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Many-flavor QCD
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Many-flavor QCD

� β function
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� e.g., SU(3): IR fixed point α∗ (BANKS&ZAKS’82)
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� Nf dependence of α∗
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Many-flavor QCD
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� e.g. Nf = 14 =⇒ IR fixed point
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Many-flavor QCD

� gap equation

� rainbow/ladder approximation: Γ→ g

=⇒ χSB for α > αcr

� α∗ vs. αcr
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Many-flavor QCD

Nf,cr = ?
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Many-flavor QCD

Nf,cr =


5 (HARADA&YAMAWAKI’00)

6 (IWASAKI ET AL.’03)

& 6 (VELKOVSKY&SHURYAK’97,APPELQUIST&SELIPSKY’97)

& 10 (SANNINO&SCHECHTER’99)

' 12 (MIRANSKY&YAMAWAKI’96,APPELQUIST ET AL.’96)

LGT: (KOGUT&SINCLAIR’88; BROWN ET AL.’92; IWASAKI ET AL.’96; DAMGAARD ET AL.’97)

adjoint matter: (DIETRICH&SANNINO’06)
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Functional RG
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Functional RG Flow Equation

∂tΓk ≡ k∂kΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

=

(WILSON’71; WEGNER&HOUGHTON’73; POLCHINSKI’84; WETTERICH’93)
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Functional RG Flow Equation
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� regulator
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� quantum fluctuations:
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory: Γk =Λ = Sbare =
∫ 1

4 F z
µνF z

µν + ψ̄ (i∂/+ gA/)ψ
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory: Γk→0 = Γ
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory: Rk scheme independence
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Functional RG Flow Equation
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� RG trajectory: truncation
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Functional RG Flow Equation
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� RG trajectory: truncation
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory: error estimate from Rk dependence
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RG Flow towards the Chiral Transition
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RG Flow of the Chiral Sector

� effective action:

Γk =

∫
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λσ
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� RG flow
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RG Flow of the Chiral Sector

� effective action:

Γk =

∫
1
4

F z
µνF z

µν + . . . + ψ̄ (i∂/+ ḡA/)ψ

+
1
2
λσ
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� RG flow
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Chiral Criticality

� critical gauge coupling αcr:

=⇒ bosonization → χSB:

if α > αcr : λ ∼ 1
m2
φ

→∞
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RG Flow of the Chiral Sector

� effective action: SU(Nc), SU(Nf)L × SU(Nf)R

Γk =

∫
ZF

4
F z
µνF z

µν + . . . + ψ̄ (iZψ∂/+ Z1ḡA/)ψ

+
1
2
λσ
k2 (S-P) +

1
2
λVA

k2

[
2(V-A)adj. + (1/Nc)(V-A)

]
+

1
2
λ+

k2 (V+A) +
1
2
λ−
k2 (V-A)

� RG flow, e.g.,

∂tλσ = 2λσ −
1

4π2 l (F)
1 [Rk ]

{
2Nc λσ

2 − 2λ−λσ − 2NfλσλVA − 6λ+λσ

}
− 1

8π2 l (FB)
1,1 [Rk ]

[
3

Nc
2 − 1
Nc

g2λσ − 6g2λ+

]

− 3
128π2 l (FB)

1,2 [Rk ]
3Nc

2 − 8
Nc

g4 (HG,JAECKEL,WETTERICH’04)
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χSB Critical Coupling
(HG,JAECKEL’05)

e.g., for Nc = 3 = Nf: αcr ' 0.85
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χSB Critical Coupling
(HG,JAECKEL’05)

� compare with
Banks-Zaks IR fixed point:

5 10 15 20 25
Nf

0.25
0.5

0.75
1

1.25
1.5

1.75
2
Α*

Holger Gies Chiral Phase Boundary of QCD with Many Flavors



χSB Critical Coupling
(HG,JAECKEL’05)

−−−− 2-loop SU(3) β function in MS scheme

−−−− 4-loop SU(3) β function in MS scheme =⇒ Nf,cr ' 10.0
(RITBERGEN ET AL.’97)
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Error Estimate

� regulator dependence

� fermion sector: “optimized” regulator vs. “sharp cutoff” (LITIM’01)

l (F),4
1 =

1
2
, l (FB),4

1,1 = 1, l (FB),4
1,2 =

3
2

vs. l (F),4
1 = l (FB),4

1,1 = l (FB),4
1,2 = 1

� anomalous dimensions, momentum dependencies,
higher-order operators ∼ ψ8, etc. . . .

� gauge sector: 2-loop, 3-loop, 4-loop β function

MS scheme vs. RG scheme (∼10, 30, 50 % variation (?))
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χSB Critical Coupling

� SU(3) “conformal phase” for

Nf,cr = 10.0± 0.29(fermion) +1.55
−0.63 (gluon) . Nf < 16.5

(HG,JAECKEL’05)
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Lessons to be learned for “real QCD”

fermionic screening is rather weak

fermionic truncation (surprisingly) stable in χ symmetric phase

phase boundary detectable with fermionic “derivative expansion”

“real QCD” requires nonperturbative estimate of βg2
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Lessons to be learned for “real QCD”

fermionic screening is rather weak

fermionic truncation (surprisingly) stable in χ symmetric phase

phase boundary detectable with fermionic “derivative expansion”

“real QCD” requires nonperturbative estimate of βg2

Γk =

∫
ZF

4
Fµν

z F z
µν + . . .︸ ︷︷ ︸

↑
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RG Flow for Gluodynamics
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RG Flow of Gluodynamics

� Operator expansion with the background-field method
(REUTER,WETTERICH’94; FREIRE,LITIM,PAWLOWSKI’00)

Γk [A] =

∫
ddx Wk (F 2), F 2 ≡ F a

µνF a
µν

Wk (F 2) =
ZF

4
F 2 +

W2

2!42 (F 2)2 +
W3

3!43 (F 2)3 + . . .

(HG’02)

� running coupling: (ABBOTT’82)

g2 = Z−1
F ḡ2

� β function:

∂tg2 ≡ βg2 = −22Nc

3
g4

(4π)2 . . .
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RG Flow of Gluodynamics

� Operator expansion with the background-field method
(REUTER,WETTERICH’94; FREIRE,LITIM,PAWLOWSKI’00)
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F 2 +
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2!42 (F 2)2 +
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(HG’02)

� running coupling: (ABBOTT’82)

g2 = Z−1
F ḡ2

� β function:

∂tg2 ≡ βg2 = −22Nc

3
g4

(4π)2 . . .

1 -29.3333
2 -357.83
3 -191.32
4 15499.6

5 -1.88776· 106

6 1.65315· 107

7 2.79324· 109

8 -1.37622· 1011

9 -4.21715· 1012

10 8.60663· 1014

11 -8.05611· 1016

12 5.21052· 1019

13 -6.30043· 1022

14 9.35648· 1025

15 -1.78717· 1029

16 4.35314· 1032

17 -1.33397· 1036

18 5.08021· 1039

19 -2.37794· 1043

20 1.35433· 1047
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Running Coupling

(HG’02)

(BRAUN,HG’05)cf. Landau gauge:

(V.SMEKAL,ALKOFER,HAUCK’97)

(LANGFELD,REINHARDT,GATTNAR’01)

(LERCHE,V.SMEKAL’02)

(FISCHER,ALKOFER’02)

(ZWANZIGER’02)

(PAWLOWSKI ET AL.’03)

(FISCHER, HG’04)

(OLIVEIRA,SILVA’04)

(BLOCK,CUCCHIERI,LANGFELD,MENDES’04)

(SCHLEIFENBAU,LEDERER,REINHARDT’06)

(EPPLE,REINHARDT,SCHLEIFENBAUM’07)

(MAAS’07)

(CUCCHIERI,MENDES,OLIVEIRA,SILVA’07)

IR fixed point: α∗
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Running Coupling

(HG’02)

(BRAUN,HG’05)

� mass gap and
threshold behavior:

IR fixed point α∗ compatible with mass gap
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Running Gauge Coupling at finite T

(HG’02)

(BRAUN,HG’05)

 0.1

 1

 10

 0.1  1

α Y
M
(k

,T
)

k [GeV]

T=0

T=100 MeV

T=500 MeV

one loop (T=0)

� T/k →∞: strongly interacting 3D theory

α→ k
T
α3D, α3D → α3D,∗ ' 2.7

cf. lattice: (CUCCHIERI,MAAS,MENDES’07)
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Chiral Phase Transition

� α(k ,T ) vs. αcr(T/k)

=⇒ χSB triggered by αs single input: αs(mτ ) = 0.322

Tc [MeV] RG
(BRAUN,HG’05)

Nf=2 172 ± 37
Nf=3 148 ± 32

Tc [MeV] Lattice (BI)
(CHEN ET AL.’06)

Lattice (W)
(AOKI ET AL.’06)

Nf=2+1 192(7)(4) 151(3)(3)
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Chiral Phase Boundary T − Nf

(BRAUN,HG’05,’06)
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� small Nf: fermionic screening, βquark ' 2
3 Nf
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� critical flavor number:

Ncr
f ' 12

(CF. APPELQUIST ET AL.’96; MIRANSKI,YAMAWAKI’96; HG,JAECKEL’05)
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Chiral Phase Boundary T − Nf
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� fixed-point regime: critical exponent Θ

βg2 ' −Θ(g2 − g2
∗)
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Chiral Phase Boundary T − Nf
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� fixed-point regime: critical exponent Θ

βg2 ' −Θ(g2 − g2
∗)

� shape of the phase boundary for Nf ' Ncr
f : (BRAUN,HG’05,’06)

Tcr ∼ k0 |Nf − Ncr
f |

1
|Θ| , Θ ' −0.71
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Conclusions

� “conformal phase” in many-flavor QCD:

Nf,cr ' 10− 12 < Nf < 16.5 for SU(3)

. . . applications to walking technicolor
(DIETRICH ET AL.’06, TERAO ET AL.’07)

� relation among universal aspects:

shape of the phase boundary ⇐⇒ IR critical exponent

� functional RG for Γ[φ]

systematic and consistent expansion schemes for QCD
chiral symmetry X

calculations “from first principles”
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RG Flow of the Chiral Sector

� 2 fixed points per ∂tλ

=⇒ 24 = 16 fixed points

� in general: 2n FP’s
for n = # of λ’s

� fixed-point annihilation

e.g., Nc = Nf = 3
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Chiral Criticality at Finite Temperature

� quark modes:

m2
T = m2

f + (2πT (n +
1
2

))2

=⇒ T -dependent

critical coupling:

αcr(T ) & αcr ' 0.85

(BRAUN,HG’05)
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