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1 Introdu
tionInvariant group integrals are en
ountered in many problems in physi
s. Examples are theone-link integrals in mean �eld or strong 
oupling expansions in Eu
lidian latti
e gauge the-ories [1℄ or mass-gap 
al
ulations in the Hamiltonian formulation of these theories [2℄. Theyare used in the exa
t solution of two-dimensional latti
e gauge theories [3℄, the mat
hingof gauge theories to 
hiral models [4℄ and the loop formulation of quantum gravity on spinnetwork states [5℄; they appear in random matrix theory [6℄ and its widespread appli
ationsin nu
lear physi
s [7℄, quantum 
haos and transport in mesos
opi
 devi
es [8℄ as well asin quantum information theory [9℄. Apart from that, they are tightly 
onne
ted to vari-ous enumerative problems in mathemati
s su
h as 
ounting the number of invariants in agiven tensor produ
t of group representations or the number of Young tableaux of boundedheight [10℄.We 
onsider invariant integrals over 
ompa
t Lie groups with left-right invariant Haar mea-sure dµHaar. For example, integrals of the form
ZG(j, j†) =

∫

dµHaar(g) exp
(tr (j†g) + tr (jg†)

) (1)with a matrix valued sour
e j 
an be 
al
ulated for the U(N) groups [11℄. The solutionof the S
hwinger-Dyson equations 
orresponding to the left and right group a
tions on thesour
e yields the 
losed form expression in terms of Bessel fun
tions,
ZU(N)(j, j

†) =

(

2N(N−1)/2

N−1
∏

m=0

m!

)

det
(

za−1
b Ia−1(zb)

)

det ((z2
b )

a−1)
, (2)where (zb/2)2 are the left- and right-invariant eigenvalues of j · j†. For the SU(N) groupsthere are further invariants independent of j†, for example det j, and no 
omparable simplesolution to the S
hwinger-Dyson equations are known.An alternative approa
h based on an expli
it parametrization of the group elements hasbeen proposed in [12℄. Here one ends up with series representations of the form

ZG(j, j†) =
∑

0≤n1,...,ns≤∞

an1,...,ns
xn1

1 · · ·xns

s , (3)where x1, . . . , xs are the algebrai
ally independent invariants, xk (gjg′) = xk(j). Thismethod is only appli
able to small groups with su�
iently simple parametriziations. Forexample, for SU(2) one obtains the series
ZSU(2) =

∞
∑

n=0

1

n!(n + 1)!

(tr (jj†) + det j + det j†
)n

. (4)1



Already for SO(3), the result is a triple series expansion in powers of the three independentinvariants. For SU(3), a 
onvenient parametrization of the group elements leads to theseries [12℄
ZSU(3)(j, j

†) =
∑

n1,...,n4

2

(n1 + 2n2 + 3n3 + n4 + 2)!(n2 + 2n3 + n4 + 1)!

4
∏

p=1

xnp

np!
(5)with four left-right invariants

x1 = tr (jj†), x2 = 1
2

(

x2
1 − tr (jj†)2

)

, x3 = det(jj†), x4 = det j + det j†. (6)Sin
e x4 is not invariant under U(3) transformations one �nds a triple series for this group.The 
orresponding results for U(2) and U(3) a
tually 
oin
ide with the expression in termsof Bessel fun
tions, eq. (2) [12℄.Numerous results for so-
alled n-ve
tor integrals 
ontaining only n 
olumns of unitary ma-tri
es were derived in [13℄ and more re
ently in [14℄ using an elegant method based solely onthe unitary 
onstraint and left-right invarian
e of the Haar measure. These methods wereapplied to orthogonal groups in [15℄.In (1), ZG is a generating fun
tion for invariant integrals of arbitrary fun
tions on the group.In many appli
ations one only needs integrals of 
lass fun
tions. Su
h fun
tions are 
onstanton 
onjuga
y 
lasses,
F (ghg−1) = F (h), (7)su
h that we 
an 
onsider them as fun
tions of the maximal Abelian torus in G. By thePeter-Weyl theorem, the group 
hara
ters form an orthonormal basis on the Hilbert spa
eof square integrable 
lass fun
tions. Chara
ters 
an be 
omputed with the help of Weyl's
hara
ter formula; they are polynomials of the `fundamental 
hara
ters' χp belonging to thefundamental representations with highest weights µ(p), p = 1, . . . , r.One of the authors was involved in the mean �eld analysis of e�e
tive models for pure gaugetheories near their phase transition point [16℄. There one is 
onfronted with 
al
ulatinginvariant integrals of the type

ZG(u) =

∫

dµred(g) exp
(

r
∑

p=1

upχp(g)
)

, (8)where dµred is the redu
ed Haar measure on G. Su
h invariant integrals together with theirWard identities also show up in inverse Monte-Carlo simulations where one 
al
ulates the2




ouplings in the Polyakov loop dynami
s of gauge theories [17℄. Other appli
ations are, e.g.,the 
omputation of glueball masses in Hamiltonian SU(N) latti
e gauge theories [2, 18℄or studies of the strong 
oupling limit of these theories [19℄. The fun
tion ZG(u) is thegenerating fun
tion for the moments of all fundamental 
hara
ters,
∂m1+...+mr

∂um1

1 · · ·∂umr
r

ZG(u)
∣

∣u=0
=

∫

dµred(g) χm1

1 (g) · · ·χmr

r (g) ≡ tm1,...,mr
(9)for r-tuples u = (u1, . . . , ur).3In the literature there seem to be no suitable Ward identities for ZG(u) for arbitrarygroups G. Thus we de
ided to publish our �ndings sin
e they 
ould be useful for 
olleagues
onfronted with similar invariant integrals.The paper is organized as follows: The next se
tion gives an overview of the known resultsfor the generating fun
tions ZG(u) for G = U(N) and G = SU(N) and extend thosefor SU(N) in the spe
ial 
ase of a generating fun
tion for the de�ning representation. Inse
tion 3 we derive what we 
all geometri
 Ward identities, sin
e they are based on theinvarian
e of the Haar measure. These results hold for all 
ompa
t and simple Lie groups.In se
tion 4 our method is applied to the simple rank 2 groups SU(3), Spin(5) and G2 andin se
tion 5 to SU(4). In se
tion 6 an alternative and more analyti
 method is presentedwhi
h sheds further light on the properties of the redu
ed Haar measures. It turns out thatthe square of the Ja
obian of the transformation ϕ 7→ χ from the angles parametrizing themaximal Abelian torus to the fundamental 
hara
ters is proportional to the density of theredu
ed Haar measure. We have no general proof of this 
onje
ture but have 
he
ked it forgroups with rank 2 and 3. Based on the 
onje
ture we �nd alternative Ward identities whi
hare applied to the groups with rank 2. In se
tion 7 we use both types of Ward identitiesto derive re
ursion relations for the moments tm1,...,mr

in (9). The appendi
es 
ontain adetailed des
ription of the solution of the Ward identities derived in se
tion 4.1 as well astables of the lowest moments for the above rank 2 groups. In the 
on
lusions we 
ommenton possible appli
ations of our Ward identities.3Note that for j = u11, eq. (1) yields the generating fun
tion for the de�ning representation of U(N)and its 
omplex 
onjugate; however, for N ≥ 3 there is no dire
t way to derive the generating fun
tion
ZU(N)(u) for all fundamental 
hara
ters from the generating fun
tion ZU(N)(j, j

†).
3



2 Results for U(N) and SU(N)Let z be an arbitrary element of the group 
enter. By S
hur's lemma it a
ts on χp(g) bymultipli
ation with a fa
tor zp su
h that for the r-ve
tor χ = (χ1, . . . , χr)
t,

χ′(g) = D(z)χ(g) with D(z) = diag(z1, . . . , zr). (10)By invarian
e of the Haar measure under g 7→ zg, this implies the symmetry
ZG(u) = ZG

(

D−1(z)u) ∀z ∈ 
enter. (11)This observation proves to be 
ru
ial for expli
it 
omputations of ZG in the following se
-tions. We now brie�y summarize the known results for G = U(N) and extend those for
SU(N) in the spe
ial 
ase of a generating fun
tion for the de�ning representation.For U(N) the fa
t that the redu
ed Haar measure fa
torizes into a �at measure times theabsolute square of a Vandermonde determinant det ∆(ϕ),

dµred(g) = det ∆(ϕ) det ∆∗(ϕ) drϕ, (12)fa
ilitates the integration su
h that the generating fun
tion
ZU(N)(u, v) =

∫

dµred exp(u tr g + v tr g∗) (13)for integrals over the 
hara
ters of the de�ning representation and its 
omplex 
onjugate
an be 
omputed expli
itly. An integration over the maximal torus parameterized by theangular variables ϕ1, . . . , ϕN yields the 
losed expression
ZU(N)(u, v) = det











I0 I1 · · · IN−1

I1 I0 · · · IN−2... ... ...
IN−1 IN−2 · · · I0











(

2
√

uv
)

. (14)In a

ordan
e with the general result (11), this fun
tion is invariant under 
enter transfor-mations,
ZU(N)

(

eiαu, e−iαv
)

= ZU(N)(u, v). (15)It 
an easily be 
he
ked that for v = u∗ this fun
tion is the limit of (2) for zb → 4u∗u; thislimit has to be taken with 
aution sin
e both the numerator and denominator in (2) vanish4



for two or more 
oin
iding eigenvalues su
h that l'H�pital's rule and 
ertain Bessel fun
tionidentities are needed.In order to 
al
ulate the analogous generating fun
tion for SU(N) we follow [20℄ and insertthe 
onstraint det g = 1 on the maximal Abelian torus in the form
δper(ϕ1 + . . . + ϕN) =

1

2π

∑

n

ein(ϕ1+...+ϕN )into the invariant integral (13) and �nd
ZSU(N)(u, v) =

∑

n∈Z(u

v

)Nn/2

det











In In+1 · · · In+N−1

In−1 In · · · In+N−2... ... ...
In−N+1 In−N+2 · · · In











(

2
√

uv
)

, (16)see [18℄. The generating fun
tion for SU(N) is left invariant by ZN 
enter transformationsfor whi
h
uv → uv,

u

v
→ e4πik/N u

v
, k = 1, . . . , N. (17)In the 
ase of SU(2), the sum 
an be worked out and leads to

ZSU(2)(u, v) = 0F1

[

2
∣

∣w2
]

= I0(4w) − I2(4w), w =
u + v

2
. (18)The 
ase of SU(3) is the subje
t of se
tion 4.1. We are not aware of similar expli
it resultsfor SU(N) with N ≥ 4. In these 
ases, the 
omplexity in
reases sin
e the 
omplex 
onjugatefundamental representations are inequivalent.In (18), the hypergeometri
 fun
tion 0F1 does not appear a

identally; for all SU(N) thegenerating fun
tion for the de�ning representation,

ZSU(N)(u) =

∫

dµred(g) exp (u tr g) , (19)is one of the generalized hypergeometri
 fun
tions
pFq

[a1, . . . , ap

b1, . . . , bq

∣

∣

∣
x
]

=

∞
∑

n=0

αn
xn

n!
,

αn+1

αn
=

(n + a1) · · · (n + ap)

(n + b1) · · · (n + bq)
, (20)with α0 = 1. In the 
ourse of the paper, we will mostly identify them as solutions to thegeneralized hypergeometri
 di�erential equation,

{

θ

q
∏

i=1

(θ + bi − 1) − x

p
∏

i=1

(θ + ai)

}

pFq

[a1, . . . , ap

b1, . . . , bq

∣

∣

∣
x
]

= 0 with θ = x
d

dx
. (21)5



For q = 0 (or p = 0), the �rst (or se
ond) produ
ts of di�erential operators are to berepla
ed by the identity operator.Center symmetry entails that the fun
tion ZSU(N)(u) in (19) is in fa
t only a fun
tion of
x = det(u1) = uN , and ZSU(N)(u) = Z(x) satis�es the di�erential equation

dN

dxN

(

xN−1Z(x)
)

= Z(x). (22)The solution is the hypergeometri
 fun
tion 0FN−1

[

2, 3, . . . , N
∣

∣x
] su
h that

ZSU(N)(u) = 0FN−1

[

2, 3, . . . , N
∣

∣uN
]

. (23)Sin
e for SU(2), tr g = tr g†, this generalizes the standard result (18) (with u = v) byArisue [21℄. Eq. (23) follows from (16) when v tends to zero so that
ZSU(N)(u) =

∑

n≥0

uNn det ∆(n),
(

∆(n)
)

pq
=

{

1
(n+q−p)!

for n + q − p ≥ 0,

0 else . (24)If we multiply the p'th row of ∆(n) with (n+N −p)!, it is easy to 
al
ulate the determinantsof these Toeplitz matri
es,
det ∆(n) =

N−1
∏

p=0

p!

(n + p)!
=⇒ det ∆(n+1)

det ∆(n)
=

1

(n + 1) · · · (n + N)
. (25)This proves eq. (23).3 Ward identities for generating fun
tionsWe denote the left derivative in the dire
tion of the Lie algebra element Ta by La, i.e.

Laf(g) = d
dt
|t=0f

(

exp(itTa)g
) for some fun
tion f on G. The Haar-measure is left (andright) invariant, thus

∫

dµHaar(g) (Laf)(g) = 0, f ∈ L2(G). (26)For 
lass fun
tions F and F̃ the fun
tion
∑

a

La

(

F · LaF̃
)

≡ L(FLF̃
)

= FL2F̃ + LF · LF̃ (27)is a 
lass fun
tion as well. In order to see this, we may assume that F and F̃ are basiselements (i.e., 
hara
ters χµ and χν of some representations with highest weights µ, ν). In6



∑

a(χµ ·L2
aχν +Laχµ ·Laχν), the �rst part of the sum is a 
lass fun
tion sin
e the quadrati
Casimir operator ∑a T 2

a 
ommutes with all group elements, and the se
ond part is a 
lassfun
tion sin
e invarian
e of the Killing metri
 trTaTb under adjoint a
tion by some groupelement h implies that hTah
−1 
an be expanded as Ra

cTc with an orthogonal matrix R.Thus, (26) with f = F · LaF̃ redu
es to an integral over the maximal Abelian torus,
0 =

∫

dµredL(FLF̃
)

=

∫

dµred

(

FL2F̃ + LF · LF̃
)

. (28)We take F̃ to be a fundamental 
hara
ter χp with p ∈ {1, . . . , r}. The χ1, . . . , χr are good
oordinates for the maximal torus su
h that any 
lass fun
tion 
an be thought of as afun
tion of these 
hara
ters, F = F (χ1, . . . , χr). Then the identity (28) reads
0 =

∫

dµred

(

F (χ)L2χp +
∑

q

(Lχp)
∂F (χ)

∂χq
(Lχq)

)

. (29)Every 
hara
ter χµ of a representation Vµ with highest weight µ is an eigenfun
tion of theLapla
ian L2 with eigenvalue −cµ, where cµ is the value of the quadrati
 Casimir in Vµ,L2χµ = −cµχµ. (30)To 
al
ulate the last term in (29) we de
ompose the tensor produ
t of Vµ⊗Vν into irredu
iblepie
es,4
Vµ ⊗ Vν =

⊕

λ

Cλ
µνVλ, su
h that χµχν =

∑

Cλ
µνχλ. (31)A
ting with L2 on this relation and using (30) we �nd the useful relation

(Lχµ) · (Lχν) =
1

2
(cµ + cν)χµχν −

1

2

∑

λ

Cλ
µν cλχλ. (32)with Clebs
h-Gordan 
oe�
ients Cλ

µν and se
ond order Casimirs cµ. Now we may rewritethe Ward identity (29) as follows,
cp

∫

dµred χpF (χ) =
1

2

r
∑

q=1

(cp + cq)

∫

dµred χpχq
∂F (χ)

∂χq

− 1

2

∑

q,λ

Cλ
pq cλ

∫

dµred χλ
∂F (χ)

∂χq

, 1 ≤ p ≤ r. (33)4The 
hara
ters χλ are polynomials χλ = χλ(χ1, . . . , χr) of the fundamental 
hara
ters. For groups ofhigher rank it 
an be 
umbersome to 
al
ulate these polynomials.7



We 
hoose the 
lass fun
tion F = exp(u · χ) su
h that
∫

dµred F = ZG(u),
∂F

∂χq
= uqF and ∂F

∂uq
= χqF. (34)Then, the identity (33) translates into the following master equation for ZG,

cp
∂

∂up

ZG(u) =
1

2

∑

q

(cp + cq)uq
∂2

∂uq∂up

ZG(u)

− 1

2

∑

q,λ

Cλ
pqcλ uq χλ

(

∂
)

ZG(u), p = 1, . . . , r, (35)where χλ(∂) is the di�erential operator obtained by formally evaluating the polynomial
χλ(χ) at (∂/∂u1, . . . , ∂/∂ur). The properties of the group G enter these Ward identities atthree pla
es: via the polynomials χλ(χ), the values cµ of the quadrati
 Casimir operatorsand the Clebs
h-Gordan 
oe�
ients Cλ

pq. The 
oe�
ient fun
tions of these linear partialdi�erential equations are 
onstant or linear fun
tions of the variables u1, . . . , ur. Their
omplexity depends 
ru
ially on the polynomials χλ. For SU(3) and Spin(5) all χλ arequadrati
, and one ends up with se
ond order di�erential equations.For expli
it 
al
ulations, we have to �x our Lie algebra 
onventions whi
h were 
hosento allow for an easy 
omparison with the 
omputer algebra program LiE [22℄. In these
onventions, the Cartan matrix is given by
Kpq =

2(α(p), α(q))

(α(q), α(q))
(36)in terms of the simple roots α(1), . . . , α(r). Thus, simple roots and fundamental weights are
onne
ted by the relation

α(p) =
∑

q

Kpqµ(q). (37)The shortest simple root has squared length 2. In parti
ular, for simply la
ed groups,the Cartan matrix redu
es to Kpq = (α(p), α(q)). Arbitrary roots and weights are linear
ombinations of the simple roots and fundamental weights, respe
tively,
α =

∑

mpα(p) ≡ [m1, . . . , mr] and µ =
∑

npµ(p) ≡ [n1, . . . , nr]. (38)The Weyl ve
tor
ρ =

1

2

∑

α>0

α =
r
∑

p=1

µ(p) (39)8



plays an important role in the theory of representations; we will mostly need it for itsappearan
e in the formula for the value of the se
ond order Casimir operator in a represen-tation Vµ,
cµ = (µ, µ + 2ρ). (40)With the help of (37) and (α(p), µ(q)) = δpqvp the Casimir of the representation with highestweight µ = [n1, . . . , nr] 
an be written as

cµ =
(n , K−1n ′

) with n′
p = vp(np + 2). (41)For simply la
ed groups all vp are equal to 1 so that n′

p = np + 2.4 Ward indentities for groups of rank 2In this se
tion, we are going to investigate and exploit the geometri
 Ward identities (35)for the groups SU(3), Spin(5) and G2. For these rank 2 groups, the generating fun
tion (8)depends on two variables u1 ≡ u and u2 ≡ v.4.1 The group SU(3)As a simply-la
ed group SU(3) has a symmetri
 Cartan matrix,
KSU(3) =

(

2 −1

−1 2

)

, (42)and the quadrati
 Casimir of the representation with highest weight µ = [n1, n2] is
cµ =

2

3

(

n2
1 + n2

2 + n1n2 + 3n1 + 3n2

)

. (43)The fundamental 3-dimensional representation 3 ≡ [1, 0] and its 
omplex 
onjugate 3̄ ≡ [0, 1]both have Casimir 8/3. Sin
e
3 ⊗ 3 = 6 ⊕ 3̄, 3̄ ⊗ 3̄ = 6̄ ⊕ 3, 3 ⊗ 3̄ = 1 ⊕ 8, (44)the λ-sum in (35) 
ontains both fundamental, two sextet and the o
tet representations.The singlet representation has vanishing Casimir invariant and does not 
ontribute. TheCasimir operator on the sextets 6 = [2, 0] and 6̄ = [0, 2] takes the value 20/3, and the o
tet

8 = [1, 1] has Casimir 6. To derive expli
it Ward identities we must express the 
hara
ters9



of the representations 6, 6̄ and 8 in terms of the fundamental 
hara
ters. By (31), eq. (44)yields
χ6 = χ2

3 − χ3̄, χ6̄ = χ2
3̄ − χ3, χ8 = χ3χ3̄ − 1. (45)Thus the di�erential operators χλ(χ) in the Ward identity (35) read

χ3 = ∂u, χ3̄ = ∂v, χ6 = ∂2
u − ∂v, χ6̄ = ∂2

v − ∂u, χ8 = ∂u∂v − 1, (46)and the two Ward identities in (35) for the generating fun
tion
ZSU(3)(u, v) =

∫

dµred(g) exp
(

uχ3(g) + vχ3̄(g)
) with χ3(g) = tr g (47)have the simple form5

(

2u∂2
u + v∂u∂v + 8∂u − 6u∂v − 9v

)

ZSU(3) = 0, (48)
(

2v∂2
v + u∂v∂u + 8∂v − 6v∂u − 9u

)

ZSU(3) = 0. (49)Note that by the property dµ(g) = dµ(g−1) of the Haar measure, ZSU(3)(u, v) = ZSU(3)(v, u)is a symmetri
 fun
tion. Thus it is su�
ient to study one of the two identities. In thede�ning representation of SU(3), the 
enter Z3 a
ts by multipli
ation with exp(2πi/3)1,and the symmetry (11) reads
ZSU(3)

(

e2πi/3u, e−2πi/3v
)

= ZSU(3)(u, v). (50)Together with the symmetry in its two arguments this suggests that ZSU(3) is just a fun
tionof the 
ombinations u3 + v3 and uv. In fa
t, we prove in the appendix that the solution to(48) is given by
ZSU(3)(u, v) =

∞
∑

p,q=0

2

(p + q + 1)!(p + q + 2)!q!

(

3(p + q + 1)

p

)

(uv)p
(

u3 + v3
)q

. (51)We have found only one 
omparably simple series representation for the generating fun
tionin the literature [18℄. To arrive at their result the authors took the quarti
 series (5) and
al
ulated 2 of the 4 in�nite sums. It seems evident that our method based on geometri
Ward identities is more e�
ient to �nd simple series representation for generating fun
tions.5The a
tion of left-derivatives on 
hara
ters 
an also be worked out 
on
retely in a matrix representationalthough this requires more 
omputational e�ort, 
f. [23℄.10



As two spe
ial 
ases, we will restri
t ZSU(3)(u, v) to the u-axis (i.e., v = 0) and the diagonal(i.e., u = v). Instead of performing a resummation of the general result (51), we derivedi�erential equations for ZSU(3) in these 
ases. First we solve the Ward identities (48,49) onthe u-axis, where
(

2u∂2
u + 8∂uZ − 6u∂v

)

ZSU(3)|v=0 = 0,
(

u∂v∂u + 8∂v − 9u
)

ZSU(3)|v=0 = 0. (52)To get rid of the v-derivatives at v = 0 we a
t with u∂u on the �rst equation and use (52)to eliminate the terms ∂vZSU(3) and ∂u∂vZSU(3). We �nd the ordinary di�erential equation
(

u2∂3
u + 12u∂2

u + 28∂u − 27u2
)

ZSU(3)(u, 0) = 0. (53)Sin
e ZSU(3)(u, 0) only depends on u3 we may equally well use x = u3 as a new variable,
ZSU(3)(u, 0) = YSU(3)(x). Then the di�erential equation takes the simpler form

(

x2∂3
x + 6x∂2

x + 6∂x − 1
)

YSU(3) = (x2YSU(3))
′′′ − YSU(3) = 0, (54)whi
h has a solution in terms of a generalized hypergeometri
 fun
tion (
f. (22)), YSU(3)(x) =

0F2

[

2, 3
∣

∣x
]. This is just the result (23) for the group SU(3).In order to �nd a di�erential equation on the diagonal u = v, we a
t by the operator

(3u∂u + 5u∂v + 5 + 4u) on (48) and evaluate the result at u = v =: t. In terms of
d

dt
ZSU(3)(t, t) = (∂u + ∂v)ZSU(3),

d2

dt2
ZSU(3)(t, t) = (2∂uu + 2∂vv)ZSU(3),

d3

dt3
ZSU(3)(t, t) = (2∂uuu + 6∂uuv)ZSU(3), (55)the resulting ordinary di�erential equation reads
(

t2
d3

dt3
+ t(10 − t)

d2

dt2
− 2(12t2 + t − 10)

d

dt
− 12t(3t + 5)

)

ZSU(3) = 0. (56)This is solved by a fun
tion
ZSU(3)(t, t) = 1 + t2 +

∞
∑

n=3

an

n!
tn (57)where the 
oe�
ients an satisfy the re
ursion relation

an+1 =
1

(n + 4)(n + 5)

(

n(n + 1)an − 12n(2n + 3)an−1 − 36n(n − 1)an−2

)

= 0. (58)Together with a0 = 1, a1 = 0, and a2 = 2, this determines all 
oe�
ients in the expan-sion (58). 11



4.2 The group Spin(5)Sin
e Spin(5) is not simply-la
ed, the Cartan matrix
KSpin(5) =

(

2 −2

−1 2

) (59)is not symmetri
. With the 
onvention in (36), we take α1 to be the longer root, α2
1 = 4 and

α2
2 = 2. The eigenvalue of the Casimir operator of the representation with highest weight

µ = [n1, n2] reads
cµ = 2n2

1 + n2
2 + 2n1n2 + 6n1 + 4n2. (60)The fundamental representations are the SO(5) ve
tor representation 5 = [1, 0] and the spinrepresentation 4 = [0, 1]. The 
enter Z2 is generated by −1 in the spin representation anda
ts trivially in the ve
tor representation; the 
enter symmetry (11) implies that

ZSpin(5)(u, v) =

∫

dµred(g) exp
(

uχ5(g) + vχ4(g)
)

= ZSpin(5)(u,−v) (61)is an even fun
tion in v. For the geometri
 Ward identities we need the tensor produ
ts
5 ⊗ 5 = 1 ⊕ 10 ⊕ 14, 4 ⊗ 4 = 1 ⊕ 5 ⊕ 10, 5 ⊗ 4 = 4 ⊕ 16. (62)With 10 = [0, 2], 14 = [2, 0] and 16 = [1, 1], we obtain for the Casimir operators (41):

c5 = 8, c4 = 5, c10 = 12, c14 = 20, c16 = 15. (63)Together with (62), (31) implies that
χ10 = χ2

4 − χ5 − 1, χ14 = χ2
5 − χ2

4 + χ5, χ16 = χ5χ4 − χ4, (64)whi
h leads to the Ward identities
(

u(4∂2
v − 2∂2

u − 4∂u + 6) + v(5∂v − ∂u∂v) − 8∂u

)

ZSpin(5)(u, v) = 0, (65)
(

u(5∂v − ∂u∂v) + v(2∂u − ∂2
v + 6) − 5∂v

)

ZSpin(5)(u, v) = 0. (66)Sin
e the 
enter of Spin(5) is smaller than the 
enter of SU(3) these di�erential equations aremore 
ompli
ated than the 
orresponding SU(3) equations in (48) and (49). The 
hara
ter-isti
s of the se
ond (generally hyperboli
) equation are given by u = 
onst. and u
v

= 
onst.,respe
tively. These families of lines 
oin
ide for u = 0 (where (66) is paraboli
), and wemay solve the 
hara
teristi
 problem given a solution of both equations for u = 0.12



The restri
tion of the Ward identities to the v-axis
(

8∂u − v(5∂v − ∂u∂v)
)

ZSpin(5)

∣

∣

u=0
= 0,

(

5∂v − v(2∂u − ∂2
v + 6)

)

ZSpin(5)

∣

∣

u=0
= 0, (67)
an be solved if we di�erentiate the se
ond equation with respe
t to v and use the tworelations (67) to eliminate the u-derivatives at u = 0. We �nd the following ordinarydi�erential equation for ZSpin(5)(0, v),

(

v2∂3
v + 13v∂2

v − 16v2∂v + 35∂v − 48v
)

ZSpin(5)(0, v) = 0. (68)Sin
e ZSpin(5) is an even fun
tion in v we set ZSpin(5)(0, v) = Z0

(

x = v2
) and obtain thesimple equation

(

x2∂3
x + 8x∂2

x − 4x∂x + 12∂x − 6
)

Z0(x) = 0. (69)The solution is a hypergeometri
 fun
tion 1F2

[

3/2
3, 4

∣

∣4x
] so that

ZSpin(5)(0, v) =

∫

dµred(g) exp
(

vχ4(g)
)

= 1F2

[

3/2
3, 4

∣

∣4v2
]

. (70)Plugging this into the se
ond Ward identity (66) we obtain a re
ursive solution
ZSpin(5)(u, v) =

∞
∑

n=0

Zn(x = v2)

n!
un, (71)where

Z1(x) =
(

6∂x + 2x∂2
x − 3

)

Z0(x),

Zn(x) =
[

(5 + n)∂x + 2x∂2
x − 3

]

Zn−1(x) − 5(n − 1)∂xZn−2(x) for n ≥ 2. (72)As a spe
ial 
ase, let us 
onsider the Spin(5)-Ward identities on the u-axis,
(

u(2∂2
v − ∂2

u − 2∂u + 3) − 4∂u

)

ZSpin(5)

∣

∣

v=0
= 0,

(

u(5∂v − ∂u∂v) − 5∂v

)

ZSpin(5)

∣

∣

v=0
= 0. (73)We di�erentiate the �rst equation with respe
t to u and obtain

(

2∂2
v − 5∂2

u − 2∂u + 3 + u(2∂u∂
2
v − ∂3

u − 2∂2
u + 3∂u)

)

ZSpin(5)

∣

∣

v=0
= 0. (74)Eq. (73) together with the v-derivative of (66) at v = 0 
an be used to eliminate the

v-derivatives,
(

u2∂3
u + (10u − 3u2)∂2

u + (20 − 12u − 13u2)∂u − 30u + 15u2
)

ZSpin(5)(u, 0) = 0. (75)13



Very probably this 
annot be 
onverted into a di�erential equation for a generalized hyper-geometri
 series. The di�erential equation is solved by the power series
ZSpin(5)(u, 0) = 1 + u2 +

∞
∑

n=3

bn

n!
un (76)provided that the 
oe�
ients satisfy the re
ursion relation

bn+1 =
1

(n + 4)(n + 5)

(

3n(n + 3)bn + n(13n + 17)bn−1 − 15n(n − 1)bn−2

)

, n ≥ 2. (77)Together with b0 = 1, b1 = 0 and b2 = 2, this determines all 
oe�
ients in the expansion(76).4.3 The group G2For this group, the Cartan matrix is
KG2

=

(

2 −1

−3 2

)

. (78)Hen
e, α1 is a short root and α2 a long root, α2
1 = 2 and α2

2 = 6. The quadrati
 Casimir ofthe representation with highest weight µ = [n1, n2] reads
cµ = 2n2

1 + 6n2
2 + 6n1n2 + 10n1 + 18n2. (79)The �rst fundamental representation 7 = [1, 0] 
oin
ides with the subrepresentation of the8-dimensional spinor representation of Spin(7) leaving an arbitrary spinor �xed, and these
ond is just the adjoint representation 14 = [0, 1]. The 
enter of G2 is trivial and weexpe
t no symmetries of the generating fun
tion.For the Ward identity we need the tensor produ
ts

7 ⊗ 7 = 1 ⊕ 7 ⊕ 14 ⊕ 27,

7 ⊗ 14 = 7 ⊕ 27 ⊕ 64,

14 ⊗ 14 = 1 ⊕ 14 ⊕ 27 ⊕ 77 ⊕ 77′,

7 ⊗ 27 = 7 ⊕ 14 ⊕ 27 ⊕ 64 ⊕ 77′. (80)We need the last produ
t in order to express the 
hara
ters χλ as fun
tions of the funda-mental 
hara
ters. Note that two irredu
ible representations of dimension 77 appear in the14



de
ompositions. We identify 27 = [2, 0], 64 = [1, 1], 77 = [0, 2] and 77′ = [3, 0] so that thequadrati
 Casimir operators (41) take the following values:
c7 = 12, c14 = 24, c27 = 28, c64 = 42, c77 = 60, c77′ = 48. (81)Furthermore, we use

χ27 = χ2
7 − χ7 − χ14 − 1,

χ64 = χ7χ14 − χ2
7 + χ14 + 1,

χ77 = −χ3
7 + χ2

14 + 2χ7χ14 + 2χ7 + χ14, (82)
χ77′ = χ3

7 − χ2
7 − 2χ7χ14 − χ7 − χ14to derive the following G2-Ward identities

0 =
(

u(−2∂2
u + 8∂u + 2∂v + 14)

+ v(7∂2
u − 3∂u∂v + 8∂u − 7∂v − 7) − 12∂u

)

ZG2
(u, v), (83)

0 =
(

u(7∂2
u − 3∂u∂v + 8∂u − 7∂v − 7)

+ v(6∂3
u + 10∂2

u − 6∂2
v − 12∂u∂v − 22∂u − 4∂v + 14) − 24∂v

)

ZG2
(u, v) (84)for the generating fun
tion

ZG2
(u, v) =

∫

dµred(g) exp
(

uχ7(g) + vχ14(g)
)

. (85)On the u-axis these equations simplify to
0 =

(

u(−∂2
u + 4∂u + ∂v + 7) − 6∂u

)

ZG2
(u, v)|v=0, (86)

0 =
(

u(7∂2
u − 3∂u∂v + 8∂u − 7∂v − 7) − 24∂v

)

ZG2
(u, v)|v=0. (87)We solve the �rst equation and its u-derivative for the v-derivatives at v = 0 o

urring inthe se
ond equation and end up with the third order di�erential equation

(

u2∂3
u + (14u − 4u2)∂2

u + (42 − 18u − 19u2)∂u − 14u2 − 56u
)

ZG2
(u, 0) = 0. (88)Again this is probably not related to a generalized hypergeometri
 series. It may be solvedin terms of a series expansion

ZG2
(u, 0) = 1 + u2 +

∑

n≥3

gn

n!
un (89)15



provided that the 
oe�
ients satisfy the re
ursion relation (for n ≥ 2)
gn+1 =

1

(n + 6)(n + 7)

(

2n(2n + 7)gn + n(19n + 37)gn−1 + 14n(n − 1)gn−2

)

, (90)together with g0 = 1, g1 = 0, g2 = 2. These 
oe�
ients are related to the triangulations of
n-gones with inner verti
es with valen
es ≥ 6 [24℄.Starting from ZG2

(u, 0) = Z̃0(u), we 
an now solve the 
orresponding 
hara
teristi
 problemfor the �rst Ward identity (83) (analogously to the Ward identity for Spin(5)) by means ofan expansion
ZG2

(u, v) =
∞
∑

n=0

Z̃n(u)vn (91)with
uZ̃1(u) =

(

u∂2
u − 4u∂u + 6∂u − 7u

)

Z̃0(u),

2uZ̃n(u) = (1 − n)
(

7∂2
u + 8∂u − 7

)

Z̃n−2(u)

+
(

2u∂2
u − 8u∂u + 3(n + 3)∂u − 14u + 7n − 7

)

Z̃n−1(u) (92)for all n ≥ 2. With the help of (90) and (92), one 
an reprodu
e the moments given in theappendix (se
tion B) re
ursively.5 Results for SU(4)In this se
tion, we will derive a solution to the Ward identities of the rank 3 group SU(4)in a 
ertain range of the parameter values. For SU(4), the quadrati
 Casimir of the repre-sentation with highest weight µ = [n1, n2, n3] is given by
cµ =

1

4
(3n2

1 + 4n2
2 + 3n3

3 + 4n1n2 + 2n1n3 + 4n2n3) + 3n1 + 4n2 + 3n3, (93)and the fundamental representations 4, 6, 4̄ with highest weights µ1 ≡ [1, 0, 0], µ2 ≡ [0, 1, 0],and µ3 ≡ [0, 0, 1] have Casimirs
c4 = c4̄ =

15

4
and c6 = 5. (94)The real representation 6 
oin
ides with the ve
tor representation of SO(6), and 4̄ is 
omplex
onjugated to the de�ning representation 4; the latter two 
an be identi�ed with the 
omplex16



fundamental spinor representations of Spin(6). Their tensor produ
ts 
an be de
omposeda

ording to
4 ⊗ 4 = 6 ⊕ 10, 6 ⊗ 6 = 1 ⊕ 20 ⊕ 15, 4̄ ⊗ 4̄ = 6 ⊕ 10,

4 ⊗ 4̄ = 1 ⊕ 15, 4 ⊗ 6 = 4̄ ⊕ 20′, 4̄ ⊗ 6 = 4 ⊕ 20
′
, (95)where again we denoted the representations by their dimensions,

10 = [2, 0, 0], 10 = [0, 0, 2], 15 = [1, 0, 1], 20 = [0, 2, 0], 20′ = [1, 1, 0], 20
′
= [0, 1, 1].The representations 15 and 20 are real and 4̄, 20

′ are 
omplex 
onjugate to 4, 20′. From(95), we �nd
χ10 = χ2

4 − χ6, χ15 = χ4χ̄4 − 1, χ20 = χ2
6 − χ4χ̄4, χ20′ = χ4χ6 − χ̄4.These data enter the Ward identities (35) for the generating fun
tion

ZSU(4)(u, v, w) =

∫

dµred euχ4+vχ̄4+wχ6, (96)whi
h is 
enter-symmetri
, ZSU(4) (iu,−iv,−w) = ZSU(4)(u, v, w). They take the form
0 =

{

15∂u + u(3∂2
u − 8∂w) + 2w(∂u∂w − 6∂v) + v(∂u∂v − 16)

}

ZSU(4)(u, v, w), (97)
0 =

{

10∂w + u(∂u∂w − 6∂v) + 2w(∂2
w − 2∂u∂v − 4) + v(∂v∂w − 6∂u)

}

ZSU(4)(u, v, w),(98)
0 =

{

15∂v + v(3∂2
v − 8∂w) + 2w(∂v∂w − 6∂u) + u(∂u∂v − 16)

}

ZSU(4)(u, v, w). (99)In order to �nd an expli
it solution for arbitrary produ
ts of 4-dimensional representations(i.e., on the diagonal with u = v and w = 0), we pro
eed analogously to se
tion 4.1: We a
twith the operator (u∂u + v∂v + 9) on the �rst and last equations and use (98) to eliminatethe w-derivative in the resulting di�erential equations. At w = 0, we obtain
(

3u2∂3
u + 4uv∂2

u∂v + v2∂u∂
2
v + 45u∂2

u + 25v∂u∂v

)

ZSU(4)(u, v, 0)

+
(

(135 − 64uv)∂u − (16v2 + 48u2)∂v − 160v
)

ZSU(4)(u, v, 0) = 0,
(

3v2∂3
v + 4uv∂u∂

2
v + u2∂2

u∂v + 45v∂2
v + 25u∂u∂v

)

ZSU(4)(u, v, 0)

+
(

(135 − 64uv)∂v − (16u2 + 48v2)∂u − 160u
)

ZSU(4)(u, v, 0) = 0. (100)A
ting with the operator (u∂u + 2u∂v + 7) on the �rst equation in (100) and evaluating theresult at u = v = t and w = 0, we obtain the following di�erential equation for Z(t, t, 0),
(

t3
d4

dt4
+ 24t2

d3

dt3
+ (165 − 64t2)t

d2

dt2
+ 9(35 − 64t2)

d

dt
− 960t

)

ZSU(4) = 0, (101)17



where the derivatives with respe
t to t are given by expressions analogous to (55). Restri
t-ing ZSU(4) to the diagonal breaks the Z4 
enter symmetry down to Z2; we identify (101) interms of the Z2-invariant 
oordinate y = 16t2,
(

y4∂4
y + 15y3∂3

y + (60y2 − y3)∂2
y + (60y − 5y2)∂y − 15

4
y
)

ZSU(4) = 0, (102)as the de�ning equation (21) for the hypergeometri
 fun
tion
ZSU(4)(t, t, 0) =

∫

dµred(g) exp
(

t(tr g + tr g†)
)

= 2F3

[3/2, 5/2

3, 4, 5

∣

∣

∣
16t2

]

. (103)This result proves the 
onje
ture in [18℄ (whi
h is based on numeri
al observations). As aby-produ
t, this also leads to the remarkable identity
∑

n∈Zdet











In In+1 In+2 In+3

In−1 In In+1 In+2

In−2 In−1 In In+1

In−3 In−2 In−1 In











(2t) = 2F3

[3/2, 5/2

3, 4, 5

∣

∣

∣
16t2

]

, (104)
f. eq. (16) for u = v = t, relating generalized hypergeometri
 fun
tions and determinantsof Bessel fun
tions.6 On the redu
ed Haar measureIn this se
tion, we will des
ribe an alternative approa
h to Ward identities for the generatingfun
tion ZG based on a fa
torization of the redu
ed Haar measure on the maximal Abeliantorus in G. Tangent ve
tors to this torus are linear 
ombinations Hϕ =
∑

p ϕpHp of theCartan generators Hp. The redu
ed Haar measure dµred = ρred drϕ on the maximal abeliantorus has the produ
t representation [25℄
ρred

(

eiHϕ
)

∝
∏

α>0

4 sin2

(

1

2
α(Hϕ)

)

=
∏m∈Φ+

4 sin2

(

1

2
(m , Kϕ)

) (105)with one fa
tor for every positive root α. The 1
2

(dim(G)−rank(G)
) positive roots are linear
ombination of the simple roots,

α = m1α(1) + m2α(2) + . . . + mrα(r), mi ∈ N 0, (106)and the range Φ+ form = (m1, . . . , mr)
t in (105) is 
hosen in su
h a way that it parametrizesall positive roots. We may take the square root of the density [25℄,

ρred

(

eiHϕ
)

∝ |∆|2, ∆ =
∏m∈Φ+

2i sin

(

1

2
(m , Kϕ)

)

=
∑

w∈W

sign(w)eiw(ρ)(Hϕ), (107)18



where the sum runs over the Weyl orbit W of the Weyl ve
tor ρ introdu
ed in (39). Sin
ethe Weyl orbit of ρ 
ontains |W | elements the produ
t representation is preferable for largegroups.6 But it is evident from the sum representation that ∆ 
hanges sign under Weylre�e
tions.The density ρred ∝ ∆∆̄ of the redu
ed Haar measure is a Weyl-invariant fun
tion on themaximal Abelian torus and hen
e a fun
tion of the fundamental 
hara
ters. From (105) wesee that it a
tually is a polynomial of the fundamental 
hara
ters. In 
ontrast, ∆ is notWeyl-invariant and hen
e 
annot be written as fun
tion of the 
hara
ters.Less obvious is the observation that ∆ is related to the Ja
obian of the transformation
ϕ 7→ χ(ϕ) from the angular variables to the fundamental 
hara
ters,

J(χ) ≡
∣

∣ det

(

∂χ

∂ϕ

)

∣

∣ ∝ |∆|, su
h that dµred = J2drϕ = J(χ)drχ. (108)This mapping is one-to-one on the fundamental domain F of the a
tion of the Weyl groupon the maximal Abelian torus. This is the 
losed 
onne
ted region 
ontaining χ = 0 inwhi
h ∆ ≥ 0. We have no proof of the 
onje
ture (108) for all 
ompa
t simple groups, buthave 
he
ked it for the groups SU(3), Spin(5) and G2 
onsidered in the following se
tionsas well as for SU(2) and SU(4).Based on this 
onje
ture we may derive alternative Ward identities from
∫

F

drχ
∂

∂χp

(

J3(χ)F (χ)
)

= 0, (109)where use was made of the fa
t that the Ja
obian vanishes on the boundary of the funda-mental domain. This leads to the general and simple looking Ward identities
0 =

∫

F

dµred

(

3

2

∂J2

∂χp
F + J2 ∂F

∂χp

)

, p = 1, . . . , r (110)for any regular fun
tion F = F (χ) on the fundamental domain. In parti
ular they implythe following di�erential identities for the generating fun
tion ZG(u):
(

3

2

∂J2

∂χp
(∂) + upJ

2(∂)

)

ZG(u) = 0, p = 1, . . . , r. (111)These should be 
ompared with the geometri
 Ward identities (35). In referen
e [17℄ byone of the authors, both types of identities were applied to 
al
ulate e�e
tive Polyakov loop6For example for SU(N) the sum has N ! terms, whereas the produ
t has only 1
2N(N − 1) fa
tors.19



dynami
s of SU(3) Yang-Mills theories on the latti
e. The geometri
 Ward identities areusually simpler but not ne
essarily favored in 
omputer simulations.Ultimately, the two systems of linear partial di�erential equations (111) and (35) must beequivalent; but a proof is not straightforward at all. For example, for SU(3) the equations(111) are 4th order di�erential equation whereas (35) are of 2nd order.Now we apply the general result (111) to all simple 
ompa
t simply-
onne
ted groups ofrank 2. As mentioned above, for these group the 
onje
ture that the density of the redu
edHaar measure is proportional to the square of the Ja
obian J of the transformation ϕ 7→ χ
an be 
he
ked expli
itly. The Ja
obians for the three groups are 
omputed in the followingsubse
tions.6.1 The group SU(3)As in se
tion 4.1, [1, 0] denotes the de�ning representation 3 and [0, 1] its 
omplex 
onjugate
3̄. The redu
ed Haar measure reads

dµred =
1

6π2
J2 dϕ1dϕ2 =

1

6π2
J(χ) dχ3dχ3̄, (112)with J2 ∝ ρred from (105). As a fun
tion of the fundamental 
hara
ters the Weyl-invariantand 
enter-symmetri
 J2 reads

J2 = 27 + χ3
3 + χ3

3̄ −
1

4
(9 + χ3χ3̄)

2 . (113)It 
an be easily veri�ed that its positive square root J indeed 
oin
ides with the Ja
obianof the map (ϕ1, ϕ2) 7→ (χ3, χ3̄).
ℑχ3

ℜχ3
b

b

b

χ3(1)

The Ja
obian vanishes for
y2 = −(9 + 12x + x2) ± 2(2x + 3)3/2,where x = ℜ(χ3) and y = ℑ(χ3) are the realand imaginary parts of χ3. The fundamentaldomain inside the triangularly shaped regionis symmetri
 under Z3 
enter transformationswhi
h rotate χ3 by multiples of e2πi/3. Its
orners are the values of (ℜχ3,ℑχ3) at the
enter elements. Here, the identities (111)for the generating fun
tion take the form

0 =
(

3
(

6∂2
u − 9∂v − ∂u∂

2
v

)

+ u
(

27 + 4∂3
u + 4∂3

v − 18∂u∂v − ∂2
u∂

2
v

)

)

ZSU(3), (114)20



0 =
(

3
(

6∂2
v − 9∂u − ∂v∂

2
u

)

+ v
(

27 + 4∂3
u + 4∂3

v − 18∂u∂v − ∂2
u∂

2
v

)

)

ZSU(3). (115)In 
ontrast to the geometri
 identities (48, 49) these are 4th order di�erential equations.6.2 The group Spin(5)With the 
onventions used in se
tion 4.2, [1, 0] = 5 is the de�ning representation and
[0, 1] = 4 denotes the spin representation. The redu
ed Haar measure reads

dµred ∝ J2dϕ1dϕ2 = Jdχ5dχ4 (116)with Ja
obian J su
h that
J2 = (3 + χ5 − 2χ4)(3 + χ5 + 2χ4)(4 − 4χ5 + χ2

4). (117)
b

b

b

χ5

χ4

χ(1)

(−3, 0)

χ(z)

The zero lo
us of the Ja
obian is given by
2y = ±(x + 3), y = ±

√
x − 1,where we abbreviated x = χ5 and y = χ4.The fundamental domain inside the triangu-larly shaped region is invariant under the Z2
enter symmetry �ipping the sign of χ4. Twoof the 
orners, (χ5(1), χ4(1)) = (5, 4) and

(χ5(z), χ4(z)) = (5,−4), respe
tively, are lo-
ated at the values of the 
hara
ters at the
enter elements. The identities (111) for thegenerating fun
tion take the form
0 =

(

u
(

(3 + ∂u)
2 − 4∂2

v

)(

4 − 4∂u + ∂2
v

)

+ 3
(

∂u∂
2
v − 6∂2

u + 11∂2
v − 20∂u − 6

)

)

ZSpin(5),(118)
0 =

(

v
(

(3 + ∂u)
2 − 4∂2

v

)(

4 − 4∂u + ∂2
v

)

+ 3
(

∂2
u∂v − 8∂3

v + 22∂u∂v − 7∂v

)

)

ZSpin(5). (119)Again, these are 4th order di�erential equations.6.3 The group G2With the 
onventions of se
tion 4.3, 7 = [1, 0] denotes the 7-dimensional representation and
14 = [0, 1] the adjoint representation. The density J2 of the redu
ed Haar measure

dµred ∝ J2dϕ1dϕ2 = Jdχ5dχ4 (120)21



is a quinti
 polynomial in χ7 and a 
ubi
 polynomial in χ14,
J2 =

(

4χ3
7 − χ2

7 − 2χ7 − 10χ7χ14 + 7 − 10χ14 − χ2
14

) (

7 − χ2
7 − 2χ7 + 4χ14

)

. (121)Sin
e the 
enter of G2 is trivial, this polynomial shows no symmetries at all. Nevertheless, itis possible to 
hara
terize the fundamental domain for the ex
eptional group G2 expli
itly.

χ5

χ14

(−1,−2)

χ(1)

(−2, 5)

b

b

b

The zero lo
us of the Ja
obian is givenby
y =

1

4
(x + 1)2 − 2,

y = −5(x + 1) ± 2(x + 2)3/2,where we introdu
ed x = χ7 and y =

χ14. The fundamental domain is the re-gion bounded by the three 
urves de�nedby the above equations. The upper right
orner is lo
ated at the 
hara
ters of theunit element, (χ7, χ14) = (7, 14). In this
ase, the identity (111) for the generat-ing fun
tion reads
0 =

(

u
(

4∂3
u − ∂2

u − 2∂u − 10∂u∂v + 7 − 10∂v − ∂2
v

)(

7 − ∂2
u − 2∂u + 4∂v

)

+ 3
(

3 − 29∂u + 13∂3
u + 13∂2

u − 38∂u∂v − 21 − 47∂v + ∂2
u∂v − 6∂2

v

)

)

ZG2
, (122)

0 =
(

v
(

4∂3
u − ∂2

u − 2∂u − 10∂u∂v + 7 − 10∂v − ∂2
v

)(

7 − ∂2
u − 2∂u + 4∂v

)

+
(

3 − 29∂u + 13∂3
u + 13∂2

u − 38∂u∂v − 21 − 47∂v + ∂2
u∂v − 6∂2

v

)

)

ZG2
. (123)Sin
e J2 is quinti
 we arrive at 
ompli
ated 5th order linear partial di�erential equationswhi
h should be 
ompared with the equivalent geometri
 Ward identites (83, 84).7 Re
ursion relations for the momentsThe fun
tion ZG(u) generates the moments

tm1,...,mr
=

∫

dµred χm1

1 · · ·χmr

r (124)22



by multiple di�erentiation at u = 0, see (9). Due to 
enter symmetry of the Haar measureonly 
enter symmetri
 moments are nonzero, and this sele
tion rule must be respe
ted byany re
ursion relation for the moments.One may use the Ward identity for ZG(u) to �nd su
h relations. A more dire
t derivationtakes advantage of (33) with F = χm1

1 · · ·χmr
r . One �nds

0 =
(

2cp −
∑

q

(cp + cq)mq

)

tm1,...,mp+1,...mr

+
∑

λ,q

Cλ
pqcλmq

∫

dµred χλ(χ)χm1

1 · · ·χmq−1
q · · ·χmr

r . (125)Clearly, the 
omplexity of these relations in
reases with the degree of the polynomials χλin the last sum. Alternatively, we 
ould apply eq. (110) to the same fun
tion F , with theresult
0 =

∫

dµred

(

3
∂J2(χ)

∂χp
χm1

1 · · ·χmr

r + 2mpJ
2(χ)χm1

1 · · ·χmp−1
p · · ·χmr

r

)

. (126)These relations are based on the 
onje
ture (108), in 
ontrast to the `geometri
 re
ursionrelations' in (125).For the group SU(3): For this group the re
ursion relations (125) take the form
(8 + 2m + n)tm+1,n − 6mtm−1,n+1 − 9ntm,n−1 = 0, (127)
(8 + 2n + m)tm,n+1 − 6ntm+1,n−1 − 9mtm−1,n = 0. (128)Sin
e the moments are symmetri
 the two identities are equivalent. These `geometri
 iden-tities' are mu
h simpler than the `non-geometri
' relations (126), whi
h for p = 1 leadto

(18 + 4m)tn,m+2 − (3 + m)tn+2,m+1 − (27 + 18m)tn+1,m + 27mtn,m−1 + 4mtn+3,m−1 = 0.By symmetry of the 
oe�
ients tmn, the relation for p = 2 is again equivalent to thisre
ursion formula. The di�eren
e of both leads to the simpler formula
0 = (4k + 6)t3k+m+3,m + (4k − 6)t3k+m,m+3

+ k (27t3k+m,m − 18t3k+m+1,m+1 − t3k+m+2,m+2) . (129)All re
ursion relations are 
ompatible with 
enter symmetry whi
h implies tmn = 0 unless
m = n mod 3. With the moments

t3m,0 =
2(3m)!

m!(m + 1)!(m + 2)!
, t3m+1,1 =

6(3m + 1)!

m!(m + 1)!(m + 3)!
(130)23



one 
an 
ompute all tmn with the re
ursion relation (127). For example, for m = n, one�nds
tmm = 2

m
∑

k=0

(

2k

k

)(

m

k

)2
3k2 + 2k + 1 − 2km − m

(k + 1)2(k + 2)(m − k + 1)
. (131)The moments tmn for small m and n are given in the appendix.For the group Spin(5): For this group the geometri
 re
ursion relations (125) read

(8 + 2m + n)tm+1,n + (4m − 5n)tm,n − 6mtm−1,n − 4mtm−1,n+2 = 0, (132)
(5 + m + n)tm,n+1 − 5mtm−1,n+1 − 2ntm+1,n−1 − 6ntm,n−1 = 0. (133)These relations are 
ompatible with 
enter symmetry whi
h implies that tmn = 0 for odd

n. With the help of the �rst or se
ond re
ursion relations, one 
an determine any tmn given
tm,0. For the �rst relation we also need the t0,n whi
h are just the 
oe�
ients in the seriesexpansion of Z(0, v) in (70). The moments tmn for small m and n 
an be found in theappendix.For the group G2: For this ex
eptional group the re
ursion relation (125) are moreinvolved,

0 = 2mtm−1,n+1 − (12 + 2m + 3n)tm+1,n + (8m − 7n)tm,n

+ 14mtm−1,n + 7ntm+2,n−1 + 8ntm+1,n−1 − 7ntm,n−1, (134)
0 = (24 + 3m + 6n)tm,n+1 + 7mtm−1,n+1 − (7m − 12n)tm+1,n − (8m − 4n)tm,n

+ 7mtm−1,n − 6ntm+3,n−1 − 10ntm+2,n−1 + 22ntm+1,n−1 − 14ntm,n−1. (135)For example, one 
an 
al
ulate all tmn from the tm,0 and tm,1. The former ones are just the
oe�
ients gm in (90). The moments tmn for small m and n are given in the appendix.8 Con
lusionsIn this paper, we have derived two kinds of Ward identities for the generating fun
tionsfor integrals over arbitrary polynomials of fundamental 
hara
ters. One is a 
onsequen
eof the fa
t that a left-derivative of any fun
tion on the Lie group integrates to zero withthe full Haar measure. For a 
onvenient 
hoi
e of this fun
tion, this left-derivative is a24




lass fun
tion so that the vanishing of the integral redu
es to an identity on the maximalAbelian torus. The other Ward identity derives from an integral of a total derivative of anarbitrary 
lass fun
tion over a 
ertain domain. If one 
hooses this domain as the regionwhere the Ja
obian of the 
hange of variables from the angles of the maximal Abelian torusto the fundamental 
hara
ters is non-negative, one 
an split powers of the Ja
obian fromthe arbitrary 
lass fun
tion so that the result vanishes on the boundary of this fundamentaldomain. This, however, leads to ultimately more 
ompli
ated di�erential equations for thegenerating fun
tions than the �rst, geometri
, approa
h. Both furnish generalizations andstru
tural 
lari�
ations of identities used in the 
ase of SU(3) in an earlier publi
ation [17℄by one of the authors. In this paper, they have been applied to all simple 
ompa
t simply
onne
ted Lie groups of rank two. Furthermore, they have been used to prove several
onje
tures in the literature 
on
erning expli
it solutions for SU(3) and SU(4); beyond that,we derived re
ursion relations determining all integrals over polynomials of fundamental
hara
ters for the above groups.The derivation of the se
ond kind of Ward identities is based on a 
onje
ture 
on
erningthe fa
torization of the redu
ed Haar measure density ρred into the square of this Ja
obian.This 
onje
ture has been 
he
ked expli
itly for several 
ases under 
onsideration, but so farit la
ks a general proof. It might be interesting to 
larify this issue from a group theoreti
alpoint of view.Another obvious open question is the equivalen
e of our two approa
hes. Sin
e both en
odeinformation determining the same generating fun
tions it ultimately should be possibleto derive one from the other. Perhaps with a deeper insight into the group theoreti
al
onne
tion between the approa
hes it might be possible to obtain even simpler identitieswhi
h might be of use, e.g., in latti
e gauge theories or random matrix models. From amathemati
al point of view they answer the question how many invariants there are in agiven tensor produ
t of fundamental representations.We found it surprising to note that the generating fun
tion for powers of the sum of 
har-a
ters of only the de�ning and its 
omplex 
onjugate representation for SU(2) and SU(4)
an be expressed in terms of appropriate generalized hypergeometri
 fun
tions. One mightspe
ulate that this generalizes to higher rank SU(2n) as well. Apart from that, this fa
tfor SU(4) leads to a hitherto unknown relation (104) between generalized hypergeometri
fun
tions and Bessel fun
tions. Finally, one might note the remarkable fa
t that all Wardidentities (of the �rst kind), at least for the Lie groups of rank 2, redu
e to paraboli
 dif-ferential equations on the lo
us where their families of 
hara
teristi
s 
oin
ide. This allows25



for a re
ursive integration starting from a solution on this lo
us.A
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ollaboration at an early stage of our investiga-tions. This proje
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itgroup-theoreti
al 
al
ulations have been performed with the powerful pa
kage LiE [22℄.A Generating fun
tion for SU(3)In this se
tion, we derive an analyti
 solution to eq. (48). By invarian
e of the Haar measure,
dµ(g) = dµ(g−1), we expe
t ZSU(3) to be a symmetri
 fun
tion of u and v. Thus, ourobje
tive is to solve (48) and (49) with the symmetry ZSU(3)(u, v) = ZSU(3)(v, u) and initial
ondition ZSU(3)(0, 0) = 1. From (23), we know that

ZSU(3)(0, v) =
∞
∑

n=0

2

n!(n + 1)!(n + 2)!
v3n.Multiplying (48) by u and (49) by v, the di�eren
e of the resulting equations reads

(

u2∂2
u − v2∂2

v + 4 (u∂u − v∂v) − 3(u2∂v − v2∂u)
)

ZSU(3) = 0. (136)In prin
iple, it is possible to �nd a re
ursive solution analogously to (71) and (91) startingfrom a solution on the lo
us where the families of 
hara
teristi
s of the di�erential equation
oin
ide (here on the u- and the v-axis), where the di�erential system turns out to beparaboli
. However, in the 
ase of SU(3) we are able to give a 
losed expression of thesolution whi
h allows for an easier 
omputation of the moments (9):Center symmetry (50) as well as the symmetry of ZSU(3) in its two arguments suggests tointrodu
e new 
oordinates x = uv and y = u3 + v3. As a fun
tion of these variables, ZSU(3)has to satisfy
(3y∂2

y + 6∂y + 2x∂x∂y − ∂x)ZSU(3) = 0, (137)whi
h 
an easily be solved by a power series expansion,
ZSU(3)(x, y) =

∞
∑

m,n=0

amnxmyn (138)with re
ursion relation
(3n + 3 + 2m)namn = (m + 1)am+1,n−1. (139)26



The solution to (138) and (139) with the 
ondition
ZSU(3)(x = 0, y) =

∞
∑

n=0

2

n!(n + 1)!(n + 2)!)
yn ≡

∞
∑

n=0

a0nyn (140)is given by
ZSU(3)(u, v) =

∞
∑

m,n=0

2

n!(m + n + 1)!(m + n + 2)!

(

3(m + n + 1)

m

)

(uv)m
(

u3 + v3
)n

. (141)This solution also satis�es the original di�erential equations (48) and (49). It en
odesinformation about how many invariants there are in the tensor produ
t 3⊗p ⊗ 3̄⊗q of SU(3)representations. General results for integrals over SU(3) matrix elements 
an be foundin [12℄.B Tables of moments for the rank 2 groupsWith the re
ursion relations (127), (128), (132), (133), (134), and (135), we determined themoments
tmn =

∫

G

dµred(g)χm
[1,0](g)χn

[0,1](g), (142)for the groups with rank 2 for small m and n. Here χ[1,0] and χ[0,1] are the 
hara
ters of thefundamental representations with highest weights µ1 ≡ [1, 0] and µ2 ≡ [0, 1].For SU(3) the lowest moments of χm
3 χn

3̄ are
m\n 0 1 2 3 4 5 6 7 8 9 10

0 1 0 0 1 0 0 5 0 0 42 0

1 0 1 0 0 3 0 0 21 0 0 210

2 0 0 2 0 0 11 0 0 98 0 0

3 1 0 0 6 0 0 47 0 0 498 0

4 0 3 0 0 23 0 0 225 0 0 2709

5 0 0 11 0 0 103 0 0 1173 0 0

6 5 0 0 47 0 0 513 0 0 6529 0

7 0 21 0 0 225 0 0 2761 0 0 38265

8 0 0 98 0 0 1173 0 0 15767 0 0

9 42 0 0 498 0 0 6529 0 0 94359 0

10 0 210 0 0 2709 0 0 38265 0 0 58659027



For Spin(5) the lowest moments of χm
5 χn

4 are
m\n 0 1 2 3 4 5 6 7 8 9 10

0 1 0 1 0 3 0 14 0 84 0 594

1 0 0 1 0 5 0 30 0 210 0 1650

2 1 0 2 0 11 0 75 0 580 0 4917

3 0 0 4 0 27 0 205 0 1714 0 15435

4 3 0 10 0 73 0 600 0 5338 0 50506

5 1 0 26 0 211 0 1852 0 17342 0 171022

6 15 0 75 0 645 0 5970 0 58350 0 596085

7 15 0 225 0 2061 0 19950 0 202230 0 2129719

8 105 0 715 0 6837 0 68730 0 718928 0 7774600

9 190 0 2347 0 23403 0 243050 0 2612796 0 28922112

10 945 0 7990 0 82301 0 879204 0 9681144 0 109404729Both tables ni
ely display the 
onstraints from 
enter symmetry.For G2 the lowest moments of χm
7 χn

14 are
m\n 0 1 2 3 4 5 6 7 8

0 1 0 1 1 5 16 80 436 2786

1 0 0 0 1 6 40 260 1785 12852

2 1 1 3 10 45 236 1421 9444 67852

3 1 2 7 32 170 1016 6637 46656 348553

4 4 9 33 151 817 4984 33357 240181 1835171

5 10 30 126 641 3728 23986 167080 1241285 9727650

6 35 120 545 2932 17827 118945 854135 6511050 52159514

7 120 476 2359 13517 86171 596686 4415055 34500369 282217558

8 455 2002 10626 64078 425194 3041241 23115050 184754906 1540766892
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