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Abstract

We consider Yang-Mills theories with general gauge groups G' and twists on the
four torus. We find consistent boundary conditions for gauge fields in all instanton
sectors. An extended Abelian projection with respect to the Polyakov loop operator
is presented, where Ay is independent of time and in the Cartan subalgebra. Funda-
mental domains for the gauge fixed Ay are constructed for arbitrary gauge groups. In
the sectors with non-vanishing instanton number such gauge fixings are necessarily
singular. The singularities can be restricted to Dirac strings joining magnetically
charged defects. The magnetic charges of these monopoles take their values in the
co-root lattice of the gauge group. We relate the magnetic charges of the defects and
the windings of suitable Higgs fields about these defects to the instanton number.

PACS numbers: 11.10Wx, 11.15Tk, 11.15Kc, 12.38Aw

Keywords: Gauge field theory at finite temperature, gauge fixing, abelian projection,
magnetic monopoles, instanton number

1 Introduction

Confinement and chiral symmetry breaking are supposed to follow from the dynamics of
Yang-Mills fields. These phenomena are highly non-perturbative and still have not been
derived from first principles. In this paper we will follow the strategy put forward by 't
Hooft [1] who considered Yang-Mills theories on a Euclidean space-time torus T*. The
torus provides a gauge invariant infrared cut-off. Its non-trivial topology gives rise to a
non-trivial structure in the space of Yang-Mills fields which yields additional information on
the possible phases of Yang-Mills theories. Compared to other Riemannian 4-dimensional
compact manifolds the torus has many advantages (besides being the ‘space-time’ used in
lattice simulations):

e one can use a flat metric in which case curvature effect do not mix with finite size
effects,
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e the circumference Lj in the temporal direction can be identified with the inverse
temperature (3 [2, 3],

e gauge invariant periodic fields on R* can be viewed as fields on T*,

e one may calculate non-perturbative quantities from finite size effects [4]; the string
constant is directly related to the energy of a string winding around the torus [1],

e one keeps the relevant part of the supersymmetry in SUSY-YM theories.

Even the less ambitious goal to demonstrate confinement of static quarks without reliance
on numerical simulations has not been achieved yet. Without dynamical fermions the
relevant observables are products of Wilson-loops [5]. At finite temperature 7' = 1// the
gauge fields in the functional integrals are periodic in Euclidean time i.e.

A,(a" + ,7) = A, (", ).

and one may use Polyakov loops [6]
P(®) =Tr R(P(B,%)), where P(z°, %) =Pexp [@ /w drAo(T, f)] (1.1)
0

as order parameters for confinement. Here R is the representation of the gauge group which
acts on the matter fields. We shall assume that the gauge group G is simply connected,
e.g. G = SU(2) rather than SO(3) = Ad(SU(2)). But since we allow for arbitrary
representations R of G our results apply to general gauge groups R(G), for example to
SO(3).

The Polyakov loop P(Z) is invariant under gauge transformations which are periodic
in time. Since it is a functional of A, only, one is motivated to seek a gauge fixing where
Ag is as simple as possible. Note that the Weyl gauge, Ay = 0, is not compatible with
time-periodicity. In a previous paper [7] we discussed an extended Abelian projection for
SU(2) gauge theories on the four torus in which Ay is time independent and in the Cartan
subalgebra. The gauge fixing procedure hinges on the diagonalization of the path ordered
exponential, P(3, ¥), whose trace is the Polyakov loop. In contrast to the two dimensional
case investigated in [8] the diagonalization procedure has unavoidable singularities [9, 10].
The singularities can be interpreted as Dirac strings [11] joining magnetically charged
‘defects’. Here we understand defects as points, loops (not to be confused with the Dirac
strings!), sheets and lumps where P(3, Z) has degenerate eigenvalues. For the gauge group
SU(2), the eigenvalues of P(f,Z) are degenerate when P(5,Z) = £1. Thus there are
two types of defect according to whether P(3, %) is plus or minus the identity. Associated
with the gauge fixing procedure one can define an Abelian magnetic potential A,,,, on
T? [9]. In [7] we showed that the total magnetic charge of P = 1l defects is equal to the
instanton number q. Moreover, the total magnetic charge of all defects is zero, i.e. the total
magnetic charge of P = —1l defects is minus that of the P = 1l defects. The relationship
between magnetic charges and the instanton number was considered earlier by Christ and



Jackiw [12], Gross et.al. [2] and Reinhardt [13] who worked on S' x R* or R*. Though
here one requires ‘charges at infinity’ to have overall magnetic charge neutrality. For an
explicit discussion of the singularities emerging in the gauge fixing procedure at point like
monopoles see the recent paper by Jahn and Lenz [14].

In this paper we extend the defect analysis to gauge theories on T* with arbitrary
gauge groups G of rank r. We also consider arbitrary twists [1], which allows us to treat
matter transforming according to any representation of the gauge group. One has r +
1 types of basic defects associated with the r + 1 faces constituting the boundary of a
‘fundamental domain’ (these are essentially compactified Weyl chambers) in the root space.
Since the magnetic potential lies in the Cartan subalgebra H we now have a matrix Qs €
‘H of magnetic charges. The possible magnetic charges are quantized and are in one to
one correspondence with the points of the integral co-root lattice. For a basic defect,
Qs is an integer multiple of a fixed matrix. Much as in the SU(2) analysis there is a
simple linear relation between the total magnetic charge of a given type of defect and
the instanton number ¢. We have overall charge neutrality on T® unless there are non-
orthogonal magnetic and electric twists.

The paper is organized as follows. In the remainder of this section we recall some
basic facts concerning gauge fields on T*. Next we present a set of transition functions
(i.e. boundary conditions for the gauge fields) where the instanton number is equal to
the winding number of the mapping P(3,7) : T> — G. These transition functions serve
as the starting point for our gauge fixing. In section three we construct ‘fundamental
domains’ for all gauge groups. Our Lie algebra conventions are stated here. Then we
explain precisely what we mean by ‘defects’. In the next section we define the magnetic
charge of the defects. Our key result is given in section six. Here we obtain the relationship
between the magnetic charges and the instanton number. Next we rewrite P(/3, Z) in terms
of ‘Higgs fields’. This enables us to tie up a loose end from section six, and also allows us
to interpret the magnetic charges as Higgs winding numbers. In section eight we show how
the ideas apply to SU(3) and give our conclusions in section nine. Technicalities regarding
our transition functions (including a construction of magnetic twist eaters for all gauge
groups) can be found in Appendix A. Finally, an identity quoted in section six is derived
in Appendix B.

We view the four torus as R* modulo the lattice generated by four orthogonal vectors
by, p=0,1,2,3, for a recent review see [15]. The Euclidean lengths of the b, are denoted
by L, (we may identify L, with the inverse temperature ). Local gauge invariants such
as Tr F,, F),, are periodic with respect to a shift by an arbitrary lattice vector. However,
the gauge fields have to be periodic only up to gauge transformations. In order to specify
boundary conditions for gauge potentials A, on the torus one requires a set of group
valued transition functions U,(x), which are defined on the whole of R*. The periodicity
properties of A, are as follows

Aoz +b,) = U (2)An () Uy () + iU (2)0uUp(x), o, pn=0,1,2,3,

I

where the summation convention is not applied. It follows at once, that the path ordered
exponential P(z°, Z) in (1.1) has the following periodicity properties
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'P(ZEO+L0, T) = P(xoaf)P(L07f)7 ’P(;po,f—|— bi) = Uiil(xoaf),P(moa )U;(0,7). (1.2)

The transition functions U, (z) satisfy the cocycle conditions [1]

Uy(2)Uy(z +b,) = 2, U, (2)Uy(x + b,), 2 = 2, (1.3)

v

where the twists z,, lie in the center Z of the group. From now on we assume that
the transition functions belong to the universal covering group. In general, our matter
fields will not transform according to the covering group. However, a matter field in
some representation is equivalent to matter transforming according to the covering group
provided we place suitable restrictions on the twists. More precisely, consider a matter field
which transforms under some representation R(G) of the gauge group. A center element
z € Z is an allowed twist if R(z) = 1. For example if we have matter fields in the defining
representation of SU(3) all the twists must be the identity, since the other two center
elements are faithfully represented. By contrast, if the matter fields are in the adjoint
representation of any group then there is no restriction on the twists.

Under a gauge transformation, V' (z), the pair (A, U) is mapped to

AV (z) =V H2)Au(2)V (@) + iV H2)0,V (2), U)(z)= V_l(aj)Uu(JJ)V(JJ+ bu). (1.4)

1

The twists, z,,, are gauge invariant. We define the topological charge or instanton number
as follows

1

= W/ijaﬂ TrFuyFaﬂa

T4

1 (1.5)

where the trace corresponds to the canonically normalized scalar product in the Lie al-
gebra®. Note that ¢ is fully determined by the transition functions [17]. In particular, if
we take all the transition functions to be the identity (i.e. we assume the gauge fields are
periodic in all directions) then the instanton number is zero. Accordingly, if we are to
describe the non-perturbative sectors, one must consider non-trivial transition functions.
For a given ¢ and set of twists, z,,, we only require one set of transition functions. If
we have two sets of transition functions with the same instanton number and twists then
they are gauge equivalent [17].

2 Transition functions, the Polyakov loop operator
and gauge fixing

First we construct a convenient set of transition function such that the instanton number
is equal to the winding number of the map P(3,Z) : T*> — G. Then we find the (in general

31t is equal to half the trace in the adjoint representation divided by the dual Coxeter number.



singular) gauge transformation which transforms A, into a time-independent field in the
Cartan subalgebra.
In the untwisted case, z,, = 1, we may assume that the transition functions have the
following properties

Up=1, Uj(2*=0,7) = 1, i=1,2,3, sothat Uz +by) = Ux). (2.1)

In [7] it was shown by explicit construction that there exist untwisted (i.e. z, = 1)
transition functions satisfying (2.1) in all instanton sectors. The condition that Uy = 1l
is simply the statement that our gauge fields are periodic in time. Since the transition
functions are trivial on the time slice 2° = 0, and hence with (2.1) also on the time slice
1" = B, the path ordered exponential P(f3, ) is periodic in the three spatial directions (see
(1.2)).

In the presence of magnetic twists (i.e. at least one of the z;; # 1) it is no longer
possible to attain (2.1). However, one can still arrange for the transition functions to
be independent of Z on the time slice z° = 0. In appendix A we prove that there exist
transition functions with the following properties

UO = ]l, Uz(.’L‘O = O,f) = Wy, so that Ul(.’L‘O = ﬁ,f) = W;iZ05, (22)

where the w; are independent of 7 and satisfy the ‘twist eating’ conditions
Wi = 24;W;Wy, ’L,] = 1, 2, 3, (23)

which follow from the cocycle conditions for the U; at time 2° = 0. For example, consider
SU(2) gauge theory with the following magnetic twists 29 = —1I, 293 = 233 = 1l. Then a
possible choice of w;’s is w; = 101, wy = 109, ws = 1, where the o; are the Pauli matrices.
Twist eaters satistying (2.3) are known to exist for arbitrary twists in SU(N) gauge theories
[16]. Twist eaters for the other simple Lie groups are constructed in appendix A.

Now we use the properties of the transition functions to obtain a relation for the instan-
ton number in terms of the Polyakov loop. Consider the following gauge transformation

V(2°,7) = P(2°, 2),

where P (2%, Z) is the path ordered exponential in (1.1) which in general is non-periodic in
time. For brevity we use the notation

P(Z) :=P(B, 7). (2.4)
Using (1.2,1.4,2.1), the gauge transformed transition functions are

U, = P(&), UY = uw;.

)

The new Uy is simply the path ordered exponential P(Z), while the transformed spatial
transition functions are constant matrices. Applying the well know formula for the instan-
ton number in terms of the transition functions [17] yields



1

= / coie T [(PT10,P) (P~10,P) (P~ 8, P)] |

T3

q (2.5)

where P = P (%), and T? = {x € T*|2° = 0}. We emphasize that (2.5) is only valid when
the (original) transition function satisfy (2.2). Another useful consequence of (2.2) is that
P (%) has very simple periodicity properties

P(Z+b;) = zw; "P(B)w;, i=1,2,3. (2.6)

In particular, P(Z) is completely periodic in the absence of twists.

Now we follow [18, 19, 20, 7, 8] and seek a (time-periodic) gauge transformation, V' (z),
for which the gauge transformed A is independent of time and in the Cartan subalgebra.
Consider the time-periodic gauge transformation

V(2% ) = P(2°, 7) PP (2) W (D), (2.7)

where P(z°, Z) is the path ordered exponential (1.1), and W (Z) diagonalizes P(Z), i.e.

P@) = W(@D@W(F), D@ = exp[2ri h(7))], (2.8)

with h(Z) in the Cartan subalgebra H. The fractional power of P is defined via the
diagonalization of P. It follows at once that the gauge transformed A, reads

AY = Zh(D), (2.9)

which is indeed independent of time and in the Cartan subalgebra. Whereas P () is smooth
the factors W () and D(Z) in the decomposition (2.8) are in general not. The classification
and implications of these singularities are investigated in sections 4-7.

3 Fundamental domains

The mapping h(Z) — D(Z) in (2.8) from the Cartan subalgebra to the toroidal (Cartan)
subgroup is not one to one. In this section we shall find domains M in the Cartan
subalgebra such that this mapping becomes bijective. We shall choose domains which
are left invariant under the action of the Weyl group W. If w is a Weyl reflection, then
Ww diagonalizes P in (2.8) if W does. We shall fix this residual gauge freedom, under
which D — wDw™!, by restricting h to one Weyl chamber. The intersection of a Weyl
chamber with the ‘Weyl invariant’ domain M defines our fundamental domain F. F is
in one to one correspondence with the toroidal subgroup modulo Weyl transformations or
equivalently with the conjugacy classes of G. The main result of this section is that F is
the simplicial box with the extremal points (3.7).



Our Lie algebra conventions are as follows: Let Hy, kK =1,...,r be an orthogonal basis
of the Cartan subalgebra H,
o |”
2

TI"HkHl = 6kl;

which are diagonal in a given representation?,
Hi|p) = pelp) and - [Hy, Eo] = apEy.

We normalize the roots such that the long roots have length v/2, i.e. (az,az) = 2, and
the H;, become orthonormal. Throughout this paper we identify 3. p*H, = p- H € H with
p € R". Let

0

\/_ 20&@)
(@), )

= and =
" (o), o) ¥

, 1=1,...,r (3.1)
be the simple roots, fundamental weights, co-roots and co-weights, respectively:

(@, ) = Kijy (g, i) = (@@ 1) = 0, (e, 1) = (K. (3.2)

We used that the simple roots and fundamental weights are related by the Cartan matrix,
aw = Y Kij n-
7=1

The fundamental weight-states (which are the highest weight states of the r fundamental
representations) and states in the adjoint representation obey

agy - H |pg) = dilpgy)  and  pfy - H lag) = dijlag)- (3.3)

The most negative root o and its co-root O‘E/o) define the integral Cozeter numbers n;
and dual Cozeter numbers n)':

T

0= + Y _niau =Y n,op and 0= az/o) + Zn;/a(vi) => ngaz/g),
1 =0 1 o=0

where we have defined ny = ny = 1. The (dual) Coxeter numbers are listed in appendix
A. For later convenience we assign to g the co-weight /1,2/0) = 0.

The fundamental domains we seek are intimately related to the center elements of the
group. Thus it is useful to find conditions on p- H € H such that exp(27ip- H) is in the
center Z. Center elements are the identity in the adjoint representation. Because of the
second set of equations in (3.3) they must be powers of

Z; = exp (27Tiu(vi) . H)

4We use the same symbol H}, for Hy, in any representation.



In an irreducible representation a center element acts the same way on all states. Hence,
a necessary and sufficient condition for z; # 1l is that

Z; |;L(j)> = exp (2WiKﬁ1)|u(]‘)> 7é |u(j)>, or that szl Q_f Z

for at least one fundamental weight ;). Here we have used that the inner products of the
weights with the co-weights yield the inverse Cartan matrix, see (3.2). The order of the
center group is just det(K’). The centers and their generators are listed in appendix A.
Let us now find a suitable domain in the Cartan subalgebra which is mapped bijectively
into the toroidal subgroup. The elements

exp (27m'p . H)

in the toroidal subgroup are the identity if p is in the integral co-root lattice, i.e. the
lattice spanned by the simple co-roots o}y (see (3.2)). Thus, the convex region M defined
by the intersecting half-spaces (p,a) < 1, where « is an arbitrary root, is in one to one®
correspondence with the toroidal subgroup of the gauge group®. This set is invariant under

the action of the Weyl group W and is given by

M={p| (p,a) <1 forall roots a}. (3.4)

Now we may fix the residual Weyl reflections by further assuming that p ~ p- H is in the
Weyl chamber defined by

{pl (p,a@) >0 for all simple roots oy }. (3.5)

The inner product of a vector p in this Weyl chamber with the highest root —aq) is always
greater or equal to the inner product with any other root. It follows that the conditions
(3.4,3.5), which define the fundamental domain F, simplify to

F = {pl (pya@y) 20, —(p,)) < 1}- (3.6)

F is a simplex bounded by r 4 1 hyperplanes orthogonal to the roots {a()} = {0y, o) }-
In what follows we call the plane orthogonal to «,) the o-plane, o € {0,i}. The i-planes
all meet at the origin. Since /gy is a long root the last condition in (3.6) means that the
0-plane orthogonal to a(g) goes through —a(vo)/Q. The roots o) point inside the box.

An equivalent definition of F is that F is the convex set with extremal points

1 1, 1

\Y \Y
{0, n—llvbu)a n_zll’(Q)J e n—rlvb(r)}- (3.7)

This can be seen by expanding p in terms of the co-weights

50n the boundary of the so defined set we have to identify points differing by a vector aV, i.e. we have
to remove half of the boundary to get a one to one correspondence.
6The hyperplane (p,a) = 1 is orthogonal to a¥ and goes through aV /2.



F={p=3&myl &6>0, (n&<1}, (3.8)

where n = (ny, ..., n,) being the r-vector formed from the Coxeter labels. For example, the
fundamental domains F for the A, and C, groups are the simplicial boxes with extremal
points {0, puy, @ = 1,...,r} (recall, that we have chosen |az|* = 2). Also, if &y and «,

are the long and short roots at the endpoints of the B,-Dynkin-diagram, the fundamental
domain for B, is the convex set with extremal points

1 1 1

0, 11010 =112, ~Jes)s -~ fie s e}
{ y (1), 2“(2)7 2”(3)7 2”( 1)y H( )}

The fundamental domains F and the center elements for the gauge groups of rank 2 are
depicted in fig.1. The fundamental domain of A, is an equilateral triangle, that of By half
a square, that of GGy half of an equilateral triangle and that of A; x Ay is a square. The
reflections on the r walls of F through 0 generate the Weyl group W of G and give rise to
M.

Since (o), @) < 0, the highest root —c ) is always inside the Weyl chamber (3.6)
or on its boundary. Indeed, for all groups with the exception of A; —og) lies on the
boundary of F. From the extended Dynkin diagram’(see fig.2) one reads off that for all
but the A, algebras the highest root is orthogonal to r — 1 simple roots. Hence it must be
proportional to the weight ;) corresponding to the simple root o) with (a), ag) # 0.

Although our strategy is to work in the covering group with suitably restricted twists
rather than directly dealing with arbitrary representations, we could in principle do without
twists if we used transition functions and fundamental domains Fp appropriate to the
representation R. Actually it is quite straightforward to construct domains Fg for any
representation. The volume of such domains is always less than or equal to that of F;
more precisely

Vol(F)

VOl(fR) = |CR| 5

where Cp is the subgroup of the center C which is mapped to the identity by going from
the covering group to the representation R and |Cp| is its order. For a given group, the
domain with the smallest volume is that for the adjoint representation since the center is
trivial in this case. The fundamental domains for the adjoint representation for the rank
two groups are shown in figure 1.

4 Defects

Although the Polyakov loop operator itself is smooth for smooth gauge potentials the
factors W (Z) and D(Z) in the decomposition (2.8) are in general not. In this section we

"One adds the most negative root @(g) to the system of simple roots a(; and uses the well-known rules
to draw the Dynkin diagram of this extended system of roots.
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A)+ap) A | p W)= 29yt ) A2 AA,
G(Z) 3G(1)+ a) \ z, F
Ha) '
. E8
€] b - -
M He  ag

Figure 1: Roots, fundamental weights, center elements, centralizer subgroups and fun-
damental domains F for the rank 2 case shown. The shaded regions inside F are the
fundamental domains for the adjoint representations.

shall see that singularities (so called defects) occur at points & at which h(Z) is on the
boundary of the fundamental domain F. At such defects the residual gauge freedom is
enlarged. We shall explicitly determine the residual gauge groups at the various defects.
From now on we shall assume that A(Z) is in the fundamental domain F. Then (2.8)
assigns a unique D(Z) (and thus a unique h(Z) € F) to each Polyakov loop operator since
we have fixed the Weyl reflections. However, the diagonalizing matrix W (Z) in (2.8) is
determined only up to right-multiplication with an arbitrary matrix commuting with D(Z)

W (&) — W(@)V(Z), V(@)D@)V &) = D(@), D(&) = e#mih(@), (4.1)

At each point the residual gauge transformations V() form a subgroup of G, the centralizer
of D(Z) in G, denoted by Cp(z(G). The centralizer contains the toroidal subgroup of G.
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Figure 2: The extended Dynkin diagrams, o: long roots, e: short roots, 0: most negative
roots (vertices are labelled as in [22]).
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At points where the centralizer is just the toroidal subgroup we can smoothly diagonalize
the Polyakov loop operator.

However, at points where the centralizer is non-Abelian P(Z) has degenerate eigenvalues
and there are obstructions to diagonalizing P(Z) smoothly [7, 9, 10]. For what follows it
is useful to define the defect manifold

D = {# € T’|Coe (@) # UT(L)} (4.2)

on which the centralizer is non-Abelian. In the special case G = SU(2) the defect manifold
is D = {7 € T°|P(£) = £1}. A defect D; is understood to be a connected subset of D.
In the neighborhood of a defect the diagonalization is in general not smoothly possible
and the gauge fixing will be singular. Note that D is invariant under time-periodic gauge
transformations so that the positions of the defects are gauge invariant.

Now we are going to classify the various defects which arise in our gauge fixing. To do that
we expand h(Z) in (4.1) into a basis of the Lie algebra as h(Z) = p(Z) - H so that

D@)E,D(#)" = i) |,

We see that D(Z) commutes with the subgroup SU(2) corresponding to « if and only if
(p(¥), a) is integer-valued. For p € F in (3.6) this can only happen if p lies on the boundary
of the fundamental domain. We parametrize p(Z) as in (3.8) so that

D(Z)E,,, D(Z) ! = *™&@ g

Qi) Qi)

and  D(Z)Ea, D(#) ' = ¢ " C@OME, .

Therefore D commutes with the SU(2)-subgroup corresponding to the simple roots g if
and only if § = 0 and it commutes with the SU(2)-subgroup corresponding to o) if and
only if (£,n) = 1. In other words, the centralizer contains the SU(2) corresponding to (s
if the defect is on the o-plane, i.e. the plane perpendicular to ).

The centralizer of D(Z) generated by these SU(2) subgroups can be read off from the
extended Dynkin diagram (see fig.2) as follows: keep the vertex o assigned to the root
() € {o@),aq)} in the extended Dynkin diagram if and only the defect lies on the o-
plane. Remove the other vertices and bonds attached to them. The remaining diagram

11



is then just the Dynkin diagram belonging to the semisimple factor of the centralizer. To
obtain the complete centralizer group we must multiply with as many U(1)-factors as are
needed to get a group of rank r.

Let us illustrate how this works for the simply laced groups G = A, for which the funda-
mental domains F can be parametrized as

p =& §>0, =1-3 &2>0.
1 1

The extremal points of the fundamental domain are {u(, } and they correspond to the r+1
center elements of A,. If just one &, vanishes then p lies inside the (r — 1)-dimensional
o-plane. and we must keep the vertex o in the extended Dynkin of A,, i.e. the leftmost
diagram in fig.2. The corresponding centralizer is A; x U""!(1). We call such defects
with minimal non-Abelian centralizers basic defects. If £, and &,» vanish in which case the
defect lies both on the o- and o’-plane, then we must keep the two vertices o and ¢’ in
the extended Dynkin diagram. If they are neighbors in figure 2, then the centralizer is
Ay x U™2(1), otherwise it is A; x A} x U"%(1). In the extreme case where just one &, does
not vanish (then p is one of the extremal points of F) we must retain all vertices with the
exception of the vertex 0. We get the Dynkin diagram of A, and the centralizer is the whole
gauge group. By scanning the whole boundary of F comprising of r—1-dimensional, r—2-
dimensional,. .. ,1-dimensional simplices and the extremal points we obtain all stabilizer
subgroups of G.

5 Quantization of the magnetic charges

In this section we define the Abelian magnetic potential A4, (Z) associated with the partial
gauge fixing and show that the magnetic charge of any defect is quantized. Away from
the defects the centralizer of D(Z) is U"(1) and W(Z) in (2.8) is unique up to a residual
Abelian gauge transformation (4.1):

W(&) — W(@)V(Z) with V(&) =e @ cU"(1) on D" (5.1)

If we append to each point in D¢ the set of all diagonalizing matrices W (Z) we obtain a
U" (1) principal bundle over D°. If we can find a smooth global section in this bundle then
the diagonalization is smoothly possible outside of the defects, see also [23]. To investigate
the structure of the bundle we employ the Abelian U" (1) gauge potential, A,,,4(Z), obtained
by projecting the pure gauge A(Z) = iW 1(Z)dW (Z) onto the Cartan subalgebra, i.e.

Apag(Z) = A(2),

where the subscript ¢ denotes projection onto the Cartan subalgebra of G. This potential
is singular at the defects and on Dirac strings joining the defects. Under a residual gauge
transformation (5.1) the gauge potentials transform as

Apmag — Apag +i(VdV)e = Apgg +dX on D"

12



Since A is pure gauge the corresponding field strength is given by
Frag = dApeg = i(ANA),, (5.2)

and it is invariant under residual U (1)-gauge transformations.
Next we will show that a defect may carry r quantized magnetic charges [24]. For each
defect these charges form a matrix (),; in the Cartan subalgebra H,

1
QM - %/SFmag- (53)

Here S is a surface surrounding the defect D;. Excluding walls extending over the whole

e

Figure 3: Two typical defects: a monopole and a magnetic loop with surrounding surfaces
and overlap regions.

3-torus this surface is either a 2-sphere or a 2-torus (see fig.3). For each U(1) the magnetic
charge is just the instanton number of an Abelian gauge model on S? or T* [25, 26] and
hence is quantized. More explicitly, the magnetic charges are the winding numbers of the
map exp(i)) : St — U"(1),

1
Qu = 5= ¢ dA,

21w Js1

where S! is in the overlap of the two patches U; one needs to cover S? or T?. Since the
gauge transformation exp(—i\) is single valued on the overlap, @y € ‘H must satisfy

e?™@M — 1| for each defect. (5.4)

For simply connected G this equality must hold on all states |u) and we find

Qu =o' - H, where " € co-root lattice. (5.5)

Thus we obtain the same magnetic charge quantization as uncovered by Goddard, Nuyts
and Olive [27] in their pioneering work on electric-magnetic duality in Yang-Mills-Higgs
theories.
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6 Instantons and magnetic monopoles

In this section we work with the simply connected covering group and exclude twists®.
Depending on the residual gauge symmetry in the defects we get different types of magnetic
monopoles. There are r+ 1 kinds of basic monopoles with minimal non-Abelian centralizer
SU(2) x UT(1), corresponding to the r + 1 hyperplanes which make up the boundary of
the fundamental domain. We will show that a basic defect on the o-plane has magnetic
charge

Qu =naj - H, oe{0,1,...,7} (6.1)

with integer n. If we have a defect which is on two or more of the hyperplanes (which means
that the Polyakov loop has more than two degenerate eigenvalues) then the magnetic charge
of this defect is an integer combination of the co-roots perpendicular to these hyperplanes.
Below we argue that in general the total magnetic charge of the defects on a given face
gives the instanton number. For example, the magnetic charge of a defect on the O-plane
is Qu = (”042/0) + 8Y)- H, n € Z, where 3" is in the co-root lattice. This decomposition of
the magnetic charge is unique, see below. Now the instanton number is simply

¢=- > n (6.2)
defects on O-plane

This is our main result. Some illustrative examples of the use of this formula are given in
section 8.

To derive the results (6.1,6.2) we assume that:
e There are no wall defects®
e Inside a defect the centralizer Cpz) is uniform.

The first assumption is a reflection of the fact that one cannot surround a wall defect with
a closed surface and so it is not obvious how to define the magnetic charge of such a defect.
The second assumption is made to avoid the complication of ‘defects within defects’. It
may be possible to drop this requirement.

Our arguments are based on the observation that

l / Te(PLdP)? = / Te(PldP'y?
T T

and furthermore

8See section 8 where we included twists for the relevant example G = SU(3).
9We can formally define the absence of walls as follows. Consider the extension of the defect manifold
to R® ie. D={z € ]R3|CD(E~) # U (1)} There are no walls if D° = R®\ D is connected.
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Tr(P~'dP')’ =dA”, o€ {0,i} (6.4)

where the 2-forms are
1
(0) — _ ; _ Vv —1 !
A) — _12] 7ti Tr [A/\A(h o) H)} +3Tr [AD /\AD]. (6.5)

Here [ is the least common multiple of the Coxeter labels n; and as before N(VO) = 0 and
no = 1. We prove this crucial identity in appendix B. These 2-forms are well defined outside
the defects, because they are invariant under the residual Abelian gauge transformations
(5.1). Both terms in (6.5) may be singular at defects. However, in the following section
we will show that A can be singular only at defects on the o-plane or equivalently at
defects whose centralizers have «,) as root,

A9 singular <= defect is on o plane <= () is a root of defect centralizer. (6.6)

Actually, in (6.5) we could have subtracted an arbitrary constant Lie algebra element
from h(Z) and (6.3) would still hold true. But the smoothness conditions (6.6) only hold
if this constant element is an extremal point of the fundamental domain and if

oy
exp (2m - o) * H)

is a center element. Thus we take for [ in (6.3) the least common multiple of the Coxeter
labels n;. For example [ = 1 for the A, series and [ = 2 for the other classical groups.

Now we make use of (6.3) to relate the magnetic charges of the defects on the 0-plane to
the instanton number. Away from defects on the 0-plane A is regular. Now we surround
each defect D on the 0-plane with a closed surface S and pick a two form A® which is
smooth inside S, see fig.4. Since a defect can lie on at most r of the r+1 faces constituting
the boundary of F there is always at least one such regular two form. With (1.5,6.3) the

e
A(O) outside

Figure 4: We must choose two forms A"%) which are regular inside spheres Sy containing
a defect on the inhomogeneous 0-face.
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instanton number reads

1 1 . 1 .
_ (0) / (ip) _ / (ip) _ 4(0)
1= Sun2 / dA YT %:B dA 2472 zp:S (A AT, (6.7)

outside

where, since A is periodic on T?, we get no contributions from the ‘boundary of the
torus’’. Using (6.5) we obtain

127l
==

_A(i) _ A(O)

Tr(A/\AuE/i)-H).

Since the magnetic field Fy,,, is the projection to the Cartan of A A A we find

: 1271
AD _ A0) — o Tr(Finag N(Vn - H) (6.8)
and end up with
1 v
q = Z —TI' (QM ,U/ip ' H) ) (69)
D, "p

where we used (5.3). The sum extends over defects on the inhomogeneous 0-plane. Let us
have a closer look at the contribution

niiTr (Qu iy - H) (6.10)

of a given defect on the O-plane. Consider first a basic defect with minimal non-Abelian
centralizer. Then all two forms A®, i € {1,...,7} are regular and must lead to the same
contribution (6.10). We see at once that the magnetic charge must be proportional to 052/0)7

Qu =najy-H, nel

and it contributes n to the instanton number.

A non-basic defect on the inhomogeneous face must also lie on at least one of the
homogeneous faces, say the i-plane. For such a defect we must not take the corresponding
singular A® in (6.7) or fi(;y in (6.10). We see that Qyr may be an integer linear combination
of aE/O) and az/i). More generally, if the defect lies on the 0-plane and several homogeneous
planes, then

Qu = (na(vo) + Zmiaz/i)) - H, m; # 0 if defect is not on plane . (6.11)

Since a defect on the 0-plane can at most sit on r — 1 of the r homogeneous planes, the
representation (6.11) for the magnetic charge is unique.

YOFor twisted gauge fields there are surface contributions, see section 8.
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Outside of the defects we could have taken any A instead of A, Then only defects
on the o-plane would contribute to the instanton number and we would find

o= X T (Qulugy —niy) - H).
defects on o-plane
Again the contribution of a given defect must not depend on p if the corresponding two
form A is regular on the defect. As above we conclude that the magnetic charge of a
defect is in the co-root lattice of the defect centralizer,

Qu = (naz/g) + Zmpaz/p)) - H, m, # 0 if defect is not on plane p, (6.12)
and that the instanton number is

q=— Z n.

defects on o-plane

7 Higgs fields

In this section we consider a parametrization of P(Z) in terms of static ‘Higgs’ fields. This
may seem to be a backward step since we are encoding a smooth group-valued object,
P (L), in terms of r + 1, in general singular, Lie algebra-valued fields. However the Higgs
fields facilitate a very direct proof that the A 2-forms introduced in the previous section
have the stated smoothness properties. Moreover, we shall see that the magnetic charges
of the defects can be related to Higgs winding numbers around the defects.

One can define a ‘basic’ Higgs field, ¢(9), as follows

P(&) = exp [2mig") ()] with ¢ (%) = W (@)h(Z)W (). (7.1)

Now, ¢ (%), is smooth everywhere except for the inhomogeneous O-plane. This follows
because the centralizer of D(Z) commutes with h(Z) unless (p, oqg)) = —1. It is possible
to define ‘alternative’ Higgs fields which are smooth on the 0-plane, but singular on one of
the homogeneous i-planes, i.e. consider

00 = W (@) (W) — —ly H) W@, i=12r (7.2)

ny;

n; being the i’th Coxeter label. The field ¢ is smooth everywhere except points on the
i-plane. The relation between the Polyakov loop and the alternative Higgs fields is as
follows

(P(Z)]" z; = exp [27rmz~¢(i) (f)] ,

where 2; is the center element exp[27ij ;) - H]. The r+1 Higgs fields '), o € {0,i} ‘cover’

the group in the sense that it is possible to partition T? into patches, so that in each patch
at least one of the Higgs fields is smooth.
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In the previous section we wrote Tr(P~'dP")? as the derivative of two forms A®). We
claimed that A(%) is only singular on the o-plane. In other words, wherever ¢(®) is smooth
A is smooth. This is obvious in the light of the following identity

1
Al = 12722 / ds(s —1)Tr [exp(?wisl¢(”))d¢(”) A exp(—27ri8l¢(”))d¢(”)] : (7.3)
0

where as before [ is the least common multiple of the Coxeter labels®!.
We now show that the magnetic field, F},,, can be written in terms of the Higgs fields.
Using the fields ¢ one can construct normalized Higgs fields ¢ as follows

20 (%) = O (F) — ¢ (7) = W (#) 20 . (@)

n;

In terms of the normalized Higgs fields, the magnetic fields are
l ! NGO ING NG ING
—n—iTr(Fmagu(vi) - H) =7l /0 ds(s—1)Tr [exp (27mslg0( )) d@® A exp (—27mslg0( )) dgl )]
If the Coxeter label n; is unity, the integral reduces to
Tr(Fag ity - H) = iTx (90 A dg®). (7.4)

Let S be a closed surface surrounding a defect. Since the centralizer of /LE/i) -Hin G is
K xU(1), where K is semi-simple, the normalized Higgs field ¢ induces a map from S into
a coset space C; = G /(K xU(1)) with m,(C;) = Z. That is to each normalized Higgs field ¢(¥
there is one associated winding number which can be identified with Tr (QM(S)N(VD : H).
For SU(N) all the Coxeter labels are unity, and so

-1

Fag =1 ) agy - HTr (gb(i)d@(i) A d@(i)) _

1=

For the groups B,, C,, D,, Fs and E; it seems that the magnetic field cannot be written
trilinearly in normalised fields since (7.4) only applies if the relevant Coxeter label is one.
For example the gauge group E7 has only one unit Coxeter label, n;. However, the Weyl
orbit of u(v7) contains a linearly independent basis of the root space. To make this more
concrete, consider the field

ox = W(Z) X - HW 7).
A simple calculation shows that

TI"(FmagX . H) =1Ir (@X d@X A\ d(,bx) ,

10ne can prove this identity by inserting ¢ = WDW ! into the integral and compar-
ing with equation (6.5).  Alternatively, one can get it from the identity Tr(e ¥de¥)? =

3 [ [y ds (s = )T (e *Vdy A e ).
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if and only if

(X,0)® = (X, a) for all roots a. (7.5)

Clearly, X = pj is a solution of (7.5) if and only if n; = 1. But there are other solutions of
(7.5) apart from the co-weights with unit Coxeter; these correspond to Weyl reflections of
the co-weights. In fact for B,, C}., D,, Fs and E7 one can always find r linearly independent
solutions of (7.5) which we denote by X;, i = 1,2, ...,7. Thus we have

Finag = ZZ Y- H Tr (@(i) d@(i) A dgﬁ(i)) ,

=1

where now @ = ¢y, and the Y are dual to the X; in the sense that (Y, X;) = &' (the
Y? are roots or Weyl reflections thereof). To each normalized Higgs field ¢ there is one
associated winding number which can be identified with Tr (Qa X; - H).

For the groups Ejg, F; and G2 no solutions of (7.5) exist.

8 SU(3)

In this section we illustrate the ideas of the previous sections by considering the relevant
gauge group SU(3). In the instanton number calculation of chapter 6 we assumed that our
matter transformed according to the covering group. Here we will also consider the case
of matter in the adjoint representation by allowing for twists.

First we consider SU(3) with untwisted gauge fields, i.e. the Polyakov loop operator in
the defining representation. The fundamental domain F has been depicted in figs.(1a,5).
The magnetic charges of the three types of defects corresponding to the three edges of F
are integer multiples of

1 0 O 0 0 O -1 0 0
CYE/l) -H=|[0 -1 0], CYE/Q) "H=10 1 0 ) O[2/0) -H = 0 0 0
0 0 0 0 0 -1 0 0 1

Because of overall charge neutrality the magnetic charges of all defects must add up to
zero,

Y. Qu=0.

all defects

Any cluster of magnetic monopoles connected by a Dirac string has vanishing magnetic

charge. For example, if a monopole pair is uncharged no Dirac string, besides the one
connecting the two monopoles, is needed. Since defects on the 0-plane for which @, =
na(vo) - H (ignoring ‘higher defects’) contribute to the instanton number as

a= > T(Quu-H)

defects on O-plane
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z O-plane
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Qu=a@H ¥ 22 Pt
|7 9%0H
N Qu = Y@H Af

31 2-plane
Figure 5: The fundamental domain F for G = A, with elementary magnetic charges
corresponding to the defects and a string network connecting different basic monopoles.
Shown is a network with instanton number —1

the monopole pair connected by a string in fig.5 does not contribute to the instanton
number. The three monopoles connected by a Dirac string contribute —1 to the instanton
number.

What about defects with larger centralizers? If P(Z) = z, in which case h(Z) lies at
an extremal point of F in fig.5, then P has maximal degeneracy and the centralizer is As.
Such a defect has magnetic charge

Qu =m a(vl) cH +ny az/o) -H = ((m — nQ)a(vl) — n2a2/2)) - H, n; integers

and contributes with —n, to the instanton number.

Finally, let us switch to the adjoint representation. In principle we could do this by
restricting h(Z) to the fundamental domain for the adjoint representation, see the shaded
regions in fig.1. However this would lead to walls on which W (z) is not smooth. A much
easier approach is to work in the covering group but now with arbitrary twists. In general
this leads to a fractional instanton number. Such fractional instanton numbers are related
to a loss of charge neutrality and nonperiodicity of P(Z) engendered by the twists.

For example consider the following set of twists 201 = exp[4mi/3]1l = exp[2mip), -
HJ, 23 = exp[2mi/3]1l = exp[2mipy - H], and all other twists the identity. This is an
example of non-orthogonal twists, and leads to an instanton number of the form ¢ = % +n
where n € Z. From the periodicity properties of P(Z)

P(Z+b;) = zow; '"P(F)wi, i=1,2,3

we obtain periodicity properties of W (%), D(Z) = exp[27ih(Z)] and h(Z). In our example
we get

W +by) = w (h(&) — oy - H) w™,

where exp(—27riu2/2) - H) = 251 and w corresponds to an element of the Weyl group, here a
rotation of 27/3. The equation can be understood as follows. By multiplying D(Z) with
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zo1 we shift i (Z) by the vector —pu ) - H. Then we have to Weyl reflect this shifted vector
back into the fundamental domain F with w. In F itself this corresponds to a rotation with
angle 27 /3 around the center of the equilateral triangle F. It follows that we get charge
neutrality in the ‘tripled’ torus obtained by taking three adjoining tori in the x;-direction.
If we have in the first torus a defect of one type then in the adjoining torus in the x;
direction we have a defect with the next type of charge and so on, see fig.6. In the xo-

L ayH

=
+
o
=3
>

Figure 6: In the twisted sector with ¢ = 1/3 there maybe just one basic monopole in the
torus. In the tripled torus we have charge neutrality.

and z3-directions h(Z) is periodic (zpo = 203 = 11). The periodicity properties of W (&) are
given by

W(Z+b) =W (@w R (F) and W(@+b) =wW(@R(Z), =23

where w; and wy are twist eaters such that wows; = wswy293 and R; are functions with values
in the Cartan subgroup'?. From these conditions we obtain periodicity of the magnetic
field strength F,q, = iAA A in the zo- and z3-directions and Fqy (Z+b1) = W (Z)w L.
To calculate the topological index ¢ we may use the 2-forms A(°), but now we will get
contributions from the ‘boundary’ of the torus. This is in contrast to the non twisted case
where we have had no contributions from the boundary because of the periodicity of P(Z).
We assume that there are no defects on the boundary. Then we can integrate A©® over the
boundary. One easily checks that A is periodic in the z5- and z3-directions. Therefore
we end up with

1 1 R .
= 2472 /8'11‘3 AV = 2472 /:mo AY (F+b1) = AY (7)

1

"o

/w o Tr(Fmagﬁ’J(VQ) - H).

This shows the relation between the noninteger boundary contribution®® to the instanton
number and the total magnetic flux through the torus which results from the loss of charge
neutrality on T°. In our example the element w of the Weyl group is a rotation of 27/3
in the Cartan subalgebra. Therefore 7> = 1l which shows together with the periodicity
properties of Fj,,, that in the tripled torus we have no boundary contributions to the
topological index.

12In general the functions R; can not be chosen smooth on the whole torus.
3By writing Frag = dA and using the cocycle condition for Ry and R3 one easily sees that g is indeed
noninteger.
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9 Conclusions

In this paper we have considered gauge-fixing of Yang-Mills theory on the four torus for
arbitrary gauge groups, instanton sectors and twists. We have generalized our earlier results
[7, 8] on the extended Abelian projection with respect to the Polyakov loop operator on
the four torus. We have constructed a complete set of non-Abelian transition functions,
which encode the ‘boundary conditions’ for the gauge potentials, for all instanton sectors
and arbitrary twists. With these transition functions the path ordered exponential, P(%),
which is central to the gauge fixing, is periodic up to multiplication by constant matrices,
even though of course the gauge field itself is non-periodic. Then we found an explicit gauge
transformation which transforms A, into the Cartan subalgebra and hence the Polyakov
loop operator into the toroidal subgroup of G. The resulting gauge fixed A, is time
independent. We have fixed the freedom in choosing the gauge transformation by restricting
Ap to a fundamental domain in the Cartan subalgebra.

In the sectors with non-vanishing instanton number the final gauge fixed potential must
have singularities [9]. These singularities are due to ambiguities in the diagonalization of
P(Z) at points where the centralizer of P(Z) is non-Abelian. There is a close analogy
between these defects and magnetic charges in Yang-Mills-Higgs theories. The defects are
classified according to the non-Abelian centralizer subgroups of P(Z). A point Z belongs to
a defect if the gauge fixed Ag(%) lies on the boundary of the fundamental domain. Here the
results for SU(2) may be misleading; at the defects the Polyakov loop operator need not be
in the center of the gauge group as it must for SU(2). For example, for G € { Es, Fy, G2} the
center is trivial but there are many different types of defects corresponding to the different
faces of the fundamental domain. The magnetic charges of the defects are quantized and
linearly related to the points of the integral co-root lattice. For all groups with nontrivial
centers we have constructed r normalized Higgs fields which wind around the magnetized
defects. Finally we generalized earlier results in [12, 2, 13, 7] and related the magnetic
charges of a given type of defect to the instanton number ¢. In particular, if ¢ # 0 then all
possible magnetic defects must appear.

One may view our gauge fixing as the ‘nearest’ fixing to the Weyl gauge compatible
with time periodicity. Yet unlike the Weyl gauge we find monopole like singularities. This
is gratifying, since in those theories where we analytically understand confinement, the
latter is due to the condensation of monopoles; these examples are compact QFE D [29] and
supersymmetric Yang-Mills theories [30]. Of course, there is a long way from the picture
of condensed magnetic monopoles to real QCD.

The treatment given here has been purely classical. The next step would be to study
the path integral within this gauge fixing. At this point one would need a sensible approxi-
mation [31]. The balancing of the energy and the entropy of monopoles (and/or loops) may
explain the occurrence of the deconfinement transition in QCD. It would be interesting
to clarify the role of the center of the gauge groups. There are gauge groups with trivial
centers but many different types of monopoles and other magnetic defects.
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A Transition functions and twist

We prove that for arbitrary twists and instanton number there exist transition functions
with the following property

Uo = ]l, Ui(ZL‘O == 0) = Wy, (Al)
where the w; are twist eaters satisfying
WiWj = Z45W;iWs, Zij € Z. (AQ)

We now start off with Abelian transition functions

' 3 n qu
U, = exp [2#2 Z HL ] , (A.3)

v=0 v

where n,,, is a Cartan sub-algebra valued lower triangular matrix

0 0 0 O
n! 0 0 O

T =1 02 md 0 0 (A-4)
n® —m? m' 0

With this choice of n,, we have Uy = 1l. The cocycle condition ensures that the n’ and m*
satisfy the constraints

e2min’ 20is e2mm' — . and cyclic permutations. (A.5)
The instanton number is simply

¢ =Tr (n'm" + n’m? + n*m?).

Now we claim that there exists a time-independent gauge transformation V' (Z) with the
following properties

V@)U (20 = 0, 2)V(E + bi) = wi. (A-6)

To prove this consider the following two sets of transition functions. Firstly take the
Abelian transition functions (A.3) but with the n® all set to zero. Secondly take the set
of transition functions Uy = 1, U; = w;, where the w; are defined as in (A.2). Now both
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sets of transition functions have instanton number zero and an identical set of (magnetic)
twists. Hence they must be gauge equivalent [17]. This establishes the existence of a
smooth V(&) satisfying (A.6). Now we perform this gauge transformation on the original
Abelian transition functions (i.e. with the n’ not necessarily zero)

3 .
UY =1, UY =V-'(#)exp l2m' 3 an] V(ZF+D). (A7)

v=0 v

These transition functions have the stated properties.
This proof hinges on two assumptions:

e The existence of Abelian transition functions for arbitrary twists and instanton num-
ber.

e The existence of twist eaters for all possible magnetic twists z;;.

It is well known that the first assumption breaks down in the odd instanton sectors of
untwisted SU(2) gauge theory. This special case has been addressed in ref. [7]. In [16]
it was shown that the second assumption is valid for SU(N). We will show the existence
of magnetic twist eaters also for the other simple Lie groups. For every group (with
the exception of the Ds,-series, which will be considered separately) the cyclic center is
generated by

Z = exp (27Ti/1,(vz) . H)
In the table below we list the co-weights u(vz) generating the centers. We now argue that

magnetic twist eaters can be constructed from an Abelian element A and an element w in
the Weyl group. The Abelian element A is given by

.
A = exp [?5,1, : H] , (A.8)

where g = 1+ 3 n; is the Coxeter number (see the table below) and §,, is the Weyl vector

1 dimG
dw =2 ne =52 0, |0l =—glal
) a>0
The element w is fixed by the requirement that
w6y H)Yw =10y - H — guz) - H. (A.9)

Such a Weyl group element w exists for all groups. For example for G = SU(N) and
(=) = H(r) 1t 18

W= WiWy...WN_1,
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where w; is the fundamental reflection on the plane orthogonal to the simple root oy,
Wi_l(ﬂ -H)w; = Oag) (1) - H.

The Weyl word wyws first reflects on the plane orthogonal to a(;) and then on the plane
orthogonal to o). A and w have the basic property

wllAw =214 so that wPAWP = 2z PIAY.

To prove this property we first note, that we may replace the weight 1) in (A.9) by the
corresponding co-weight, since a;) is always a long root. Now we conclude that

-
wlAw = exp lﬂw_léw . Hw] =exp(— 27m'/JJ(VZ) CH)A =214,
g

as required.
Now we prove that for given magnetic twists z;; = 2+, t;, € Z we can find twist
eaters w; satisfying equation (A.2). We make the ansatz

w; = w A% such that  ww; = 297 Pi%w w;.

It follows that equation (2.3) is equivalent to

i=pAg mod(2]), (A.10)

where | Z| is the order of the center group. If all twists are the identity (all n; are zero)
the solution is trivial. So let us assume that at least one n;, say n3 is not zero. Then we
choose

0 ) ny
p=|11|, 7= 0 so that 7= | —pns
p ny nsg

It remains to be shown that for a given ny and n3 # 0 we can solve

ny = —png mod(|Z|). (A.11)

If the order of the center is a prime number, as it is for all but the A and D groups, then
we can always find a p solving this equation. For the D, groups with odd r the order of
the center is not prime but 4. If only one n;, say again ng is odd then we can again solve
(A.11). In the other case all n; must be even and (A.11) can again be solved. This proves
the existence of twist eaters for all but the D,-groups with even rank.

For the D,-groups with even rank the center comprises of

2mipy) - H 2mipy -H 2mipy . -H
L, z = """, 2z =¢e"" 0 and 23 =™ Ho-0"

where z;2; = 0;;11 + €352 As before one can find commuting Weyl words w(; such that
for each center element
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w@lAW(i) = z{lA =zA and  wiwg) = wiwe). (A12)
For example,
W(l) = WiW9 * * * W9orW9opr_oWo,_3"***Wi.

Now we make a case by case analysis to show the existence of twist eaters for arbitrary
given twists. Using (A.12) one finds the following solution for the possible choices for z;
in (A.2):

[case [o [ o [ o [ [ | %
1 Z; 1 1

one twist A w
two twists A w
3 different twists wiyA | wg
2 or 3 identical twists | w) | wy

)
)
A W(k)A Giijk eikaj ijizi
A A Zi Zi Zj

Together with the result in [16] this finally proves the existence of magnetic twist-eaters
for all gauge groups.

In the main body of the paper we needed the centers, (dual) Coxeter labels and Coxeter
numbers of the various gauge groups. For completeness we have listed these in the tables
below.

group A, B, C, D,, r even D,, r odd
Z L 11 Ly Ly Ly X Loy Ly

1) 20 20 P P 1) P

n; 1,...,111,2,...,2,212,...,2,1|1,2,...,2,1,1 | 1,2,...,2,1,1
n; 1,2,...,2,11,...,1,1

g r+1 2r 2r 2r — 2 2r — 2

Table 1a: Centers Z, generators u(vz) of the centers: z = exp(QWqu/Z)), Cozeter labels n;,
dual Cozxeter labels n; and Coxeter number g of the classical groups

group Es E7 Eg F4 G2
Z L Ly 1 1 1

ME/z) H(v1) ME/7)

n; 1,2,2,3,2,1]2,2,3,4,3,2,1 | 2,3,4,6,5,4,3,2 | 2,3,4,2 | 3,2
ny 2.3,2,1] 1,2
g 12 18 30 12 6

Table 1b: Centers Z, generators ply of the centers: z = exp(2mip,)), Cozeter labels n;,
dual Cozxeter labels n; and Coxeter number g of the exceptional groups
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B Proof of (6.3)

For I = 1 this formula is easily checked if one uses P = WDW ! and the definitions
A =W tdW and log D = 2mih. To prove the formula for [ > 1 is less trivial. As a first
step consider two group valued fields P, P». Then

Te((PP2) ! P1P2) ZTr P 'dP)? — 3d Tr(P; 'dP, A dP,Py ).

If the P; are smooth and periodic then
/Tr((Png) d(PiP,)) Z / Te(PldPy)?
T3

With our choice for the transition functions the Polyakov loop operator is indeed periodic
and we conclude that

/Tr(’P‘ld(’Pl))g — z/Tr(P—ldP)?’.

A (B.13)

Now we can relate the instanton number in (1.5) to the winding of P' as follows
1 )3
1= 5.3 /TI(P dP)
TS

Since P! = WD'W ! we can now apply formula (6.3) with D replaced by D'. This then
leads to

1 g 3 .
Q:;mM/dA(), UM, =T, My 1My =0, it £

where A(®) is smooth in M, and has been defined in (6.5). This proves (6.3) for [ > 1 as
required.
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