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12. exercise sheet: Quantum Field Theory

Aufgabe 26:

Compute the differential cross section for µ+µ− production in an e+e− collider to lowest
order. (This can occur if the center of mass energy is sufficiently large. It is one of the
most important cross sections as it serves as the “normalizer” for all other production cross
sections at an e+e− collider).

(a) Use the QED Feynman rules (in Feyn-
man gauge) to compute the diagram.
Show that the squared scattering am-
plitude is given by

|M|2 =
e4

q4

(
v̄(p′)γµu(p)ū(p)γνv(p′)

)(
ū(k)γµv(k′)v̄(k′)γνu(k)

)
.

(b) Use the spin sums as well as the γ trace technology from the last sheets to show that
the squared amplitude (neglecting the electron mass me ' 0) can be written as

1

4

∑
spins

|M|2 =
8e2

q4

[
(p · k)(p′ · k′) + (p · k′)(p′ · k) +m2

µ(p · p′)
]
,

where mµ denotes the muon mass.

(c) For an e+e− collider, the lab frame is a center-of-mass (CM) frame. Choosing, e.g.,
p = (E,Eêz), p = (E,−Eêz), and k = (E,k), we must have k′ = (E,−k). For this
situation, use the fact that the phase space integral of the general formula for the cross
section simplifies to

dσ

dΩ
=

1

2Ep2Ep′ |vp − vp′|
|k|

(4π)2ECM

1

4
|M|2

to show that the cross section results in

dσ

dΩ
=

α2

4ECM

√
1−

m2
µ

E2

[(
1 +

m2
µ

E2

)
+

(
1−

m2
µ

E2

)
cos2 θ

]
,

where α = e2

4π
denotes the fine-structure constant, θ is the scattering angle, i.e., k · êz =

|k| cos θ, and ECM = 2E.

(d) Determine, how the total cross section behaves for large energies E,ECM � mµ.



Aufgabe 27:

Consider a “discretized free quantum field theory” with discrete field variables φi (the index
i = 1 . . . n shall collectively represent further indices such as Lorentz or inner-symmetry
indices as well as spacetime or momentum variables). Show that the following generating
functional Z[J ] can be computed in closed form

Z[J ] =

∫ ∏
i

dφi exp

(
−1

2
φiM

i
j φ

j + Jiφ
i

)
= (2π)n/2(detM)−1/2 exp

(
1

2
Ji (M

−1)ij J
j

)
, (1)

where (M)ij = M i
j denotes a symmetric matrix. (Einstein’s sum convention is used here

and in the following.)

Hint:

Use the Gaußian integral ∫ ∞
−∞

dx exp

(
−1

2
a x2

)
=

√
2π

a
(2)

as well as a formal diagonalization of the matrix M with eigenvalues λI and normalized
eigenvectors viI , where I = 1 . . . n labels the different eigenvalues and -vectors, to show that∫ ∏

i

dφi exp

(
−1

2
φiM

i
j φ

j

)
= (2π)n/2(detM)−1/2. (3)

Then study the full generating functional and use a completion of the squares.


