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4. EXERCISE SHEET: QUANTUM FIELD THEORY

Aufgabe 9:

A Lorentz transformation is a linear transformation of a 4-vector
ot — " =AM Y,

that preserves the norm

2 v — —
v? = gt =0t g=(+,—,—, —).

(a) Show that A satisfies the identity:
Grkx = gul/AMI{AV)\'
(b) Consider infinitesimal Lorentz transformations A*, = 6, + €, €, < 1. Show that
€xx + €xe = 0

holds such that Lorentz transformations are specified in terms of 6 independent para-
meters (in 4 spacetime dimensions).

(¢) Now consider a scalar field ¢(z) and the corresponding Klein-Gordon Lagrangian £ =
L(¢,0¢). Use the transformation property of a scalar field, ¢ — ¢ = ¢(Ax), under
Lorentz transformations to derive the associated Noether current J*. Show that this
current can be written as:

JH = 16,‘0\\7“5)\ j,u/-ck R N
2 ) Y
where T"" is the canonical energy-momentum tensor of the Klein-Gordon field.

(d) Convince yourself that the quantity

LF .= —%ekij/ddx(]mj

can be interpreted as an angular momentum of the field, in analogy to the field mo-
mentum P (Hint: for this, show that the corresponding momentum densities satisfies
a relation that is reminiscent to L = x x P.)

Aufgabe 10:
Show that the normalization of the 1-particle states chosen in the lecture

[p) = /2B, a'(p)|0)
implies that the inner product is Lorentz-invariant, i.e,
(alp) = (d'Ip),

where ', p’ are the momentum coordinates with respect to a Lorentz-transformed frame.

Hint: it is sufficient to show the invariance with respect to a Lorentz boost along a specific
direction, say the 3-direction, such that p® = y(p* — BE,) und E}, = v(E, — p®).



