hamiltonian between bosonic and fermionic sector and one ground state will be preserved if no external
interaction is applied (e.g. by interacting with a heat bathat finite temperature). Applying the supercharge will give
the partner ground state and amounts to the symmetry betweenspin up and spin down state. Furthermore no linear
combination of the two ground states is invariant under the supersymmetry.

Physics atT = 0. At vanishing temperature physics is given by ground state (vacuum) expectation values. Since
supersymmetry is broken the system will stay in one of the degenerate ground states and expectation values are defined
by this particular ground state.5 Without loss of generality results are given for the bosonic(finite energy) ground state
|0B〉 and the expectation value of an observableO is thus given by〈O〉0 = 〈0B|O|0B〉.

5This is similar to theZ2 symmetry in the Ising chain. There, at any finite temperaturethe symmetry is restored. Only forT = 0 the system
will take (and preserve) one of the possible “ground states”.
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Observables can be computed from the diagonalised Hamiltonian to provide reference values for lattice compu-
tations. This is done in the next section. On the lattice the primary focus lies on one- and two-point functions and
the probability density of the coordinateΦ given byρ0(Φ) = |〈Φ|0〉|2. The one-point function is then given by
〈Φ〉0 =

∫
dΦ ρ0(Φ)Φ.

The bosonic two-point function (in the bosonic ground state) is defined through the Euclidean time evolution,

〈Φ(t)Φ(0)〉0 = 〈0B|Φ(t)Φ(0)|0B〉 = 〈0B|etHΦe−tHΦ|0B〉 = 〈0B|Φe−t(H−E0)Φ|0B〉. (11)

Equivalently the fermionic correlation function is computed by
〈
Ψ(t)Ψ†(0)

〉

0
= 〈0B|Ψe−t(H−E0)Ψ†|0B〉. (12)

In each casetm defines the dimensionless ‘time’.
The last quantity of interest is the effective potential which may be either defined by a Legendre transform of the

Schwinger function6 or more directly at vanishing temperature by

Veff(Φ0) = min
〈ψ|Φ|ψ〉=Φ0

〈ψ|H |ψ〉. (13)

Finite temperature physics.For any finite temperature there is a Boltzmann distributionwith the same contribution
of bosonic and fermionic partner states, including the lowest energy ground states. Again, with high precision calcu-
lations of the low lying spectrum provided by the diagonalised Hamiltonian it is possible to compute the thermal field
distribution and expectation values

ρT (Φ) = Z−1
∑

E

e−E/T |〈Φ|ψE〉|2 , 〈O〉T = Z−1
∑

E

〈ψE |e−βHO|ψE〉, Z =
∑

E

e−E/T , (14)

where the sums run over all bosonic and fermionic states.

2.2. Lattice regularised path integral

With the methods given in the previous section it is possibleto obtain exact results against which the path integral
based calculations can be compared. Therefore the accuracyof the lattice simulation can be determined even when
supersymmetry is broken. The corresponding Euclidean pathintegral is given by

Z =

∫

DφDψDψ̄ e−S[φ,ψ,ψ̄], (15)

with Euclidean action

S =

∫

dτ

(
1

2
(∂φ)2 +

1

2
P 2(φ) + ψ̄(∂ + P ′(φ))ψ

)

. (16)

Expectation values are computed via

〈A〉 = Z−1

∫

DφDψDψ̄ A[φ, ψ, ψ̄]e−S[φ,ψ,ψ̄]. (17)

Supersymmetry appears as a symmetry of the action, where onetransformation is given by

δ(1)φ = ε̄ψ, δ(1)ψ̄ = −ε̄(φ̇+ P (φ)), δ(1)ψ = 0 (18)

and a variation of the action givesδ(1)S =
∫
dτ [∂(ε̄Pψ)] = 0. In the same way the action allows for a second

supersymmetry transformation

δ(2)φ = ψ̄ε, δ(2)ψ̄ = 0, δ(2)ψ = (φ̇ − P )ε. (19)

6The Schwinger function is naturally defined in a path integral formulation.
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For the above supersymmetries to hold it is necessary that the fields vanish at infinity or that they are periodic in the
Euclidean time. But for a thermal path integral at inverse temperatureβ the fields obey the boundary conditions

φ(0) = φ(β), ψ(0) = −ψ(β), ψ̄(0) = −ψ̄(β), (20)

i.e. the fermionic field isantiperiodicin time. Since the fields need not vanish anymore the variation of the action
then reads

δ(1)S = [ε̄Pψ]
β
τ=0 = −2 [ε̄Pψ]τ=0 (21)

which can be non-vanishing so that supersymmetry is broken by the finite temperature. In [42, 44] for an unbroken
supersymmetric quantum mechanics periodic boundary conditions have been used to avoid such an explicit breaking.
For temperature going to zero a change in boundary conditions is equivalent to an insertion of(−1)NF into the path
integral,

Zp =

∫

DφDψp Dψ̄p e
−S[φ,ψ,ψ̄] =

∫

DφDψapDψ̄ap(−1)NFe−S[φ,ψ,ψ̄] = Zap∆. (22)

Here, the periodic path integral is vanishing due to∆ = 0 for a broken supersymmetry. Thus, for a theory allowing
supersymmetry breaking, periodic (supersymmetry preserving) boundary conditions cause a severe sign problem.
This does not completely rule out the choice of these boundary conditions, as will be discussed on the case of the
two dimensionalN = 1 Wess-Zumino model in Sec. 3.2, but puts constraints on the range of applicability.7 To have
a well defined (non-vanishing) path integral antiperiodic (thermal) boundary conditions for the fermionic fields are
imposed.

For a construction of a lattice model the choice of the lattice regularised derivative is crucial.8 The canonical
choice for scalar theories would be the forward (or equivalently backward) derivative. For derivatives appearing in
the fermionic action a popular choice is given by Wilson’s prescription [29]. Nevertheless, these simple discreti-
sation rules are not applicable to supersymmetric theoriesas analysed in [42, 44, 47] for the case of an unbroken
supersymmetric quantum mechanics. These results show the need for a more careful treatment of the discretisa-
tion of supersymmetric theories. In the comparative study of six different discretisations [42] the one based on the
SLAC derivative provides results close to the continuum limit even at finite lattice spacing. For an odd number of
lattice points with periodic boundary conditions the matrix representation is already given in Eq. (10). Antiperiodic
boundary conditions (necessary for fermionic fields) are best realised on an even lattice withN points,

a(∂SLAC)xy =

{

0 : x = y
π
N (−)(x−y)/a 1

sin(π(x−y)/(Na)) : x 6= y
, (23)

while the squared SLAC derivative for an even number of lattice points and periodic boundary conditions (as needed
for the bosonic fields) reads

− a2(∂SLAC)2xy =

{
π2

N2

N2+2
3 : x = y

2π2

N2 (−)(x−y)/a 1
sin2(π(x−y)/(Na))

: x 6= y
. (24)

Although it was analysed [54] that this prescription will lead to a non-covariant and non-local continuum limit in
lattice QED it can be proven [42, 55] that for scalar theoriesin one or two dimensions with Yukawa interactions a
local renormalisable continuum limit is reached. For that reason the SLAC derivative is used here to regularise the
supersymmetric quantum mechanics on the lattice with corresponding action

S = −
∑

x,y

1
2 φ̂x(∂̂

SLAC)2xyφ̂y +
1
2

∑

x

P (φ̂x)
2 +

∑

x,y

ψ̄x
(
∂̂SLAC
xy + P ′(φ̂x)δxy

)
ψy (25)

on lattices with an even number of sites, where fieldφ̂ and derivative∂̂SLAC are dimensionless and arise from a
rescaling of the dimensionful quantities with the lattice spacing.9

7For a phase with unbroken supersymmetry in models with∆ = 0 only one specific ground state belongs to the physical spectrum and periodic
boundary conditions may be imposed.

8In contrast to the operator formalism where the field space isdiscretised, the lattice path integral is based on a discretisation in the Euclidean
time.

9The fermionic fieldsψ, ψ̄ are already dimensionless and do not need to be rescaled.
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Figure 4: Sign of the fermion determinant measured at fixedf = 1 (left panel,106 configurations per data point) and at fixedmβ = 36 and
N = 50 lattice points (right panel,5 · 106 configurations per data point).

Access to the non-perturbative sector of the lattice model is gained from Monte-Carlo simulations which have be-
come a powerful tool due to increasing computer power and algorithmic improvements that allow for the inclusion of
dynamical fermions in simulations. These statistical methods are based on importance sampling and the interpretation
of the lattice regularised path integral

Z =

∫

Dφ̂DψDψ̄ e−S[φ̂,ψ,ψ̄] (26)

as probability distribution. To construct the probabilitydensity the action is then split into a bosonic and fermionic
part according to

S[φ̂, ψ, ψ̄] = SB[φ̂] +
∑

x,y

ψ̄xMxy[φ̂]ψy. (27)

Applying the rules of Grassmann integration the fermionic part of the path integral can be integrated out and yields

Z =

∫

Dφ̂ detM [φ̂] e−SB[φ̂]. (28)

In this way (bosonic) expectation values are computed by

〈

O[φ̂]
〉

= Z−1

∫

Dφ̂O[φ̂] detM [φ̂] e−SB[φ̂]. (29)

In a Monte-Carlo simulation the lattice regularised fieldsφ̂ are generated according to the distribution

ρ[φ̂] = e−SB[φ̂]+ln|detM [φ̂]|. (30)

After a number ofNMC samples one obtains a time seriesφ̂(k), k = 1, . . . , NMC, and expectation values are evaluated
using

〈O〉 NMC→∞
= N−1

MC

NMC∑

k=1

O[φ̂(k)]. (31)

This expression is only exact iffdetM ≥ 0. If detM is negative the sign has to be taken into account by reweighing.
However, the emphasis shall lie on the physical questions and for further simulation details the reader is referred to
the rich literature on Monte-Carlo methods, e.g. [56–61].

2.2.1. Sign of the fermion determinant
For periodic fermionic boundary conditionsZp ∝ ∆ will vanish in the continuum and a severe sign problem is
expected to arise in reweighed expectation values. For thermal boundary conditions it is a priori unknown if there are
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Figure 5: The distribution of the averaged fieldΦ̃ for mβ = 4 at couplingf = 0.2 with respect to the sign of the determinant for periodic (left
panel,N = 101) and antiperiodic (right panel,N = 100) fermionic boundary conditions obtained from106 configurations.

configurations withdetM < 0 and if there is any dependence on lattice spacing, temperature, or coupling. For that
reason〈signdetM〉 has been measured in the sign quenched ensemble with the distribution given by Eq. (30) for
different parameter sets (see Fig. 4). These results imply acomplete absence of the sign problem in the continuum
limit for everycoupling and temperature. The sign problem only exists for large couplingsf at fixed lattice spacing
and temperature.

2.2.2. Ground state structure
With thermal as well as supersymmetry preserving (periodic) boundary conditions for low temperatureT = 0.25 the
ground state structure is analysed.10 Simulations atf = 0.2 are performed and the distribution of the lattice averaged
field Φ̃ = N−1

∑

xΦx is analysed with respect to the sign ofdetM (see Fig. 5). Configurations with̃Φ > −1/(2f)

are unaffected by a change of boundary conditions whereas the sign ofdetM changes for̃Φ < −1/(2f). This
behaviour can be seen explicitly on the level of the discretised action. For the chosen prepotential bosonic and
fermionic ground state are related by aZ2 symmetryΦx → −Φx − 1/f . SB is invariant under the symmetry
operation whereas the effect on the fermionic contributiondepends on the derivative used. The SLAC derivative has
an antisymmetric matrix representation,∂SLAC

xy = −∂SLAC
yx . P ′(φ) enters on the diagonal of the fermion matrixM .

Applying theZ2 symmetry givesP ′(φ) → −P ′(φ) and changes the sign of the diagonal elements of the fermion
matrix. Altogether, the symmetry operation changesM(φ̂) → −MT(φ̂). For antiperiodic (periodic) fermions the
fermion matrix size will be even (odd, respectively) and thedeterminant will keep the modulus but changes its sign
for periodic boundary conditions while for antiperiodic fermions the sign is preserved. Therefore periodic SLAC
fermions implyZp = 0 exactly. The boundary condition dependence of the distribution coincides with introducing
(−1)NF into the path integral for periodic boundary conditions andconfigurations with̃Φ > −1/(2f) correspond to
the bosonic ground state whereas the other ones correspond to the fermionic ground state, respectively. This is in
accordance with results from the operator formalism shown in Fig. 3.

2.2.3. Thermal field distribution
At finite temperature the single site distributionρT (Φ) of Eq. (14) is computed on a lattice withN = 100 points
at fixed couplingf = 0.2 in the temperature rangemβ ∈ [0.2, 4] with 106 configurations. Even for this coarse
lattice the results match almost perfectly with the reference values from the diagonalised Hamiltonian (see Fig. 6,
left panel). At low temperaturemβ = 16 it is possible to extract the probability distribution in the bosonic ground
state by considering only configurations withΦ̃ > −1/(2f). Even at finite (but small) temperature the so-extracted
probability distribution follows the exact result atT = 0, see Fig. 6 (right panel). In consequence, forT → 0 a
thermal mixture of bosonic and fermionic ground state is found whereas at exactly vanishing temperature the system
can be triggered to stay in one ground state.

10Periodic boundary conditions have only been used for this particular analysis of the ground state structure.
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2.2.4. Effective potential
The effective potential as introduced in Sec. 2.1.2 is not directly accessible in lattice simulations. A better suited
quantity is given by the constraint effective potential [62]

U(Φ̃0) = − 1

β
ln

(∫

Dφ̂ detM [φ̂] e−SB[φ̂] δ(Φ̃− Φ̃0)

)

, (32)

which can be straightforwardly computed on the lattice.11 It has been proven for the case of bosonic scalar theories that
the constraint effective potential coincides in the limit of infinite spacetime volume (or here equivalently, vanishing
temperature) with the effective potential,limmβ→∞ U(Φ̃) = limmβ→∞ Veff(Φ̃).

We determined the constraint effective potential for various inverse temperaturesmβ at fixed couplingf = 0.2
forN = 300 lattice points. The result is depicted in Fig. 7 together with the effective potential for the full theory and
for the bosonic/fermionic sector. To avoid the ambiguitiesof the unknown additive constant, the minimum of each
potential is normalised to0.12

It is often stated that the conventional effective potential for a quantum mechanical system is strictly convex. This
is true for systems with Hilbert spaceL2(Rd). For the supersymmetric system the Hilbert space isL2(R) ⊗ C2 and
all linear combination of the bosonic and fermionic ground states have the same energy, which implies a flat region in
the effective potential as defined in Eq. (13).

To compute the value of the constraint effective potential even around the peak̃Φ = −1/(2f), reweighting
methods [63] similar to the multicanonical ensemble [64] have been applied. Simulations were performed with a
modified actionS′

B = SB − W (Φ̃), with W (Φ̃) suitably chosen by iterative refinement to approximateβU(Φ̃)
between the two minima andW (Φ̃) constant in the outer regions. Of course, the configurationsmust be (re-)weighted
after simulation with a factorexp(−W (Φ̃)).13

It is apparent that the positions of the minima ofU(Φ̃) correspond to the bosonic and fermionic ground state. How-
ever, the constraint effective potential shows no tendencyto flatten out towards the conventional effective potential. It
rather tends towards

lim
mβ→∞

U(Φ̃) = lim
mβ→∞

min
(

Veff,B(Φ̃), Veff,F(Φ̃)
)

, (33)

whereVeff,B/F denotes the effective potential of the bosonic (fermionic,respectively) sector of the Hamiltonian (3).
This result can be explained by the behaviour of fermions on the lattice under a change of boundary conditions.

The ratio of the fermion determinant between periodic and antiperiodic boundary conditions can be computed in the

11Only an additive normalisation constant of the constraint effective potential is left undetermined.
12This amounts to an offset for the effective potential of the full theory that is given by the ground state energy,∆Veff = E0 = 3.68 · 10−5m.
13In a conventional Monte-Carlo simulation without reweighting the configurations around the peak will be suppressed atmβ = 49 by more

thane−20.
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continuum limit [65], and by using zeta function regularisation [66] one gets rid of the free determinant as normalisa-
tion constant. The continuum result

Rβ [φ] ≡
detMp[φ]

detMap[φ]
=

sinh
[
1
2

∫ β

0
P ′(φ(τ))dτ

]

cosh
[
1
2

∫ β

0 P ′(φ(τ))dτ
] (34)

will be either+1 or−1 in the infinite volume limit, depending on the value ofΦ̃,

lim
β→∞

Rβ(φ) =

{

+1 : Φ̃ > − 1
2f

−1

−1 : Φ̃ < − 1
2f

−1
, (35)

which is equivalent to(−1)NF. I.e by means of the lattice path integral with fixed (thermal) boundary conditions it
is only possible to assess either the zero fermion sector or the one fermion sector. The interpolating states between
both sectors that are responsible for the flattening of the effective potential are thus not accessible by the (lattice) path
integral at any finite temperature.

2.2.5. Two-point functions and spectrum
Lattice based path integral methods provide a non-perturbative way to gain information about the spectrum of the

theory. Via the long distance behaviour of correlatorsC(t)
t→∞−−−→ exp(−mphyst) it is possible to extract the physical

‘pole mass’mphys which is given by the imaginary part of the pole of the propagatorG(p) = (FC)(p), the Fourier
transform of the correlator, and describes the energy difference between the ground state and first excited state of the
theory. For that reason connected correlation functions inthe thermal ensemble have been computed for bosonic and
fermionic fields (see Fig. 8) with

CB(t) = 〈Φ(t)Φ(0)〉 − 〈Φ〉2 and CF(t) =
〈
ψ(t)ψ̄(0)

〉
. (36)

The correlators take non-vanishing constant values for large distances in a region where the exponential falloff drops
below the visibility scale.14 Correlators computed from the lattice regularised theory fit nicely to the ones computed

14This isnot directlyrelated to any unconnected part. Here only connected correlators are considered.
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Figure 9: Bosonic (left panel) and fermionic (right panel) correlator in the ensemble projected to one ground state as obtained from the diagonalised
Hamiltonian and from lattice simulations withN = 400 sites at couplingf = 1 and statistics of up to3 · 107 configurations.

by the diagonalised Hamiltonian. Fluctuation are still visible around the continuum values with the size of fluctuations
vanishing for smaller lattice spacings. Further it is possible from the fermionic correlator at small (but non-vanishing)
temperature to compute the overlap of bosonic and fermionicground state

∣
∣〈0F|Ψ†|0B〉

∣
∣
2
= 0.41174 by the approxi-

mationCF(mβ/2) = 0.419(7) for mβ = 16 andN = 400.
With nearly vanishing temperature the system will mainly reside in the ground states, and with the results of

Sec. 2.2.2 it is possible to compute the correlation function at T = 0 by projecting to one of the ground states
(see Fig. 9). In that case the bosonic correlator shows no constant part and the exponential behaviour completely
coincides with the one resulting from the first excited (bosonic) state. From the lattice values atN = 400 a mass of
mphys= 1.5047(15)m is extracted through an exponential fit in the rangetm ∈ [1, 3] from a simulation atmβ = 25.
This is very close to the exact valueE1 − E0 = 1.5046m. Of course this method is only applicable fort < β/2 and
there will be large deviations fort close toβ/2.

All these results clearly demonstrate that it is possible toextract correlators at finite and zero temperature from a
lattice discretisation in complete agreement with exact results in the continuum limit. The degenerate ground states
are visible as a constant part in the fermionic correlator and a projection to one ground state allows to extract the
energy difference between the ground state and first excitedstate (see Fig. 10).
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T−1 exact extrapolated
1.00 0.4392039 0.43902(18)
1.44 0.4027741 0.40298(20)
4.00 0.3730929 0.37327(18)

Table 1: Linearly extrapolated lattice values of the Ward identity 〈P 〉 /√m in comparison to the exactly calculable ones from the operator
formalism for three different temperaturesT at couplingf = 1.

2.2.6. Ward identity
For field transformationsΦ′ = Φ + δΦ that donot changethe path integral measure15 (DΦ = DΦ′) Ward identities
naturally arise on the level of observables as

〈O〉 = Z−1

∫

DΦ′ O[Φ′] e−S[Φ
′] = Z−1

∫

DΦ (O[Φ] + δO[Φ])(1 − δS[Φ]) e−S[Φ] = 〈O + δO −O δS〉 , (37)

implying 〈δO〉 = 〈O δS〉. If further the actionandground state are invariant under the transformation given by δ then
〈δO〉 vanishes for every observableO.

For unbroken supersymmetric theories Ward identities are used to test the supersymmetry restoration in the con-
tinuum limit by analysing the continuum limit of〈δO〉 for a given observablesO. If supersymmetry is broken then
Ward identities willnot be fulfilled in the continuum limit,〈δO〉 6= 0. On the lattice supersymmetry will be further
broken explicitly by a finite lattice spacing and by finite temperature.

A simple Ward identity is provided by

∫

dt
〈

δ(1)ψ̄
〉

= −ε̄
∫

dt
〈

φ̇+ P (φ)
〉

= −ε̄
〈∫

dt P (φ)

〉

= −βε̄ 〈P (φ)〉 , (38)

and a dimensionless identity is given by〈P 〉 /√m = 0 iff the ground state is invariant under the supersymmetry. The
impact of the explicit supersymmetry breaking on the continuum result at vanishing temperature is depicted in Fig. 11
for couplingf = 1. The finitea effects are small for the considered lattice spacings and a linear extrapolation toa = 0
provides results in full agreement with the continuum results (see Tab. 1). Finite temperature effects are negligible
for T < 0.2. The numerically exact value from the operator formalism is〈P 〉 /√m = 0.37251 and corresponds to
the non-supersymmetric ground states. This quantity is invariant under theZ2 symmetryΦ → Φ − 1/f and is not
sensitive to the specific ground state chosen atT = 0.

15Here only the anomaly free case is considered. If the path integral measure is changed under the transformation additional contributions must
be taken into account.
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extrapolation toa = 0.) Right panel: Temperature dependence of of〈P 〉 /√m computed from the diagonalised Hamiltonian (data from the left
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3. N = 1 Wess-Zumino model

Supersymmetry as incorporated in the minimal supersymmetric standard model [12] or extensions thereof [67] can
only be a fundamental symmetry of nature if it is spontaneously broken on experimentally accessible energy scales
with a phase transition at a much higher energy. Guided by this observation there is a need to study supersymmetry
breaking phase transitions with non-perturbative tools. To explore the possibilities provided by lattice regularisations a
minimal model is chosen, namely theN = (1, 1) Wess-Zumino model in two dimensions [68]. It is obtained from the
N = (2, 2) Wess-Zumino model, which provides a dimensionally reducedversion of the matter sector of the minimal
supersymmetric standard model, by constraining the fields of theN = (2, 2) model to be real [42, 46, 60, 69–71].
This amounts to turning complex scalars into real ones and replacing Dirac fermions with Majorana fermions, leading
to a minimal field content with only one bosonic and fermionicdegree of freedom.16 For models with short range
interactions at least two dimensions are necessary to observe a phase transition. In particular supersymmetric quantum
mechanics is not sufficient to model a phase transition sincethe systems reside in one specific phase depending on
the highest power of the superpotential (cf. Sec. 2.1). Since the seminal work by Witten [15] it is known that the
indexTr(−1)NF can vanish for specific choices of the prepotential and supersymmetry may be broken spontaneously
depending on the couplings of the prepotential for theN = 1 Wess-Zumino model.

The off-shell continuum formulation is given by the action

S =

∫

d2x
1

2

(
(∂µφ)

2 + ψ̄(/∂ + P ′(φ))ψ + 2FP (φ)− F 2
)
, (39)

whereF andφ denote real scalar fields andψ is a (real) Majorana spinor with two spinorial components. This
formulation is invariant under the supersymmetry transformations

δφ = ǭψ, δψ = (/∂φ− F )ǫ, δF = −ǭ/∂ψ. (40)

By eliminating the auxiliary fieldF = P (φ) one arrives at the on-shell action

S =

∫

d2x
1

2

(
(∂µφ)

2 + ψ̄(/∂ + P ′(φ))ψ + P (φ)2
)
. (41)

Here, the prepotentialP is chosen to be

P (φ) =
µ2
0√
2λ

+

√

λ

2
φ2, (42)

16From a practical point of view the absence of gauge fields has the advantage that derivatives can be applied in momentum space to speed up
Monte-Carlo simulations considerably.
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so that the classical potential (Fig. 12) for the scalar partcorresponds to aφ4 theory withZ2 symmetry (φ→ −φ),

P (φ)2

2
=
µ2
0

2
φ2 +

λ

4
φ4 + const., (43)

while the fermions acquire a Yukawa interaction. An analysis of the Witten index [15] reveals one bosonic and
one fermionic ground state that implyTr(−1)NF = 0. This ground state structure then allows for a spontaneous
supersymmetry breaking. It is expected that for fixedλ > 0 andµ2

0 ≪ 0 the system cannot tunnel between the two
ground states so that supersymmetry is unbroken. On the other hand, forµ2

0 > 0 both ground state energies are lifted
above zero and supersymmetry is broken. In consequence there will be a supersymmetry breaking phase transition
for someµ2

0 < 0 and this section is devoted to the study of this transition.
There have already been several studies aiming at analysingand understanding supersymmetry breaking in this

model. By a strong coupling expansion [72] the occurrence ofa supersymmetry breaking phase transition was pre-
dicted. Calculations of the ground state energy with Monte-Carlo methods [73] confirm this expectation. Afterwards
lower bounds on the ground state energy have been analysed [74, 75] to obtain a phase diagram of supersymmetry
breaking by working in the Hamiltonian formalism and makinga numerical analysis with Green’s function Monte-
Carlo methods. However, the obtained critical lattice couplings so far are only unrenormalised couplings correspond-
ing to one specific lattice spacing. Recently an analysis based on exact renormalisation group methods [76] has been
performed [77] where no supersymmetry breaking is introduced during the renormalisation group flow. Again, the
phase diagram has been obtained and supersymmetry breakingis found to coincide with a restoration of theZ2 sym-
metry in asecond orderphase transition. A supersymmetric (massive) phase is found for weakly coupled systems
as well as a phase of broken supersymmetry withgoldstinos, the massless Goldstone fermions [78] of the broken
supersymmetry17, and bosons whose mass vanishes with growing renormalisation group scale.18 But still the critical
coupling depends on the chosen regulator which prevents a direct comparison of numerical values.

In general a naive discretisation of a lattice action has to face the problem of broken supersymmetry for finite
lattice spacing with the need to fine-tune lattice couplingsto reach a supersymmetric continuum limit. However,
this model has the advantage that the necessary counterterms have been analysed in lattice perturbation theory [37]
and a lattice prescription is given that ensures the supersymmetric continuum limit (perturbatively). Simulations of
the given discretisation (based on the Wilson derivative) have already been performed [80] and a tunnelling between
the possible ground states is found to coincide with the onset of supersymmetry breaking and the appearance of a

17This breaking isnot forbidden by the Mermin-Wagner theorem [79] that only applies tobosonicsymmetry generators.
18Also the corresponding critical exponents have been determined in [77].
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Figure 13: The only divergent Feynman diagram for the bosonic φ4 model in theZ2 symmetric phase.

goldstino. Despite all these successes several open issuesremain: The breaking of aZ2 symmetry (which is correlated
with the restoration of supersymmetry) has so far only been analysed with aZ2 breaking action.19 Further the given
critical coupling is still regulator dependent and not directly comparable to other methods. For that reason the aim
of this section is the non-perturbative determination fromfirst principles of a renormalised critical coupling in the
continuum limit.

3.1. Quenched model
Although our primary focus lies on the supersymmetric modelit is useful to exemplify the definition of a renormalised
critical coupling in the setting of the quenched model wherefermionic contributions are neglected. This becomes
especially important because a non-standard discretisation based on the SLAC derivative is used.

With the prepotential of Eq. (42) the quenched model is nothing but the two dimensionalφ4 model with action

SB =

∫

d2x
1

2

(

(∂µφ)
2 + µ2

0φ
2 +

λ

2
φ4
)

. (44)

This model is (classically) invariant under a discreteZ2 symmetry (φ → −φ) which can be broken dynamically in
the full quantum theory [81]. The symmetric phase is characterised by〈φ〉 = 0, whereas in the broken phase (in the
thermodynamic limit)〈φ〉 6= 0.

In contrast to the fullN = 2 Wess-Zumino model theφ4 model (as well as the fullN = 1 Wess-Zumino model)
is not finite and there is need for a renormalisation of couplings. In theZ2 symmetric phase the only divergence arises
from the ‘leaf’ diagram (see Fig. 13) and the model can be madefinite with a mass renormalisation,

SB =

∫

d2x
1

2

(

(∂µφ)
2 + µ2φ2 +

λ

2
φ4 − δµ2 φ2

)

. (45)

The (one-loop) relation between the inverse propagators isgiven in terms of renormalised couplings by

G−1(p) = p2 + µ2 +Σ(p2), Σ(p2) = 3λAµ2 − δµ2, Aµ2 =

∫
d2p

(2π)2
1

p2 + µ2
(46)

and the only (logarithmically) divergent contribution isAµ2 . Hence all ultraviolet divergences can be removed by a
renormalisation of the mass term20,

δµ2 = 3λAµ2 ⇔ µ2
0 = µ2 − 3λAµ2 . (47)

This renormalisation prescription will also be sufficient in theZ2 broken phase [81]. We follow [82] and use the
dimensionless renormalised couplingf = λ/µ2 that distinguishes between the symmetric and broken phase.By
contrast, (naively) possible definitions of a renormalisedcoupling that are based on the pole mass or the propagator at
vanishing momentum arenot sufficientto distinguish between both phases. Note that this renormalisation prescription
can only be applied in a given scheme and continuum results will then follow by removing the ultraviolet regulator.21

19The Wilson term for the fermionic part of the action will break theZ2 symmetry as analysed in [60].
20Equivalently this renormalisation can be obtained by a normal ordering of the interaction part in the symmetric phase,

SB =

∫

d2x
1

2

(

(∂µφ)
2 + µ2φ2 +

λ

2
:φ4: µ

)

,

where: . : µ denotes normal ordering with respect to the massµ.
21There is no need to introduce an infrared regulator.
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3.1.1. TheZ2 phase transition on the lattice
The computation of the critical coupling in the bosonicφ4 model has a long history where several methods and
approximations (e.g. based on the Gaussian effective potential or light-cone quantisation) have contributed. For a
recent overview containing the most precise Monte-Carlo results see [83]. Since these accurate results serve as
reference values in the present work we briefly recall the most important points. The lattice regularisation in [82, 83]
is based on the “canonical” discretisation utilising the forward derivative and a renormalised critical coupling is
computed with high precision. The canonical model is given by

SB =
∑

x

1

2

(
∑

ν

(φx+ν̂ − φx)
2 + µ̂2

0φ
2
x +

λ̂

2
φ4x

)

(48)

with dimensionless lattice parametersλ̂ = λa2 and µ̂2
0 = µ2

0a
2. Sinceλ acquiresno renormalisationit is used to

set the scale. Equivalentlŷλ determines the lattice spacing witĥλ → 0 in the continuum limit. The (dimensionless)
renormalised coupling is again given bŷf = λ̂/µ̂2 and the correspondinĝµ2

0 can be computed viâµ2
0 = µ̂2 − 3λ̂Aµ̂2 ,

whereAµ̂2 that enters the normal ordering is given in the infinite volume limit by the lattice propagator for the forward
derivative,

Aµ̂2 = lim
n→∞

n−2
n∑

k1=1

n∑

k1=1

1

µ̂2 + 4 sin2(πk1/n) + 4 sin2(πk2/n)
. (49)

BecauseAµ̂2 diverges only logarithmically fora → 0 it follows that µ̂2, µ̂2
0 → 0 in the continuum limit at fixed

f̂ . One can show that at every fixedλ̂ a second order phase transition appears. However, the continuum physics at
these phase transitions corresponds to aninfinite continuum couplingλ and is therefore onlyindirectly relevantfor
the continuumφ4 model under consideration.

At finite lattice spacing (given by fixed̂λ) there will be aZ2 breaking phase transition and a criticalµ̂2
c can be

extracted. The renormalised critical coupling in the continuum limit is then determined via

fc =

[
λ

µ2

]

crit

= lim
λ̂→0

f̂c with f̂c =
λ̂

µ̂2
c
. (50)
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Figure 15: Binder cumulants at̂λ = 0.15 for different lattice sizes. The coarse view is given in the left panel while a close-up view of the critical
region is shown in the right panel. From the intersection point for the largest lattices a critical couplinĝfc = 0.15

0.01325(5)
= 11.321(43) is

extracted. The shaded region gives the error band for the infinite volume extrapolation.

The phase transition itself for finitêλ can be determined from the Binder cumulant

U = 1−
〈
φ̃4
〉

3
〈
φ̃2
〉2 with φ̃ = N−1

∑

x

φx, (51)

which becomesindependentof the lattice volumeat the second order phase transition point [84].22 The critical
coupling has been determined from lattices up to a size of12002 and was found to be affected by linear and logarithmic
corrections in the lattice spacing. An extrapolation basedon the published values in [83] for̂λ ∈ [0.01, 1] to the
continuum using a functional form

f̂c(λ̂) ≈ fc + aλ̂+ bλ̂ ln λ̂ (52)

reveals a renormalised critical coupling in the continuum of fc = 10.81(7) (see Fig. 14).

3.1.2. Regulator independence of the renormalised critical coupling
The results of Sec. 2 and results in [40, 42, 46, 60, 71] imply that a discretisation based on the SLAC derivative gives
results close to the continuum limit and will not break theZ2 symmetry of the full supersymmetric model. For that
reason the SLAC derivative will also be used to simulate theN = 1 Wess-Zumino model. In contrast to other low
dimensional scalar supersymmetric models it is now necessary to cope with a logarithmic mass renormalisation and
the renormalised lattice coupling depends on the chosen renormalisation procedure.

To justify the applicability of the SLAC derivative also forthe present case simulations based on the lattice action

S =
∑

x

1

2

(
∑

ν

(∂SLAC
ν φ)2x + µ̂2

0φ
2
x +

λ̂

2
φ4x

)

(53)

have been performed where the mass parameter is still given by µ̂2
0 = µ̂2 − 3λ̂Aµ̂2 . Only now,Aµ̂2 is determined

from the propagator based on the SLAC derivative,

Aµ̂2 = lim
n→∞

(2n)−2
n∑

k1=−n+1

n∑

k2=−n+1

1

µ̂2 + (πk1/n)2 + (πk2/n)2
. (54)

Similar to the case of the naive discretisation the crossingof the Binder cumulantU for different lattice volumes
at fixedλ̂ determines the critical̂µ2 and therefore the critical couplinĝfc. This procedure is exemplified for̂λ = 0.15

22Strictly speaking there is still a slight volume dependencesuch that the large volume extrapolation of the intersection points for different lattice
volumes corresponds to the phase transition.
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λ̂ f̂c

0.02 11.035(76)
0.05 11.112(74)
0.10 11.268(57)
0.15 11.321(43)
0.20 11.386(42)
0.25 11.429(29)

Table 2: Renormalised critical couplings for theφ4 model as determined from lattice sizes up to2562 with the SLAC derivative.

in Fig. 15 where lattice sizes up to2562 were used. As an outcome of these calculations critical couplings have been
determined for six different̂λ (see Tab. 2). Again, an extrapolation to the continuum limitλ̂→ 0 has been performed
according to Eq. (52) (see Fig. 16) and gives the renormalised critical coupling in the continuum offc = 10.92(13)
which is in complete agreement with the reference valuefc = 10.81(7) of [83]. This proves that the latticeφ4

model with non-local SLAC derivative possesses the correctcontinuum limit, as expected from the analytic studies in
[42, 55]. The definition of a renormalised critical continuum coupling isindependentof the chosen lattice regulator.

3.2. Full dynamical model
By inclusion of dynamical fermions the model is now given in the continuum by the action (41). Irrespective of the
chosen prepotentialP (φ) the action is invariant under one supersymmetry. The dynamical breaking of this supersym-
metry for the prepotential defined in Eq. (42) will be analysed in the following.

3.2.1. Renormalised lattice parameters
Using a discretisation based on the SLAC derivative the lattice action is given by a direct discretisation of the corre-
sponding continuum action,

S =
∑

x

1

2

(∑

ν

(∂SLAC
ν φ)2x + µ̂2

0φ
2
x +

λ̂

2
φ4x +

∑

y

ψT

x C(/∂
SLAC
xy +

√

2λ̂φxδxy)
︸ ︷︷ ︸

=M [φ]

ψy

)

. (55)

In a Majorana representation withγ matrices and charge conjugation matrix

γ0 =

(
1 0
0 −1

)

, γ1 =

(
0 −1
−1 0

)

, C =

(
0 −1
1 0

)

(56)

is the fermion matrixM real and antisymmetric.
In [37] a lattice model of theN = 1 Wess-Zumino model built upon the symmetric derivative has been analysed.

To avoid the species doubling problem a Wilson mass term has been added to the prepotential. Similar discretisations
were used for theN = 2 Wess-Zumino model in [42, 46, 60, 70, 71]. With properly renormalised coupling parameter
(as described below) is was shown that the supersymmetric continuum limit is reached. Although this restoration
was only analysed for a discretisation based on Wilson fermions the whole line of argument is directly applicable for
the SLAC derivative. This follows from the fact that the SLACderivative for two dimensional models with Yukawa
interaction needs no non-local or non-covariant counterterms to construct a local continuum limit and the lattice
degree of divergence of Feynman diagrams coincides with thedivergence of the corresponding continuum diagrams
[40, 42, 85].

The analysis of divergent diagrams in [37] starts from theZ2 broken phase and shows that a logarithmic renor-
malisation of the bare mass parameter is necessary to canceldivergent contributions,

µ̂2
0 = µ̂2 +

λ̂

4π

(
ln µ̂2 + c

)
, (57)

wherec may be any constant to fix the renormalisation scale. In analogy to the quenched model this constant is now
fixed to obtain

µ̂2
0 = µ̂2 − 1λ̂Aµ̂2 (58)
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functional form (52).
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Figure 17: The divergent Feynman diagrams for the fullN = 1 Wess-Zumino model in theZ2 symmetric phase.

with Aµ̂2 defined for the SLAC derivative in Eq. (54). In contrast to thequenched model only a factor ‘1’ in front
of the divergent part is needed that arises from a partial cancellation of the Feynman diagrams shown in Fig. 17.
Compared to theN = 2 Wess-Zumino model there isno complete cancellationand a divergence remains. Again the
given renormalisation procedure amounts to a normal ordering of interaction terms with mass parameterµ̂ in theZ2

symmetric phase. Eventually a renormalised coupling is defined in the continuum limit similarly as in the bosonic
case according to Eq. (50), but now withµ̂2

0 given through Eq. (58).

3.2.2. The Pfaffian
The field content of theN = 1 Wess-Zumino model includes Majorana fermions for which thefermionic path integral
yields a Pfaffian,

Z =

∫

DφDψ e−SB[ψ]−ψ
TM [φ]ψ =

∫

Dφ PfM [φ] e−SB[φ]. (59)

whereM [φ] is an antisymmetric matrix.23 The Pfaffian is (up to a sign) the square root of the determinant, (PfM)2 =
detM , and follows from Grassmann integration,

PfM =
1

2NN !

∑

σ∈S2N

sign(σ)
N∏

i=1

Mσ2i−1,σ2i
. (60)

In practice the Pfaffian is computed as described in [87, 88] with complexityO(N3). Similar to the case of Dirac
fermions in Sec. 2.2.1 this Pfaffian may have a fluctuating sign and Monte-Carlo simulations are carried out with the
effective action

Seff = SB − ln |PfM | = SB − 1

2
ln detM ⇒ Z =

∫

Dφ e−Seff[φ]. (61)

23In general, as it is the case e.g. for supersymmetric Yang-Mills theories [86], the matrixM is not necessarily real. However, it is still
antisymmetric but does not need to be anti-Hermitian.
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Nevertheless, the sign of the Pfaffian must be taken into account by reweighting of measurements.
With the chosen representation of the Clifford algebra the fermion matrix is given by

M =

(
∂SLAC
1 ∂SLAC

0 − P ′

∂SLAC
0 + P ′ −∂SLAC

1

)

. (62)

By using general identities for the Pfaffian of an antisymmetric matrixA ∈ R2n×2n and general matrixB ∈ R2n×2n,

Pf(A) = (−)n Pf(AT), Pf(BABT) = det(B) Pf(A), (63)

transformation properties under theZ2 symmetryφ → −φ of the bosonic potentialP 2/2 can be derived. For any
lattice-derivative with antisymmetric matrix representation (e.g. for the SLAC derivative) on a lattice withN points

Pf

(
∂1 ∂0 − P ′

∂0 + P ′ −∂1

)
transpose
= (−)N Pf

(
−∂1 −∂0 + P ′

−∂0 − P ′ ∂1

)





0 −1
1 0





= (−)N Pf

(
∂1 ∂0 + P ′

∂0 − P ′ −∂1

)
(64)

holds true. Under theZ2 transformationP ′ → −P ′ the Pfaffian isinvariant on even lattice volumes and hence it de-
fines a discrete symmetry of the full model. On the other hand,for an odd number of lattice sites the Pfaffian changes
sign underP ′ → −P ′. The seemingly inconsistent behaviour where symmetry properties depend on the number of
lattice points can be resolved by a closer look at the SLAC derivative. For this derivative the number of lattice points
is directly related to the boundary conditions of the fields.By imposing the natural condition that the spectrum of the
lattice derivative operator lies symmetric around the realaxis in momentum space an even number of lattice points
mustbe used for antiperiodic boundary conditions and an odd number for periodic ones.24 In consequence the Pfaffian
changes sign underP ′ → −P ′ for periodic boundary conditions. Then the contribution ofevery field configuration
with positive Pfaffian is cancelled in the path integral by the contribution of the transformed configuration with nega-
tive Pfaffian and the same bosonic action. This implies a vanishing Witten index, which is nothing but the path integral
with periodic fermionic boundary conditions. For antiperiodic fermions in the temporal direction the Pfaffian keeps
its sign under theZ2 symmetry in accordance with the positive definite partitionfunction for the thermal ensemble.

For Wilson fermions the situation is different. In that casethe derivative has still an antisymmetric matrix repre-
sentation but the contribution of the Wilson term leads to

Pf

(
∂1 ∂0 − P ′ − r

2∆
∂0 + P ′ + r

2∆ −∂1

)
transp.
= (−)N Pf

(
−∂1 −∂0 + P ′ + r

2∆
−∂0 − P ′ − r

2∆ ∂1

)





0 −1
1 0





= (−)N Pf

(
∂1 ∂0 + P ′ + r

2∆
∂0 − P ′ − r

2∆ −∂1

)

.

(65)

Changing the sign ofP ′ can in general only preserve the modulus of the Pfaffian if theWilson parameterr changes its
sign, too. Since the lattice theory is defined with fixedr theZ2 symmetry will be broken by the Wilson term, similar
to theN = 2 Wess-Zumino model [60]. For that reason the discretisationbased on the SLAC derivative extends the
works [37, 80, 89] by implementing theZ2 symmetry of the continuum model explicitly on the lattice.

3.2.3. Symmetries, boundary conditions, and ground states
The static properties under theZ2 symmetry that depend on the boundary conditions for the dynamical fermions can
be directly related to the ground state structure of the fullmodel. In the case of brokenZ2 symmetry one ground
state is correlated to positivẽφ while the other one is correlated to negativeφ̃. The analysis ofsignPfM reveals that
in exactly one of these states the sign flips when one changes the boundary conditions. A change of the fermionic
boundary conditions amounts to an insertion of(−1)NF into the path integral which exactly implies the existence of
one bosonic and one fermionic ground state.

24Nevertheless, thesquaredSLAC derivative can be defined unambiguously for periodic fields with an even number of lattice points.
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Figure 18: Probability density of the volume averaged bosonic field for periodic boundary conditions on a9 × 9 lattice (left panel) and thermal
boundary conditions on an8× 9 lattice (right panel) at couplinĝf = 100 andλ̂ = 0.1. The histograms are computed (with a statistics of6 · 106
configurations) separately for fixedsignPfM .

These relations have been checked in the dynamical ensemblewith (small scale) lattice simulations with periodic
and antiperiodic temporal boundary conditions for the fermions at couplingŝλ = 0.1 and f̂ = 100 (see Fig. 18).
The different boundary conditions at finite temperature imply that the functional forms of both histograms need
not necessarily coincide. However, all configurations withφ̃ > 0 keepsignPfM under a change of fermionic
boundary conditions, such that the bosonic ground state is located at̃φ > 0, while the fermionic has a supportφ̃ < 0.
These relations have been checked at further couplingsf̂ ∈ [10, 100] andsign φ̃ · signPfM > 0 is found onevery
configuration. Similar to the broken supersymmetric quantum mechanics in Sec. 2 it is necessary to use thermal
boundary conditions to have a positive measure.25

This choice of thermal boundary conditions has further implications for the analysis of supersymmetry breaking.
Apart from theexplicit supersymmetry breaking introduced in the lattice theory bythe finite lattice spacing and finite
volume there is a further explicit breaking introduced by the finite temperature. For that reason an analysis of thespon-
taneoussupersymmetry breaking in the continuum theory will involve the limit of infinite volume (“thermodynamic
limit”), vanishing temperature, and vanishing lattice spacing of the lattice theory.

3.2.4. Z2 breaking
The numerical survey of the phase diagram starts in analogy to the quenched case with the determination of the phase
transition associated to theZ2 breaking. The binder cumulantU is thus computed for different volumes at fixed
lattice spacing with thermal boundary conditions. However, a comparison to results obtained with periodic boundary
conditions (without reweighting) is enlightening. Forλ̂ = 0.3 the intersection point of the Binder cumulants is
independent of the chosen boundary conditions (see Fig. 19). This behaviour is explained by the ground state structure
at infinite lattice volume. In theZ2 broken phase (for small̂µ2) the system resides in only one ground state with fixed
signPfM . In that case expectation values are insensitive to the boundary conditions for the fermions and periodic
boundary may be imposed. For that reason it is quite safe to approach the phase transition from theZ2 broken region
and extract a critical coupling from a crossing of Binder cumulantsat the edgeof theZ2 broken phase. But in the
Z2 symmetric phasereweightedexpectation values are undefined for periodic boundary conditions and un-reweighted
values may only be used with caution.

The phase transition has also been determined for two further lattice spacings with thermal boundary conditions
(see Fig. 20) and the results for everyλ̂ are in full agreement with a critical coupling offc = 21.1(1.1). At this
point the numerical precision is just not sufficient to resolve any running of the critical coupling with varying lattice
spacing, mainly because of the accessible lattice sizes. Hence the determined critical couplings are used as continuum
critical coupling for theZ2 breaking with a broken phase forf > fc and a symmetric phase forf < fc.

25The Pfaffian is found to be strictly positive for finite temperature simulations with several couplings on lattices up to20 × 21. However, for
even larger lattices the calculation of the Pfaffian is getting extremely time consuming and a representative statistics has not been generated.
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Figure 19: Binder cumulants for thermal (left panel) and supersymmetry preserving (right panel) boundary conditions determined at fixed̂λ = 0.3
and varyingµ̂2 (with a statistic of104 configurations). The shaded area denotes the error bounds ofthe criticalµ̂2.
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Figure 20: Binder cumulants for thermal boundary conditions determined at fixed̂λ = 0.2 (left panel) and̂λ = 0.4 (right panel) with a critical̂µ2

indicated by the shaded area.

3.2.5. Supersymmetry breaking
As found in Sec. 3.2.3 theN = 1 Wess-Zumino model with the chosen prepotential possesses one bosonic and
one fermionic ground state which are related through theZ2 symmetry. In theZ2 broken phase one definite ground
state is selected and this ground state will be the supersymmetric one because its partner state is not present in the
physical spectrum at infinite volume. On the other hand, in theZ2 symmetric phase there may exist a supersymmetric
ground state – in contrast to supersymmetric quantum mechanics does theZ2 symmetrynot necessarily excludea
supersymmetric ground state. Thus it is necessary to study supersymmetry breaking on its own.

The direct way to study supersymmetry breaking is given by Ward identities that are related to the supersymmetry
transformation. If there is one broken Ward identity then supersymmetry is broken. The simplest Ward identity which
is inherently related to the ground state energy is constructed from the transformation of the fermionic field,

−
〈

V −1

∫

d2x δψ

〉

= ǫ

〈

V −1

∫

d2xP

〉

= 0 ⇔ 〈P〉 = 0

with 〈P〉 = 〈P̂〉/
√

λ̂, P̂ = N−1
∑

x

(
µ̂2
0

√

2λ̂
+

√

λ̂

2
φ2
)

. (66)

It follows that the dimensionless prepotentialP serves as an indicator for supersymmetry breaking. However, super-
symmetry is explicitly broken by the finite lattice spacing,finite temperature and finite volume. Therefore dynamical
supersymmetry breaking should be examined in the limit of infinite lattice volumeN → ∞, in combination with the
continuum limita→ 0.
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Figure 21: Prepotential〈P̂〉 at fixedλ̂ = 0.1 andNs = 35 for theZ2 broken phase witĥf = 100 (left panel) and theZ2 symmetric phase with
f = 10 (right panel).
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Figure 22: Extrapolation of〈P̂〉 to infinite volume at fixed̂λ and couplingsf̂ = 100 (left panel) andf̂ = 10 (right panel). Depending on the
lattice size from104 up to5 · 105 configurations have been used.

The first limit to be studied is the limit of vanishing temperature at fixed lattice spacing (λ̂ = 0.1) and fixed
spatial volume (Ns = 35). Simulations have been performed atf̂ = 100 (Z2 unbroken) and̂f = 10 (Z2 broken) and
the results plotted in Fig. 21 indicate that forNt & Ns the finite temperature corrections become negligible in both
phases. Hence in the following nearly quadratic lattices are chosen withNt = Ns ± 1.26 But already at this point the
prepotential is one order of magnitude larger in theZ2 symmetric phase than in theZ2 broken phase.

Now that the finite temperature effects are under control theinfinite volume limit can be performed. Here, the
infinite volume limit is takenbeforethe continuum limit to finally work out the effect of the finitelattice spacing. To
accomplish an extrapolation the data at fixed finite lattice spacing are fitted with functions of the form

〈P̂〉(Ns) = A+BN−1
s + CN−2

s (67)

and extrapolated toNs → ∞. For most of the couplingŝf lattices withNs ∈ {25, 27, 31, 35, 43, 63} are used. The
two examples witĥλ = 0.1 andf̂ ∈ {10, 100} in Fig. 22 illustrate the validity of the chosen extrapolation formula.

The last limit to be taken is the continuum limit. In the simplest case corrections are ofO(a) and a linear extrapola-
tion to the continuum limit is possible. The extrapolation is done at each couplingf ∈ {10, 12.5, 16, 20, 25, 40, 100}
and is shown for the extreme cases of the present study, atf = 10 andf = 100, in Fig. 23 where the validity of a lin-
ear extrapolation is visible. In these cases a complete coincidence between restoredZ2 symmetry and spontaneously
broken supersymmetry is visible. All continuum extrapolated Ward identities in the considered coupling range are
plotted in Fig. 24 and listed in Tab. 3.

26The choice of the sign inNs ± 1 depends on the efficiency of the involved Fourier transformations.
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supersymmetry is broken while the region shaded in gray gives the error bound for theZ2 phase transition.

The calculation of the dimensionless prepotential that serves as Ward identity by Eq. (66) has shown that after tak-
ing all necessary limiting procedures supersymmetry is broken whenever theZ2 symmetry is restored. Nevertheless,
one inconsistency shows up forf slightly above the critical coupling forZ2 breaking (approximatelyf ∈ [fc, 27]).
In that region theZ2 symmetry is broken while the Ward identity is not fulfilled. This is in contradiction with the
fact that a brokenZ2 symmetry strictly implies a restored supersymmetry after all limits have been taken. Thus an
analysis of possible systematic errors is in order.

Firstly the used extrapolation formulae for the specific limits may not be sufficient in every case. Secondly close
to the critical coupling at fixed̂λ where a second order phase transition (related to an infinitecontinuumλ) with
diverging correlation length occurs, the considered lattice volumes may still be too small to be in the applicability
range for an infinite volume extrapolation with Eq. (67). Thirdly the ordering of limits may be of importance. As it
has been found in the supersymmetric quantum mechanics and theN = 2 Wess-Zumino model the sign problem that
arises from the fermionic part of the action becomes worse for larger volumes at fixed lattice spacing and is weakened
in the continuum limit at fixed physical volume. Although thesign problem is completely absent for small lattices
signPfM has not been computed for the larger lattices due to the numerical complexity ofO(N3). Therefore sign
problems cannot be excluded for large lattice volumes and anextrapolation to infinite volume prior to the continuum
limit may turn out to be insufficient if no reweighting withsignPfM is done.
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f 〈P〉
100 −0.0012(19)
40 −0.0039(36)
25 0.0032(11)
20 0.0093(33)
16 0.0150(28)
12.5 0.0277(27)
10 0.0444(10)

Table 3: Dimensionless prepotentialP after extrapolation to the limit of vanishing temperature,infinite volume, and vanishing lattice spacing (in
given order).

Ns = 49 Ns = 63 Ns = 81 cont.
L
√
λ = 19.9 bos. 0.379(2) 0.379(4) 0.383(4) 0.389(10)

L
√
λ = 28.2 bos. 0.295(4) 0.293(5) 0.293(5) 0.289(12)

L
√
λ = 34.5 bos. 0.267(6) 0.262(8) 0.261(7) 0.251(20)

L
√
λ = 39.8 bos. 0.238(10) 0.228(12) 0.231(10) 0.218(30)

L
√
λ = 19.9 ferm. 0.300(1) 0.294(2) 0.291(2) 0.277(4)

L
√
λ = 28.2 ferm. 0.276(1) 0.263(2) 0.262(2) 0.237(5)

L
√
λ = 34.5 ferm. 0.270(1) 0.261(2) 0.252(2) 0.225(5)

L
√
λ = 39.8 ferm. 0.270(1) 0.254(3) 0.245(2) 0.204(6)

Table 4: Bosonic (upper rows) and fermionic (lower rows) massesmB/F/
√
λ for fixed physical volumesL

√
λ and varying lattice spacing together

with the continuum extrapolation at couplingf = 100.

Even with taking these possible systematic errors into account a supersymmetry breaking phase transition is
confirmed where the corresponding critical coupling coincides with that of theZ2 phase transition. Nevertheless,
the Binder cumulant technique for theZ2 symmetry breaking provides a more reliable way to determinethe critical
coupling because the extrapolation does not directly involve questionable extrapolation formulae.

3.2.6. Masses
Ward identities are indicators for the restoration of supersymmetry. Now, after the phase structure of the theory is
settled, further physical observables are of interest. Amongst them are the particle masses or the energy difference
between the ground state and the first excited state. Here, one expects a fundamentally different behaviour of the
masses in the different phases [77]. In the supersymmetric phase a degeneracy between the (finite) bosonic and
fermionic mass is expected, similar to theN = 2 Wess-Zumino model. For broken supersymmetry agoldstinoshould
arise as massless fermionic mode while the physical spacetime volume serves as a regulator for the bosonic mass,
which itself eventually vanishes in the infinite volume limit.

The analysis starts with theZ2 broken phase at a fixed coupling off = 100. In this phase it is necessary to
project the (finite volume) lattice simulations onto one ground state to mimic the suppression of tunnelling events
in the infinite volume limit.27 This is the same technique as used in Sec. 2 for the SQM as well as for theN = 2
Wess-Zumino model in [60], and it is necessary to finally extrapolate the obtained masses to the infinite volume
limit. Since a projection to one ground state is performed itis not requiredto stick to thermal boundary conditions
as discussed in Sec. 3.2.4. Thus, in order to remove the supersymmetry breaking introduced by a finite temperature,
periodic boundary conditions are used also for the fermionic field to obtain correlators and masses in theZ2 broken
phase. Furthermore only square lattices are investigated to simplify the comparison of different lattice spacings and
physical volumes.

27Here the configurations are projected without loss of generality to the bosonic ground state.
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Masses are extracted from the correlators

CB(t) = N−2
s

∑

x,x′

〈
φ(t,x)φ(0,x′)

〉
and CF(t) = N−2

s

∑

α,x,x′

〈
ψ̄α,(t,x)ψα,(0,x′)

〉
(68)

using acosh fit in a ranget ∈ [L/3, 2L/3]. It is obvious that the correlators at fixed physical volume depend on
the lattice spacing (in Fig. 25 the fermionic correlator shows larger discretisation errors) and extracted masses must
therefore be extrapolated to the continuum limit. The continuum value is reached via a linear extrapolation that has
already been used successfully for the continuum extrapolation of results based on the SLAC derivative in unbroken
supersymmetric quantum mechanics in [42]. The results obtained on lattices withNs ∈ {49, 63, 81} for the bosonic
and fermionic masses at four different physical volumes, together with the continuum extrapolation, are given in
Tab. 4 and are plotted in Fig. 26 (left panel) for finite lattice spacings. Finally an infinite volume extrapolation of the
continuum results is necessary. Although boson masses approach the fermion masses at larger volumes, as predicted
by supersymmetry, the statistical accuracy is not sufficient for a reliable extrapolation. Therefore only the fermionic
masses are extrapolated linearly (see Fig. 26, right panel)to the infinite volume limit, resulting inmF/

√
λ = 0.14(1).

Unfortunately, the bosonic mass can only be assumed to take the same limit. At this point a note concerning the
finiteness of the bosonic mass is in order. The breaking of thediscreteZ2 symmetry does not lead to Goldstone
bosons and a finite mass isnot excluded. On the other hand, in theZ2 symmetric phase thecontinuous supersymmetry
will be broken and massless goldstinos should appear in the spectrum of the theory.

The analysis of masses is therefore continued in the phase with broken supersymmetry and restoredZ2 symmetry.
In this phase it is mandatory to use thermal boundary conditions since bosonic and fermionic ground state participate
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equally well in the path integral with unsuppressed tunnelling even at infinite volume. Goldstinos will, similar to
broken supersymmetric quantum mechanics, show up as massless modes in

C′
F(t) = N−2

s

∑

α,x,x′

〈
ψ̄1,(t,x)ψ1,(0,x′) − ψ̄2,(t,x)ψ2,(0,x′)

〉
, (69)

the spinor component combination that yields acosh form for thermal boundary conditions. At̂f = 10 the correlator
has been computed at varying physical volume with fixed lattice size and for fixed physical volume with varying lattice
spacing (see Fig. 27).28 A constant part of the correlator is clearly visible and independent of the physical volume or
lattice spacing. This is an unambiguous sign of a goldstino.

To get a complete picture the bosonic masses are calculated as well. These are expected to vanish in the infinite
volume limit as predicted by renormalisation group methodsin [77]. Again, theconnectedbosonic correlator at
f = 10 is computed and it is found to be composed of a part with nearlyvanishing mass, corresponding to the first
excited state, and a part that arises from higher excited states (see Fig. 28, left panel).29 The masses of the first excited
state are now extrapolated (linearly) to infinite volume (see Fig. 28, right panel). Here, only constant lattice sizes
N = 64 × 63 are used and the continuum limit is not performed. However, it has been checked forL

√
λ = 44.5 on

lattice sizesN = 80 × 81 andN = 108× 105 that the discretisation errors are still below the statistical errors. The
infinite volume extrapolation is in agreement withmB ∝ L−1 with an extrapolated value ofmB/

√
λ = −0.002(10),

i.e. the bosonic mass vanishes after the infrared regulatoris removed, in agreement with the results obtained by a
functional renormalisation group approach [77].

4. Conclusions

For the case of a supersymmetric quantum mechanics with dynamically broken supersymmetry observables that are
computed using a lattice regularisation with the SLAC derivative completely coincide with results obtained from the
diagonalised Hamiltonian. The (bosonic/fermionic) nature of both ground states can be explained with the impact of
a change in boundary conditions on the fermionic determinant. Correlators computed in the thermal ensemble show
a constant part for larget, which is a remnant of the degenerate ground states. With a projection to one ground state
the constant part is still visible in the fermionic correlator, which goes at hand with the massless fermionic excitation
implied by the degeneracy. In the bosonic correlator the constant part vanishes and the remaining exponential fall-off
corresponds to the first excited state in the bosonic spectrum.

28The non-statistical fluctuations showing up in the correlator can be traced back to the non-locality of the SLAC derivative. They will decrease
in the continuum limit, as visible in Fig. 27 (right panel).

29The exponential decay of higher excited states is also visible for t
√
λ < 10 in the fermionic correlator, cf. Fig. 27.
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On the level of Ward identities it is checked that the ground state is not invariant under the supersymmetry and
a simple Ward identity is not fulfilled in the limit of vanishing lattice spacing and temperature, as predicted from
diagonalising the Hamiltonian. In contrast to purely bosonic scalar models, the constraint effective potential does
not flatten out towards the conventional effective potential, which is explained by the fact that no interpolating states
between bosonic and fermionic sector are accessibly in the finite temperature path integral.

We showed that it is possible to analyse supersymmetric quantum mechanics with broken supersymmetry with
lattice methods based on the SLAC derivative. The physical properties can be determined reliably and accurately.
Supersymmetric quantum mechanics has been very useful to test sophisticated techniques that find applications in
higher dimensional models.

The analysis of theN = (1, 1) Wess-Zumino model in two dimensions aimed at observing and understanding
dynamicalsupersymmetry breaking from first principles. A lattice regularisation based on the SLAC derivative is
used and the choice of this regularisation is justified utilising the quenched model where a complete agreement of the
obtained critical coupling with the reference value [83] isfound.

With this discretisation theZ2 symmetry breaking is analysed and a renormalised continuumcoupling is defined.
For the first time a regulator independent critical couplingis determined from lattice simulations. From the computa-
tion of a Ward identity a complete coincidence between the restoration ofZ2 symmetry and the dynamical breaking
of supersymmetry is obtained. The computation of masses in the continuum limit for different physical volumes com-
pletes the analysis and agrees with the picture of a finite andequal bosonic and fermionic mass in the supersymmetric
phase and the occurrence of a massless goldstino for broken supersymmetry.

In future works it may be checked on the Ward identities by taking the infinite volume limitafter the continuum
limit has been carried out to suppress possible systematic errors arising from the sign problem. Masses of higher
excited states could be within reach by using improved correlators. Finally a completely independent calculation with
different discretisation is desirable. A formulation withWilson fermions [37] is a natural choice, in particular because
efficient lattice methods are already available [90]. However, in that case one must ensure that a spontaneous breaking
of theZ2 symmetry is not influenced by the unavoidable explicitZ2 symmetry breaking induced by the Wilson mass
term.

In both models the SLAC derivative has proven to be successfully applicable, which can be traced back to the
absence of gauge fields in these models. Therefore it may be advantageous to consider the SLAC derivative as an
interesting alternative to Ginsparg-Wilson fermions alsoin simulations of the four dimensionalN = 1 Wess-Zumino
model [91].

Supersymmetrically improved lattice actions inevitably include periodic boundary conditions for fermionic fields
which lead to a severe sign problem in supersymmetric theories with a dynamically broken supersymmetry. There-
fore the applicability of the improvement programme, whereone keeps part of the supersymmetry intact, becomes
questionable for these theories. It will be necessary to analyse if improved actions exist that give rise to a correct
continuum limit without fine tuning even for thermal boundary conditions.
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[42] G. Bergner, T. Kästner, S. Uhlmann and A. Wipf,Low-dimensional supersymmetric lattice models, Annals Phys.323 (2008) 946

[arXiv:0705.2212].
[43] M. Creutz and B. Freedman,A statistical approach to quantum mechanics, Ann. Phys.132 (1981) 427.

31

http://arxiv.org/abs/hep-ex/0012035
http://arxiv.org/abs/hep-ph/9709356
http://arxiv.org/abs/hep-ph/0105254
http://arxiv.org/abs/0906.3599
http://arxiv.org/abs/hep-lat/0410012
http://arxiv.org/abs/hep-lat/0602007
http://arxiv.org/abs/0705.3831
http://arxiv.org/abs/0708.4129
http://arxiv.org/abs/0712.2532
http://arxiv.org/abs/0806.0013
http://arxiv.org/abs/0903.2443
http://arxiv.org/abs/0902.4267
http://arxiv.org/abs/1003.2073
http://arxiv.org/abs/hep-th/0407135
http://arxiv.org/abs/hep-lat/9503009
http://arxiv.org/abs/0903.4881
http://arxiv.org/abs/0807.1110
http://arxiv.org/abs/0909.4791
http://arxiv.org/abs/1107.1629
http://arxiv.org/abs/0705.2212


[44] S. Catterall and E. Gregory, A lattice path integral for supersymmetric quantum mechanics, Phys. Lett. B487 (2000) 349
[arXiv:hep-lat/0006013].

[45] M. Beccaria, G. Curci and E. D’Ambrosio,Simulation of supersymmetric models with a local Nicolai map, Phys. Rev.D58 (1998) 065009
[arXiv:hep-lat/9804010].
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