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Problem 11: Pauli-Ljubanski vector

The Pauli-Ljubanski vector is defined by

Wµ =
1

2
εµνρσP

νMρσ, ε0123 = 1

where {P ν ,Mρσ} generate the Poincaré algebra. Prove that W 2 = WµW
µ commutes

with all generators of the Poincaré algebra. Compute [Wµ,Mρσ] for this end.

Problem 12: Polyakov action and symmetries

Consider the Polyakov action of a string moving in D-dimensional Minkowski space

S =
T

2

∫
Σ
d2σ

√
|h| hαβ(σ) ∂αX

µ∂βXµ

σα = {τ, σ}, Xµ = Xµ(σα), τ ∈ R, σ ∈ [0, π]

We discuss the symmetries and corresponding conservation laws of the bosonic string.
Show

• Invariance under parameterizations: σα −→ σ̃β = σ̃β(σα)

• Invariance under Weyl transformations: hαβ −→ Ω2(σγ)hαβ

• Compute the energy momentum tensor Tαβ

• Invariance under global Poincaré transformations Xµ → Λµ
νX

ν + aµ

• Compute the conserved Noether currents Jµ
α and Jµν

α for the global Poincaré
transformations,

δS =

∫
d2σ ∂α (Jµ

αaµ + Jµν
α ωµν) ,

where the infinitesimal translations and Lorentz transformations are parametrized
by aµ and ωµν .

Hint: A symmetric and conserved energy-momentum tensor can be defined via

Tαβ =
2√
|h|

δS

δhαβ(σ)
.

It is useful to know

δ
√
|h| = −1

2

√
|h|hαβδhαβ.


