Introduction to Supersymmetry

Andreas Wipf Theoretisch-Physikalisches Institut, Friedrich-Schiller-Universität Max Wien Platz 1, 07743 Jena April 2000 - March 2001

Contents

1 Introduction 6 1.1 Reading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Poincaré groups and algebras 8 2.1 Poincaré Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2 Lorentz-algebras in 2 and 4 dimensions . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 Representations of the 4-dimensional Poincaré algebra . . . . . . . . . . . . . . . . 12 2.3.1 Massive particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.3.2 Massless particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.4 Anti-de Sitter algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3 Spinors 18 3.1 Gamma matrices and their symmetries . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.2 Lorentz transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.3 Charge conjugation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.4 Irreducible spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.5 Majorana condition in Minkowski spacetimes . . . . . . . . . . . . . . . . . . . . 27 3.6 4 dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.6.1 Chiral representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.6.2 Dirac representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.7 Formulae, technical tips . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.7.1 Complex and hermitean conjugation . . . . . . . . . . . . . . . . . . . . . . 30 3.7.2 Fierz relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3.7.3 Raising and lowering spinor indices . . . . . . . . . . . . . . . . . . . . . . . 32 3.8 Appendix A: SL(2, C) representations . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.9 Appendix B: Representations of spin and Lorentz groups . . . . . . . . . . . . . . . 34

4 Symmetries 40 4.1 Noether theorem and conserved charges . . . . . . . . . . . . . . . . . . . . . . . . 40 4.1.1 U(1) gauge transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.1.2 The energy-momentum as Noether current of translations . . . . . . . . . . 41 4.1.3 Improving Noether currents . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.1.4 The conserved angular momentum . . . . . . . . . . . . . . . . . . . . . . . 43 4.2 Conformal symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.2.1 The conformal algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.2.2 The conformal group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.2.3 Transformation of fields and conformal weights . . . . . . . . . . . . . . . . 47 4.2.4 Noether currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 4.3 Implementation of symmetries in quantized theories . . . . . . . . . . . . . . . . . 49

5 The Birth of Supersymmetry 51 5.1 Coleman Mandula Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 5.2 The Wess-Zumino-Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 5.2.1 The off-shell formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 5.2.2 On-shell formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 5.2.3 Noether currents and supercharges . . . . . . . . . . . . . . . . . . . . . . . 59 5.2.4 The superpotential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 5.2.5 Supersymmetry algebra in Weyl-basis . . . . . . . . . . . . . . . . . . . . . 64

6 Supersymmetry algebras 66 6.1 Graded Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 6.1.1 Conditions for the structure constants . . . . . . . . . . . . . . . . . . . . . 68 6.1.2 The grading of SU(2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 6.1.3 Supertrace and super-Killingform . . . . . . . . . . . . . . . . . . . . . . . . 70 6.1.4 Supergroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 6.2 Superalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 6.2.1 The special linear superalgebras sℓ(N|M). . . . . . . . . . . . . . . . . . . . 75 6.2.2 The orthosymplectic superalgebras osp(N|M) . . . . . . . . . . . . . . . . . 76 6.2.3 The unitary superalgebras su(N|M) . . . . . . . . . . . . . . . . . . . . . . 77 6.2.4 Further superalgebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 6.3 Superalgebras containing spacetime algebras . . . . . . . . . . . . . . . . . . . . . . 78 6.4 Physically relevant examples of superalgebras . . . . . . . . . . . . . . . . . . . . . 80 6.4.1 Anti-de Sitter algebras in 2, 4 and 5 dimensions . . . . . . . . . . . . . . . . 81 6.4.2 Appendix: AdS_5 in chiral basis . . . . . . . . . . . . . . . . . . . . . . . . . 89 6.5 Appendix: superalgebras of classical type . . . . . . . . . . . . . . . . . . . . . . . 91

7 Representations of supersymmetric algebras 93 7.1 Hamiltonian and Central charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 7.2 Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 7.2.1 Massive representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 7.2.2 Massless representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 7.2.3 Non-zero central charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

8 Supersymmetric Gauge Theories 103 8.1 N = 1 Abelian gauge theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 8.1.1 The closing of the algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 8.1.2 Noether charge: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 8.2 N = 1 Non-Abelian gauge theories . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 8.3 N = 2 Supersymmetric Gauge Theory (Seiberg-Witten) . . . . . . . . . . . . . . . 109 8.3.1 Action and field equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 8.3.2 Supersymmetry transformations and invariance of S . . . . . . . . . . . . . 112 8.3.3 Chiral basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 8.3.4 Bogomol’nyi bound, Monopoles and Jackiw-Rebbi modes . . . . . . . . . . 115 8.3.5 N = 2-SYM in Euclidean spacetime . . . . . . . . . . . . . . . . . . . . . . 118 8.3.6 Selfdual instantons and small fluctuations . . . . . . . . . . . . . . . . . . . 121 8.3.7 One-loop partition function . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 8.4 Appendix 1: useful formulae in the chiral representation . . . . . . . . . . . . . . . 126 8.5 Appendix 2: Closing of the N = 2 algebra on the fermions. . . . . . . . . . . . . . 128

9 N = 4 Super-Yang-Mills Theory 129 9.1 Scale invariance in 1 loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 9.2 Kaluza-Klein-Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 9.2.1 Spinors in 10 dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 9.2.2 Reduction of Yang-Mills term . . . . . . . . . . . . . . . . . . . . . . . . . . 133 9.2.3 Reduction of the Dirac term . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 9.2.4 R-symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 9.3 Supersymmetry transformations in d = 10 . . . . . . . . . . . . . . . . . . . . . . . 136 9.4 Supersymmetry transformation of reduced theory . . . . . . . . . . . . . . . . . . . 138

10 Superspaces 140 10.1 Minkowski spacetime as coset space . . . . . . . . . . . . . . . . . . . . . . . . . . 140 10.2 Superspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 10.3 Representations on superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 10.3.1 Component fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 10.3.2 Real superfields: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 10.3.3 Sub-multiplets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 10.3.4 Covariant spinor derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 10.3.5 Projection operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 10.4 Chiral superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 10.4.1 Alternative parametrizations of superfields . . . . . . . . . . . . . . . . . . 153 10.5 Invariant action for scalar superfields . . . . . . . . . . . . . . . . . . . . . . . . . . 156 10.5.1 Products of superfields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 10.5.2 Invariant actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158 10.5.3 Superspace integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 10.6 Vector-superfields and susy-gauge transformations . . . . . . . . . . . . . . . . . . 161 10.6.1 The Wess-Zumino gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 10.6.2 Invariant actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

10.6.3 Minimal coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 10.6.4 Super-QED . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 10.6.5 Fayet-Ilioopulos term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 10.7 Non-Abelian Gauge Theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168 10.8 Spontaneous Symmetrybreaking . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

11 Supersymmetric N = 1 WZ-models in two Dimensions 169 11.1 Wess-Zumino model in 2d-Minkowski spacetime . . . . . . . . . . . . . . . . . . . . 169 11.1.1 2-point functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 11.2 Wess-Zumino model in 2d-Euclidean spacetime . . . . . . . . . . . . . . . . . . . . 175 11.2.1 Noether currents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178 11.3 Euclidean path integral for the free massive model . . . . . . . . . . . . . . . . . . 179 11.4 Do we get a sensible susy field theory? . . . . . . . . . . . . . . . . . . . . . . . . . 182 11.4.1 The requirements on the Euclidean Theory . . . . . . . . . . . . . . . . . . 182 11.4.2 The fermionic subspace . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 11.4.3 Supersymmetric Ward identities: . . . . . . . . . . . . . . . . . . . . . . . . 186 11.4.4 Changing the representation: . . . . . . . . . . . . . . . . . . . . . . . . . . 187

12 Kaluza-Klein-Reduction from 4 to 2 dimensions 189 12.1 Reduction to a N = 2 Lorentzian model in 2d . . . . . . . . . . . . . . . . . . . . . 189 12.1.1 Reduction of the 4d action . . . . . . . . . . . . . . . . . . . . . . . . . . . 190 12.1.2 R-symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 12.1.3 Chiral rotations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 12.1.4 Supersymmetry transformations . . . . . . . . . . . . . . . . . . . . . . . . 193 12.2 Reduction of the 4d WZ-model to a 2d Euclidean model . . . . . . . . . . . . . . . 194 12.2.1 The Majorana conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194 12.2.2 Reduction of 4d Wess-Zumino Lagrangian . . . . . . . . . . . . . . . . . . . 195 12.2.3 R-symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196 12.2.4 Chiral symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196 12.2.5 Rewriting the 2d model in a Dirac basis . . . . . . . . . . . . . . . . . . . . 197

13 Supersymmetric sigma-Models in 1 + 1 dimensions 199 13.1 Geometric preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 13.1.1 Background field expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . 201 13.1.2 Riemann normal coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . 202 13.1.3 An alternative version for the background field expansion . . . . . . . . . . 203 13.2 Supersymmetric sigma models in 2 dimensions . . . . . . . . . . . . . . . . . . . . 204 13.3 2-dimensional supersymmetric 0(3)-model . . . . . . . . . . . . . . . . . . . . . . . 207

14 Fourdimensional (supersymmetric) sigma models 208 14.1 Superfield formulation of sigma models . . . . . . . . . . . . . . . . . . . . . . . . . 208 14.1.1 Example: The O(3)-Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 209 14.1.2 Chiral superfield revisited . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210 14.1.3 Higher derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

14.2 Four-dimensional Sigma-models with Faddeev-Niemi term . . . . . . . . . . . . . . 211 14.2.1 Systematic rewriting the invariants . . . . . . . . . . . . . . . . . . . . . . . 213 14.2.2 Equations of motion and fluctuations . . . . . . . . . . . . . . . . . . . . . . 215 14.2.3 Hopfinvariant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219 14.3 Alternative formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220 14.3.1 CP_1 formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220 14.3.2 Yet another formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223 14.3.3 Coadjoint orbit variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

1 Introduction

Supersymmetric theories are highly symmetric and beautiful. They unify fermions (matter) with bosons (carrier of forces), either in flat space (supersymmetry) or in curved space-time (supergravity). Supergravity unifies the gravitational with other interactions. The energy at which gravity and quantum effects become of comparable strength can be estimated from the only expression with the dimension of energy that can be formed from the constants of nature h̄, c and G,

E_{P l} = m_{P l}c^2 = c^2 √ h̄c/G ∼ 10^{19}GeV.

The Schwarzschild radius of a point particle with Planck mass is just twice its Compton wavelength,

r_S = 2G c^2 m_{P l} = 2G c^2 √ h̄c/G = 2h̄ c √ G/h̄c = 2h̄ m_{P l} c

= 2λ_c.

Supersymmetry transformations relate bosons to fermions,

Q|Boson⟩ ∼ |Fermion⟩ and Q|Fermion⟩ ∼ |Boson⟩,

and hence relate particles with different spins. The particles fall into multiplets and the supersymmetry transforms different members of such a supermultiplet into each other. Each supermultiplet must contain at least one boson and one fermion whose spins differ by 1/2. All states in a multiplet (of unbroken supersymmetry) have the same mass.

So far no experimental observation has revealed particles or forces which manifestly show such a symmetry. Yet supersymmetry has excited great enthusiasm in large parts of the community and more recently in the context of superstring theories. It has even be said of the theory that it is so beautiful it must be true. Notation:

symbols range meaning i, j, k, . . . 1, 2, . . . , d − 1 space indices μ, ν, ρ, σ, . . . 0, 1, . . . , d − 1 spacetime indices α, β, γ, δ . . . 1, . . . 2^{[d/2]} Dirac-spinor indices α, β, α̇, β̇ . . . 1, . . . 2^{d/2−1} Weyl-spinor-indices (d even) A^†, A^∗, A^T A matrix adjoint, complex conjugate and transpose of A

The (anti)symmetrization of a tensor A_{μ1 ...μn} is

A_{(μ1 ...μn)} = 1 n! ∑ σ A_{σ(μ1 )...σ(μn)}, A_{[μ1 ...μn]} = 1 n! ∑ σ sign(σ)A_{σ(μ1 )...σ(μn )}.

1.1 Reading

In the references you find a (of course incomplete) list of references. The references 1-13 are introductory books and review articles.