5 The Birth of Supersymmetry

40 years ago the idea came up that perhaps the approximate SU(3) symmetry of strong interaction is part of a larger SU(6) symmetry. Under this bigger symmetry mesons (or baryons) with different spins belong to one multiplet. There were various attempts to generalize the SU(6) symmetry of the non-relativistic quark model to a fully relativistic quantum field theory. These attempts failed, and several authors proved no-go theorems showing that this in in fact impossible. Well-known is the Coleman-Mandula theorem which we shall sketch now.

5.1 Coleman Mandula Theorem

Consider the theory for one free real scalar field and one free vector field of the same mass m,

L =^1_2 ( ∂_μϕ∂^μϕ + ∂_μA^ρ∂^μA_ρ − m^2ϕ^2 − m^2A^ρA_ρ ) , □ϕ + m^2ϕ = □A^ρ + m^2A^ρ = 0.

There are an infinite number of conserved currents. For example, the tensor current J_{μν} = ϕ^↔∂_μA_ν = ϕ∂_μA_ν − ∂_μϕA_ν is conserved on shell,

∂^μJ_{μν} = ϕ□A_μ − □ϕA_μ = −(m^2 − m^2)ϕA_ν = 0.

This tensor is one out of an infinity of conserved currents of the form J_{μ1...μn} = ϕ^↔∂_{μ1} . . .^↔∂_{μn} ϕ (n ∈ 2N ) and J_{μ1...μnν} = ϕ^↔∂_{μ1} . . .^↔∂_{μn} A_ν (n ∈ N ). The corresponding charges obtained from these conserved currents are tensorial charges of higher rank. One may ask whether these conservation laws can be extended to the interacting case. In d > 2 dimensions the answer to this question is no [15, 16]! In a relativistic quantum theory with a discrete spectrum of massive (but no massless) one-particle states, and with some nontrivial scattering amplitudes, the only conserved tensorial charges that are not Lorentz scalars, are the energy-momentum vector P_μ and the angular momentum tensor M_{μν} which span the Poincaré algebra. All other conserved charges must be Lorentz scalars. The total algebra is thus always of the form iL + G, [iL, G] = 0.

In the total massless case iL can be extended to the conformal algebra so(2, d). Let us formulate the theorem more precisely.

Lemma 3 The Coleman-Mandula-Theorem Let G be a connected symmetry-group of the S-matrix, i.e. a group whose generators commute with the S-matrix, and let the following five assumptions hold:

• G contains a subgroup locally isomorphic to the Poincaré-group.

• All particle types correspond to positive-energy representations of the Poincaré–group. For any finite mass m there is only a finite number of particles with mass less than m.

• Elastic-scattering amplitudes are analytic functions of center-of-mass energy squared s and invariant momentum transfer squared t, in some neighborhood of the physical region, except at normal thresholds.

• Let |p_i⟩, i=1, 2 be any two 1-particle states and let |p_1p_2⟩ be the 2-particle state constructed from these. Then S|p_1p_2⟩ ≠ |p_1p_2⟩ except, perhaps, for certain isolated values of s.

• The generators of G, considered as integral operators in momentum space, have distributions for their kernels.

Then G is locally isomorphic to the direct product of an internal symmetry group and the Poincarégroup.

A unitary operator U on the Hilbert-space is said to be a symmetry transformation of the S-matrix if: • U transforms 1-particle states into 1-particle states.

• U acts on many-particle states as if they were tensor products of one-particle states. • U commutes with the scattering matrix S.

The theorem of Coleman and Mandula implies that the most general symmetry algebra of the S-matrix contains the energy momentum operator P_μ, the Lorentz-generators M_{μν} and a finite number of Lorentz-scalar operators B_l, that is:

[P_μ, B_l] = 0 , [M_{μν} , B_l] = 0, where the B_l constitute a Lie-algebra with structure constants c^k_{lm} : [B_l, B_m] = ic^k_{lm} B_k.

It follows at once, that the Casimir operators of the Poincaré algebra, P^2 and W^2 commute not only with the Poincaré group but also with all internal symmetry generators,

[B_l, P^2] = 0 and [B_l, W^2] = 0.

The first of equation says that all members of an irreducible multiplet of the internal symmetry group must have the same mass. This is known as O’Raifeartaigh’s theorem [31]. The second equation says that they must also have the same spin. For massless states with discrete helicities we have W_μ = λP_μ and no B_l can change the helicity since [B_l, W_μ] = λ[B_l, P_μ] = 0, and the statement that internal symmetries cannot change the spin holds true.

To see the arguments leading to the Coleman-Mandula theorem consider a forbidden tensorial charge Q_{μν} which for simplicity we shall assume traceless, Q^μ = 0. Assume a scalar particle of mass m, carrying the charge Q_{μν} appears in the theory and let |p⟩ be a corresponding one-particle state with mass m^2 = p^2. Then ⟨p|Q_{μν} |p⟩ = ( p_μp_ν − p^2 d η_{μν} ) C, C ≠ 0. We consider a 2 → 2 scattering process. The incoming particles with momenta p_1, p_2 scatter and then go out with final momenta p^′_1 and p^′_2. The conservation law of Q applied between asymptotic incoming and outgoing states requires C ( p_{1μ}p_{1ν} + p_{2μ}p_{2ν} + 1 d η_{μν} (m^2 + m^2) ) = C ( p^′_{1μ}p^′_{1ν} + p^′_{2μ}p^′_{2ν} + 1 d η_{μν} (m^2 + m^2) ) . If C ≠ 0, these equations imply that the scattering must proceed either in the forward or backward direction whereas in all other directions there is no scattering. This conflicts the analycity properties of scattering amplitudes in more then 2 dimensions and thus C = 0. No interacting theory can carry the charge Q_{μν} . Similar arguments can be used for amplitudes of non-identical particles to prove this ’no-go’ theorem.

The Coleman-Mandula theorem shows the impossibility of nontrivial symmetries that connect particles of different spins, if all the particles have integer spin or if all the particles have half-odd-integer spins.

5.2 The Wess-Zumino-Model

We study the simplest N = 1 supersymmetric model in four spacetime dimensions. It was constructed by Wess and Zumino [26] when they extended the 2-dimensional supersymmetric stringmodel of Gervais and Sakita [27] (which was based on earlier work of Ramond [28] and Neveu and Schwartz [29]) to four dimensions. The model contains a spin-0-spin-^1_2 multiplet, i.e. a single Majorana field ψ, a pair of real scalar and pseudo-real bosonic fields A and B and a pair of real scalar and pseudoscalar bosonic auxiliary fields F and G. With (3.61) we have

ᾱψ, ᾱγ^{μν} ψ, ᾱγ_5γ^μψ : hermitian, ᾱγ_5ψ, ᾱγ^μψ : antihermitian.

Furthermore,

ᾱψ : scalar, ᾱγ_5ψ pseudoscalar, ᾱγ^μψ vector and ᾱγ_5γ^μψ pseudovector.

5.2.1 The off-shell formulation

The Lagrangian density is

L =^1_2 ∂_μA∂^μA +^1_2 ∂_μB∂^μB +^i_2 ψ̄∂/ ψ +^1_2 (F^2 + G^2) + m [ FA + GB −^1_2 ψ̄ψ ] + g [ F(A^2 − B^2) + 2GAB − ψ̄(A − iγ_5B)ψ ] = L_0 + L_m + L_g .

(5.1)

The unfamiliar factor of^1_2 in the fermion term arises because ψ is a Majorana spinor; a Dirac spinor is a linear combination of two Majorana spinors. The fields F and G enter only algebraically. Parity invariance demands, that the scalar ψ̄ψ couples to a scalar field and the pseudo-scalar ψ̄γ_5ψ to a pseudo-scalar field. The dimensions of the fields are

[A] = [B] = L^{−1}, [ψ] = L^{−3/2} and [F] = [G] = L^{−2}. The field equations are 0 = −□A + mF + 2gFA + 2gGB − gψ̄ψ 0 = −□B − mG − 2gFB + 2gGA + igψ̄γ_5ψ 0 = F + mA + g(A^2 − B^2) (5.2) 0 = G + mB + 2gAB 0 = i∂/ ψ − mψ − 2g(A − iγ_5B)ψ To discover the Fermi-Bose symmetries of L we make the following infinitesimal supersymmetry transformations: δ_αA = ᾱψ, δ_αB = iᾱγ_5ψ δ_αψ = −i∂/ ( A + iγ_5B ) α + (F + iγ_5G)α δ_αF = −iᾱ∂/ ψ, δ_αG = ᾱγ_5∂/ ψ, (5.3)

where α is an arbitrary constant infinitesimal Majorana fermion c-number parameter with dimensions [α] = L^{1/2}. These transformations transform bosons into fermions and vice versa, δ(Boson) = Fermion and δ(Fermion) = Boson.

Note that for example ᾱψ is a hermitean scalar and iᾱγ_5ψ a hermitean pseudo-scalar, as required, since A and B are hermitean (pseudo)-scalars. With γ^0γ_μ = γ^†_μγ^0 and γ^†_5 = γ_5 the variation of the Dirac conjugate spinor is

δ_αψ̄ = δ_αψ^†γ^0 = iᾱ∂/ ( A − iγ_5B ) + ᾱ ( F + iγ_5G ) . (5.4)

The corresponding action is invariant under the supersymmetry transformation. We shall now prove in several steps, that the Lagrangian density is invariant up to a total divergence. This

requires some lengthy calculations. But for newcomers to supersymmetry this is a very useful

exercise.

To prove the invariance of the first line in (5.1) we need 1 2 δ_α ( ∂_μA∂^μA + ∂_μB∂^μB ) = ᾱ∂^μ ( A + iγ_5B ) ∂_μψ 1 2 δ_α ( F^2 + G^2 ) = −iᾱ ( F + iγ_5G ) ∂/ ψ δ_α(ψ̄∂/ ψ) = iᾱ∂/ ( A−iγ_5B ) ∂/ ψ + ᾱ(F +iγ_5G)∂/ ψ −iᾱ□(A+iγ_5B)ψ − ᾱ∂/ (F −iγ_5G)ψ, where we used ᾱψ = ψ̄α, ᾱγ_5ψ = ψ̄γ_5α, ᾱγ^μψ = −ψ̄γ^μα and ᾱγ_5γ^μψ = ψ̄γ_5γ^μα. (5.5) The (weighted) sum of these three terms yields the variation of L_0:

δ_αL_0 = ∂_μ ( ᾱV^μ_0 ) , V^μ_0 =^1_2 γ^μ { ∂/ (A + iγ_5B) − i(F − iγ_5G) } ψ. (5.6)

This already shows, that the massless non-interacting model is invariant under susy-transformations.

Actually this simple subsector is invariant not only under susy but under superconformal trans-

formations. The superconformal group is the generalization of the conformal group.

For the variation of the mass-term we need δ_α(FA + GB) = ᾱ(F +iγ_5G)ψ − iᾱ(A+iγ_5B)∂/ ψ δ_α(ψ̄ψ) = 2ᾱ(F +iγ_5G)ψ + 2iᾱ∂/ (A−iγ_5B)ψ from which follows that

δ_αL_m = ∂_μ ( ᾱV^μ_m ) , V^μ_m = −im(A + iγ_5B)γ^μψ. (5.7)

This shows, that the massive non-interacting model is invariant under susy-transformations. Fi-

nally, for the variation of the interaction term we need δ_α ( FA^2 − FB^2 ) = ᾱ { 2F(A−iγ_5B) − i(A^2 −B^2)∂/ } ψ δ_α(2ABG) = 2ᾱ ( ABγ_5∂/ + BG + iAGγ_5 ) ψ δ_α(Aψ̄ψ) = (ᾱψ)(ψ̄ψ) + 2Aᾱ { F + iγ_5G + i∂/ (A − iγ_5B) } ψ δ_α(ψ̄γ_5ψ) = 2ᾱ { (F + iγ_5G) + i∂/ (A − iγ_5B) } γ_5ψ δ_α ( Bψ̄γ_5ψ ) = i(ᾱγ_5ψ)(ψ̄γ_5ψ) + 2Bᾱ { (F + iγ_5G) + i∂/ (A − iγ_5B) } γ_5ψ. Using (ψ̄ψ)(ᾱψ) + (ψ̄γ_5ψ)(ᾱγ_5ψ) = 0 which follows from (3.67), we see that the variation of the

interaction term is also a total divergence,

δ_αL_g = ∂_μ(ᾱV^μ_g ), V^μ_g = −ig ( A + iγ_5B )_2

γ^μψ. (5.8)

Hence, the Lagrangian density transforms under supersymmetry transformations into a total di-

vergence, δ_αL = ∂_μ(ᾱV^μ) V^μ = γ^μ

{_1 2 ∂/ (A + iγ_5B) −^i_2 (F − iγ_5G) − im(A − iγ_5B) − ig(A − iγ_5B)^2 } ψ. (5.9)

This shows, that action (5.1) is invariant under the supersymmetry transformations (5.3). Note that this transformations do not contain the masses or coupling constants of the model. The commutator of two successive transformations of a symmetry group must itself be a symmetry transformation. This way we can identify the algebra of group generators. Let us see what the commutator of two susy transformations looks like. For example,

[δ_{α1} , δ_{α2} ]A = δ_{α1} (ᾱ_2ψ) − δ_{α2} (ᾱ_1ψ) = −iᾱ_2∂/ (A + iγ_5B)α_1 + ᾱ_2(F + iγ_5G)α_1 − (1 ↔ 2) = −2iᾱ_2γ^μα_1∂_μA.

(5.10)

Similarly one finds

[δ_{α1} , δ_{α2} ]B = −2iᾱ_2γ^μα_1∂_μB, [δ_{α1} , δ_{α2} ]F = −2iᾱ_2γ^μα_1∂_μF, [δ_{α1} , δ_{α2} ]G = −2iᾱ_2γ^μα_1∂_μG. Computing the commutator on the spin-^1_2 field is more involved. First,

[δ_{α1} , δ_{α2} ]ψ = ∂_μ { − i(ᾱ_1ψ)γ^μ + i(ᾱ_1γ_5ψ)γ^μγ_5 − i(ᾱ_1γ^μψ) + i(ᾱ_1γ_5γ^μψ)γ_5 } α_2 − { 1 ↔ 2 } = { − iγ^μM + iγ^μγ_5Mγ_5 − iMγ^μ + iγ_5Mγ_5γ^μ } ∂_μψ, (5.11)

where we have introduced

M = α_2ᾱ_1 − α_1ᾱ_2 = −^1_2 γ_ρ(ᾱ_1γ^ρα_2) + γ_{ρσ} (ᾱ_1γ^{ρσ} α_2) (5.12)

such that

[δ_{α1} , δ_{α2} ]ψ = −2i ( ᾱ_2γ^μα_1 ) ∂_μψ. (5.13)

We see that on all fields the commutator of the supersymmetry transformations yield a translation,

[δ_{α1} , δ_{α2} ] = −2i ( ᾱ_2γ^μα_1 ) ∂_μ. (5.14)

Is is not difficult to see, that the supersymmetry transformations commute with the translations, [δ_α, δ_a] = 0, δ_a = a^μ∂_μ.

Let us finally calculate the commutator of Lorentz transformations and supersymmetry transformations. For example, for the A field [δ_α, δ_ω]A = δ_α {_i 2 (ω, L)A } − δ_ωᾱψ =^i_2 { (ω, L)ᾱψ − ᾱ(ω, J)ψ } = −^i_2 ω_{μν}ᾱ Σ^{μν} ψ, where J = L + Σ. Similarly one finds

[δ_α, δ_ω]B =^1_2 ω_{μν}ᾱγ_5Σ^{μν} ψ [δ_α, δ_ω]F = −^1_2 ω_{μν}ᾱ∂/ Σ^{μν} ψ [δ_α, δ_ω]G = −^i_2 ω_{μν}ᾱγ_5∂/ Σ^{μν} ψ [δ_α, δ_ω]ψ =^i_2 ω_{μν} Σ^{μν} δ_αψ.

Now the generator of susy transformations Q_α is a four component Majorana spinor, which we define by the requirement that δ_αA = ᾱQA, δ_αB = ᾱQB, . . . . Consistency with (5.14) requires

[δ_{α1} , δ_{α2} ] = [ᾱ_1Q, ᾱ_2Q] = [Q̄α_1, ᾱ_2Q] = (¯ Q^βα_{1β}ᾱ^α_2 Q_α − ᾱ^α_2 Q_αQ̄^βα_{1β} ) = α_{1β}ᾱ^α_2 (¯ Q^β Q_α + Q_αQ̄^β ) = −2i(ᾱ_2γ^μα_1)∂_μ = 2iα_{1β}ᾱ^α_2 (γ^μ)^β_α ∂_μ.

(5.15)

Comparing the last with the third to last expression yields

{Q_α, Q̄^β} = 2i(γ^μ)^β_α ∂_μ = 2(γ^μ)^β_α P_μ. (5.16) Since Q̄^β = −Q_γ (C^{−1})^{γβ} and C^T = −C we may rewrite this commutation relation as {Q_α, Q_β} = −2(γ^μC)_{αβ} P_μ. (5.17) Also, since the susy transformations commute with the translations, we have

[Q_α, P_μ] = 0. Finally, since

[δ_α, δ_w]A =^i_2 ᾱ^αω^{μν} [Q_α, J_{μν} ]A = −^i_2 ω^{μν}ᾱ^α ( Σ_{μν} ψ ) α we conclude, that [Q_α, J_{μν} ]A = −(Σ_{μν} Q)_αA. The same holds true for the other fields, such that

[J_{μν} , Q_α] = (Σ_{μν} Q)_α. (5.18) The supercharges transform as spin-^1_2 fields.

5.2.2 On-shell formulation

The Lagrangian and equations of motion in their present form are not very illuminating. Notice, however, that the fields F and G are just Lagrangian multiplier fields. These auxiliary (dummy) fields satisfy the algebraic equations of motion 0 = ∂L ∂F = F + mA + g(A^2 − B^2) and 0 = ∂L ∂G = G + mB + 2gAB and can be eliminated from the Lagrangian and from the equation of motion. With 1 2 (F^2 + G^2) + m(FA + GB) + g { F(A^2 − B^2) + 2GAB } = −^1_2 m^2(A^2 + B^2) − mgA(A^2 + B^2) −^1_2 g^2(A^2 + B^2)^2 the ’on-shell’ Lagrangian density reads

L =^1_2 ∂_μA∂^μA +^1_2 ∂_μB∂^μB −^1_2 m^2(A^2 + B^2) +^i_2 ψ̄∂/ ψ −^1_2 mψ̄ψ −mgA(A^2 + B^2) −^1_2 g^2(A^2 + B^2)^2 − gψ̄(A − iγ_5B)ψ.

(5.19)

The field equations are

(□ + m^2)A = −mg(3A^2 + B^2) − 2g^2A(A^2 + B^2) − gψ̄ψ (□ + m^2)B = −2mgAB − 2g^2B(A^2 + B^2) + igψ̄γ_5ψ (i∂/ − m)ψ = 2g(A − iγ_5B)ψ. (5.20)

Several features of this Lagrangian are characteristic of supersymmetric theories. The masses of the scalars and the fermions are equal. There are cubic and quartic couplings between the scalar fields and there is a Yukawa-type interaction between the fermion and the scalar fields. In total there are only two free parameters: m and g. The relation between boson and fermion masses and couplings is a common feature of SUSY and it is stable under renormalization. This has been found to be so, since there exists a (Pauli-Villars) regularization which preserves supersymmetry for the model [30] Indeed, the Wess-Zumino Model has also some remarkable renormalization properties. Despite the presence of scalar fields, there is no renormalization of the mass and coupling constant. There is only a wave-function renormalization. The divergences arising from boson loops are cancelled by those from fermion loops which have the opposite sign. These powerful non-renormalization theorems make SUSY particularly attractive. The on-shell transformations read δ_αA = ᾱψ, δ_αB = iᾱγ_5ψ δ_αψ = − { i∂/ + m + g(A + iγ_5B) }{ A + iγ_5B } α, (5.21)

so that δ_αψ̄ = ᾱ { i∂/ (A − iγ_5B) − ( m + g(A + iγ_5B) )( A + iγ_5B )} . Note that these transformations have become dependent on the model (here they depend on m and g), and there is no part of the Lagrangian which separately transforms as a density under them. Of course, the action is invariant under these transformation. For example, for m = g = 0 we have

δ_αL = ∂_μᾱV^μ, V^μ =^1_2 γ^μ∂/ (A + iγ_5B)ψ.

This is just the result for the off-shell formulation in which one replaces the auxiliary fields by their equation of motion. Now we shall see, that the susy algebra only closes on-shell. It closes off-shell on the fields A and B, but not on the fermion field,

[δ_{α1} , δ_{α2} ]ψ = − { i∂/ + m + 2g(A + iγ_5B) }{ M − γ_5Mγ_5 } ψ, where M = α_2ᾱ_1 − α_1ᾱ_2 has already been used in (5.12). Since

M − γ_5Mγ_5 = −γ_ρ(ᾱ_1γ^ρα_2) and ∂/ γ_ρ = −γ_ρ∂/ − 2∂_ρ we can rewrite the commutator of 2 susy-transformations on the fermi-field as

[δ_{α1} , δ_{α2} ]ψ = −2(ᾱ_2γ^ρα_1)∂_ρψ + γ_ρ(ᾱ_2γ^ρα_1) { i∂/ − m − 2g(A − iγ_5B) } ψ. (5.22)

Only if we impose the field equation for the spinor field, then the last term vanishes and

[δ_{α1} , δ_{α2} ]ψ = −2(ᾱ_2γ^ρα_1)∂_ρψ.

We see, that after the elimination of the auxiliary fields the susy algebra closes only if the equations of motion hold. This could be disastrous for quantum corrections: there the fields must be taken off-shell, away from their classical paths through configuration space. However, if there is (as for the WZ-model) some off-shell version, there should be no problem. But what happens if the theory were intrinsically only on-shell supersymmetric (as N = 4 and N = 8 theories may well be) or if there several off-shell versions (as there are for N = 1 supergravity), is unclear. Counting degrees of freedom: A heuristic understanding for the necessity of auxiliary fields in the off-shell formulation is based on a counting of degrees of freedom. In a supersymmetric theory the fermionic degrees of freedom must match the bosonic ones. In 4 dimensions a real field A(x) describes one neutral scalar particle and the Dirac field ψ(x) has 8 real components, but describes only 4 states of a spin-^1_2 particle. Thus, in going from the field to the states we have lost some dimensions of our representation space, but differently so for different spins. Supersymmetric models for which the number of fermions is the number of bosons somehow take care of this, and they do so by means of auxiliary field whose off-shell degrees of freedom disappear completely on-shell. For the Wess-Zumino-Model

off-shell: (A, B, F, G) ←→ ψ_C = ψ , on-shell: (A, B) ←→ ψ_C = ψ.

5.2.3 Noether currents and supercharges

We proceed as we did in the last chapter. For space-times symmetries the Lagrangian density is invariant up to a total divergence and the Noether currents

J^μ = ∂L ∂(∂_μϕ) δ_X ϕ − V^μ acquire an additional term −V^μ. Here we are mainly interested in the conserved charges and not so much in the currrents. Hence we do not attempt to improve the Noether currents. For example, the conserved energy momentum current

T^μ_ν = ∂^μA∂_ν A + ∂^μB∂_ν B +^i_2 ψ̄γ^μ∂_ν ψ − δ^μ_ν L

is not symmetric and not traceless for vanishing mass. But it leads to the following conserved energy-momentum

P_ν = ∫ x^0 ( π_A∂_ν A + π_B ∂_ν B + iψ^†∂_ν ψ − δ^0_ν L ) . To construct the supercurrent, i.e. the Noether current associated to the supersymmetry, we must determine ∂L ∂(∂_μϕ) δ_αϕ.

Because ψ̄∂/ ψ = −∂_μψ̄γ^μψ we obtain ∂L ∂(∂_μϕ) δ_αϕ = ∂^μAᾱψ + i∂^μBᾱγ_5ψ −^i_2 δ_αψ̄γ^μψ = ᾱ { 2∂^μ(A + iγ_5B) −^1_2 γ^μ∂/ (A + iγ_5B) −^i_2 (F − iγ_5G) } ψ. Now we must subtract V^μ in (5.9) to obtain the conserved current

ᾱJ^μ = ᾱ { ∂/ (A − iγ_5B)γ^μψ + imγ^μ(A − iγ_5B)ψ + igγ^μ(A − iγ_5B)^2 } ψ = −iδ_αψ̄γ^μψ = iψ̄γ^μδ_αψ. (5.23)

In the elegant last two forms for the conserved supercurrent we must replace the velocities by the momenta. This supercurrent is indeed conserved due to the equations of motion. Note, that the auxiliary fields have gone in the expression for the Noether current.

To arrive at the symplectic structure we first recall the fundamental equal time (anti)commutators [A(x), π_A(y)] = iδ(⃗x − ⃗y) , [B(x), π_B (y)] = iδ(⃗x − ⃗y) (5.24) and {ψ_α(x), ψ^{β†}(y)} = δ_α βδ(⃗x − ⃗y) or {ψ_α(x), ψ̄^β (y)} = (γ^0)^β_α δ(⃗x − ⃗y). (5.25) For a Majorana spinor, the last anti-commutator implies

{ψ_α(x), ψ_β (y)} = −(γ^0C)_{αβ} δ(⃗x − ⃗y), (γ^0C)^T = γ^0C. (5.26)

The Hamiltonian is

H = H_0 + H_m + H_g, where H_m + H_g = − ∫ x^0

(L_m + L_g ) and

H_0 =^1_2 ∫ x^0 { π^2_A + (∇A)^2 + π^2_B + (∇B)^2 − iψ^†α^i∂_iψ − (F^2 + G^2) } . (5.27)

As familiar from the Dirac-theory, the hermitian matrices α^i = γ^0γ^i appeared in the Hamiltonian. Using [AB, C] = A{B, C} − {A, C}B in the time-evolution equation Ȯ = i[H, O] one finds the equation of motion for the fields and their conjugate momenta. For example, for the free massless model

Ȧ(x) = i[H_0, A(x)] = π_A, π̇_A = i[H_0, π_A] = △A =⇒ □A = 0 ψ̇_α(x) = i[H_0, ψ_α(x)] =^1_2 (α^i)^γ_β ∫ ( ψ^{†β} {∂_iψ_γ , ψ_α(x)} − {ψ^{†β} , ψ_α(x)}∂_iψ_γ )

= −^1_2 (α^i∂_iψ)_α −^1_2 (α^i)^γ_β ∫ ∂_iψ^{†β} {ψ_γ , ψ_α(x)} = −(α^i∂_iψ)_α, which are just the field equations of the massless free Wess-Zumino model. The supercharge is ᾱQ = ᾱ ∫ x^0 { π_A + iγ_5π_B − α^i∂_i(A + iγ_5B) + im(A + iγ_5B)γ^0 + ig(A + iγ_5B)^2γ^0 } ψ, and generates the following transformations i[ᾱQ, A] = ᾱψ, i[ᾱQ, B] = iᾱγ_5ψ i[ᾱQ, ψ_β] = −i ( γ^0(π_A + iπ_B γ_5) + γ^i∂_i(A + iγ_5B) + m(A + iγ_5B) + g(A + iγ_5B)^2 ) α, which are just the on-shell susy-transformations. We used the identities

γ_5C = Cγ^T_5 , (ᾱγ^0C)^T = γ^0α, (ᾱγ_5γ^0C)^T = γ^0γ_5α (ᾱα^iγ^0C)^T = −γ^iα and (ᾱα^iγ_5γ^0C)^T = γ_5γ^iα.

For the infinitesimal transformation of the momenta one finds i[ᾱQ, π_A] = ᾱψ̇ and i[ᾱQ, π_B ] = iᾱγ_5ψ̇, where we used the abbreviation ψ̇ = −(α^i∂_i + iγ^0(m + 2g(A − iγ_5B))ψ. The Hamiltonian equation for the fields and their conjugate momentum fields are equivalent to the field equations, as expected. The spinorial charges are Q = ∫ { π_A + iγ_5π_B − α^i∂_i(A + iγ_5B) + i ( m + g[A + iγ_5B] )( A + iγ_5B ) γ^0 } ψ Q̄ = ∫ ψ̄{π_A + iγ_5π_B + α^i∂_i(A + iγ_5B) − iγ^0(m + g[A + iγ_5B])(A + iγ_5B)}. (5.28)

To finally calculate the anticommutator of the supercharges we use

{B_1F_1, F_2} = B_1{F_1, F_2} − [B_1, F_2]F_1, {F_1, B_2F_2} = B_2{F_1, F_2} + [F_1, B_2]F_2 (5.29) so that

{B_1F_1, B_2F_2} = B_1B_2{F_1, F_2} + B_1[F_1, B_2]F_2 − [B_1, B_2]F_2F_1 − B_2[B_1, F_2]F_1 (5.30) holds. The B_i are bosonic and the F_i are fermionic operators. Since Q, Q̄ have the form Q_α = ∫ dxB^γ_α (x)ψ_γ (x) and Q̄^β = ∫ dyψ̄^δ(y)C^β_δ (y), where the bosonic operator B^γ_α commutes with ψ. Hence {Q_α, Q̄^β} = ∫ dxdy ( B^γ_α (x) {ψ_γ (x), ψ̄^δ (y)} C^β_δ (y) + ψ̄^δ(y) [C^β_δ (y), B^γ_α (x)] ψ_γ (x) ) . A rather involved calculations shows, that

{Q_α, Q̄^β} = 2(γ^μ)^β_α P_μ, as expected. Actually, one gets an additional term

−^i_2 γ^0[γ^i, γ^j ]γ_5 ∫ (∂_iA∂_j B − ∂_j A∂_iB), but the integrand is a total divergence and hence the integral vanishes. One gets the off-shell Hamiltonian P_0 with eliminated auxiliary fields. Also, one automatically obtains the hermitian momentum. For example, the bosonic contribution to the momentum is calculated to be

P_i =^1_2 ( π_A∂_iA + ∂_iAπ_A + π_B ∂_iB + ∂_iBπ_B ) . 5.2.4 The superpotential

To generalize the results it is convenient to work with Weyl-spinors. The following calculations can be done in any representations. For notational simplicity I prefer to choose the chiral representation introduced in section (3.6.1). In the van der Waerden notation with dotted and un-dotted indices a Dirac spinor has the form ψ = ( ψ_A χ̄^Ȧ ) , ψ̄ = ψ^†γ^0 = ( ψ̄_Ȧ, χ^A ) γ^0 = ( χ^A, ψ̄_Ȧ ) , where ψ̄_Ȧ = (ψ_A)^† . . . .

A Majorana spinor ψ can be formed entirely from a left-handed Weyl spinor,

ψ = ψ_L + (ψ_L)_C , ψ = P_Lψ, P_L =^1_2 (1 − γ_5). (5.31)

In the chiral representation representation introduced in the last chapter we have

γ_5 = ( −σ_0 0 0 σ_0 ) , B = ( 0 ε −ε 0 ) , ε = ( 0 1 −1 0 ) = iσ_2, γ_μ = ( 0 σ_μ σ̃_μ 0 ) , (5.32)

where

σ_μ = (σ_0, −σ_i), σ̃_μ = (σ_0, σ_i) so that εσ_με = −σ̃^T_μ . (5.33)

Left and right-handed spinors are simply

ψ_L = ( ψ_A 0 ) and ψ_R = ( 0 χ̄^Ȧ ) , (5.34)

and a Majorana spinor has the form

ψ = ψ_L + (ψ_L)_C = ( ψ_A −(εψ^∗)^Ȧ ) ≡ ( χ_A χ̄^Ȧ ) = ψ_C =⇒ ψ̄ = (ψ^A, ψ̄_Ȧ). (5.35)

The raising and lowering of the indices are performed with the ε-symbols

ψ^A = ε^{AB} ψ_B , ψ_A = ψ^B ϵ_{BA} and ψ̄^Ȧ = ψ̄_Ḃ ε^{ḂȦ}, ψ̄_Ȧ = ϵ_{ȦḂ}ψ̄^Ḃ where we introduced

(ε^{AB} ) = (ε_{AB} ) = ( 0 −1 1 0 )

(ε^{ȦḂ} ) = (ε_{ȦḂ} ) = ( 0 1 −1 0 ) . It follows that ε^{AB}ε_{BC} = −δ^A_C , ε_{ȦḂ} ε^{ḂĊ} = −δ^Ȧ_Ċ . For fermionic variables we have

ψ^Aχ_A = ε^{AB} ψ_B χ_A = ε^{BA}χ_Aψ_B = χ^Aψ_A ≡ ψχ, ψ̄χ̄ = ψ̄_Ȧχ̄^Ȧ = χ̄_Ȧψ̄^Ȧ. Note, however, that

ψ^Aχ_A = ε^{AB} ψ_B χ^C ε_{CA} = −δ^B_C ψ_B χ^C = −ψ_B χ^B , ψ̄_Ȧχ̄^Ȧ = −ψ̄^Ȧχ̄_Ȧ. The mass term reads

ψ̄ψ = ψ^Aψ_A + ψ̄_Ȧψ̄^Ȧ = ψψ + ψ̄ψ̄, ψ̄ψ̄ = (ψψ)^†, (5.36) and ψ̄γ_5ψ = −ψψ + ψ̄ψ̄. The vector current can be written as

ψ̄γ^μψ = ψ̄_Ȧ(σ̃^μ)^{ȦA}ψ_A + ψ^A(σ^μ)_{AȦ}ψ̄^Ȧ = ψ̄σ̃^μψ + ψσ^μψ̄ = ψ̄σ̃^μψ + h.c., so that the ’kinetic term’ for Majorana fermions is ψ̄∂/ ψ = ψ̄σ̃^μ∂_μψ + ψσ^μ∂_μψ̄. (5.37) Now we are ready to rewrite the susy-Lagrangian (5.1) in terms of a single left-handed field ψ, and complex fields ϕ and F for its scalar partners ϕ = 1 √ 2 (A + iB) and F = 1 √ 2 (F − iG). (5.38)

With ∂_μϕ^†∂^μϕ =^1_2 { ∂_μA∂^μA + ∂_μB∂^μB } , F^†F =^1_2 (F^2 + G^2) ϕF + (ϕF )^† = AF + BG , √ 2 { ϕ^2F + (ϕ^2F )^† } = F(A^2 − B^2) + 2ABG √ 2 { ϕψψ + ϕ^†ψ̄ψ̄} = ψ̄(A − iγ_5B)ψ. we can rewrite (5.1) as

L = ∂_μϕ^†∂^μϕ + F^†F +^1_2 { iψ̄σ̃^μ∂_μψ + 2mϕF − mψ^2 + h.c. } + √ 2g { ϕ^2F − ϕψψ + h.c. } . (5.39)

Then, using the equation of motion for F , which gives F^† = −mϕ − √ 2gϕ^2 we can eliminate the auxiliary field so that the Lagrangian density becomes L = ∂_μϕ^†∂^μϕ − |mϕ + √ 2gϕ^2|^2 + {_i 2 ψ̄σ̃^μ∂_μψ −^1_2 ψ̄ψ − √ 2gϕ^2F + h.c. } . (5.40)

It is useful to re-express these Lagrangian in terms of an analytic function

W (ϕ) =^1_2 mϕ^2 +^1_3 √ 2gϕ^3, (5.41)

known as superpotential, as

L = L_K + F^†F + { F ∂W ∂ϕ +^1_2

∂^2W ∂ϕ^2 ψψ + h.c. }

L = L_K − | | ∂W ∂ϕ | |^2 +^1_2 { ∂2W ∂ϕ^2 ψψ + h.c. } . (5.42)

For a renormalizable theory W can be, at most, a cubic function of ϕ. The superpotential is the only free function in the susy Lagrangian and determines both the potential for the scalar fields and the masses and couplings of the fermions and bosons.

In general there may be several chiral multiplets. For example, if the lefthanded spinor fields ψ_i belongs to a representation of SU(N), we will have supermultiplets (ϕ_i, χ_i), where in the fundamental representation i = 1, 2, . . . , N. Now (5.42) is readily generalized to a density that is invariant under the additional symmetry and contains the new supermultiplets. It is L_{chiral} = ∑ i | |∂_μϕ_i | |^2 + {_i 2 ∑ i ψ̄_iσ̃^μ∂_μψ_i − ∑ i | | ∂W ∂ϕ_i | |^2 +^1_2 ∑ ij ∂^2W ∂ϕ_i∂ϕ_j ψ_iψ_j + h.c. } . (5.43)

Supersymmetry transformations: we write the Majorana spinor α in terms of its left-handed part, α = ( α_A ᾱ^Ȧ ) , ᾱ = (α^A, ᾱ_Ȧ). Then it follows at once that ᾱψ = αχ + ᾱχ̄ , ᾱγ_5ψ = −αψ + ᾱψ̄ ᾱγ^μψ = ᾱσ̃^μψ + ασ^μψ̄ , ᾱγ_5γ^μψ = ᾱσ̃^μψ − ασ^μψ̄, where we used, that the σ_μ are hermitian. The susy-transformations take now the form δ_αϕ = √ 2αψ, δ_αF = −i √ 2ᾱσ̃^μ∂_μψ, δ_αψ = √ 2 ( F α − iσ^μ∂_μϕ ᾱ ) . 5.2.5 Supersymmetry algebra in Weyl-basis

We may recast the supersymmetry algebra for the Majorana-spinor charges Q_α, namely {Q_α, Q_β} = −2(γ^μC)_{αβ} P_μ or {Q_α, Q̄^β} = 2(γ^μ)^β_α P_μ

[Q_α, P_μ] = 0 and [J_{μν} , Q_α] = (Σ_{μν} Q)_α, (5.44) plus the Poincaré algebra, in terms of the left-handed charges. For that we expand (5.15) in the lefthanded supercharges

[Q̄α, β̄Q] = α_Aβ^B {Q^A, Q_B } + ᾱ^Ȧβ̄_Ḃ {Q̄_Ȧ, Q̄^db} + α_Aβ̄_Ḃ {Q^A, Q̄^Ḃ } + ᾱ^Ȧβ^B {Q̄_Ȧ, Q_B } = −2 { β^B (σ^μ)_{BȦ}ᾱ^Ȧ + β̄_Ḃ (σ̃^μ)^{ḂA}α_A } P_μ. Comparing the two expressions yields

{Q_A, Q̄_Ḃ} = 2(σ^μ)_{AḂ} P_μ or {Q̄^Ȧ, Q^B } = 2(σ̃^μ)^{ȦB} P_μ (5.45) and {Q_A, Q_B} = {Q̄^Ȧ, Q̄^Ḃ } = 0. Analogously, when we express the Majorana spinors in [J_{μν} , ᾱQ] = ᾱ 2 ( σ_{μν} 0 0 σ̃_{μν} ) Q, σ_{μν} =^1_{2i} (σ_μσ̃_ν − σ_νσ̃_μ), σ̃_{μν} =^1_{2i} (σ̃_μσ_ν − σ̃_ν σ_μ), in terms of their lefthanded components, we obtain

[J_{μν} , Q_A] =^1_2 (σ_{μν} )^B_A Q_B or [J_{μν} , Q̄^Ȧ] =^1_2 (σ̃_{μν} )^Ȧ_ḂQ̄^Ḃ , (5.46) Hence, an alternative form of the susy algebra (5.44) reads

{Q_A, Q̄_Ḃ} = 2(σ^μ)_{AḂ} P_μ , {Q_A, Q_B} = 0

[Q_A, P_μ] = 0 and [J_{μν} , Q_A] =^1_2 (σ_{μν} )^B_A Q_B,

(5.47)

plus the Poincaré algebra.