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tThe Witten-Veneziano relation between the topologi
al sus
eptibility of pure gaugetheories without fermions and the main 
ontribution of the 
omplete theory and the
orresponding formula of Seiler and Stamates
u with the so-
alled 
onta
t term aredis
ussed for the S
hwinger model on a 
ir
le. Using the (Eu
lidean) path integraland the 
anoni
al (Hamiltonian) approa
hes at �nite temperatures we demonstratethat both formulae give the same result in the limit of in�nite volume and (or) zerotemperature.The Witten{Veneziano relation (WVR) [1, 2℄ plays an important role in identifying topo-logi
al ex
itations in gauge theories with fermions. It relates the topologi
al sus
eptibilityof pure gauge theory without fermions to the main fermioni
 
ontributions of the 
ompletetheory. Sin
e in the general derivation some approximations are involved, it is by edu
ationalreasons worthwhile to study models in whi
h the WVR is exa
t. We 
hoose the S
hwingerModel (SM) [3, 4℄. However, a 
orre
t treatment requires to start with the SM on a 
ompa
tspa
e, and to 
onsider the in�nite spa
e-time limit only at the end.A

ording to Witten and Veneziano for the SM the following formulam2�0 = 4jf1j2�(0)top (1)should hold. Here m�0 is a mass of the U(1) pseudos
alar "�0 meson", f1 is its de
ay
onstant, and �(0)top is a topologi
al sus
eptibility in pure U(1) theory. For the SM we havem�0 = m = ep� and f1 = ip� , i.e. the "massive meson" of the SM is identi�ed with �0 parti
le.Seiler and Stamates
u [3℄ reanalyzed the WVR in Eu
lidean spa
e-time and their �nalresult, applied to the SM, reads m2�0 = 4jf1j2P (0)(0) : (2)�e-mail address: azhep�lan.ab.azye-mail address: joos�x4u2.desy.deze-mail address: wipf�tpi.uni-jena.de 1



The topologi
al sus
eptibility of pure gauge theory in the WVR has been repla
ed by the
onta
t term P (0)(0) of the two point fun
tion of the topologi
al 
harge density in the theorywith massless fermions. In their work they 
al
ulated P (0)(0) and showed that formula (2)really holds.We 
al
ulate in the present work �(0)top and P (0)(0) for the SM on the Eu
lidean torus, and�(0)top(0) on a 
ir
le at �nite temperature. Finally, we show that at �nite temperature (1) and(2) are 
orre
t and that they agree in the limit of in�nite volume and (or) zero temperature.1 Eu
lidean path integral approa
h on the torusThe topologi
al sus
eptibility �top in the theory on the two-dimensional Eu
lidean torus T(with 
ir
umferen
es L1; L2 and volume V = L1L2) is de�ned as follows�top = ZT hq(x)q(0)i d2x ; (3)where q(x) is the topologi
al 
harge densityq(x) = e2�F12(x) � e2�E(x) (4)and Z q(x) d2x = e2� Z E(x) d2x = k ; k 2 Z (5)is the integer-valued topologi
al 
harge or instanton number in the two-dimensional U(1)gauge theory, E(x) = �1A2(x)��2A1(x) is the �eld strength. Here and below the spa
etime-integrals extend over the torus T . From Eqs (3) and (4) we obtain�top = e2(2�)2 Z hE(x)E(0)i d2x : (6)The expe
tation values hO(A)i of an operator O(A) whi
h depends only on the gauge �eldA�(x) are di�erent in the theory with fermions, e.g. the SM, and in the pure ele
trodynami
son the torus. After integration with respe
t to fermions in the SM we have [5, 6, 7, 8℄hO(A)i = 1Z ZA0 DA detD=AO(A)e� 12 R d2xE2(x) ; (7)where D=A is a Dira
 operator in the external ele
tromagneti
 �eld. As a 
onsequen
e ofthe index theorem, there are zero modes in the se
tors with instanton number k 6= 0 [9℄.Therefore the renormalized detD=A is unequal to zero only in the trivial se
tor A0 of thegauge �eld 
on�gurations with vanishing topologi
al 
harge. Z is the partition fun
tion inthis theory Z = ZA0 DA detD=A e� 12 R d2xE2(x) : (8)In pure gauge theory (where expe
tation values will be denoted by h� � �i0) all instantonse
tors 
ontribute to the expe
tation value hO(A)i0:hO(A)i0 = 1Zg Xk2Z ZAk DAO(A)e� 12 R d2xE2(x) (9)2



and the partition fun
tion readsZg = Xk2Z ZAk DAe� 12 R d2xE2(x) : (10)In both theories in the se
tor Ak with topologi
al 
harge k the gauge potential has the formA(k)� (x) = A(0)� (x) + C(k)� (x) ; (11)where A(0)� (x) is a single valued "
ontinuous" fun
tion on T and C(k)� (x) is a global instanton-type potential whi
h in the Lorentz gauge readsC(k)� (x) = ��keV ���x� : (12)For A(0)� (x) we may use the Hodge de
ompositionA(0)� (x) = ��a(x) + t� + �����b(x) ; (13)where ��a(x) is pure gauge, t� is a (
onstant) toron �eld restri
ted to the dual torus 0 � t� �T� � 2�=eL�, �����b(x) is a 
url and a(x) and b(x) are 
ontinuous on T and orthogonal tothe 
onstant fun
tions: R a(x) d2x = R b(x) d2x = 0 (on the torus the Lapla
ian 2 � �21 + �22is invertible only on fun
tions whi
h integrate to zero).So the path measure in Eqs.(7) - (10) has a formZ DA � � � = Z Db Z Da Z T10 dt1 Z T20 dt2 � � � : (14)The two-point fun
tion hE(x)E(y)i has been 
al
ulated in the SM on the torus [5, 8℄ withthe following result: hE(x)E(y)i = Æ(x� y)�m2Gm(x� y) ; (15)where Æ(x) is the Æ-fun
tion on the torus andGm(x) = 1V Xn1;n2 e2�i(n1x1=L1+n2x2=L2)m2 + � 2�L1�2 n21 + � 2�L2�2 n22 (16)is the Greens fun
tion of massive s
alars on it. From Eqs.(6) and (15) we see that the 
onta
tterm is P (0)(0) = e24�2 : (17)As is generally true in gauge theory with massless fermions, the topologi
al sus
eptibility�top vanishes in the SM and therefore the relation (2) holds.Now let us 
al
ulate the two-point fun
tion hE(x)E(y)i0 in pure ele
trodynami
s. Usingthe de
omposition Eq.(13) we get for the �eld strengthE(x) = �2b(x) + 2�keV (18)3



and for the a
tion12 Z d2xE2(x) = ��k2 + 12 Z d2x b(x)22b(x); � = 2�=e2V: (19)Then hE(x)E(y)i0 = � 2�eV �2 P k2e���k2P e���k2 + R Db2b(x)2b(y)e� 12 R d2x b(x)22b(x)R Db e� 12 R d2x b(x)22b(x)= � 2�eV �2 P k2e���k2P e���k2 + Æ(x� y)� 1V ; (20)where one sums over all k 2 Z. The presen
e of the last term in Eq.(20) is due to the fa
tthat b(x) does not have a zero mode sin
e it integrates to zero. From Eqs(6) and (20) weget for the topologi
al sus
eptibility in pure ele
trodynami
s�(0)top = 1V P k2e���k2P e���k2 : (21)In pure ele
trodynami
s all instanton se
tors 
ontribute to the topologi
al sus
eptibility.This remains true in in�nite volume limit, as we shall see below.Using the de�nition of the Ja
obi's �3 fun
tion [12℄�3(zj�) = n=1Xn=�1 e���n2+2�inz (22)we may rewrite Eq.(21) in their terms:�(0)top = � 14�2V �003(0j�)�3(0j�) : (23)2 Topologi
al sus
eptibility in pure ele
trodynami
son a 
ir
lePure ele
trodynami
s in two dimensions is de�ned in a non-trivial way only on a 
ompa
tspa
e where it has non-trivial gauge invariant solutions. Therefore we 
onsider it again on a
ir
le with 
ir
umferen
e L1. Manton [10℄ was the �rst who 
onsidered pure ele
trodynami
son a 
ir
le and showed that in this model there is not a unique 
anoni
al quantization,be
ause the representation of the ele
tri
 �eld operator 
ontains an arbitrary real parameter�. The Hamiltonian has eigenvalues: Ek = 12L1e2 (k + �=2�)2 ; k 2 Z. In this theory the �angle (the fra
tional part of �=2�) is a relevant parameter and di�erent values of � separatedi�erent worlds. It 
orresponds to the famous � angle of SU(n) gauge theories. In 
ontrast,as in the 
ase of quantum 
hromodynami
s with massless fermions [11℄, in the SM the angle� plays non physi
al role.The topologi
al sus
eptibility in this 
ase reads�(0)top(0) = 1L1 �2F (�)��2 j�=0 ; (24)4



where F (�) = � 1� logZ(�) is the free energy and Z(�) the partition fun
tion at temperatureT = 1=�: Z(�) =Xk e��Ek(�) =Xk e� 12�L1e2(k+�=2�)2 : (25)From Eqs.(24) and (25) it follows that�(0)top(0) = � 1L1� Z 00(0)Z(0) = e24�2 1� �L1e2 P k2e� 12�L1e2k2P e� 12�L1e2k2 !: (26)Now we 
an use the following transformation formula [12℄ between �3-fun
tions of zero ar-gument �3(0j�) = 1� �3�0j � 1=�� ; (27)and prove that �(0)top(0) = �(0)top ; (28)if we take � = L2. Thus the path integral approa
h and 
anoni
al approa
h give the sameresult for the topologi
al sus
eptibility.A systemati
 
omparison between the Hamiltonian approa
h for the SM on a 
ir
le andthe Eu
lidean path integral approa
h on the torus was done in the forth
oming paper [13℄.There it is shown how to obtain Eq.(15) within the Hamiltonian approa
h.3 The in�nite volume limitIn order to 
onsider the limits of in�nite volume (L1 ! 1) and/or the zero temperature(L2 !1) we will use the following expansion [14℄:�003(0j�)�3(0j�) = �2�� � 8�2� 2 e��=� (1� 2 e��=� ) + � � � (29)Then from Eq.(23) we �nd �(0)top = e24�2 + � � � ; (30)where � � � are terms whi
h disappear if at least one of 
ir
umferen
es Li tends to in�nity.Thus we have shown that in this 
ases the topologi
al sus
eptibility (23) agrees with the
onta
t term (17).A
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