Chapter 2

Deriving the Path Integral

Quantization is a procedure for constructing a quantum theory starting from a classical the-
ory. There are different approaches to quantizing a classical system, the prominent ones being
canonical quantization and path integral quantization'. In this course I shall assume that you
are familiar with the first one, that is the wave mechanics developed by SCHRODINGER and the
matrix mechanics due to BORN, HEISENBERG and JORDAN. Here we only recall the important
steps in a canonical quantization of a classical system.

2.1 Recall of Quantum Mechanics

A classical system is described by its coordinates {¢'} and momenta {p;} in phase space. An
observable is identified with a function O(p, ¢) on this space. In particular the energy H (p, q)
is an observable. The phase space is equipped with a symplectic structure which means that
(locally) it possesses coordinates with Poisson brackets

{pi.d} =47, @.1)

and this structure naturally extends to observables by the derivationrule {OP, Q} = O{P,Q}+
{0, @} P and the antisymmetry of the brackets. The time-evolution of any observable is deter-
mined by its equation of motion

O0={0,H}, eg ¢={¢,H} and p;={p;, H}. (2.2)

Now one may ’quantize’ a classical system by requiring that observables become hermitean
linear operators and Poisson brackets are replaced by commutators:

O(p,q) = O(p,4§) and {O,P} — —[O,P]. (2.3)

1
in

!Others would be geometric and deformation quantization.
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In passing we note, that according to a famous theorem of GROENEWOLD [10], later extended
by VAN HOVE [11], there is no invertible linear map from all functions O(p, ¢) of phase space
to hermitean operators O in Hilbert space, such that the Poisson-bracket structure is preserved.
It is the Moyal bracket, the quantum analog of the Poisson bracket based on the Weyl corre-
spondence map, which maps invertible to the quantum commutator.
The evolution of observables which do not explicitly depend on time is determined by the
Heisenberg equation of motion
d O i

yr h[ﬁ, 0] = O(t) = MM O(0)e /M, (2.4)

In particular the phase-space coordinates become operators and their equations of motion read

d (RS d ., 1
S pi=~[H,p)] and —§ =~

For example, for a non-relativistic particle with Hamilton operator

[H,q'] with [g;, ;] = ihd". (2.5)

A . 1
H=Hy,+V, with H,= 7 > p7 (2.6)
m

one finds the familiar equations of motion,

d A d ., D
—pi = =V, d —¢ =
ar? and 4

= ) 2.7
o 2.7)
Observables are represented as hermitean linear operators acting on a separable Hilbert space
‘H (the elements of which define the states of the system)

0(q,q) - H — H. (2.8)

Here we do not distinguish between an observable and the corresponding hermitean operator.
In the coordinate representation the Hilbert space for a particle on the line is the space Ly(R)
of square integrable functions on R and and the position- and momentum operators are

(@)a) = ab(a) and (p0)(a) = 50,0(0). @9)

In experiments we have access to matrix elements of observables. For example, the expectation
values of an observable in a given state is given by the diagonal matrix element® (1)|O(¢)]1)).
The time-dependence of expectation values is determined by the Heisenberg equation (2.4). We
may perform a ¢-dependent similarity transformation from the Heisenberg- to the Schrodinger
picture,

O, = Mo and  |o,) = e ). (2.10)

2We drop the hats in what follows.

A. Wipf, Path Integrals
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In particular //; = H. In the Schrodinger picture the observables are time-independent,
O, = e /R (—%[H, O] + O) etH/m — (2.11)

The picture changing transformation (2.10) is a (time-dependent) similarity transformation such
that matrix elements are invariant,

(WIO@)]¢) = (¥s(1)]Oshs (1)) (2.12)

The values of observable matrix elements do not depend on the chosen picture. After the picture
changing transformation {O(t), |¢)} — {Os, [ts(t))} the states evolve in time according to
the Schrodinger equation

L d
ih ) = HJus). (2.13)
The solution is given by the time evolution (2.10),
[s()) = e M) = ey (0))  (H = H,) (2.14)

and depends linearly on the initial state vector [¢)5(0). In the coordinate representation this
solution takes the form

Uu(t) = (al®) = [ lale™ g g . (0))dg
= [ Kt a.q).(0,q)dd .15)

where we made use of the completeness relation for the position eigenstates,

/dq’ @) {d| =1 (2.16)
and have introduced the unitary time evolution kernel
K(t,q,q") = (gle™""|¢). (2.17)

It is the probability amplitude for the particle to propagate from ¢ at time 0 to ¢ at time ¢ and is
occasionally denoted by

K(t,q.q") = (¢, tq,0). (2.18)

This evolution kernel (sometimes called propagator) will be of great importance when we
switch to the path integral formulation. It satisfies the time dependent Schrodinger equation

d
ih@K(t, ¢.q)=HK(t,q,q), (2.19)

A. Wipf, Path Integrals
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where H acts on the coordinates g of the final position. In addition K obeys the initial condition
. n o o
lim K(t, q,¢") = 6(¢ — ¢)- (2.20)

The propagator is uniquely determined by the differential equation and initial condition. For a
non-relativistic free particle in R? with Hamiltonian Hj as in (2.6) it is a Gaussian function of
the initial and final coordinates ¢/, ¢ € R, ,

m
2miht

Ko(t,q,q) = (gle”™M0/m| gy = Adeimla=a)?/2mt = 4, — (2.21)

The factor proportional to t~%? infront of the exponential function is needed to recover the
d-distribution in the limit ¢ — 0, see (2.20). In one dimension one has

Kolt,q,q) = Ay eima=a)?/2nt, (2.22)

After this preliminaries we now turn to the path integral representation of the evolution kernel.

2.2 Feynman-Kac Formula

Now we are ready to derive the path integral representation of the evolution kernel in coordinate
space (2.17). The result will be the marvelous formulae of RICHARD FEYNMAN [12] and
MARC KAC [13]. The path integral of Feynman is relevant for quantum mechanics and that
of Kac is relevant for statistical physics. The formula of Feynman-Kac is very much related to
stochastic differential equations and has many application outside of the realm of physics, for
example in Biology (evolution processes), financing (optimal prizing) or even social sciences
(stochastic models of social processes).

In our derivation of the Feynman-Kac formula we shall need the product formula of Trotter.
In its simplest form, proven by LIE, it states that for two matrices A and B the following formula
holds true

et = lim (eMmem)" (2.23)

n—oo

To prove this simple formula we introduce the n’th roots of the matrices on both sides in (2.23),
namely S,, := exp[(A + B)/n] and T,, := exp[A/n] exp|B/n| and telescope the difference

ISn =Tl = lle™™F — (eMmeP/m)?|

— HSZ*1<Sn — Tn) + SZ*Q(Sn — Tn>Tn 4.4 (Sn _ Tn)Tgfl”_

Since the matrix-norms of the sum and product of two matrices X and Y satisfy || X + Y| <
| X + [|]Y] and || X - Y| < ||X]| - [[Y]| it follows at once that || exp(X)|| < exp(||X]|) and

|Sall, 1T < IAIFIBI /7 = 41/n

A. Wipf, Path Integrals
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Now we can bound the norm of S} — 77" from above,
ISy = Toll < - a8, = T

Finally, using S,, — T;, = —[A, B]/2n*+ O(1/n?) this proves the product formula for matrices.
This theorem and its proof can be extended to the case where A and B are self-adjoint operators
and their sum A + B is (essentially) self-adjoint on the intersection D of the domains of A and
B:

e~itAYB) _ ¢ lim (efitA/nefitB/n)n_ (2.24)

n—o0

Moreover, if A and B are bounded below, then

e TAHB) — g _ lim (e’TA/”e’TB/”)n. (2.25)

n—oo

With the strong limit one means that the convergence holds on all states in D. The first for-
mulation is relevant for quantum mechanics and the second is needed in statistical mechanics
and diffusion problems. For a proof of the Trotter product formula for operators I refer to the
mathematical literature [21, 22].
Using the product formula (2.24) in the evolution kernel (2.17) yields
K(t,q,q) = lim (q| (e~"H0/mre=tV/Mm) ). (2.26)

n— o0

Inserting n — 1-times the resolution of the identity 1 = [ dw,;|w;) (w;| associated with the
position eigenstates, we obtain for the matrix element on the right hand side

<q| eftho/hnefth/hn]l eftho/hnefth/hn]l 1 eftho/hnefth/hnm/)

= /dw1 cedw,y [ (wjga| e Mo/ em VIR gy (2.27)
=0

In the last formula w,, = ¢ is the final position and wy = ¢’ the initial position of the particle.
Since the potential is diagonal in the coordinate representation we find

<wj+1‘ efitHo/hnefitV/hn|wj> — <wj+1‘ efitHo/Fm|wj> efitV(wj)/hn. (2.28)

Now we insert the evolution kernel (2.22) of the free particle and find for K, the representation

K(t,q,qd) = = nh_)ngo A" [ dw, -+ - dw,_y - 5™ (w)/h
n—l1 2 n—1
m w ; — W
§W(w) = T e (%) — > eV(wy) (2.29)
Jj=0 j=0

where ¢ = t/n. This is the celebrated formula of Feynman and Kac and it is just the path
integral representation of the evolution kernel we have been aiming at.

A. Wipf, Path Integrals
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Figure 2.1: A broken path of a particle propagating from w to w,,.

To see more clearly why (2.29) is called a path integral (or functional integral in field theory)
we divide the time interval |0, ¢] into n equidistant intervals with length € = ¢/n and identify wy,
with w(s = ke), see fig. (2.1). Now we connect every pair of points (je, w;) and (je + €, w; 1)
by a straight line and obtain a broken line path from wq = ¢’ to w,, = ¢

The exponent S, in (2.29) is a Riemann sum approximation to the classical action of a
particle moving along this broken line path,

S0 (1) "2 /tds <% )2 V(w)> = S[u] (2.30)

The integrations [ dw; ...dw,_; in (2.29) is to be interpreted as summing over all possible
broken line paths connecting ¢’ with ¢. Since any continuous path from ¢’ with ¢ can be ap-
proximated by a broken line path and since finally we must take the continuum limit n — oo or
equivalently ¢ — 0, we may interpret the integral (2.29) as a sum over all paths from ¢’ at time
0 and to ¢ at time ¢. The e-dependent constant

m n/2
Al = 2.31
¢ (27Tih€) ( )

in the path integral (2.29) is required to obtain a unitary time evolution. It diverges in the
continuum limit ¢ — 0, but this divergence is harmless as we shall see later. In the continuum
limit we denote the path integral representation for the evolution kernel (2.29) by

w(t)=q
K(t.a,d)= [ Duwestm (232)
w(0)=¢’
with the formal *'measure’ Dw on the set of paths defined by the limit (2.29). Since the infinite

product of Lebesgue measures like [[7° dw; fails to be a measure, the symbol Dw is mathemati-
cally not well-defined. However, one can define a measure on the set of paths if one analytically

A. Wipf, Path Integrals
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continues to imaginary time. For more general Lagrangian systems, for example for particles
propagating in 3 dimensions, a similar path integral representation for the evolution kernel can
be given. In same cases, for example for particle in external fields, ordering ambiguities in the
canonical approach translate into discretization ambiguities even in the continuum limit.

2.3 Non-stationary systems

The Feynman-Kac formula not only holds for stationary systems, it also holds for time-dependent
Hamiltonians H (t) for which the evolution kernel has the form

) t
K(t.a.0.d) = (al Texp (~ [ H(s)ds)la) 239

where T denotes the time ordering. The generalization to time-dependent Hamiltonians is useful
when on considers system under varying external conditions, for example in a time-dependent
external field. In a non-stationary situation the evolution operator depends on the initial and
final times and not only on the time-difference ¢t — ¢. But the continuum path integral for the
evolution kernel K looks the same as in the stationary case,

w(t)=q
K(tal.d)= [ Duwestm (234)
w(t')=q'
where now the Lagrange function depends explicitly on time. For a system with Hamiltonian
H = H, + V(t) the path integral is the continuum limit of

K(t,q,t/’q/) = nhggloA? .dwl .. 'dwn—l eiS(”)(w)/h
m n—1 W —w.:\?2 n—1
$Ww) = T (%> S+ ey, 0.35)
j:() j:0

where ¢ = (t—1')/n. Note that now the potential depends on the (discretized) time. To establish
(2.34) we show that

U(t,q) = /K(t, ¢, v, q) (', q)dd (2.36)

obeys the time-dependent Schrodinger equation. For that purpose we set t' = ¢ — e with small
e. The evolution for a infinitesimal time step € is given by

m

o(t.0) = A, [ dg' o {Sta oV = EV (- o) ol - ),

Changing variables according to ¢ — ¢’ + w this reads

P(t,q) = A / du emu?/2he gV (t—e,qtu) /R »(t —€,q+u). (2.37)

A. Wipf, Path Integrals
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Due to the first Gaussian factor the u-integral gets its main contribution from the neighborhood
of u = 0 and thus we may expand the last two factors in powers of u. The resulting integrals
over u are computed with the help of the formula

/du u2nezmu2/2h5 — I <&> (277, — 1)” (2.38)
€ m

where 0!! = (—1)!! = 1 by definition. Of course, the integrals with odd powers of u vanish. We
only need the terms of order 1 and ¢ on the right hand side in (2.37) and thus it is sufficient to

expand v to second order in u. Up to terms of order €* we find
1€

2
Ut q) = A /du i /one (1 -V, Q)) (d}(t —€q)+ %w"a, Q)) +0(€).
The integration over u finally leads to
h

Note that for ¢ — 0 the right hand side converges to 1 (¢, ¢) such that K converges to the identity
ast’ — t. Now we subtract 1)(t —e¢, ¢) from both sides in (2.39) and divide the resulting equation

D{t0) = Ut — 0) ~ V(a1 a) + e (t0) + O(E). 2.39)

by e. In the continuum limit € — 0 we recover the time-dependent Schrodinger equation,

Lo,
i = — U V(D). (2.40)

and this shows that even for a time-dependent Hamiltonian the propagator is given by the path
integral (2.34) or more accurately by (2.35).

2.4 Greensfunctions

In quantum field theory one is interested in vacuum expectation values of time-ordered products
of Heisenberg field operators since these objects are related to amplitudes of physical processes
such as scattering amplitudes or decay rates of particles. We look at the analogous objects in
quantum mechanics:

GM(ty, b, 1) = (QT G(t1)d(ta) - - - 4(1a)|2), (241)
where |€)) represents the vacuum state and the position operator has the time dependence
G(t) = /P gem (2.42)

see equation (2.4). The objects G™ are known as Greensfunction or correlation functions. The
time ordering operator T orders its arguments such that the operator at earliest time acts first (is
the right-most), the operator at the second earliest time acts next etc. For example

ey at)a(te)  t >t
i) = {00 o 24

A. Wipf, Path Integrals
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Now will derive the path integral expression for the Greensfunction (2.41). Actually we shall
calculate correlation functions with fixed endpoints, for example

(q,t]| T q(t1)4(t2)|q'), where |q,t) = eitH/h|q> (2.44)

is the past-evolved position eigenstate, ¢(t)|t, q) = q|t, ¢). Later we shall see how one recovers
the vacuum expectation values (2.41) from the correlation functions with fixed endpoints. We
assume t; > ?5 and insert twice the identity in (2.44), one after every position operator ¢,

(a,1 4(t)d(t2)]d) = (gl e Gem =t gemtatl|g/)

= /dwldwg (g e I 1) wy (wy| e O H y) wy (wo e 2 ¢

Inserting the path integral representation for the three matrix elements we obtain

w(t)_:q w(tl)_:wl w(t)=w2
(q,t| q(t1)q(t2)|q") :/dwldwg w1w2/Dw es/h / Dw /" / Dw e, (2.45)
q(t1)=w1 w(tz)=ws2 q(0)=¢'

This expression consists of a first path integral from the initial position ¢’ to the position w-, a
second one from ws to the position wy, and a third one from w; to the final position q. So we
are integrating over all paths from ¢’ to ¢, subject to the restriction that the paths pass through
the intermediate points w, and w; at times ¢, and ¢, respectively. Finally we integrate over the
two arbitrary positions ws and wy, so that in fact we are integrating over all paths. Thus we may
combine the three path integrals and the integrations over w; and ws into a single path integral.
The factors w; and ws in the integrand are just the values w(¢;) and w(ty) of the paths at the
intermediate times. Hence we end up with

w(t)=¢q
(¢, t]4(t1)q(t2)|d") = / Dww(t)w(ty) eV (ty > 1,). (2.46)
w(0)=¢’
A similar calculation reveals that the same result holds true for the matrix element of G(¢2)q(¢;)

when ¢, > t;. The path integral takes care of the time ordering. Thus we arrive at the following
formula for all pairs ¢, t:

w(t)=¢
(0, t] T q(t1)q(t2)ld’) = / Dww(t;)wl(ty) eH", (2.47)

w(0)=¢’
The generalization to higher correlation function is evident. One obtains

w(t)_:q

(0 AT a0l - d0)Id) = [ Dwwltu(es) - w(t) S 248)
w(0)=¢

A. Wipf, Path Integrals
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Now we relate the time ordered correlation functions for fixed endpoints to the vacuum expecta-
tion values in (2.41). Normalizing the Hamiltonian such that its groundstate|2) has zero energy,
in which case it is time-independent, we obtain

Q= /dq (Qq,t) (t,ql = /dq (Qq) (t.ql = /dqQ(Q) (tql. (2.49)

Now we multiply (2.48) with Q(¢)Q2(¢’) and integrate over the arguments ¢ and ¢'. This yields
| w(t)=g
QT () a)I0) = [dadd A@)Ae) [ Dww(ty)- w(t,) S 250
w(0)=¢q’
Actually, to calculate such vacuum-to-vacuum transition amplitudes one conveniently continues
to imaginary time and this will be studied in a later chapter.

Generating functional for time ordered products: The Greenfunctions for time ordered
products of position operators at different times are generated by a functional depending on an
external source. It is given by the path integral in which a source term is added to the action,

Slw] — Sj[w] = Sjw] + (4,w), (j,w)= /Ot dsj(s)w(s). (2.51)

The corresponding evolution kernel in the presence of the source
w(t)=q
K(ta.d3)= [ DwesStim (2:52)
w(0)=¢’
is just the generating functional for the Greenfunctions (2.48). For example, its first variational
derivative with respect to the source is

h ¢ ‘
t O K(tq.q;) :/D ty) iS5/, 2.53
i) Kt a.dsd) ww(t) e (2.53)
The n-fold differentiation of K at j = 0 yields the path integral with several w-insertions,
h ¢ h ¢ ;
2 L K(t.q.q: ) :/D t) - --wlt,) &SwI/n 2.54
i65(t)  i0j(t,) (14,459l )l €7 239

which according to the result (2.48) is equal to the expectation value of the time-ordered product
of n position operators at different times

h o h_o

For an interacting system the generating functional cannot be calculated in closed form. But

K(t,q, 4" 9)| =0 = (@ tI Tq(t) - - 4(ta)lq") - (2.55)

with the result (2.48) we can easily set up a perturbative expansion for the Greenfunctions. This
will be done in chapter 4.
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