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Problem 1: Susy-Basics: Harmonic Oscillator

Consider a (bosonic) harmonic oscillator. For simplicity assume h = c=w = ... = 1.
There are the well-known relations

lq,p] =1, a:\}Q(Q‘FiP), aT:\}i(q—ip), [a,a] = 1.

For the eigenstates |n) we have: ajn) = /njn — 1), a'|n) = v/n+ 1jn +1). Up to now
everything is bosonic. Number and Hamilton operator are

NB:CLTCL, HB:%(p2+q2>.

Express Hp in terms of Np. What do we get for
[NB,(I], [NBaaT]7 NB|n>a HB|TL>
Add a 2-state system (analogous to Spin-1/2 states |52, S5)):

11
’575)

Use S+ = 51 £ 155 to define fermionic annihilation and creation operators:

1 1
= d —_—,— =) = |—).
) and |5, —5) =)

bli=5,, b:=5_

What are the anti-commutation relations of b, bf?
Analogous to a spin in a magnetic field define fermionic number and Hamilton operator:

Np =blb, Hp=25, =

How do b', b, Nr act on the states |+) and |—)? Assume that the bosonic operators
a,a! commute with the fermionic operators b,bf. Calculate the eigenvalues and their
degeneracies for the total Hamiltonian H = Hp + Hp.

Problem 2: Grassmann numbers

A Grassmann number 6 is an anticommuting object, {6,0} = 0.

e What follows for the Taylor series of the function ¢(6)?

e If we impose translational invariance for the integrals

/O:Odazgé(:c) :/O:odx¢(x+c)

for Grassmann variables, what integration rules do we get? Calculate

9
/d@, /dee, .

Use the most simple relation for [ df 6.



e What are the changes in the rules if there is a set of (anticommuting) Grassmann
variables 6 = {601,...,0,}.
Problem 3: Tensors

Show that the subspaces of tensors for which all pair traces are zero form an invariant
subspace under Lorentz-transformations.

Show that if 7" is (anti)symmetric in two indexes, then the transformed tensor is also
(anti)symmetric in the same indexes.

Problem 4: Clifford algebra I
Show that the sixteen matrices of the 4d Clifford-algebra

My=1, o, A"=30"" =", "
are orthogonal with respect to the scalar product

(Mz‘, Mj) = TI' (MIM])

Problem 5: Clifford algebra II

Prove, that the matrices
Yo = 01Q®00R09®... Y2 =103R01R00®... Y =103R03R01X...
Y1 = 102Q00QR0gR... Y3=103R03R090RD...

generate a Clifford-algebra.
Problem 6: Clifford algebra III
Let d be odd and let g, .. .,v4_2 be a representation of the CLIFFORD algebra in d — 1

dimension. Prove that in d dimensions the two representations

Y05« -+ s Yd—25 Yd—1 = QY0+ + - Vd—2
YOy -5 Vd—25VYd—1 = —QY0 " Vd—2

are never equivalent. The phase « is chosen such that v4_; squares to —1.



