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Aspects of QCD

?
running coupling

mass gap

confinement

chiral symmetry
breaking

hadron spectrum

finite T, µ

(Bethke’04)

asymptotic freedom

(Gross&Wilczek’73, Politzer’73)
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Many-flavor QCD
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� Nf dependence of α∗
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� e.g. Nf = 14 =⇒ IR fixed point
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by
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“conformal
phase”
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“trivial phase”

no asymptotic
freedom
no χSB in IR
no confinement
no interactions

Nf,cr =







5 (Harada&Yamawaki’00)

6 (Iwasaki et al.’03)

& 6 (Velkovsky&Shuryak’97,Appelquist&Selipsky’97)

& 10 (Sannino&Schechter’99)

' 12 (Miransky&Yamawaki’96,Appelquist et al.’96)



“Exact” RG

� generating functional

Z[J ] =

∫

Λ

Dφ e−S[φ]+
R

Jφ

� IR regulator

Zk[J ] := e−∆Sk[
δ
δJ ]Z[J ] =

∫

Λ

Dφ e−S[φ]−∆Sk[φ]+
R

Jφ

� regulator: ∆Sk[φ] = 1
2

∫
φRkφ k∂kRk

Rk

k2 p2

=⇒ effective average action: Γk[φ] = − lnZk[J ]−
∫
Jφ−∆Sk[φ]
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RG Flow Equation

IR: k → 0 UV: k → Λ
k

∂tΓk =
1

2
Tr ∂tRk(Γ

(2)
k +Rk)

−1 =

(Wetterich’93)

t = ln
k

Λ
, ∂t ≡ k

d

dk
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The role of the regulator

� Rk = Rk(O)

quantum
fluctuations

O

UV

IR

� e.g., chiral symmetry OK!

Rk
ψ = Rk

ψ(iD̄/)

� gauge symmetry → modified Ward-Takahashi identities (mWTI)

(Ellwanger’94; Reuter,Wetterich’94; Freire,Litim,Pawlowski’00)

G
(
Γk−Sgf

)
= −ig [Rk, (Γ

(2)
k +Rk)

−1]

� exact flow compatibility: ∂t(mWTI) = 0

� truncation: explicit resolution
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� SU(Nc) gauge symmetry + chiral SU(Nf)L × SU(Nf)R flavor symmetry

Γk=Λ =

∫
1

4
Fµνz F zµν + ψ̄ (i∂/+ ḡA/)ψ
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Many-flavor QCD: fermion sector. . .

� SU(Nc) gauge symmetry + chiral SU(Nf)L × SU(Nf)R flavor symmetry

Γk =

∫
ZF

4
Fµνz F zµν + . . . + ψ̄ (iZψ∂/+ Z1ḡA/)ψ

+
1

2

[

λ̄− (V–A) + λ̄+ (V+A) + λ̄σ (S–P) + λ̄VA [2(V–A)adj+ (1/Nc)(V–A)]
]

� four-fermion interactions, λ̄i|k→Λ → 0

(V–A) = (ψ̄γµψ)2 + (ψ̄γµγ5ψ)2

(V+A) = (ψ̄γµψ)2 − (ψ̄γµγ5ψ)2

(S–P) = (ψ̄aψb)2 − (ψ̄aγ5ψ
b)2 ≡ (ψ̄ai ψ

b
i )

2 − (ψ̄ai γ5ψ
b
i )

2

(V–A)adj = (ψ̄γµT
zψ)2 + (ψ̄γµγ5T

zψ)2

� “point-like” truncation:

λ̄i(p1, p2, p3, p4)→ λ̄i(pi = 0), Zψ(p)→ Zψ(p = 0)



λ flow

� for instance λσ = k2λ̄σ: β

λ

∂tλσ = 2λσ−
1

8π2
l
(FB),4
1,1

[

3
Nc

2 − 1

Nc
g2λσ − 6g2λ+

]

−
3

128π2
l
(FB),4
1,2

[3Nc
2 − 8

Nc
g4

]

−
1

4π2
l
(F),4
1

{

2Ncλσ
2−2λ−λσ− 2NfλσλVA−6λ+λσ

}

(Gies,Jaeckel,Wetterich’04)

� threshold functions:

l
(F),4
1 , l

(FB),4
1,2 , l

(FB),4
1,1 = l

(F),4
1 , l

(FB),4
1,2 , l

(FB),4
1,1 [Rk]



λ flow

=⇒ critical gauge coupling αcr:

λi

∂tλi α = 0

α & 0

α > αcr

=⇒ if α > αcr: λ→∞ (χSB)

=⇒ bosonization: λ ∼ 1
m2
φ



λ flow

� 2 fixed points per ∂tλ

=⇒ 24 = 16 fixed points

� in general: 2n FP’s
for n =# of λ’s -10
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Critical coupling αcr for χSB
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=⇒ Critical number of flavors Nf,cr
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−−−− 2-loop SU(3) β function in MS scheme

−−−− 4-loop SU(3) β function in MS scheme =⇒ Nf,cr ' 10.0 for SU(3)

(Ritbergen et al.’97)



Critical number of flavors Nf,cr
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=⇒ “conformal phase” for 10.0 . Nf < 16.5 for SU(3)



Error estimate

� regulator dependence

exact solution truncation

UV UV

IR IR

� fermion sector: “optimized” regulator vs. “sharp cutoff” (Litim’01)

l
(F),4
1 =

1

2
, l

(FB),4
1,1 = 1, l

(FB),4
1,2 =

3

2
vs. l

(F),4
1 = l

(FB),4
1,1 = l

(FB),4
1,2 = 1

� gauge sector: 2-loop, 3-loop, 4-loop β function

� gauge sector: MS scheme vs. RG scheme (∼10% variation (?))
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=⇒ “conformal phase” for 10.0± 0.4 . Nf < 16.5 for SU(3)

(HG&Jaeckel’05)



Lessons to be learned for “real QCD”

fermionic screening is rather weak

point-like four-fermion truncation (surprisingly) stable in χ symmetric phase

phase boundary detectable with “derivative expansion”

“real QCD” requires nonperturbative estimate of βg2



Lessons to be learned for “real QCD”

fermionic screening is rather weak

point-like four-fermion truncation (surprisingly) stable in χ symmetric phase

phase boundary detectable with “derivative expansion”

. . . χ phase transition at finite T

“real QCD” requires nonperturbative estimate of βg2

Γk =

∫
ZF

4
Fµνz F zµν + . . .

︸ ︷︷ ︸

↑



Running coupling

� perturbation theory
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0.5
1

5
10

αs SU(3), Nf = 3
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=⇒ Landau pole:
“artifact” of perturbation theory

� beyond perturbation theory . . . ?

nonrenormalization properties:

ghost-gluon vertex: (Taylor’71)

(Landau gauge)

Zg (Zgluon)
1/2Zghost ≡ 1

full propagators → running g

gauge connection: (Abbott’82)

(background gauge)

D̄µ = ∂µ − i ḡ Āµ ≡ ∂µ − i g ĀR
µ

running ZB → running g



RG flow of gluodynamics

� Operator expansion in background gauge
(Reuter,Wetterich’94)

(Freire,Litim,Pawlowski’00)

Γk[A] =

∫

ddx Wk(F
2), F 2 ≡ F aµνF

a
µν

Wk(F
2) =

ZB

4
F 2 +

W2

16
(F 2)2 +

W3

3!43
(F 2)3 +

W4

4!44
(F 2)4 + . . .

(cf. Savvidy model of confinement)

� spectrally adjusted flow equation: (HG’02)

∂tZB x ∂tW2 x ∂tW3 x ∂tW4 x ∂tW5 . . .

� running coupling: g2 = Z−1
B ḡ2

� β function: ∂tg
2 ≡ βg2



β function

� asymptotic series

β = g2
∞∑

m=1

am

(
g2

(4π)2

)m

� perturbative beta function, SU(Nc):

β(g2) = −
22Nc

3

g4

(4π)2

−

(
77N2

c

3
−

127(3N2
c − 2)

45
f [Rk]

)
g6

(4π)4
+ . . .

� 1 loop: exact

2 loop: 99% for SU(2), 95% for SU(3),
(for exponential regulator)



β function

� asymptotic series

β = g2
∞∑

m=1

am

(
g2

(4π)2

)m

� perturbative beta function, SU(Nc):

β(g2) = −
22Nc

3

g4

(4π)2

−

(
77N2

c

3
−

127(3N2
c − 2)

45
f [Rk]

)
g6

(4π)4
+ . . .

� 1 loop: exact

2 loop: 99% for SU(2), 95% for SU(3),
(for exponential regulator)

1 -29.3333
2 -357.83
3 -191.32
4 15499.6

5 -1.88776· 106

6 1.65315· 107

7 2.79324· 109

8 -1.37622· 1011

9 -4.21715· 1012

10 8.60663· 1014

11 -8.05611· 1016

12 5.21052· 1019

13 -6.30043· 1022

14 9.35648· 1025

15 -1.78717· 1029

16 4.35314· 1032

17 -1.33397· 1036

18 5.08021· 1039

19 -2.37794· 1043

20 1.35433· 1047



β function

� SU(2) gluodynamics:

0 0.2 0.4 0.6 0.8
−4

−2

0

2

4

6
β
g2

α/8π
α∗

0.01 0.10 1.00 10.00 100.00
0.10

1.00

10.00

αs

k/GeV

1-loop

=⇒ IR fixed points: SU(2): α∗ ' 11.3

SU(3): α∗ ' 7.7

SU(3),(Nf = 1): α∗ ' 3.44

. . . cf. vertex expansion in Landau gauge QCD

(v.Smekal,Alkofer&Hauck’97;Fischer&Alkofer’02)

(Pawlowski et al.’04,Fischer&HG’04)



Running coupling and mass gap

� mass-dependent renormalization scheme

←→ threshold behavior

� e.g., QED: α→ α∗ '
1

137

k

α

m

=⇒ IR fixed point compatible with mass gap



Running coupling at finite T
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 0.01  0.1  1

α(
T

)

k [GeV]

T=0

T=0.1 GeV

T=0.3 GeV

T=0.5 GeV

(Braun&HG’05: preliminary)
� 3D limit for T/k →∞

α →
k

T
α3D, α3D → α3D,∗ ' 2.43 for SU(3)

=⇒ 3D theory is strongly interacting

( � problem: Nielsen-Olsen unstable mode requires thermal screening )



Synthesis: chiral symmetry restauration at finite T

� fermion sector: αcr(T/k) > αcr(T = 0)

β

λ

� gauge coupling: β ' βgluodyn + β1-loop
f (g2, T ,mf)

� e.g., SU(3)
Nf = 3 massless quarks
T = 150MeV

 0.1

 1

 10

 1

k [GeV]

α
QCD

 for n8

α
crit



Critical temperature Tcr
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� e.g. SU(3), Nf = 3 massless quark flavors: Tcr[Rk] . 181MeV (upper bound)

� Tcr|Nf=2 − Tcr|Nf=3 ' 20MeV

� lattice: Tcr|Nf=2 = 173± 8MeV, Tcr|Nf=3 = 154± 8MeV (Karsch,Laermann,Peikert’01)



Conclusions

� functional RG:

systematic and consistent expansion scheme for strongly coupled QFTs

� calculations from “first principles”

� operator expansion: promising at least in χ symmetric phase


