Chapter 14

Path integral for gauge fields

All fundamental theories in particle physics are gauge theories. These theories contain first class
constraints which generate the (time-independent) gauge transformations and hence must be
quantized along the lines outlined above. We shall first recall the classical canonical structure of
pure Yang-Mills theories with particular emphasis on the constraints. At the end we specialize
to the Abelian case and set some of the potentials and field strengths to zero to recover the path
integral for the Schwinger model.

14.1 Classical Yang-Mills Theories

In Minkowski spacetime the Lagrangian for a non-Abelian gauge theory reads
1 i
L= —ZtrFM,,F : (14.1)

where the (hermitian) field strength is F,, = 9,A, — 0, A, — i[A,, A,]. The chromoelectric
and chromomagnetic fields are the generalization of the electric and magnetic fields in electro-
magnetism,

Foi = E; and Fy; = —e;;uBy (14.2)

Expanding the potential and field strength as

dim ¢ dim ¢
A= N AT, . FM =Y R,
a=1 a=1

where the (hermitian) generators 7, of the Lie algebra obey the commutation relations

[Tm Tb] = Z.fabcjjc; (143)
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with totally anti-symmetric and real structure constants f,,., we find the following formulae for
the components in group-space,

E, = %Aa - VA?L + fabcAgAc , Ba=-VxA,— %fabcAb x A (14.4)

We have set A = (Ay, A, A3), E = (E, Es, E3) and B = (By, By, Bs). One would have the
usual sign convention [51] if one would take A = (A!, A%, A3) that is replace A by —A. In the
non-covariant notation the Lagrangian reads

L= %Z(Ej—Bj). (14.5)

a

The non-covariant form of the Yang-Mills equations D, ' are the generalized Gauss- and
Ampere law

D-E=0 < v'EUL_'_fatbcflb'Ec:0
D.E = (D x B) <= O,E,+ fueAVE. =V X By + fupe(Ay X By). (14.6)

The corresponding identities in two dimensions for Fi; = FE are obtained by setting £ =
(£,0,0), B=0and Ay = A3 = 0 in the above equations.

14.1.1 Hamiltonian structure

Our task is to build a Hamiltonian scheme, which will give rise to these Yang-Mills equations.
The first problem in passing to a Hamiltonian description arises from the fact that £ does not
depend on Ag and thus there is no momentum conjugate to A°. To remedy this we use the gauge
freedom to choose the temporal gauge A2 = 0. In this gauge we have

1 .
L= §(A§ — B%) (14.7)
and the Gauss- and Ampere laws take the simple forms
(D-E);=0 and E,= (D x B),. (14.8)

The momentum density conjugate to A, is gotten by differentiating £ in (14.7) with respect to

the ’velocity’ A,

oL

= — =A,=E, (14.9)
0A,(x)

Ta()

which then lead to the following Hamiltonian and Hamiltonian density,

1
H= /d%%, where M = ~(EZ + BY). (14.10)

A. Wipf, Path Integrals
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The canonical equal time commutation relations read (here we do not distinguish between upper
and lower indices, in particular A* = A;)

{Afz(tax)vEl];(tay)} = 5ab5ij53(x - y)a (1411)
from which follows that
{Bi(t,2), Bl(t.9)} = et (6uv0urd(x = y) = funcALS(x — ). (14.12)

Now it is rather straightforward to calculate the time-derivative of the canonical fields. On
obtains

Az) = {A(2), H} = /d3y {AL(@), B} ()} B (y) = Eq(x) (14.13)
and similarly, using (14.11),
El(x) ={E.(z), H} = € (@‘BS + fabcAZBf) (14.14)

and hence the Hamiltonian equations reproduce Ampere’s law (14.8) and the definition of E,
in terms of A,. However, Gauss’s law has yet not emerged, since it is a fixed-time constraint
between canonical variables.

To understand the role of the Gauss constraints

Co(x) = (D - E)y = 0,E! + fuALE" (14.15)

more clearly let us calculate the commutator of these constraints with the canonical variables.
One finds

{Ab(y)7 Ca(x)} = 5abvx5(x - y) - fabcAcd(x - y)
{Ey(y), Cal@)} = —facEed(z —y). (14.16)

Smearing the constraints with arbitrary test functions 6 as
Cy = / B18,()Ca(2), (14.17)
these commutation relations become

{Aa(y)v CG} = _vea(y) + fabceb(y)Ac(y)
{Eu(v),Co} = farcts(y) Ec(y). (14.18)

From the first equation one may obtains

{Ba(y)v CG} = fabceb(y)BC(y)' (1419)

A. Wipf, Path Integrals
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Now we shall see, that the constraints generate the time-independent gauge transformations
A— e YA +ie7Ve?, E — e PEe?, B — e ?Be?. (14.20)
The corresponding small transformations of the gauge potential and field strengths are
A =-V0—il,A] 6E =—ilf, E] and 0B = —i[f, B], (14.21)
which, after expanding ¢ = 6,7, read in component form
0pAq = —=VO0,+ farchAc, 0By = fapctpE:. and  dgBy = fapc0y Be (14.22)

which are identical with the corresponding commutation relations in (14.18,14.19) with the
smeared constraint Cy. Hence the Gauss-constraints generate the time-independent gauge trans-
formations.

It follows then that the Hamiltonian commutes with the constraints since it is gauge invari-
ant. Finally, using the identity

fW)o'(x —y) = f(2)d (x —y) + f(x)d(x —y) (14.23)

and the Jacobian identity

fabdfcpd + fcadfbpd + fbcdfapd =0 (1424)

one shows that the commutator of two different constraints follow the Lie algebra of the gauge
group,

{Ca(x)v Cb(y)} = fabccc(x)d(x - y)v (1425)

and thus form a system of first class constraints. The transition from the classical Poisson
bracket to the corresponding commutators is as usual achieved by replacing Poisson brackets
{.,.} by commutators —i[., ]/} in the above relations.

The path integral for the Yang-Mills Hamiltonian (14.10) is given by analogy with the con-
strained quantum mechanical system (13.19) by

7 = /DEQDAQCS(C@)CS(F@) det{F,, Gy} exp [% / (E, A, — %Ej - %Bg)dtd%} ,(14.26)

where the F), are the gauge fixing depending on A,. We have seen that [ §*C', generates in-
finitesimal gauge transformations, and hence {F;, C}} is just an infinitesimal gauge transfor-
mation with parameters ¢ stripped off

(A, Calo)} = 5

S (Fy[A(y)]) = da . (14.27)
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For the constraint J-function we may insert

5(C,) = const-/DAg exp [%/Ag(DE)a}

so that

' . 1 1
7 = / DE,DA%S(F,) det (6, F}) exp [% / (Ao, — (DA").E, — S B — S B2)d'z{14.28)
where we have partially integrated in the exponent. Next we calculate the Gaussian E,-integral

which results in
a i /
Z = const - / DALS(F) det(daFi) exp [+ ((Aa — (DA"),)? - B)|
Comparing with (14.4) and (14.5) we find the covariant expression for the partition function
Z = const - / DA 5(F,) det(5,F}) er S, (14.29)

In our derivation the gauge conditions F, depend only on the spatial components of the gauge
potential. Recall that det(d, Fy) is the determinant of the scalar-products of the gradient vectors
V aF,(A) with the symmetry-generating vector-fields (generating the 6,-gauge orbits). We
may now assume that F, also depends on A as long as we guarantee that the determinant keeps
this geometric meaning in the enlarged space of the gauge potentials (and not only their spatial
components). But also in this enlarged space
0 0F, o

59“(:6)56 b @(Ma

80 A%) = (VFy, X,), (14.30)

where now the gauge transformation may depend on time as well, and hence in d, F; we must
take the gauge variation of all components of Aj;. We see that the gauge fixing functions I,
in (14.29) may depend on all components of the gauge potential. Since the action is gauge-
invariant, (14.29) still holds and the second equation in (14.27) still defines the object J,F}
appearing in the path integral.

We can derive a more general representation for the transition amplitude than (14.29) by
shifting F,, — F, + g,, where the functions g, do not depend on the gauge potential and hence
da(Fyp — gp) = 04 Fy. Since (14.29) is independent of the gauge choice F), it is also independent
of the functions g,. Hence (we suppress 5)

I DgG(g) [DAS(F, — ga) det(0,F) ™14
I DgG(g)
= const’ - /DA G(Fa) det(éan) oiS1AL (14.31)

/Z = const-

A. Wipf, Path Integrals
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At this point one can introduce Grassmann-valued fields, so-called Fadeev-Popov ghosts 7, 7 to
represent the determinant of the infinitesimal gauge transformations, so that finally

Z[j] = const - / DADYD G(F,) &S naFims [ 342), (14.32)

where we have re-introduce the coupling to a conserved current. The constant in front of the
path integral is chosen such that Z[0] = 1.
Let us see apply this formalism to the Lorentz gauge

F.(A) = 0,AY, (14.33)
the infinitesimal gauge variation of which reads
0o Fp(A) = —0"0ub + [oea0u(0.AY). (14.34)

We strip of the gauge parameter and obtains the following Faddeev-Popov operator,

4]

8aFy = deFb(A(y)) = (= 0u0” + fure A (2)3,)8(x — ).
Let us further take
N S
G(F.) = exp [ 55 /Fa} (14.35)
Finally, writing
N | )
SlA] = -5 / FaF =2 / AP (000 — 8,0,) A% + Sy Al (14.36)

where S;,;[A] contains all the cubic and quartic (self-interacting) terms, the path integral takes
the form

Z[j] = const - /DADﬁDﬁ ei(Seff[A’"’ﬁHfj“A“), (14.37)
where

Se[A,n, 7] = S + St (14.38)

[S)

We have split S. into a quadratic term and a term containing higher orders of the fields,

1 1
0 . 2 v — 2

Seff - §/A5(77HV8 - (1 - X)aHaV)Aa +/na(_8 )na

S = SpulA]+ / Na(fabe AL O )My (14.39)

Now we see the effect of the gauge fixing more clearly. Whereas .S, (the term quadratic in the
gauge potential) has zero modes, Sy[A, = J,A] = 0, and hence cannot be inverted, the effective
quadratic term in (14.39) has no zero mode and can be inverted.

A. Wipf, Path Integrals
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14.2 Abelian Gauge Theories

In the Abelian case f,;. = 0 and the interaction terms are absent. The ghost integral is indepen-
dent of the gauge potential and chancels in the normalized path integral. Hence

Z[4] = const - / DA iSlAl+i [7 4, (14.40)

where
1

1
Seir = 5 (A" Ky A”), Ky = 0w ® = (1= 1)0,0,. (14.41)

Since the operator K has no zero modes we can calculate the Gaussian integral and find

. i, 1.
Z0j] = exp | = 5 (", K, 5] (14.42)
for the partition function, where the propagator is easily found to be
_ 1 1
Kyt = =5 (1 = (1= 2)530.0,). (14.43)

Common choices for A are A = 1 (Feynman gauge) and A = 0 (Landau gauge).
The continuation to the Euclidean sector is achieved by replacing ¥ — —FE, B — —B
and d®x — —id®x, so that

2] = C- [ DA Sl (14.44)
where now
1 1
5% = 5(zéw’[(m,AV) with K, = =0, A+ (1 — X)aua,,, (14.45)
so that
y 1 ‘1L -1 v
707 = exp [5 (", K, 3")] - (14.46)

The Euclidean propagator reads

1 1
Kl = Z( — 8+ (1 — )\)Z(’?M(?V). (14.47)

14.3 The Schwinger model, Part I1

After these preparations we are now ready to quantize the bosonic degrees of freedom of the
Schwinger model, that is integrate over the "photon’ field. In the following it will be convenient
to Hodge-decompose the gauge potential as

Ay = €,,0,0 + O\, (14.48)

A. Wipf, Path Integrals
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where A is a pure gauge degree of freedom and drops in gauge invariant expressions. In partic-
ular

1 1
Fon = =86 = {FuF" = - (A0)°, (14.49)

and the effective action I in (12.51) becomes

3 /¢> _ —A ). (14.50)
The function @ in (12.39) simplifies to
b =\ —iy50. (14.51)

Note that both the effective action and the Green function are local in the new fields ¢ and .
We shall use the representation (14.29) (or rather its Euclidean continuation) for the path
integral, where we choose the Lorentz gauge

F=09,A" = AX (14.52)

and transform variables from A to ¢, . First we note that the Jacobian of the transformation
(14.48) is just

o 81 80 o 1/2 A 0 o
J = det <—80 81> = det 0 AT det(A) (14.53)
and second the constraint becomes
1
O(F) =3d(AN) = det(A)d(A)'

The important point is that neither the Jacobian J nor the determinant coming from rewrit-
ing the constraint in the new variables depend on the gauge potential and hence they cancel in
expectation values against the normalization (here they cancel each other even without normal-
ization). If we compute the expectation value of a gauge invariant operator, say O, which does
not depend on the field A, then the A-integration is trivial and one obtains

(0) = ﬁ / Doe0[p), where Z[0] = / Dee T, (14.54)

The most general 2n-point function (e.g. the two-point function (12.58) are not gauge-invariant
but we can built gauge invariant objects out of them, namely operators of the form

exp (i / A)d(y) M (x), (14.55)

A. Wipf, Path Integrals
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or functions of such bilinears. Here M is one of the four matrices /d, 75 and v*. The phase
factor is needed for the bilinear expression to be gauge invariant (recall that ©) — exp(i\)y
under gauge transformations). Using

T{0|¢(y) Myp(2)[0) = — (0] Mg o (2) ¥ (y)]0) = —tr MG(z, y) (14.56)
one finds
(e A (y) M (z)) = —ﬁ / Dee Tl gie [ ewdedde o NGz, ). (14.57)
Recalling that ((12.42))

G(x,y)|rmo = ePE@=WIG (2 —y), where Go(€) = — 2;23“ (14.58)

we see that the spinorial trace in (14.58) vanishes for M = Id and M = ~; and thus
- 1
(J+) =0, where Ji =P, Py = 5(1 + 5). (14.59)
Similarly, using

T (Ol (y1) Map(1) - P (y2) Np(22)[0)
= MB?”Nﬁ(;Q (Gaﬁf (1, y1)Gf; (T2,Y2) — fo (1, yg)Gle(:pg,yl))
= tr [MG(z1, 1) r [NG(22,y2)] — tr [MG (21, y2) NG (22, y1)]

one finds for M = P_and N = P,

(@)P-ia) - WP = 5 [ Doe Ve PGl 1) PGl

1
= —Z[ /D¢6_F[¢]tr P 6275[e¢(x)—e¢(y)}gg(x — 1014.60)

1

— —T[¢] ,2[e
= _Z[O o /nge (y)—ed(2)]

where we have inserted the explicit form (12.42) of G and used that 75 anti-commutes with G.
Also note that the phase factor is not present in this correlation function. The remaining path
integral is Gaussian, that is has the form

/me*F Fef 30 — ¢30G:DI) (14.61)

where the propagator D is determined by the operator appearing in (14.50) and therefore reads

1 T 1 1
D _r by 14.62
AA—2) 2 a—an 3 (14.62)

A. Wipf, Path Integrals
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D is just the difference of a massive and massless Klein-Gordon propagator. Whereas the Klein-
Gordon operator is ultra-violet divergent the effective propagator D is well behaved for x = y.
Comparing (14.60) and (14.61) we see that j(z) = 2ed(y — z) — 2ed(x — z) so that

1

__4 2( )2 6262 [D(x,x)—l—D(y,y)—QD(a:,y)]’ (1463)
m2(r — vy

(J-(2)J(y)) =
where we have used that D is symmetric in its arguments. For large separations r = |z — y| —
oo only the massless propagator contributes to D(z, y) and thus (see (12.43))

T 1 1
D(x,y) — == (el 5|y} = =55 log[ur]. (14.64)

The function exp(—4e?D(z,y)) ~ p?(x — y)? grows sufficiently fast to cancel the decreasing
factor in (14.63) and thus makes the whole expression remain constant for large separations

2
(J_(2)J 4 (y)) — —L 2P0, (14.65)

42
To find the numerical value we must compute D(0). The exact massive propagator is just a
Bessel function
1 1

(vﬂmm = ———Ko(er/V/T)

o | log(er/2y/m) + 7 (14.66)

1
2
where v = 0.577215. Together with the massless propagator (12.43) one finds then
e

2p+/T

The only natural mass-scale is the mass of the ’photon’, hence we set . = e¢//7 and then

1 1
(x|Dly) ~ %% {log(er/2\/%) +7 - log(,ur)} = {log + 7}. (14.67)

2¢?

4e*(z|Dly) ~ —log(4) + 27

so that finally

(T @) T4 () — —ge5 ¢ (14.68)

(the overall sign does not agree with the result in the literature?). For completeness we also

write down the exact answer
2

(J_(2) ] (y)) = —# ¢ exp [2Ko(er/ V7)) (14.69)

Now there is a subtle problem with the result (14.68) or (14.69). For a system with a unique
vacuum state the linked cluster property should hold, which states that

(J-(2)J1(y)) — (J-(2)) - (J+(y)) = (J-(0)) - {J+-(0)) (14.70)

A. Wipf, Path Integrals
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for |z — y| — oo. In other words the connected 2-point function of J_ and .J, should decay for
large separations. From (14.70) we conclude that

L e and (g = S (14.71)
At /T T dw /T ’ '
where 0 is an arbitrary parameter not fixed by our considerations. Summing the two expectation
values yields then

{(J-)

(Yy) = % %e’y cos(6) (14.72)

that is a generically non-vanishing fermionic condensate. On the other hand, in (14.59) we
concluded that the expectation values (14.71) and hence the condensate must vanish. What
went wrong?

To see what are the problems with the above calculation let use study the zero-energy eigen-
states of the Dirac operator. Introducing spherical coordinates

xg =rcos(¢) and =z = rsin(¢)

the Dirac-operator reads

b 0 e=%(D, — 1D,)
o ew(Dr —+ %D(b) 0,

so that the Dirac equation for the zero-energy states ¢ = (1), 1)_) can be rewritten as
Ay = —i0y log(1.) — erd, log(ve). (14.73)

Integrating this equations around a circle or radius R and introducing the electric flux 27 ®(R) =
$r Apd@ through the corresponding disk yields

27 ®(R) = —i 74 0, log () — erd, 74 log ., (14.74)

where we have chosen the spherical gauge A, = 0 in the gauge invariant expression (14.72).
The first integral on the right hand is just the winding number m of the solutions, e.g. if ) ~
exp(ime) then it coincides with the angular momentum.

Near the origin a normalizable 1) must be smaller then 1/ and since ®(0) = 0 we find

e=+: (m+1)>0 e=—: (m—1)<0<=e-m>—1. (14.75)

For large radii the wave function must decay more rapidly than 1/7 and setting ® = ®(00) we
obtain

e=+: (P—m)>1 e=—: (P—m)<—-1<=¢€-(P—m)> 1 (14.76)

A. Wipf, Path Integrals
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It follows that m and ® possess the same sign and that 0 < m < |®| —1land 1 — || <m <0
for € = + and € = — respectively. Given @, the conditions on ¢ and m can be summarized as

m® >0, e¢-®>0 and 0<|m|<|P|— 1. (14.77)

Note that there are only either right- or lefthanded zero-modes, depending on the sign of the
total flux, and that the total number of zero modes is just the biggest integer less than |®|. For
example, for a flux & = 3.1 there are 3 zero modes ¢, but for & = 1 there is no zero mode.

Now, for gauge fields for which the Dirac operator possesses zero modes (12.20) is not equal
to (12.22) as we shall see next. Lets assume that the Dirac operator has n zero-modes which
we denote by v;, j = 1,...,n. The excited modes we denote by ¢, k = n+1,...,00).
Decomposing the field operators as

= >_a;¥i(z) + Y Buu(x)
1 n+1
and similarly 7) one has
(n,v) = Z( w] O‘J "‘Z wk ﬁk
Inserting this decomposition into (12.20) and using DYDv) = DaDaD DS the integral over
the o’s can easily be done since the action does not depend on them. One finds
_ _ _ " 1 _ _ n
| PaDaexp [ S0, v)ay + a;(05,m)] = [ DaDa — [ Y0, v5)a; + 6w, m)]
= /DO&D@ H ajdj H(’Fla wj)(wja 77) = H(ﬁa wj)(wjv 77)
1

The remaining [-integration is performed by shifting

ﬁkﬁﬁk—%k(i/}kﬂ) and ﬁk—>ﬁk——( V),

where the \; are the (non-zero) eigenvalues of the modes ¢/, (This can be generalized to the
situation where the excited modes are scattering states. Then one uses the Greensfunction on
the space orthogonal to the zero-modes). After this shift the /5 integration yields

/ DﬁDﬁexp[ZAkﬁkﬁkz )5 ()] = det (i) G
n+1

where det’ is the determinant with the zero-eigenvalues omitted and G, is the Green function
of the excited states that is on the space orthogonal to the zero modes

iDGe(z,y) =6(x —y) — > _¥;(x) (14.78)
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Inserting all this into the path integral for the partition function we end up with
— T (1, ) (5, m)det/ (i) e~ J Gen (14.79)
1

and this is the generalization of (12.24) when fermionic zero-modes are present.

Let us now come back to problem of computing the two point functions (14.56) with M =
Id and M = 5. We have already seen that the naive calculation, which is valid for gauge
fields with no zero-modes, that is for gauge fields with total flux less or equal to 1, gives no
contribution. The gauge field with 2 or more zero modes do not contribute either, since Z
is higher order in the fermionic current so that after differentiating twice with respect to these
currents and setting them afterward to zero on gets a zero-result. So the only contribution comes
from the gauge fields with flux between 1 and 2 or —1 and —2. Those have exactly one zero
mode ; and thus

[ DEDE () M) = det'(iD)te (G (@) M (). (14.80)

For M = P, only the right-handed zero mode contributes and thus only gauge potentials with
1 < ® < 2. For M = P_ only the left-handed zero mode contributes and thus only gauge
potentials with —2 < ¢ < —1.
Typical gauge configurations having fermionic zero-modes are the vortex potentials
o

A, = —%ewx” (14.81)
where ® is a function which vanishes at the origin so that A is regular there and tends to a
constant value for large radii ®(r) — ®. The corresponding ¢ in the decomposition (14.48)
and field strength read

o'(r)

o(r) = — / ) 1t Dlog(r) and  Fyy = —Ad = (14.82)

,r/
from which follows that the ®’s in (14.82) and (14.74) are the same. For these vortex fields
both the primed determinant (after subtracting the determinant of the free Dirac operator) and
the classical Maxwell action are finite and so is then the effective action I' appearing in the
bosonic path integral. Thus the functional integration over ¢’s with a given vortex flux should
yield a non-zero answer for

f< Dee  ltr (11 (2) Pyipy ()
(Ji(z)) = =222 , (14.83)

where the effective action in the denominator has the form (2.87a) and the one in the numerator
contains the classical Maxwell term and the primed determinant. As far as I now, nobody has
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so far attempted to calculate the remaining path integral over ¢ in the continuum. But we see
that our previous naive calculation missed this non-vanishing term.

Similar considerations show that in the correlation function (14.60) the zero-modes drop
completely, since for a given gauge potential these modes are either left- or right handed. This
is the reason why the naive calculation above yields the correct result for the expectation values
(14.68,14.69).

This finishes the technical part of our discussion of the Schwinger model. Most of the
results presented have been obtained by Nielsen and Schroer [52]. The Schwinger model on the
sphere and the torus have also been studied and the results of these refined calculations agree
with (14.71,14.72). So there is no doubt that the Schwinger model shows a breaking of the
chiral symmetry (the operator 17 transforms non-trivially under global chiral transformations).
One may ask what happened to the celebrated Goldstone theorem since on the one hand a
continuous U(1) symmetry is broken and on the other hand there is no massless Goldstone
boson. The answer to this apparent contradiction comes from the fact that the axial current is
not conserved in the Schwinger model, and the derivation of the Goldstone theorem assumes a
conserved Noether current. The Schwinger model possesses another quiet interesting property.
If we couple the gauge potential to an external current £ — £ + j* A, with j°(z) = p(z) =
G16(z — o) + g20(z — x1), then the interaction decreases exponentially with the separation
|x1 — 25| of the two charges, due to the mass of the photon. So the expected long range Coulomb
force does not appear. This can only happen if the charges ¢; and ¢, are shielded. The physical
mechanism responsible for this charge shielding is the spontaneous pair production. As soon
as one tries to separate two 'quarks’ (we call the fundamental field ¢ quark field to emphasize
the analogy to QCD) it is favorable to create a quark pair out of the vacuum and then each of
the two created quarks shield one of the originally present quarks. The physical particles of the
theory are quark pairs, and not quarks.
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