
Witten-Veneziano Relation for the Shwinger ModelS.Azakov 1�, H.Joos 2y and A.Wipf 3 zOtober 8, 20021Inst. of Physis, Azerbaijan Aademy of Sienes, H.Cavid ave.33, Baku 143, Azerbaijan2DESY, Notkestrasse 85, D-22603 Hamburg, Germany3Theor.-Phys. Institut, Universit�at Jena, Fr�obelstieg 1, D-07743 Jena, GermanyAbstratThe Witten-Veneziano relation between the topologial suseptibility of pure gaugetheories without fermions and the main ontribution of the omplete theory and theorresponding formula of Seiler and Stamatesu with the so-alled ontat term aredisussed for the Shwinger model on a irle. Using the (Eulidean) path integraland the anonial (Hamiltonian) approahes at �nite temperatures we demonstratethat both formulae give the same result in the limit of in�nite volume and (or) zerotemperature.The Witten{Veneziano relation (WVR) [1, 2℄ plays an important role in identifying topo-logial exitations in gauge theories with fermions. It relates the topologial suseptibilityof pure gauge theory without fermions to the main fermioni ontributions of the ompletetheory. Sine in the general derivation some approximations are involved, it is by eduationalreasons worthwhile to study models in whih the WVR is exat. We hoose the ShwingerModel (SM) [3, 4℄. However, a orret treatment requires to start with the SM on a ompatspae, and to onsider the in�nite spae-time limit only at the end.Aording to Witten and Veneziano for the SM the following formulam2�0 = 4jf1j2�(0)top (1)should hold. Here m�0 is a mass of the U(1) pseudosalar "�0 meson", f1 is its deayonstant, and �(0)top is a topologial suseptibility in pure U(1) theory. For the SM we havem�0 = m = ep� and f1 = ip� , i.e. the "massive meson" of the SM is identi�ed with �0 partile.Seiler and Stamatesu [3℄ reanalyzed the WVR in Eulidean spae-time and their �nalresult, applied to the SM, reads m2�0 = 4jf1j2P (0)(0) : (2)�e-mail address: azhep�lan.ab.azye-mail address: joos�x4u2.desy.deze-mail address: wipf�tpi.uni-jena.de 1



The topologial suseptibility of pure gauge theory in the WVR has been replaed by theontat term P (0)(0) of the two point funtion of the topologial harge density in the theorywith massless fermions. In their work they alulated P (0)(0) and showed that formula (2)really holds.We alulate in the present work �(0)top and P (0)(0) for the SM on the Eulidean torus, and�(0)top(0) on a irle at �nite temperature. Finally, we show that at �nite temperature (1) and(2) are orret and that they agree in the limit of in�nite volume and (or) zero temperature.1 Eulidean path integral approah on the torusThe topologial suseptibility �top in the theory on the two-dimensional Eulidean torus T(with irumferenes L1; L2 and volume V = L1L2) is de�ned as follows�top = ZT hq(x)q(0)i d2x ; (3)where q(x) is the topologial harge densityq(x) = e2�F12(x) � e2�E(x) (4)and Z q(x) d2x = e2� Z E(x) d2x = k ; k 2 Z (5)is the integer-valued topologial harge or instanton number in the two-dimensional U(1)gauge theory, E(x) = �1A2(x)��2A1(x) is the �eld strength. Here and below the spaetime-integrals extend over the torus T . From Eqs (3) and (4) we obtain�top = e2(2�)2 Z hE(x)E(0)i d2x : (6)The expetation values hO(A)i of an operator O(A) whih depends only on the gauge �eldA�(x) are di�erent in the theory with fermions, e.g. the SM, and in the pure eletrodynamison the torus. After integration with respet to fermions in the SM we have [5, 6, 7, 8℄hO(A)i = 1Z ZA0 DA detD=AO(A)e� 12 R d2xE2(x) ; (7)where D=A is a Dira operator in the external eletromagneti �eld. As a onsequene ofthe index theorem, there are zero modes in the setors with instanton number k 6= 0 [9℄.Therefore the renormalized detD=A is unequal to zero only in the trivial setor A0 of thegauge �eld on�gurations with vanishing topologial harge. Z is the partition funtion inthis theory Z = ZA0 DA detD=A e� 12 R d2xE2(x) : (8)In pure gauge theory (where expetation values will be denoted by h� � �i0) all instantonsetors ontribute to the expetation value hO(A)i0:hO(A)i0 = 1Zg Xk2Z ZAk DAO(A)e� 12 R d2xE2(x) (9)2



and the partition funtion readsZg = Xk2Z ZAk DAe� 12 R d2xE2(x) : (10)In both theories in the setor Ak with topologial harge k the gauge potential has the formA(k)� (x) = A(0)� (x) + C(k)� (x) ; (11)where A(0)� (x) is a single valued "ontinuous" funtion on T and C(k)� (x) is a global instanton-type potential whih in the Lorentz gauge readsC(k)� (x) = ��keV ���x� : (12)For A(0)� (x) we may use the Hodge deompositionA(0)� (x) = ��a(x) + t� + �����b(x) ; (13)where ��a(x) is pure gauge, t� is a (onstant) toron �eld restrited to the dual torus 0 � t� �T� � 2�=eL�, �����b(x) is a url and a(x) and b(x) are ontinuous on T and orthogonal tothe onstant funtions: R a(x) d2x = R b(x) d2x = 0 (on the torus the Laplaian 2 � �21 + �22is invertible only on funtions whih integrate to zero).So the path measure in Eqs.(7) - (10) has a formZ DA � � � = Z Db Z Da Z T10 dt1 Z T20 dt2 � � � : (14)The two-point funtion hE(x)E(y)i has been alulated in the SM on the torus [5, 8℄ withthe following result: hE(x)E(y)i = Æ(x� y)�m2Gm(x� y) ; (15)where Æ(x) is the Æ-funtion on the torus andGm(x) = 1V Xn1;n2 e2�i(n1x1=L1+n2x2=L2)m2 + � 2�L1�2 n21 + � 2�L2�2 n22 (16)is the Greens funtion of massive salars on it. From Eqs.(6) and (15) we see that the ontatterm is P (0)(0) = e24�2 : (17)As is generally true in gauge theory with massless fermions, the topologial suseptibility�top vanishes in the SM and therefore the relation (2) holds.Now let us alulate the two-point funtion hE(x)E(y)i0 in pure eletrodynamis. Usingthe deomposition Eq.(13) we get for the �eld strengthE(x) = �2b(x) + 2�keV (18)3



and for the ation12 Z d2xE2(x) = ��k2 + 12 Z d2x b(x)22b(x); � = 2�=e2V: (19)Then hE(x)E(y)i0 = � 2�eV �2 P k2e���k2P e���k2 + R Db2b(x)2b(y)e� 12 R d2x b(x)22b(x)R Db e� 12 R d2x b(x)22b(x)= � 2�eV �2 P k2e���k2P e���k2 + Æ(x� y)� 1V ; (20)where one sums over all k 2 Z. The presene of the last term in Eq.(20) is due to the fatthat b(x) does not have a zero mode sine it integrates to zero. From Eqs(6) and (20) weget for the topologial suseptibility in pure eletrodynamis�(0)top = 1V P k2e���k2P e���k2 : (21)In pure eletrodynamis all instanton setors ontribute to the topologial suseptibility.This remains true in in�nite volume limit, as we shall see below.Using the de�nition of the Jaobi's �3 funtion [12℄�3(zj�) = n=1Xn=�1 e���n2+2�inz (22)we may rewrite Eq.(21) in their terms:�(0)top = � 14�2V �003(0j�)�3(0j�) : (23)2 Topologial suseptibility in pure eletrodynamison a irlePure eletrodynamis in two dimensions is de�ned in a non-trivial way only on a ompatspae where it has non-trivial gauge invariant solutions. Therefore we onsider it again on airle with irumferene L1. Manton [10℄ was the �rst who onsidered pure eletrodynamison a irle and showed that in this model there is not a unique anonial quantization,beause the representation of the eletri �eld operator ontains an arbitrary real parameter�. The Hamiltonian has eigenvalues: Ek = 12L1e2 (k + �=2�)2 ; k 2 Z. In this theory the �angle (the frational part of �=2�) is a relevant parameter and di�erent values of � separatedi�erent worlds. It orresponds to the famous � angle of SU(n) gauge theories. In ontrast,as in the ase of quantum hromodynamis with massless fermions [11℄, in the SM the angle� plays non physial role.The topologial suseptibility in this ase reads�(0)top(0) = 1L1 �2F (�)��2 j�=0 ; (24)4



where F (�) = � 1� logZ(�) is the free energy and Z(�) the partition funtion at temperatureT = 1=�: Z(�) =Xk e��Ek(�) =Xk e� 12�L1e2(k+�=2�)2 : (25)From Eqs.(24) and (25) it follows that�(0)top(0) = � 1L1� Z 00(0)Z(0) = e24�2 1� �L1e2 P k2e� 12�L1e2k2P e� 12�L1e2k2 !: (26)Now we an use the following transformation formula [12℄ between �3-funtions of zero ar-gument �3(0j�) = 1� �3�0j � 1=�� ; (27)and prove that �(0)top(0) = �(0)top ; (28)if we take � = L2. Thus the path integral approah and anonial approah give the sameresult for the topologial suseptibility.A systemati omparison between the Hamiltonian approah for the SM on a irle andthe Eulidean path integral approah on the torus was done in the forthoming paper [13℄.There it is shown how to obtain Eq.(15) within the Hamiltonian approah.3 The in�nite volume limitIn order to onsider the limits of in�nite volume (L1 ! 1) and/or the zero temperature(L2 !1) we will use the following expansion [14℄:�003(0j�)�3(0j�) = �2�� � 8�2� 2 e��=� (1� 2 e��=� ) + � � � (29)Then from Eq.(23) we �nd �(0)top = e24�2 + � � � ; (30)where � � � are terms whih disappear if at least one of irumferenes Li tends to in�nity.Thus we have shown that in this ases the topologial suseptibility (23) agrees with theontat term (17).Aknowledgment: S.A. would like to thank DAAD for a grant whih allowed to realizethis projet.
5



Referenes[1℄ E.Witten, Nul.Phys. B149 (1979) 285.[2℄ G.Veneziano, Nul.Phys. B159 (1979) 213.[3℄ E.Seiler and I.O.Stamatesu, preprint MPI-PAE/PTh 10/87, 1987.[4℄ C.Gattringer, Ann.Phys. 250 (1996) 389; Ph.D.thesis, MPI-Ph/95-24, hep-th 9503137.[5℄ I.Sahs and A.Wipf, Helv.Phys.Ata 65 (1992) 652.[6℄ H.Joos and S.Azakov, Helv.Phys.Ata 67 (1994) 723.[7℄ I.Sahs and A.Wipf, Phys.Lett. B326 (1994) 105.[8℄ S.Azakov, Fortshr.Phys. 45 (1997) 589.[9℄ H.Joos, Helv.Phys.Ata 63 (1990) 652.[10℄ N.Manton, Ann.Phys.(N.Y.) 159 (1985) 220.[11℄ R.Jakiw and C.Rebbi, Phys.Rev.Lett. 37 (1976) 172.[12℄ A.Erd�elyi (Diretor), Higher Transedental Funtions, Vol.2, Chapter 13.[13℄ S.Azakov and H.Joos, in preparation.[14℄ F.T�olke, Praktishe Funktionenlehre, Zweiter Band, Springer-Verlag, 1966.

6


