
From Fermions to Bosons:
RG flow for the relevant degrees of freedom

Holger Gies

Universität Heidelberg

& J. Braun, S. Diehl, J. Jaeckel, J.M. Pawlowski, C. Wetterich

Holger Gies From Fermions to Bosons: RG flow for the relevant degrees of freedom
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What are the relevant degrees of freedom ?
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Prologue

What are the relevant degrees of freedom ?

micro DoFs

ψ
−→ macro DoFs

φ
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Prologue

Identification criterion ?

Simplicity
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Prologue

How does the translation work ?
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Prologue

How does the translation work ?

partition function transformation∫
Dψ . . . −→

∫
Dφ . . .

continuous transformation ?
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Ultracold Fermionic Atoms

BEC-BCS crossover (EAGLES’69; LEGGETT’80)

� Bound molecules of two
atoms on microscopic scale

Bose-Einstein condensate (BEC)

at low T

� Fermions with attractive
interactions

BCS superfluidity

at low T

Crossover by means of a Feshbach resonance
(REGAL&’04; BARTENSTEIN&’04; ZWIERLEIN&’04; KINAST&’04; BOURDEL&’04)
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Quantum Chromodynamics
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Quantum Chromodynamics

(GROSS,WILCZEK’73;POLITZER’73)
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Quantum Chromodynamics

(GROSS,WILCZEK’73;POLITZER’73)
?

� running coupling

� confinement

� mass gap

� chiral symmetry
breaking

� phase diagram (T , µ)

� hadron spectrum
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Fermionic Atoms: Microscopic Interactions

� 2-atom scattering

resonant hyperfine interaction
between interaction channels

interatomic separation

� s-wave scattering length

a

Feshbach resonance
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Fermionic Atoms: Microscopic Interactions

� 2-atom scattering

resonant hyperfine interaction
between interaction channels

interatomic separation

ν
detuning

∆µΒ

closed

open

� s-wave scattering length

a(B)

near a Feshbach resonance
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Microscopic Interactions

� tunable interaction strength

a(B) = abg

(
1− ∆B

B − B0

)

e.g., 40K

(REGAL,JIN’03)

BEC BCS
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Many-Body System: QFT with Fermions

� microscopic action:

SF =

∫
dτ

∫
d3x

[
ψ†

(
∂τ −

∇2

2M

)
ψ +

1
2
λψ(ψ†ψ)(ψ†ψ)

]

� fermionic interaction parameter (+UV renormalization):

λψ =
4π
M

a(B)

� further parameters of 2-atom physics encodable in
momentum-dependence of λψ
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Functional RG Flow Equation

∂tΓk ≡ k∂kΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

=

(WILSON’71; WEGNER&HOUGHTON’73; POLCHINSKI’84; WETTERICH’93)
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� quantum fluctuations:
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory: Γk =Λ = Smicro =
∫
ψ†

(
∂τ − ∇2

2M

)
ψ+ Sint[ψ

†, ψ]
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Functional RG Flow Equation
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Γ
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� RG trajectory:
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory: Γk→0 = Γ
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory: Γk→0 = Γ[ψ, φ]

UV

IR

th
eo

ry
 s

pa
ce

fermionic interactions

bosonic composites
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� RG trajectory:

UV

IR

th
eo

ry
 s

pa
ce

T=    = 0σ

ultra-cold gases:
connection to
vacuum limit
(2-body physics)
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Effective Action

� Guiding principle:

treat all potentially relevant degrees of freedom

on the same footing

ψ φ
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Effective Action

� Systematic and consistent derivative expansion of Γk :

Γk [ψ, φ] =

∫
dτ

∫
d3x

{
ψ†(Zψ∂τ − Aψ∇2 − σ)ψ + λψ(ψ†ψ)2

+φ∗(Zφ∂τ − Aφ∇2)φ+ U(φ)− hφ
2

(φ∗ψ Tεψ − φψ†εφ∗) + . . .

}

� ψ: stable fermionic atom field

� φ: bosonic molecule field / Cooper pair
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Effective Action

� Systematic and consistent derivative expansion of Γk :

Γk [ψ, φ] =

∫
dτ

∫
d3x

{
ψ†(Zψ∂τ − Aψ∇2 − σ)ψ + λψ(ψ†ψ)2

+φ∗(Zφ∂τ − Aφ∇2)φ+ U(φ)− hφ
2

(φ∗ψ Tεψ − φψ†εφ∗) + . . .

}
� bosonic potential: U(φ) = m2

φφ
∗φ+

λφ

2 (φ∗φ)2 + . . .

� relation to microphysics (via Hubbard-Stratonovich):

λψ,eff = λψ,0 +
1
2

h2
φ,0

m2
φ,0

λψ,0 =
4πabg

M
m2
φ,0 = 2µ̄(B − B0)− 2σ

h2
φ,0 ∼ ∆B
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IR physics from RG Flow

� e.g., from effective potential U(φ)|k→0:

determines symmetry status

T > Tc T < Tc

potential minimum ρ0 = φ∗minφmin: order parameter

. . . determines gap ∆ and condensate fraction Ωc

U ′′ determines correlation length ξ

determines density n = −∂U(φmin)
∂σ
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Crossover Diagram

� in units of Fermi momentum kF = (3π2n)1/3 and energy εF = k2
F/(2M)

classical      regime

quantum                      degeneracy
broad   re

sonance  narrow

BECBCS

0 c−1(B) = (akF)−1(B)

T̃ = T/εF

h̃−2
φ,0 =

kF

2Mh2
φ,0

“concentration” parameter
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Crossover Diagram

� in units of Fermi momentum kF = (3π2n)1/3 and energy εF = k2
F/(2M)

classical      regime

quantum                      degeneracy
broad   re

sonance  narrow

BECBCS

0 c−1(B) = (akF)−1(B)

T̃ = T/εF

h̃−2
φ,0 =

kF

2Mh2
φ,0

strong coupling, “broad-resonance universality” hφ,0 ∼ ∆B →∞

Universal long-distance physics for 6Li and 40K ?
(DIEHL,WETTERICH’05; NICOLIĆ,SACHDEV’06)
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Estimating Many-Body Effects

� chemical potential σ̃ minus molecular binding energy ε̃M at T = 0

σ̃ − ε̃M

−2 0 2 4

0.2

0.4

0.6

0.8

1

BEC
DSE eMFT

FRG

BCS QMC

c−1 = (akF)−1
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Estimating Many-Body Effects

� chemical potential σ̃ minus molecular binding energy ε̃M at T = 0

σ̃ − ε̃M

−2 0 2 4

0.2

0.4

0.6

0.8

1

BEC
DSE eMFT

FRG

BCS QMC

c−1 = (akF)−1

QMC FRG εNLO DSE MFT 2PI Padé NSR Exp.
(GIORGINI&’04) (THIS WORK) (SON&06) (DIEHL&’05) (ZWERGER&’06) (BAKER’99) (HU&’06)

0.42(2) 0.55 0.475 0.50 0.63 0.36 0.33 0.40 0.32
-0.51
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Phase Diagram

� broad resonance limit (DIEHL,HG,PAWLOWSKI,WETTERICH’07)

T̃ = T/εF

−2 0 2 4 6 8

0.05

0.1

0.15

0.2

0.25

0.3

QMC

 DMC

BEC+    T∆BCS

c−1 = (akF)−1

� shift of Tc in BEC regime:
(BAYM,BLAIZOT,HOLZMANN,LALOË,VAUTHERIN’99)
(HASSELMANN,LEDOWSKI,KOPIETZ’04)
(BLAIZOT,MENDEZ-GALAIN,WSCHEBOR’05,06)

Tc − T BEC
c

T BEC
c

= κ aBn1/3, κ ' 1.3

κ ' 1.7
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Fermionic Gap

� ∆ = hφ
√
ρmin

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

T/Tc

∆(Τ)/∆(0) BEC

BCS
c  =0−1

2nd order phase transition
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Translating degrees of freedom

macro IR DoF micro UV DoF

mesoscopic DoF

k → 0 k = kmeso k → Λ
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Translating degrees of freedom

macro
meso IR DoF micro UV DoF

Y
m
s
d

RG behavior
gauge coupling

g

kkmeso UVIR

∼ log
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Translating degrees of freedom

macro
meso IR DoF micro UV DoF

Yukawa h
masses m2

self-coup. λφ
. . .

RG behavior
gauge coupling

g

kkmeso UVIR

∼ log

power∼

∼ log

loss
of
predictive
power
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Translating degrees of freedom

� Hubbard-Stratonovich transformation (STRATONOVICH’57, HUBBARD’59)

���
���
���
���

2λσ ψ̄RψLψ̄LψR → h (ψ̄RψLφ− ψ̄LψRφ
∗) + m2 φ∗φ

λσ

∣∣∣
k=kmeso

=
1
2

h2

m2
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Translating degrees of freedom

BUT:

at k :

���
���
���
���

at k −∆k :

φ is only “perfect” at k
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Scale-Dependent Field Transformation

� Scale-dependent field transformations (HG,WETTERICH’01)

φ → φk : φk = Fk [φ, ψ, . . . ]

coordinate transformations in field space
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Scale-Dependent Field Transformation

� Scale-dependent field transformations (HG,WETTERICH’01)

φ → φk : φk = Fk [φ, ψ, . . . ]

fermion-to-boson translation:

∂tφk ∼ ψ̄LψR

λσψ
4 → 0

“re-bosonization”
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Scale-Dependent Field Transformation

� passive transformations: (HG,WETTERICH’01)

Γk [φk ] = Γk [φ[φk ]], ∂tΓk [φk ]|φk = ∂tΓk [φ]|φ=φ[φk ] −
∫
δΓk [φk ]

δφk
∂tφk

� active transformations: (HG,WETTERICH’01; PAWLOWSKI’05)

(exp
∫

Jϕ)→ (exp
∫

Jϕk )

∂tΓk [φk ]|φk =
1
2

Tr ∂tRk Gk +

∫ (
Gk

δ

δφk

)
Rk∂tφk −

∫
δΓk [φk ]

δφk
∂tφk ,

Holger Gies From Fermions to Bosons: RG flow for the relevant degrees of freedom



A simple example a la NJL

�
2λσ ψ̄RψLψ̄LψR → h (ψ̄RψLφ− ψ̄LψRφ

∗) + m2 φ∗φ

���
���
���
���
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A simple example: gauged NJL

�

∂tλσ = − 9
8π2

1
k2 e4
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A simple example: gauged NJL

� scale-dependent field transformation

∂tφk = −(ψ̄LψR) ∂tαk

=⇒ ∂tλσ = − 9
8π2

1
k2 e4 − h ∂tαk

� Idea: choose αk such that ∂tλσ
!
= 0 (simplicity)
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A simple example: gauged NJL

� scale-dependent field transformation

∂tφk = −(ψ̄LψR) ∂tαk

=⇒ ∂tλσ = − 9
8π2

1
k2 e4 − h ∂tαk

� Idea: choose αk such that ∂tλσ
!
= 0 (simplicity)

bound-state
fixed point
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Approach to criticality

� destabilization of the bound-state fixed point

∂t
m2

k2h2

m2

k2h2

g2 g2 = g2
D

χSB

Γk=Λ

e.g., αD,QCD ≡ g2
D

4π ' 0.7
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χSB Flow

� mesonic wave function renormalization: (HG,WETTERICH’04)

Γmeson
k =

∫
Zφ |∂µφ|2 + V (φ)

0.010.1 10 100 10001 [GeV]

0.2

0.4

0.6

0.8

1

IR UV

φ dynamical for k < 1GeV

Zφ
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χSB Flow

� (In-)dependence of bosonic initial conditions:

e.g., Yukawa coupling
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χSB Flow

� approach to χSB in SU(3), Nf = 1 QCD:

� IR prediction:
fπ = 2v = 33MeV

(without UA(1) anomaly)
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Conclusion

functional RG as a universal theoretical tool
for complex fermionic systems

ultracold fermionic atoms
as a benchmark for precision methods
in nonperturbative field theory

Scale-dependent field transformations:
“choose relevant DoFs . . . and let the flow decide”
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RG: “Physics of Scales”

Length x x Momentum x x

atom radius

vdW length

density

T de Broglie

trap

rA/aB

lvdW/aB

d/aB

λdB/aB

ltrap/aB

2-4

50-200

600-2800

8800-
39000

2900-
290000

Λ/eV

kvdW/eV

kF/eV

kdB/eV

ktrap/eV

500-2000

19-75

1.3-6.1

0.1-0.4

0.01-1.3

� Bohr’s radius: aB ' 5.3× 10−11m

� kF ' 1eV=⇒ n ' 4.4× 1012cm−3
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RG: “Physics of Scales”

Length x x Momentum x x

atom radius

vdW length

density

T de Broglie

trap

rA/aB

lvdW/aB

d/aB

λdB/aB

ltrap/aB

2-4

50-200

600-2800

8800-
39000

2900-
290000

Λ/eV

kvdW/eV

kF/eV

kdB/eV

ktrap/eV

500-2000

19-75

1.3-6.1

0.1-0.4

0.01-1.3

UV
x

x
ultracold:
kF � kdB

IR: EoM

� Bohr’s radius: aB ' 5.3× 10−11m

� kF ' 1eV=⇒ n ' 4.4× 1012cm−3
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Second-Order Phase Transition

� condensate fraction

Ωc ≡
2ρmin

n

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1 BEC
c−1 →∞

c−1 > 0

c−1 = 0

2nd order
phase
transition

T/Tc
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BCS and BEC limiting cases

� condensate fraction and gap

Ωc ≡
2ρmin

n

∆ =
√

h2
φρmin

- 4 - 2 0 2 4 6 8
0

0.2

0.4

0.6

0.8

1
dashed:
∆BCS ∼ e−

π
2 c−1

dashed:
Bogoliubov
theory

c−1 = 1/(akF)−1
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Correlation Length

ξ =
Aφ

mφ

0 1 2 3 4 5
0

5

10

15

20

c−1 = 2

c−1 = −2

c−1 = 0

(T − Tc)/Tc
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Non-Universal Aspects

� Bare Molecule Fraction for 6Li

Ω̄B = Z−1
φ (ΩM + Ωc) ≡ h̄−2

φ,0(∆B, λbg) h2
φ(ΩM + Ωc)

Ω̄B

600 650 700 750 800 850 900 950

1. · 10- 6

0.00001

0.0001

0.001

0.01

1. · 10- 7

1. · 10- 6

0.00001

0.0001

0.001

0.01

B[Gauß]
(PARTRIDGE ET AL.’05; DIEHL,WETTERICH’05)
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Functional RG Flow Equation

∂tΓk =
1
2

Tr
1

Γ
(2)
k + Rk

∂tRk

� quantum fluctuations:
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Functional RG Flow Equation

∂tΓk =
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� quantum fluctuations:
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Functional RG Flow Equation
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� quantum fluctuations:
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