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Problem 10: Wave function of a spinning particle and rotations 9 points

Let U € be an element of the quantum mechanical rotation group SU(2), i.e. Ul=U"1and detU = 1.

1. For n € R? and the Pauli matrices o = (01,02, 03), show that R(U) in
Un-cU'=(R(U)n)- o

describes a proper rotation in R?, i.e. RTR =1 and det R = 1. The Pauli matrices are given by

(01 (0 i (1 0
7171 o 2= o =0 1)
2. Prove that the map U — R(U) from SU(2) to SO(3) is a ,representation, which means, that
R(]lg) = 13 and that R(UlUQ) = R(Ul)R(UQ).
3. Show, that for the quantum mechanical rotation
U(e79) — 67196-0/2

the rotation in space has the form

0 —€3 €9
R(e,0) = &Y, Qe=e- Q= e3 0 —e
—€2 €1 0

and hence is a rotation with angle 6 and axis defined by the unit vector e.
Hint: This proof can be performed for infinitesimal rotations, i.e. show

dn
(i
4. The wave function of a particle with spin % transforms under rotations as

Y(z) — Up(RU) 'z) = (DU)Y)(z).

R(e,@)n) co = % 9:0U(e’0)(n co)U(e,0)7L.

0=0

Determine the rotation around the 3-axis, given by U(es, ), where 6 varies smoothly from 0 to
2m. What happens with 6 = 277

5. Show that for all U the linear map I'(U) is unitary on H = Lo(IR?) x C? with scalar product
2 —
w0 =3 [Eri@at = [@rvi@e)
i=1

6. Show that the linear map I'(U) defines a representation, i.e. I'(12) = 1y and I'(R1 R2) = I'(R1)['(R2) .



7. Consider a quantum-mechanical rotation U (es, §) about the es-axis, Which operator A (infinites-
imal generator) generates these rotations, i.e. satisfies

(@) = |

where (of course) R(es, ) is the spatial rotation belonging to U (es, ).
Hint: Don’t forget the chain rule.

Ules, 0) (R (e3,0)z) ,

8. Argue, that the (anti-hermitean) Operator A generates the unitary rotation about the es-axis,

(") (z) = Ules, 0)y (R (e3,0)z) .
Hint: Use the infinitesimal rotations

(005, 0)0) (@) = 12 (DU e, 0)0) (=)

9. What do you think is the infinitesimal generator for a rotation U(e, f) about a arbitrary axis e?
What do you think, is the generator for several particles with spin %?
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Problem 11: Coupling of three angular momenta 242 = 4 points

Consider the eigenvectors of the total angular momentum
J =J1 + Jo + Js,

where the individual angular momenta are all 1. An eigenvalue of J? is written as h2%j(j + 1).

1. What are the possible values of j7 How many linearly independent eigenstates belong to each
possible value of 57
Hint: The tensor product and the direct sum are associative and the tensor product distributes
over the direct sum, b1 ® (h2 @ bh3) = (h1 @ h2) © (h1 ® b3)

2. Construct the state with j = 0 explicitly. If a,b and ¢ are vectors in R3, then there is one
multilinear scalar, namely a - (b x ¢). Find a connection between this fact and your result for
the state with j = 0.

Hint: You may use the relation between cartesian and spherical components of a vector given in
the lecture.
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