Chapter 12

Path Integral for Fermion Fields

After introducing path integrals in quantum mechanics we now turn to the path integral rep-
resentation of field theories. In this chapter we discuss the fermionic sector of the Schwinger
model, which is probably the simplest non-trivial field theory. The Schwinger model is just
QFED for massless fermions in 2 dimensions [42]. This model shows at least two (related)
striking features. First the classically massless ’photon’ acquires a mass due to its interaction
with the massless fermions and second the operator )(z)i () has a non-vanishing vacuum
expectation [43]. Clearly, since this model contains fermions we first must discuss the path
integral for fermionic, and in particular the path integral representation of the n-point functions.
The zero-temperature Schwinger model has been solved some time ago by using operator
methods [44] and more recently in the path integral formulation [45]. Some properties of the
model (e.g. the non-trivial vacuum structure) are more transparent in the operator approach
and others (e.g. the role of the chiral anomaly) are better seen in the path integral approach.
More recently the Schwinger model has been solved in the path integral approach on the 2-
dimensional sphere and the role of the fermionic zero modes has been emphasized [46].

12.1 Dirac fermions

To arrive at the path integral for Dirac fermions (e.g. electrons). we generalize the above results
to field theory, that is, we replace

a;(t) = Y(z,t) and ;(t) — Y(zx,1).

The discrete index ¢ becomes the continuous position in space and the summation is to be
replaced by an integration over space.
For the Dirac fermions minimally coupled to a gaute field A, the action reads

S:/QL with £ = (i) — m)y. (12.1)

104



CHAPTER 12. FERMION FIELDS 12.1. Dirac fermions 105

The canonical momentum density is proportional to the field,
_ oL _
0

and not to the time-derivative of the field, since the Lagrangian density only contains first order
derivatives. The Hamiltonian is given by a Legendre transform,

W =iy, (12.2)

™

H = /H H =) — L = —ipy? Dy + mip. (12.3)

Inserting this into the field-theoretical generalization of (10.25) we obtain the functional integral
representation

7 = / DYDY S0l (12.4)

where S is the action for fields on a space-time region {2. The boundary conditions for the fields
on the boundary 0f2 must be specified. Here we choose for {2 the Minkowski space to avoid
boundary effects.

We are primarily interested in the generating functional in the presence of external currents,
which now is constructed by using two anticommuting sources 1(x) and n(z):

2l = [ DYDG exp (il 0]+ [ [@)e(e) + d(miad's).  (125)

We can simplify this path integral by expanding the exponent about its extremum. The exponent
is extreme for

Yo =—(p —m)"'n and g = —q(i) —m)".

Shifting the variables according to v — 1) + 1 etc. the exponent becomes

iSa +iS[1, 1], where Sq = _ﬁilD 1_ = /ﬁ(x)GF(x,y)n(y), (12.6)
and G’ denotes the Feynman propagator
(i), —m)Gr(x,y) =d(z —y). (12.7)
For example, for the free field (A = 0) one has
Gr (&) = (i + m)Ar(§), (12.8)
where A is the Feynman propagator of the Klein-Gordon field:
Ap(§) = — (4;)2 / d*ze ¢ m = (9,0" + m*)Ap = §(€). (12.9)
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Since S, is independent of the integration variables, the path integral (12.5) reads
Zli,n) = det(il) — m) exp (— i / 0(@)Gr(x, y)n(y)d'zd’y). (12.10)
Differentiating (12.5) with respect to the sources 7 and 7 yields the correlation function

T(0 W (1) 83, (41) - Ve ()5, (40 0)
1 5"

B Z[, ) lg=o- 12.11
Z[0] 07 (yn) 617 (20071 (1) 077 (1) (7, 1] l7=n=0 (12.11)

The n-point functions, for n odd, vanish since the source term is even in the current. In particu-
lar, for n = 2 we recover the propagator (Feynman propagator). Using Wick’s theorem (which
we shall proof later) one shows that the 2n-point function can be expressed in terms of the two

point function only. This shows already the equivalence of the Berezin path integral approach
and the canonical approach.

We conclude this section with the proof of Wick’s theorem for fermions. This theorem is
extensively used in quantum field theory. Originally it was proven using canonical methods.
Now we shall see how to derive this theorem using functional integration. What we show is the
following representation for the 2n-point function in terms of the 2-point function:

T/ (a) ) b D 5)]0) = ﬁ [ DD ()51 5

= (—i)" > sign(r H (T, Yr(s)) (12.12)

TESy j=1

To prove this identity we use the generating functional (12.5) and expand the exponent contain-
ing the source-terms in a power series:

2l = / DU ¢ Y i [ o, TL () 0m) + O ()

| r o B
:Z (2n)! /dem (x%)%/D@Z)Dwezsﬁbal($1)---¢5n(x2n112.13)

where we have used the anticommutation properties of the fields and sources and the fact that
the functional integral is nonzero only if there are as many fields as adjoint fields. On the other
hand using (12.10) we may expand the generating functional as

Z _7
% - Z /dm Adxndyy...dy,n(z1)n(y1)...0(Yn H Gr(zs, ys) (12.14)
" =1

and using again the anticommutation properties we can rewrite /Z as

A
i 77]_ /deldyl 21)n(y1) .- (yn) Zngn VG (T2, Yr(y). (12.15)

[ ] n n'n‘ TESy =1
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Comparing with (12.13) and using the fact that the sources are arbitrary, proves the Wick theo-
rem (12.12).

Finally we turn to the fermionic thermal Green’s functions. As we have already seen in in
quantum mechanics, the transition to the Euclidean sector is made by replacing ¢ — —i7 such
that

80 — ’iao, AO — iAo, A° — —iAO, Yo — ’i’}/o, ’)/0 — —’l’}/o (1216)
(and keeping the other quantities fixed) or equivalently by replacing 27 — iz7 such that

0; — —i0;, Aj — —iA;, A — iAoy — =iy, =iy (12.17)
Since we prefer to use a Minkowskian metric with signature (+, —, —, —) we continue accord-
ing to (12.17) rather than (12.16). In the case of Dirac fermions the exponent in (12.5) becomes

then
iSH/(WH/?n) — —SE+/(W+¢777),
Sp = /ﬁE, Lp = —ip Py + mynp. (12.18)

When calculating the partition function Z () at finite temperature we must choose antiperiodic
boundary conditions for the fields, in contrast to to the bosonic case (see (8.22)). The reason is
that the fermionic Green’s functions are [-periodic in imaginary time [48]. This is taken into
account if antiperiodic boundary conditions in the path integral are chosen and then the partition
function becomes

Z(8) = const - / DYD e~ Se0], (12.19)

a.p.

where a.p. should indicate that we integrate over anti-periodic fields ¢ (A3, z) = —¢(0, z) and
analog for 1. In analogy to (12.5) the generating functional for the thermal Green’s functions
reads

Bh
218,70 = [ DuDG exp (= 81,0l + [ dia [i@)e(@) + dlam@)]) (1220

and the thermal correlation functions are obtained by differentiation with respect to the external
current
( _ ) n 52n

T<0Wa1(551)1/_161(yl)7/_16n(3/n)|0>/3 = Z[O] 5776”(%)...5“17?(961

)Z[ﬁunﬂﬁ:ﬁzo (12-21)

where T" denotes the Euclidean time ordering. Note the presence of the factor (—1)™ in contrast
to (12.11). This is due to the Wick rotation to imaginary time.
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Next we simplify (12.21). We could calculate a ’classical’ path with antiperiodic boundary
conditions, calculate the partition kernel and then integrate over the boundary conditions. This
approach analogous to is rather involved in the present situation. Therefore we choose a some-
what different (and more formal) approach which can be applied for quadratic actions (and for
simple boundary conditions). We just apply the Gauss integral formula to (12.20)

Z8,7,1) = det(ilp — m) e~ (1D Gaam), Gmnw:@tﬁ§am.<um>

Gs(x,y) is the thermal Green’s function of (i[) — m) (that is the Green’s function on the space
of the functions antiperiodic in [3). The formula (12.22) then implies in particular

1 52
(8, 0] 0n(y)dm(x)

More generally, the Wick-theorem (12.12) still holds if we drop the (—:)™ and replace the
Feynman propagator by the thermal Green’s function (or Euclidean propagator) on the right

T(W()d())s =~ 218,71, 0)la=n=0 = Gs(,y). (12.23)

hand side of (12.12). This concludes our proof of the equivalence between the functional inte-
gral approach and the canonical approach for fermionic systems. We have seen that formally
there is a close analogy of fermionic path integrals with those in quantum mechanics. So far
we haven’t dealt with the inherent divergences of field theories, a feature with is not present
in ordinary quantum mechanics. Finally we have seen the path integral formalism allows for a
unified treatment of zero-temperature and finite temperature systems.

12.2 The index theorem for the Dirac operator

When solving the (Euclidean) Schwinger model we must calculate the partition Z in (12.19) or
equivalently its logarithm, the effective action

I' =log Z = log det Ip (12.24)

(see (12.22)), where we assume the fermions to be massless. As we shall see later, this deter-
minant can be calculated explicitly in 2 dimensions by integrating the chiral anomaly. As a first
step we now determine the number of zero modes of ). It will turn out that this number is a
physically and mathematically interesting number.

We use the notation and convention as in (8.67-8.70) and assume that space-time is even
dimensional so that we can introduce 5 = (—i)™""1/2y1~1...~4" (the factor is chosen such
that 72 = Id) which anti-commutes with all 7’s

(95,7} = 0 = {5, D} = [5, B*] = 0. (12.25)
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In Euclidean space-time we may take 7', ...,~" to be hermitean so that i) is selfadjoint and
we shall assume that its spectrum is discrete. Since 5 anticommutes with the Dirac operator all
"excited” eigenfunction of /) come in pairs,

iDx = (x = iD(yx) = —5(iDx) = —((5X) (12.26)

i.e. the y5-transform of an eigenmode has the opposite eigenvalue (note that v5x has the same
norm as x and hence cannot be zero). This implies that all excited states of —lﬁQ are (at least)
double degenerate, more precisely to each left-handed eigenmode 51, = /1, there is a right-
handed partner 51)r = —r with the same eigenvalue E = 2. In terms of the eigenfunctions
of ¢I) they read ¢, = (1 + 75)x and ¢z = £(1 — ~5)x. This pairing need not and generally
does not occur for the zero-energy states. The ground states of —lﬁQ are also eigenstates of 1)
with eigenvalue zero (this is not true for the excited states) and thus have fixed chirality. Now
we define the index of the Dirac operator as the number of left-handed minus the number of
right-handed zero modes of —lDz orilp:

index (i) =n, —n_. (12.27)

This index can be computed quite differently. For that we note that the (super) trace tr y5 exp(3 lﬁz)
can be computed via path integrals similarly to the partition function in (8.3) and (8.4). Using
the eigenfunction of —JDQ in evaluating the trace we find

tr 7565122 _ Z (e—ﬁEM — e_BER’”) =n, —n_ = index (i1D), (12.28)

where we have used that due to the pairing of the excited states only the zero-modes contribute
to the sum. Note in particular that the super-trace is S-independent.

The supertrace can now be calculated by using the density (8.65) of the partition function.
This way we find for the index

ny —n_= tr75emp2 = /dnx tr (m:,Z(B,x)) (12.29)

where the last trace is over spin- and internal color indices and Z(f3, z) possesses the path
integral representation (8.74). Since the super-trace is independent of 5 we may assume [ to be
very small and use the high temperature expansion (8.78).

In two dimensions % F' = ~5Fj; and we find

/tr%Z(ﬂ, r) = ﬁ /tr (12) For + O(B). (12.30)

With our sign convention for 5 we obtain in four dimensions tr (75X, X03) = €,1q3 and thus

1 1
/tr%Z(ﬁaﬂf) = W / §€,ul/aﬁF,ul/Fa6 + O(B) (1231)
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The higher orders in 5 must be identically zero and we conclude

1 .
index (ip) = 7 / d*xtr Fy, n=2 (12.32)
T
and
1
index (i) = 5 / 2euastt (FuFog) = o5t F'F - m=4. (1233)

These identities and their analog in higher dimensions relate the index of i) to certain flux-
integrals (Chern-densities). In particular we conclude that these fluxes are always integers, at
least if the spectrum of the Dirac operator is discrete. The spectrum is certainly discrete if the
Euclidean space-time is bounded, for example a sphere or a torus. On unbounded spaces or
spaces with boundaries the index-theorem is modified [49] (since the fluxes are not integers in
general).

12.3 The Schwinger model, Part 1

As already mentioned earlier, the Schwinger model [42] is Quantum-electrodynamics for mass-
less fermions in 2 dimensions and the corresponding action contains the fermion field coupled to
the electromagnetic field, that is (12.18) with a vanishing mass, and the addition of the Maxwell
term for the *photons’:

- . 1 ,

S = [ Lo+ Ly, Lp=—iPY, Lo=FuP"+ Ly, (1234
where L, are gauge terms due to the gauge fixing procedure (see below). We solve the
Schwinger model at zero temperature, so that the integrals in (12.34) are over the whole Eu-
clidean plane. The (Euclidean) generating functional may also contain a source term for the
electromagnetic field, so that

Z1J,7,m) = / DADYDY exp ( — SIA, §, 4] + /d% (A J" + 7+ gm]) - (12.35)

In a first step we treat the fermionic part of the path integral only and thus may assume the
photon field to be an external field. Integrating out the fermionic degrees of freedom according
to (12.22) yields

Z[J,7,n) = / DA det(iD e~ | £oti] 1@G@ym)+f Aut, (12.36)

The reason which allows the model to be solved exactly is that the electron propagator and the
fermionic determinant in an arbitrary external field can be found explicitly, as has been observed
by Schwinger. For that purpose we introduce

1

*=2a

(0aA™ + i Fyp) (12.37)
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where the matrices ¥*” have been introduced in (8.71). Note that under a gauge transformation
A — A+ dA this functions transforms as ® — ® + A. Using the identity 2iX%% = 8 — §o8
one sees that

1

1
3 = < (v"1°1°0,0a45) = 37 DA =" A5, (12.38)
In particular in 2 dimensions X F' = ~y5Fj; and
1 .
P = Z(aA +iv5F ). (12.39)

Taking into account that 5 anti-commutes with the Dirac operator we can rewrite the Dirac
operator as

P=ad—in"A, =P —idd = e® Je®, (12.40)

Note, that the last identity holds only in 2 dimensions since we have used that Y#® = &,
Now it is clear that the exact propagator which obeys the equation

iPG(z,y, A) = 6*(z — y) (12.41)
has the form
G(z,y, A) = @Gz — y)e W (12.42)

where (G denotes the free massless propagator

Go(€) = —iAo(€)  where Ao(f):—ﬁlog(;fg). (12.43)

(i 1s an infrared cut-off which could be left out if we would quantize the model on a finite
region instead of R?).

To compute the fermionic determinant in (12.36) we employ the zeta-function method. We
formally define det (i) as the square root of det(—lDz). From and (6.93) and (6.94) we see
that

_ 1 s—1 t1p?
=1 / At e e (12.44)
and
] dtﬂ)—ll det(—p°) = Ld 12.45
0g det(i19) = 3 log det(—1*) = —5=-C_a(s)l.o. (1245)

Let us now define a one parametric family of Dirac operators which interpolates between ) and
(‘z?, namely

D, = Jeio?, (12.46)

A. Wipf, Path Integrals
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such that
5, =i(d' P, — P,P). (12.47)
The variation of the zeta-function becomes then (we suppress the index «)
1 s—1 tm s tlﬁ
0C_p2(s) = F()/t tr et D+ Do) = /ttre lD( D)
4
s) A

where we have partially integrated to obtain the last equality. Since finally s — 0 only the
singular part (more precisely the single pole at s = 0) of the integral survives, because of the
factor s. We may split the integration over ¢ into an integration from 0 to € and from € to oo.
The second integral is finite for s = 0 (recall that the free heat kernel falls off like ¢ ~!) and we
need only consider the interval near 0. Here we may use the asymptotic expansion (8.78) for
the heat kernel of lDi and find (F, = oF):

iFm) +0(t)]. (12.48)

A

s _ 1 .
54;192(8) = —m/dt[ts 2tr (’)/5ZF01) +t 1OétI‘ (’75F01’75
0

Since the first term in (12.39) vanishes the integration over ¢ yields

_ 2a
[ (s)

a (Folé

For + O(S)).
Finally, since I'(s) ~ 1/s for s — 0 the s-derivative in (12.45) yields

lFm). (12.49)

d , «
o log det (i D) = ;tr (FmA

Integrating o from O to 1 yields

log det (i) — log det (id) = / Fo1— F01 —— / anl a“a”)A . (12.50)

where we have reinserted the electric charge e. In what follows we may drop the (divergent) de-
terminant of the free Dirac operator, since it is independent of the gauge potential and chancels
in expectation values. Hence the effective action in (12.36) entering the integration over the
remaining ’photon’-field is

1 2 Oud
T[A] = Z/F,WFW + S—W/Aﬂ(a,w _ “A”)A”. (12.51)

This effective action belongs to a free particle with mass e//m. We see that, due to the in-
teraction of the photons with the electrons, the classically massless photons acquire a mass.

A. Wipf, Path Integrals
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This so-called Schwinger mechanism happens without gauge symmetry breaking. We see that
the statement that a mass-term for the photon field breaks the gauge symmetry is not true in
general, in particular if we allow non-local interactions like in (12.51). Note, however, that
in the Lorentz gauge 0A = 0 the effective action becomes local in the gauge-potential. This
observation will simplify the remaining path integral considerably.

Let us now discuss two consequences of (12.51). From

det(ilp) = /prq/j o (@WFb+Ayabytap) (12.52)
we see that
- 1 ) e? 9,0
o oy — v ‘T — _ Y
g = (W) = det (i) 94, det(i1D) — (O — =) A (12.53)
and hence
o, " =0, (12.54)

that is that the vector current is conserved. This is just a consequence of the gauge invariance
of the effective action (or the gauge invariant zeta-function regularization). Using the identity
V5" = 1€,,7", valid in 2 dimensions, we can also calculate the axial current:

- e? 9,0,

GE = (st = i€’ = —i;(eua — €4 A )A,. (12.55)
Hence we find
e? e?
g = —zh?ewauA,, = —zh%ewFuy, (12.56)

and thus the axial current, contrary to the vector current, is not conserved. We have reinserted
h in order to see that this non-conservation is a quantum effect. Classically the axial current is
conserved since it is the Noether current belonging to the chiral transformation

W — e and ) —> 1h e (12.57)

which in any even dimension (for which 5 exists) leave the classical action invariant since -y
anti-commutes with the Dirac operator. What we have shown then is that a classically con-
served current is not anymore conserved after quantization or that the classical axial symmetry
is broken due to quantum effects. Such a phenomena is called an anomaly.

Let us now return to the problem of computing the correlation functions of the Schwinger
model. We begin with the representation for the 2-point function

(W (@)By)) = % [ DA G, y) = % [DACTHEO0IG (1, y) (12,59

which only involves a Gaussian integral over the photon field. The same is of course true for the
higher correlation functions. To proceed we must first study how one evaluates path integrals
over gauge potentials. Due to the gauge invariance of the action we have to extend the path
integral to systems subject to constraints (coming from the gauge-invariance).
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