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The night sky

many bright stars and galaxies
but overall dark
Heinrich Wilhelm Olbers (1823):

“Sind wirklich im ganzen unendlichen Raum Sonnen vorhanden,
sie mögen nun in ungefähr gleichen Abständen von einander, oder in
Milchstrassen-Systeme vertheilt sein, so wird ihre Menge unendlich, und
da müsste der ganze Himmel eben so hell sein wie die Sonne. Denn
jede Linie, die ich mir von unserem Auge gezogen denken kann, wird
nothwendig auf irgend einen Fixstern treffen, und also müsste uns jeder
Punkt am Himmel Fixsternlicht, also Sonnenlicht zusenden.”

out-of-equilibrium state needed
the Universe expands !
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Physics of the Dark Universe 2 (2013) 184–187 
Contents lists available at ScienceDirect 

Physics of the Dark Universe 
j o u r n a l h o m e p a g e : w w w . e l s e v i e r . c o m / l o c a t e / d a r k 

Universe without expansion  
C. Wetterich * 
Institut f ̈ur Theoretische Physik, Universit ̈at Heidelberg, Philosophenweg 16, D-69120 Heidelberg, Germany 
a r t i c l e i n f o 
Keywords: 
Shrinking universe 
Cosmological expansion 
Variable particle masses 
Big bang singularity 
Inflation 

a b s t r a c t 
We discuss a cosmological model where the universe shrinks rather than expands during the radiation and 
matter dominated periods. Instead, the Planck mass and all particle masses grow exponentially, with the size 
of atoms shrinking correspondingly. Only dimensionless ratios as the distance between galaxies divided by 
the atom radius are observable. Then the cosmological increase of this ratio can also be attributed to shrinking 
atoms. We present a simple model where the masses of particles arise from a scalar “cosmon” field, similar 
to the Higgs scalar. The potential of the cosmon is responsible for inflation and the present dark energy. 
Our model is compatible with all present observations. While the value of the cosmon field increases, the 
curvature scalar is almost constant during all cosmological epochs. Cosmology has no big bang singularity. 
There exist other, equivalent choices of field variables for which the universe shows the usual expansion or is 
static during the radiation or matter dominated epochs. For those “field coordinates“ the big bang is singular. 
Thus the big bang singularity turns out to be related to a singular choice of field coordinates. 

c © 2013 C. Wetterich. Published by Elsevier B.V.  Open access under CC BY-NC-ND license.
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[Hubble Ultra Deep Field (2003/2004)]





Evolution of cosmic large-scale structure

© 2006 Nature Publishing Group 

 

larger than the value required by cosmology. Postulating instead a con-
nection to the energy scale of quantum chromodynamics would still 
leave a discrepancy of some 40 orders of magnitude. A cosmological 
dark energy field that is so unnaturally small compared with these par-
ticle physics scales is a profound mystery. 

The evidence for an accelerating universe provided by type Ia super-
novae relies on a purely phenomenological calibration of the relation 
between the peak luminosity and the shape of the light curve. It is this 
that lets these supernovae be used as an accurate standard candle. Yet 
this relation is not at all understood theoretically. Modern simulations 
of thermonuclear explosions of white dwarfs suggest that the peak lumi-
nosity should depend on the metallicity of the progenitor star66,67. This 
could, in principle, introduce redshift-dependent systematic effects, 
which are not well constrained at present. Perhaps of equal concern is the 
observation that the decline rate of type Ia supernovae correlates with 
host galaxy type68,69, in the sense that the more luminous supernovae 
(which decline more slowly) are preferentially found in spiral galaxies. 

Interestingly, it has also been pointed out that without the evidence 
for accelerated expansion from type Ia supernovae, a critical density 
Einstein–de Sitter universe can give a good account of observations of 
large-scale structure provided the assumption of a single power  law for 
the initial inflationary fluctuation spectrum is dropped, a small amount 
of hot dark matter is added, and the Hubble parameter is dropped to the 
perhaps implausibly low value h ≈ 0.45 (ref. 70).

The CMB temperature measurements provide particularly compelling 
support for the paradigm. The WMAP temperature maps do, however, 
show puzzling anomalies that are not expected from gaussian fluctua-
tions71–73, as well as large-scale asymmetries that are equally unexpected 
in an isotropic and homogeneous space74,75. Although these signals could 
perhaps originate from foregrounds or residual systematics, it is curious 
that the anomalies seem well matched by anisotropic Bianchi cosmologi-
cal models, although the models examined so far require unacceptable 
cosmological parameter values76. Further data releases from WMAP 
and future CMB missions such as PLANCK will shed light on these 

Figure 4 | Time evolution of the cosmic large-
scale structure in dark matter and galaxies, 
obtained from cosmological simulations of the 
ΛCDM model. The panels on the left show the 
projected dark matter distribution in slices 
of thickness 15 h–1 Mpc, extracted at redshifts 
z = 8.55, z = 5.72, z = 1.39 and z = 0 from the 
Millennium N-body simulation of structure 
formation5. These epochs correspond to times of 
600 million, 1 billion, 4.7 billion and 13.6 billion 
years after the Big Bang, respectively. The colour 
hue from blue to red encodes the local velocity 
dispersion in the dark matter, and the brightness 
of each pixel is a logarithmic measure of the 
projected density. The panels on the right show 
the predicted distribution of galaxies in the same 
region at the corresponding times obtained by 
applying semi-analytic techniques to simulate 
galaxy formation in the Millennium simulation5. 
Each galaxy is weighted by its stellar mass, and 
the colour scale of the images is proportional to 
the logarithm of the projected total stellar mass. 
The dark matter evolves from a smooth, nearly 
uniform distribution into a highly clustered state, 
quite unlike the galaxies, which are strongly 
clustered from the start.

Dark matter Galaxiesz = 8.55

T = 0.6 Gyr

z = 5.72

T = 1.0 Gyr

z = 1.39

T = 4.7 Gyr

z = 0

T = 13.6 Gyr

z = 0

T = 13.6 Gyr

z = 1.39

T = 4.7 Gyr

z = 5.72

T = 1.0 Gyr

z = 8.55

T = 0.6 Gyr

150 h–1 Mpc 150 h–1 Mpc
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Nature  Publishing Group ©2006

[Springel, Frenk & White, Nature 440, 1137 (2006)]
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Time history
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Quantum origin of fluctuations

Universe was almost homogeneous at early times
small fluctuations magnified by gravitational attraction
primordial fluctuations most likely quantum fluctuations maginfied by
inflation
[Mukhanov & Chibisov (1981), Hawking (1982), Starobinsky (1982), Guth & Pi (1982),
Bardeen, Steinhardt & Turner (1983), Fischler, Ratra & Susskind (1985)]
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Ultracold quantum gases

Although theT ¼ 0 superfluid is maximally robust close to unitarity, Tc as a function of 1/kFa
showsonly a ratherweakmaximumand then flattens out in theBEC regime, as seen inFigure 3 and
also inQMCsimulations discussed below. In the BCS regime,Tc is determined by the gap,whereas
in the BEC regime it is controlled by the superfluid density, or phase stiffness, which has its scale set
by the density in our Galilean invariant system. However, Tc for a lattice model of the crossover,
such as the “negative U”Hubbard model, has a strong maximum (32) and decreases like t2/jUj in
the BEC regime.

The normal (nonsuperfluid) state crossover ismore subtle than the ground-state crossover from
large to small pairs. In the BCS limit, given that both pair formation and condensation occur at
Tc " EF, the normal state is a Landau Fermi liquid. In the BEC regime, however, superfluid order
is destroyed by phase fluctuations depleting the condensate, not by destroying pairing. The state
above Tc is a normal Bose gas of dimers, which dissociate only at the pairing T#. The question of
how the system above Tc evolves from a normal Fermi liquid to a normal Bose liquid is quite
nontrivial. It was proposed early on that it does so via a pairing pseudogap (33–35) betweenTc and
T#. The existence of a pseudogap would be particularly exciting near unitarity, where the system
can be in a degenerate Fermi regime and yet show marked deviations from Fermi-liquid behavior
(see Section 7).

3.3. Beyond the Simplest Approaches

Although the results described above have the virtue of interpolating smoothly between the BCS
and BEC limits, there is no small parameter to control the calculations in the strongly interacting
regime. The results, although qualitatively correct, are quantitatively inadequate. Even in the
BCS limit,MFT fails in twodistinctways. First,MFToverestimates both theT¼ 0 gapD andTc by

BECBCS 1/kFa

T/
E F

–2 –1 0 1 2
0

0.2

0.4

Unpaired
fermions

Normal
Bose
liquid

Normal
Fermi
liquid

Pseudogap

T*

Tc Super!uid

Figure 3

Qualitative phase diagram of the BCS-BEC crossover as a function of temperature T/EF and coupling 1/kFa,
wherekF is the Fermimomentumand a is the scattering length (based on the results found inReference 26). The
pictures show schematically the evolution from the BCS limit with large Cooper pairs to the BEC limit
with tightly bound molecules. Unitarity (1/kFa ¼ 0) corresponds to strongly interacting pairs with size
comparable to k$1

F . As the attraction increases, the pair-formation crossover scale T# diverges away from the
transition temperature Tc, below which a condensate exists and the system is superfluid (blue region).
The best quantitative estimates ofTc andT# alongwith the question of the pseudogap at unitarity are discussed
in the text.

217www.annualreviews.org % Crossover from BCS to BEC
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why study ultracold quantum gases?
develop and test understanding of quantum fields
functional renormalization group developed for cold atoms in Heidelberg
[Wetterich, Diehl, Gies, Pawlowski, Floerchinger, Scherer, Krahl, Schmidt, Moroz, Boettcher,
Faigle-Cedzich, ... Salmhofer, Honerkamp, Metzner, Gubbels, Stoof, Dupuis, Strack,
Bartosch, Kopietz, ...]
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Non-relativistic quantum fields
Bose-Einstein condensate in two dimensions
[Gross (1961), Pitaevskii (1961)]

Γ[Φ] =

∫
dt d2x

{
~Φ∗(t, x)

[
i ∂

∂t − V (t, x)
]
Φ(t, x)

− ~2

2m∇Φ∗(t, x)∇Φ(t, x)− λ(t)
2 Φ∗(t, x)2Φ(t, x)2

}

traping potential V (t, x) and coupling strength λ(t)
can be realized and controlled experimentally

[Oberthaler group, KIP Heidelberg]
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Superfluid and small excitations

Complex non-relativistic field can be decomposed

Φ = eiS0

(
√

n0 +
1√
2
[φ1 + iφ2]

)

real fields φ1 and φ2 describe excitations on top of the superfluid
stationary superfluid density n0(x) and vanishing superfluid velocity

v =
~
m∇S0 = 0
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Sound waves / phonons

small energy excitations are sound waves or phonons
propagate with finite velocity, similar to light
local speed of sound

cS(t, x) =
√

λ(t)n0(x)
m

sound waves propagate along

ds2 = −dt2 +
1

cS(t, x)2 (dx − vdt)2 = 0

acoustic metric for v = 0

gµν =

−1 0 0
0 1

cS(t,x)2 0
0 0 1

cS(t,x)2


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Relativistic scalar field

Low energy theory for phonons (with φ = φ2/
√

2m)

Γ[φ] =

∫
dt d2x √g

{
−1

2gµν∂µφ∂νφ

}

metric determinant √g =
√

−det(gµν)
acoustic metric depends on space and time like the space-time metric in
Einsteins theory of general relativity !
phonons behave like real, massless, relativistic scalar field in a curved
spacetime !
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Density profiles

assume specifically for r = |x| < R

n0(r) = n̄0 ×
[
1 − r2

R2

]2

experimental realization with optical trap and digital micromirror device
approximate realization in harmonic trap

Position

D
en
si
ty
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Acoustic spacetime geometry
variable transform to 0 ≤ u < ∞

u(r) = r
1 − r2

R2

0.0 0.2 0.4 0.6 0.8 1.0
0

2

4

6

8

10

r/R

u
/R

leads to Friedmann-Lemaitre-Robertson-Walker metric

ds2 = −dt2 + a2(t)
(

du2

1 − κu2 + u2dϕ2
)

negative spatial curvature
κ = −4/R2

scale factor

a(t) =

√
m
n̄0

1
λ(t)
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Hyperbolic geometry
Lewis Carroll (1888): ”Too fanciful !”

G
eo

m
et
ry

D
en

sit
y
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Hyperbolic geometry in Minkowski space

position

de
ns
ity

de
ns
ity

de
ns
ity

position position

a

b c

start with Minkowski space ds2 = dX2 + dY 2 − dZ2

consider hyperbloid X2 + Y 2 − Z2 = −R2/4
stereographic projection to Poincaré disc
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Poincaré disc and M. C. Eschers circle limit series

Circle limit III, M. C. Escher, 1959.
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Hyperbolic geometry in biology
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Experimental realization in a Bose-Einstein condensate 2
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FIG. 1. Curvature in space and time realised in a Bose-Einstein condensate. a) Hyperbolic space with constant negative
curvature mapped onto the finite-sized Poincaré disc. b) Realisation of a hyperbolic geometry in an inhomogeneous condensate. The
corresponding density profile (black) is approximated by a condensate in a harmonic trap (red). c) Propagation of a phononic wave
packet averaged over ⇠ 100 realisations (left) and di↵erence to the unperturbed condensate (right). d) Quantitative comparison
between prediction and experiment for the propagation along the geodesic indicated in the lower right panel of c (black line). The
red dots mark the position of the wave packet at each time. The blue line is the theory prediction for the hyperbolic space and the
grey line the prediction for the acoustic metric of the parabolic Thomas-Fermi profile. e) Illustration of the equivalence between an
expanding space and the static BEC with dynamically controlled s-wave scattering length as. f) Density and density contrast �c of a
single realisation before and after a ramp with scale factor a(t) / t� . The emergence of fluctuations on large scales indicates particle
production. g) Structures are distributed randomly in di↵erent realisations.

gation averaged over ⇠ 100 realisations, as well as the
density di↵erence to the unperturbed system. For each
time-step, the profile of the density is extracted along
the geodesic connecting the initial perturbation with the
centre of the condensate.

Figure 1 d shows the normalised profiles from which
the positions of the minima are extracted (red points).
We use the three points marked with open symbols to
fit the speed of sound at the centre of the condensate.
This measured speed of sound and the extracted Thomas-
Fermi radius completely determine the metric and hence
set the prediction for the phononic wave packet trajec-
tories (for further details see methods). The solid grey
line in Fig. 1 d shows the prediction for the harmonically
trapped condensate, and the blue line the prediction for
a hyperbolic space. This serves as a quantitative demon-
stration that a condensate in a harmonic trap approxi-
mates a hyperbolic geometry, corresponding to negative
curvature. Deviations only occur close to the Thomas-
Fermi radius of 25µm.

This concept can be extended to di↵erent curvatures

by choosing the appropriate density profile (see meth-
ods). For spacetime geometries beyond hyperbolic, we
use a digital micromirror device (DMD) [5, 6] to con-
figure arbitrary spatial curvatures. One such possibility
is positive spatial curvature, also known as spherically
curved space. Figure 2 contrasts the wave packet propa-
gation on background densities corresponding to hyper-
bolic and spherical metrics. We observe fundamentally
di↵erent evolution in agreement to the expected dynam-
ics. This confirms that our simulator can be configured
to positive or negative curvature.

The implementation of curvature in time, i.e. extrin-
sic curvature, is depicted in Figure 1 e in two equiva-
lent representations of a spatially flat FLRW metric with
increasing scale factor a(t). The distance covered by a
signal moving at the causal speed in a unit of time is
depicted by the separation between the circles. For a
constant causal speed, the expansion of space is encoded
in the increase of coordinate distance between the two red
points, as illustrated on the left side of 1 e. However, this
is equivalent to keeping coordinates static (comoving co-
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Geometries with constant spatial curvature
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Propagating sound waves
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Symmetries and physics

Emmy Noether (1918): Symmetries imply conservation laws
Eugene P. Wigner (1939): Classification of particles through
representations of symmetries

Momentum

E
ne
rg
y

translations in space and time ↔ momentum, energy, mass
rotations and Lorentz boosts ↔ spin / helicity
further internal symmetries ↔ charge, isospin, etc.
symmetries are needed for particle concept to work properly
what happens if they get broken?
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Particle production
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ti tf
t

ai

af

I II III

a(t)

time-dependent scattering length induces time-dependent metric

ds2 = −dt2 + a2(t)
(

du2

1 − κu2 + u2dϕ2
)

particle concept works well in regions I and III but not in region II
vacuum state in region I leads to state with particles in region III
expanding space produces particles !
analytic calculations possible for power law scale factors

a(t) = const × tγ
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Mode functions and Bogoliubov transforms
field gets expanded in modes

φ(t, u, ϕ) =
∫

k,m

[
âkmHkm(u, ϕ)vk(t) + â†

kmH∗
km(u, ϕ)v∗

k (t)
]

spatial part Hkm(u, ϕ) can be expressed in terms of spherical harmonics at
complex angular momenta
mode functions satisfy

v̈k(t) + 2 ȧ(t)
a(t) v̇k(t) +

k2 + |κ|/4
a2(t) vk(t) = 0

vacuum state only unique for ȧ(t) = 0 where vk(t) ∼ e−iωk t

Bogoliubov transforms between different choices of âkm and vacuum states

ti tf
t

ai

af

I II III

a(t)
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Observation of particle production
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Density contrast correlation function
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Time dependent correlation functions after expansion
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Figure 1. Theoretical prediction for density-density contrast correlation functions as they evolve through hold time, propagating
at twice the speed of sound. These results are given for a condensate with an initial temperature of roughly 40nK and taking into
account an experimental precision of 0.8µm by convoluting the functions defined in momentum space with a Gaussian distribution of
the corresponding width.
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Figure 2. Speed of sound 1.2µm/ms. Initial scattering as = 350a0.
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Figure 2. Speed of sound 1.2µm/ms. Initial scattering as = 350a0.

Experiment Theory

analgous to baryon accoustic or Sakharov oscillations in cosmology
optical resolution important for detailed shape
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Baryon acoustic oscillations
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Expansion history
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Oscillations in Fourier space
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Conclusion

Bose-Einstein condensates can be quantum simulators for quantum fields
in curved spacetime
Symmetric spaces with constant curvature can be realized with specific
radial density profiles
Experimental realization in two spatial dimensions
Time-dependent coupling allows to simulate expansion
Particle production by time-dependent scale factor
Oscillations after expansion allow detailed investigations
Quantum information theoretic aspects also accessible
Extensions to three dimensions, other geometries, other field content, and
more, are possible
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Bogoliubov dispersion relation
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Renormalization in two dimensions
[S. Floerchinger, C. Wetterich, Superfluid Bose gas in two dimensions, PRA 79, 013601 (2009)]

arbitrary dimension d. In this paper we apply these flow
equations for d=2.

II. SCALE DEPENDENCE OF INTERACTION STRENGTH

It is well known that in two dimensions the scattering
properties cannot be determined by a scattering length as it is
the case in three dimensions. In experiments where a tightly
confining harmonic potential restricts the dynamics of a bose
gas to two dimensions, the interaction strength has a loga-
rithmic energy dependence in the two-dimensional regime
!12". For low energies and in the limit of vanishing momen-
tum the scattering amplitude vanishes. In our formalism this
is reflected by the logarithmic running of the interaction
strength !#k$ in the vacuum, where both temperature and
density vanish. In general, the flow equations in vacuum de-
scribe the physics of few particles similar to, for example,
the scattering properties or binding energies. Following the
calculation of Ref. !9", we find the flow equations for the
interaction strength !t=ln#k /"$"

!t! =
!2#k2 − m2$

4k2#S
$#k2 − m2$ . #11$

Since in vacuum the propagator is not renormalized, !tS
=!tV=!tĀ=!tm2=0, we set S=1 and V=0 on the right-hand
side of Eq. #11$. The vacuum corresponds to m2=0 !9" and
we obtain the flow equation

!t! =
!2

4#
. #12$

The vacuum flow is purely driven by quantum fluctuations. It
will be modified by the thermal fluctuations for T"0 and for
nonzero density n.

The solution of Eq. #12$

!#k$ =
1

1
!"

+
1

4#
ln#"/k$

#13$

goes to zero logarithmically for k→0, !#k=0$=0. In contrast
to the three-dimensional system, the flow of the interaction
strength ! does not stop in two dimensions. To relate the
microscopic parameter !" to experiments exploring the scat-
tering properties, we have to choose a momentum scale qexp,
where experiments are performed. To a good approximation
the relevant interaction strength can be computed from Eq.
#13$ by setting k=qexp. If not specified otherwise, we will use
a renormalized coupling !=!#kph$.

For our calculation we also have to use a microscopic
scale " below which our approximation of an effectively
two-dimensional theory with pointlike interaction becomes
valid. Our two-dimensional computation only includes the
effect of fluctuations with momenta smaller then ". In ex-
periments "−1 is usually given either by the range of the van
der Waals interaction or by the length scale of the potential
that confines the system to two dimensions. We choose in the
following

" = 10, kph = 10−2. #14$

At this stage the momentum or length units are arbitrary, but
we will later often choose the density to be n=1, so that we
measure length effectively in units of the interparticle spac-
ing n−1/2. For typical experiments with ultracold bosonic al-
kali atoms one has n−1/2%10−4 cm.

The flow of !#k$ for different initial values !" is shown in
Fig. 1. Following the flow from " to kph yields the depen-
dence of !=!#kph$ on !" as displayed in Fig. 2.

It follows from Eq. #13$ that for positive initial values !"

the interaction strength ! is bounded by

! %
4#

ln#"/kph$
% 1.82. #15$

The last equation holds for our choice of " and kph. We
emphasize that our bound holds only if the interactions are
approximately pointlike for all momenta below ". Close to a
Feshbach resonance this may not be true and our formalism
would need to be extended by considering nonlocal interac-
tions or introducing an additional field for the exchanged

!4 !3 !2 !1 0 1 2

1

2

3

4
λ(k)

ln(k)

FIG. 1. #Color online$ Flow of the interaction strength !#k$ at
zero temperature and density for different initial values !"=100,
!"=10, !"=4, !"=2, !"=1, and !"=0.4 #from top to bottom$.

5 10 15 20 25 30

0.5

1.0

1.5

λ

λΛ

FIG. 2. #Color online$ Interaction strength ! at the macroscopic
scale kph=10−2 in dependence on the microscopic interaction
strength !" at "=10 #solid$. The upper bound !max= 4#

ln#"/kph$
is also

shown #dashed$.

SUPERFLUID BOSE GAS IN TWO DIMENSIONS PHYSICAL REVIEW A 79, 013601 #2009$

013601-3

scale-dependent coupling in two dimensions

k ∂

∂k λ =
λ2

4π

sound velocity and critical temperature

compute the microscopic sound velocity for the lower branch
!−!p!" as cS= !!

!p at p=0. In our truncation we find #9$

cS
2 =

2"#0

S2 + 2"#0V
. !23"

Our result for cS at T=0 is shown in Fig. 8 as a function of
the interaction strength ".

For a large range of small " we find good agreement with
the Bogoliubov result cS

2=2"#0. However, for large " or re-
sult for cS exceeds the Bogoliubov result by a factor up to 2.

IV. NONZERO TEMPERATURE

At nonzero temperature and for infinite volume, long
range order is forbidden in two spatial dimensions by the
Mermin-Wagner theorem. Because of that, no proper Bose-
Einstein condensation is possible in a two-dimensional ho-
mogeneous Bose gas at nonvanishing temperature. However,
even if the order parameter vanishes in the thermodynamic
limit of infinite volume, one still finds a nonzero superfluid

density for low enough temperature. The superfluid density
can be considered as the square of a renormalized order pa-
rameter #0= %$0%2 and the particular features of the low-
temperature phase can be well understood by the physics of
the Goldstone boson for a phase with effective spontaneous
symmetry breaking #13$. The renormalized order parameter
$0 is related to the expectation value of the bosonic field $̄0

and therefore to the condensate density #̄0= $̄0
2 by a wave

function renormalization, defined by the behavior of the bare
propagator Ḡ at zero frequency for vanishing momentum

$0 = Ā1/2$̄0, #0 = Ā#̄0, Ḡ−1!p! → 0" = Āp!2. !24"

While the renormalized order parameter #0!k" remains non-
zero for k→0 if T%Tc, the condensate density #̄0=#0 / Ā
vanishes since Ā diverges with the anomalous dimension,
Ā&k−&. After restoring dimensions the relation

#0 = lim
p!→0

#̄0

p!2Ḡ!p!"
!25"

is the Josephson relation #14$.
The strict distinction between a zero Bose-Einstein con-

densate #̄0=0 and a nonzero superfluid density #0'0 for
nonzero temperature 0%T%Tc is valid only in the infinite
volume limit of a homogeneous system. For a finite size of
the system, as atoms in a trap, the running of Ā!k" is effec-
tively stopped at some scale kph. There are simply no collec-
tive modes with wavelength larger than the size of the sys-
tem, whose fluctuations would be responsible for a further
increase of Ā. With a finite Āph both #̄0 and #0 are nonzero
for T%Tc, and the distinction between a Bose-Einstein con-
densate and superfluidity is no longer relevant in practice.
For large systems Ā!kph" can be large, however, such that the
condensate density can be suppressed substantially as com-
pared to the superfluid density. In any case, there is only one
critical temperature Tc, defined by #0!T%Tc"'0.

The flow equations permit a straightforward computation
of #0!T" for arbitrary T, once the interaction strength of the
system has been fixed at zero temperature and density. We
have extracted the critical temperature as a function of "
="!kph" for different values of kph. The behavior for small ",

Tc

n
=

4(

ln!)/""
!26"

is compatible with the free theory where Tc vanishes for
kph→0 and with the perturbative analysis in Ref. #15$. We
find that the value of ) depends on the choice of kph. For
kph=10−2 we find )=100, while kph=10−4 corresponds to )
=225 and kph=10−6 to )=424. In Fig. 9 we show our result
for Tc /n as a function of " for these choices. We also plot the
curve in Eq. !26" with the Monte Carlo result )=380 from
Ref. #16$.

We find that Tc vanishes for kph→0 in the interacting
theory as well. This is due to the increase of ) and, for a
fixed microscopical interaction, to the decrease of "!kph".
Since the vanishing of Tc /n is only logarithmic in kph, a
phase transition can be observed in practice. We find agree-
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ln(p)

ln ω±(p)

ln ω+(p)

ln ω−(p)

FIG. 7. !Color online" Dispersion relation !−!p", !+!p" at tem-
perature T=0 and for vacuum interaction strength "=1 !solid", "
=0.5 !long dashed", and "=0.1 !short dashed". The units are set by
the density n=1.
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λ

FIG. 8. !Color online" Dimensionless sound velocity cS /n1/2 as a
function of the vacuum interaction strength !solid". We also show
the Bogoliubov result cS='2"#0 for reference !dashed".
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ment with Monte-Carlo results !16" for small ! if kph /"
#10−7. The dependence of Tc /n on the size of the system kph

−1

remains to be established for the Monte Carlo computations.
The critical behavior of the system is governed by a

Kosterlitz-Thouless phase transition. Usually this is de-
scribed by considering the thermodynamics of vortices. In
Refs. !17,18" it was shown that functional renormalization
group can account for this “nonperturbative” physics without
explicitly taking vortices into account. The correlation length
in the low-temperature phase is infinite. In our picture, this
arises due to the presence of a Goldstone mode if #0$0. The
system is superfluid for T%Tc. The powerlike decay of the
correlation function at zero frequency

Ḡ$p!% & $p!2%−1+&/2 $27%

is directly related to the running of Ā. As long as k2' p!2 the
bare propagator obeys approximately

Ḡ =
1

Ā$k%p!2
, Ā$k% & k−&. $28%

Once k2( p!2, the effective infrared cutoff is given by p!2

instead of k2, and therefore Ā$k% gets replaced by Ā$'p!2%,
turning Eq. $28% into Eq. $27%. For large #0 the anomalous
dimension depends on #0 and T, &=T / $4)#0%.

Another characteristic feature of the Kosterlitz-Thouless
phase transition is a jump in the superfluid density at the
critical temperature. However, a true discontinuity arises
only in the thermodynamic limit of infinite volume $kph
→0%, while for finite systems $kph$0% the transition is
smoothened. In order to see the jump, as well as essential
scaling for T approaching Tc from above, our truncation is
insufficient. These features become visible only in extended
truncations that we will briefly describe next.

For very small scales k2

T (1, the contribution of Matsub-
ara modes with frequency q0=2)Tn, n!0, is suppressed
since nonzero Matsubara frequencies act as an infrared cut-

off. In this limit a dimensionally reduced theory becomes
valid. The long distance physics is dominated by classical
two-dimensional statistics, and the time dimension param-
etrized by * no longer plays a role.

The flow equations simplify considerably if only the zero
Matsubara frequency is included, and one can use more in-
volved truncations. Such an improved truncation is indeed
needed to account for the jump in the superfluid density. In
Ref. !18" the next to leading order in a systematic derivative
expansion was investigated. It was found that for k(T the
flow equation for #0 can be well approximated by

"t#0 = 2.54T−1/2$0.248T − #0%3/2+$0.248T − #0% . $29%

We switch from the flow equation in our more simple trun-
cation to the improved flow equation $29% for scales k with
k2 /T%10−3. We keep all other flow equations unchanged. A
similar procedure was also used in Ref. !19".

In Fig. 10 we show the flow of the density n, the super-
fluid density #0 and the condensate density #̄0 for different
temperatures. In Fig. 11 we plot our result for the superfluid
fraction of the density as a function of the temperature for
different scales kph. One can see that with the improved trun-
cation the jump in the superfluid density is indeed found in
the limit kph→0. Figure 12 shows the condensate fraction
#̄0 /n and the superfluid density fraction #0 /n as a function of
T /n. We observe the substantial kph dependence of the con-
densate fraction, as well as an effective jump at Tc for small
kph. We recall that the infinite volume limit kph=0 amounts to
#̄0=0 for T$0.

The Kosterlitz-Thouless description is only valid if the
zero Matsubara frequency mode $n=0% dominates. For a
given nonzero T this is always the case if the the character-
istic length scale goes to infinity. In the infinite volume limit
the characteristic length scale is given by the correlation
length ,. The description in terms of a classical two-
dimensional system with U$1% symmetry is the key ingredi-
ent of the Kosterlitz-Thouless description and holds for ,2T
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FIG. 5. Spectrum of fluctuations Sk as a function of the radial wave number k together with its corresponding rescaled density
contrast correlation function Gnn(L) (cf. Eq. (103)) as a function of the comoving distance L measured in units of the parameter
R. Both are shown for various types of polynomial expansions (decelerating � = 1/2, uniform � = 1, and accelerating � = 3/2).
Left column: Spectrum and correlation function right at the end of expansion. The dependence on different expansion rates �t

is depicted above, and evolution after expansion is shown below. At the level of the spectra, one can appreciate that a slower
expansion moves power to smaller wave numbers, whereas for faster expansions, more modes with higher momenta get excited.
The hold time dependence shows how this power is evolving with time, in favor of the lower momentum modes. At the level of
the correlation functions one can see that both, faster expansion rates �t and decelerated expansions (� < 1) lead to stronger
short-range anticorrelations. The propagation of the spatial correlations in time after the expansion has ceased is governed by
the speed of sound in the condensate. In the lower row we show this: the correlation first builds up to a maximum, in this
case reached at 3 ms holding time, and then it travels through the condensate at twice the speed of sound. In the lower right
panel we highlight through dotted lines the distance traversed after 5ms by moving at twice the speed of sound. In all the
momentum space plots, a gray vertical dashed line indicates the low k limit at inverse condensate size. The position space
results are obtained after regularization with a Gaussian window function of width w = 0.5 µm.

initial state in a concrete experiment is actually thermal.
In any case, the phenomenon of particle production can

help to investigate the properties of the initial state in an
experimental setting.



Temperature dependence

142

T = 0.1Tc T = 0.2Tc T = 0.3Tc

0 0.5 1 1.5 2
0.5

3

6

9

k (�m-1)

S
k

�=0, t=tf , �t=2ms, �=1

0 0.2 0.4 0.6 0.8
-8

-4

0

4

8

L/R

G
nn
x
10

3

0 0.5 1 1.5 2
0.5

3

6

9

k (�m-1)

S
k

0.5 1 1.5 2
k (�m-1)

0.5 1 1.5 2
k (�m-1)

T = 0.2Tc

0.5 1 1.5 2
k (�m-1)

0 0.2 0.4 0.6 0.8
-8

-4

0

4

8

L/R

G
nn
x
10

3

0.2 0.4 0.6 0.8
L/R

0.2 0.4 0.6 0.8
L/R

T = 0.2Tc
0.2 0.4 0.6 0.8

L/R

hold (ms) 1 2 3
4 6 8 10

Figure 1. Color. Effect of initial temperature, leading to stimulated particle production: it can be seen that in this case the
number of excited soft momenta is large, in contrast to particle production from the vacuum; note also that the spectrum Sk

diverges for k ! 0 as a consequence of the bosonic nature of gapless phonons at vanishing spatial curvature. After the expansion
has ceased, the power apparently moves towards lower momentum modes, and the spectrum distribution oscillates around
Sk = (1/2 + |�k|2)(1 + 2N

in
k ). Regarding position space, a finite initial occupation enhances anticorrelations and suppresses

correlations. The short range correlation that builds up after the expansion has ceased is also enhanced, and the correlations
propagate again at twice the speed of sound, indicated through dotted lines in the bottom right panel. The two point rescaled
density contrast converges at long times to a thermal state, plus a finite contribution from the exited modes, determined by
|�k|2. In all the momentum space plots, a gray vertical dashed line indicates the low k limit at inverse condensate size. The
position space results given here correspond to a Gaussian convolution of w = 0.5 µm standard deviation.

FIG. 6. Effect of initial temperature, leading to stimulated particle production: it can be seen that in this case the number of
excited soft momenta is large, in contrast to particle production from the vacuum; note also that the spectrum Sk diverges
for k ! 0 as a consequence of the bosonic nature of gapless phonons at vanishing spatial curvature. After the expansion
has ceased, the power apparently moves towards lower momentum modes, and the spectrum distribution oscillates around
Sk = (1/2 + |�k|2)(1 + 2N

in
k ). Regarding position space, a finite initial occupation enhances anticorrelations and suppresses

correlations. The short range correlation that builds up after the expansion has ceased is also enhanced, and the correlations
propagate again at twice the speed of sound, indicated through dotted lines in the bottom right panel. The two point rescaled
density contrast converges at long times to a thermal state, plus a finite contribution from the exited modes, determined by
|�k|2. In all the momentum space plots, a gray vertical dashed line indicates the low k limit at inverse condensate size. The
position space results given here correspond to a Gaussian convolution of w = 0.5 µm standard deviation.

In Fig. 6 we investigate stimulated particle production,
for three different initial temperatures in fractions of Tc,
at the level of both, the spectrum and the rescaled density
contrast correlation function as a function of hold time.

C. Spatial curvature

We showed in Sec. II D that different types of trapping
potentials induce acoustic spacetimes with different emer-
gent spatial curvatures. In the formalism employed in
Sec. III A, the effects of spatial curvature are carried into
the shape of Laplace-Beltrami’s operator, its eigenfunc-
tions, and its eigenvalues. Regarding time evolution in
momentum space (cf. Eq. (77)), spatial curvature enters
in fact only through the eigenvalue spectrum. Here, the
features of spatial curvature are equivalent to posing dif-
ferent boundary conditions on the eigenvalue equation,
and do not go further than that. A further dependence
on spatial curvature arises in the integral transform from
momentum to position space (cf. Eq. (98)).

As expected, the effect of curvature on the spectrum
of fluctuations is often negligible, but can be tuned to
a higher impact when decreasing the condensate radius.

Something similar happens to the rescaled density con-
trast, where differences are unimportant, even at small
radii; this is shown in Fig. 7. In the presence of an initial
thermal state this situation could change, given that the
Bose-Einstein distribution (108) differs for different dis-
persion relations. In particular for negative curvature N

in
k

is bounded at k = 0, as a consequence of an acquired gap
in the dispersion relation. This was investigated and no
particular differences were found at different curvatures.

D. Time evolution of momentum modes and robust
features in momentum space

As we see overall in Fig. 5, the qualitative differences
related to different exponents � in the scale factor could
be difficult to appreciate experimentally, when looking
into the complete spectrum and rescaled density contrast.
Nevertheless, one can look into details of the spectrum,
and through them, validate the particle production nature
of the experimental outcomes, and its dependence on
different expansion histories.

We consider first the time evolution of the spectra for
certain modes in regions II and III (cf. Fig. 9) that is,
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FIG. 7. Effect of different trapping potentials (inverted har-
monic, box, harmonic), which convey different spatial curva-
tures (positive, flat, negative; respectively). On the upper row
we show the outcome for a fixed atom number, so that the
density at the center of the trap depends on the shape of the
trap (c.f. (17) and (52)); this renders visible differences for
both the spectrum Sk and the rescaled density contrast Gnn

(obtained with a Gaussian convolution of width w = 4 µm).
However, if the density at the center is taken to be the same for
all trap shapes, the spatial curvature  influences the shape of
the spectrum Sk only at low momentum modes and provided
that R is sufficiently small, as depicted in the lower row. The
differences between rescaled density contrast correlations for
the closed, flat, and open universe are barely visible even when
R = 3 µm. Additionally, for the chosen convolution width
(w = 0.4 µm) the vacuum sector dominates in position space.
An inset into the correlation function shows that the results
for each curvature fall one above the other: this is a width
independent feature.

during and after the dynamic change of the scale factor;
there we observe that, independently of the polynomial
power of the scale factor, the phononic modes correspond-
ing to small wave numbers are suppressed by the expan-
sion, which is consistent with Fig. 5. Moreover, the time
evolution of the each momentum mode shows a slight de-
pendence on the expansion history, which is most evident
for a particular mode, at k = 1.51µm�1, that remains in
its vacuum value after uniform expansion (� = 1), given
that this characteristic is not present for any mode in
nonuniform expansions.

This precise feature is also explicit in the phase ✓k

that each mode acquires after expansion, defined in (100),
which we consider next in Fig. 8. There, we see that
the phases of each wave number k strongly depend on
whether there is a decelerated, uniform, or accelerated
expansion. In the case of uniform expansion there are
phase jumps appearing at each mode where �k turns out
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Figure 1. Color. Phases ✓k (cf. (??)) of each k-mode after
expansion for three different scale factors. We see an important
qualitative difference in behavior depending on the choice of
�: for � = 1 and � = 3/2 the phase remains in a range of
(0, ⇡), in particular, in the � = 1 case the phase is a linear
function of k. Also for this case there is a ⇡ jump which
appears if and only if Nk = 0, that is when a particular mode
is not excited as a result of expansion. The other two scale
factors don’t exhibit this feature. In contrast, for � = 1/2 the
phase increases continuously in the complete range (0, 2⇡). In
all cases, a slower expansion rate allows for a greater phase
growth.

FIG. 8. Phases ✓k (cf. (100)) of each k-mode after expansion
for three different scale factors. We see an important qualita-
tive difference in behavior depending on the choice of �: for
� = 1 and � = 3/2 the phase remains in a range of (0, ⇡), in
particular, in the � = 1 case the phase is a linear function of k.
Also for this case there is a ⇡ jump which appears if and only
if Nk = 0, that is when a particular mode is not excited as a
result of expansion. The other two scale factors don’t exhibit
this feature. In contrast, for � = 1/2 the phase increases
continuously in the complete range (0, 2⇡). In all cases, a
slower expansion rate allows for a greater phase growth.

to be zero. To emphasize, due to the shape of expansion,
�k is never zero for � 6= 1. It is worthwhile to note that
phases as a function of k also give an insight into the
expansion duration �t.

E. Window function dependence and robust
features in position space

Given that any computation of the rescaled density con-
trast correlation function requires an ultraviolet regulator
in the form of a window or test function, we wish to find
features of the latter which are robust against variations
in the standard deviation w of the Gaussian family of
window functions we have chosen in Eq. (104). This is
not only an interesting task by itself, but also paves the
ground for a quantitative comparison to experiments.

To that end, we study the positions of the second mini-
mum –the first minimum is just the vacuum contribution–
and the first maximum of the correlation function. More
precisely, we investigate the aforementioned positions as a
function of expansion duration �t for different widths w,
for the particular case of � = 1/2. The results are shown
in Fig. 10: we find that the influence of the width w is
negligible with regards to the slope of the curves, render-
ing position vs. expansion duration a robust observable.
Also in Fig. 10, the rescaled density contrast correlation
function Gnn(t, L) is shown for different widths w. The
resolution w determines the short-length L < 0.1R be-
havior of the two-point correlator indicating the need for
robust features.

Moreover, let us report that we have also investigated
the amplitudes of the maximum and the minimum and
their ratio, but did not find a similar form of robustness.
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FIG. 5. Upper row: acquired phase after expansion as a func-
tion of wave number k (cf. Eq. (73)). The effect of e-fold
number is noticeable for coasting and accelerating universes,
and has almost no repercussion for a decelerated expansion.
Within an accelerating universe the phase difference for differ-
ent momenta decreases with e-fold number, while its frequency
increases. An increase in frequency is also seen for a coasting
universe, but the phase difference remains at ⇡. In particular,
for � = 1 there are phase jumps at certain momenta k which
are not triggered by particle production, �k = 0. Middle
row: spectra right at the end of expansion. While for low
e-fold number the shape of expansion (encoded in �) does
not affect much the shape of the spectra, this changes when
increasing e-folds. In any case, the power spectrum acquires
higher values when acceleration is lower, with a big impact for
larger e-fold number (3 orders of magnitude for � = 1/2 when
e-fold number goes from 2 to 10). Another thing to note is
that the peak of the spectrum remains roughly at the same
place for a decelerating situation when increasing e-folds, and
drifts to lower momentum for both, a coasting and an accel-
erated universe. Bottom row: evolution of the spectra after
expansion has ceased, for a chosen � for each e-fold number,
depicting in this way an overview of the situation. The value
of the spectrum evolves in time with a frequency set by the
dispersion relation !k = k, and an initial phase given in the
upper row. When � = 1 one obtains nodes at �k = 0, related
to the phase jumps in the upper row. When � = 3/2 one can
appreciate the highly oscillatory nature of the spectrum (inset
in lower right corner) related to highly oscillating phases.

and their evolution after expansion has ceased, for a
Gaussian window function of width w

2 = 0.02�t
2. For a

spatially flat scenario, this translates to a regularization
in momentum space by

W̃
⇤(k)W̃ (k) = e

�w
2
k
2

. (76)

While the position of correlation peaks in the two-point

functions is a robust feature with respect to the choice
of w, their magnitude and range is not. This becomes
especially important for larger number of e-folds.

In the position space representation of Figure 6, par-
ticle production is visible as combination of correlations
and anti-correlations at intermediate distances, which,
for a massless field, move to larger distances with the
velocity of light after the expansion has stopped. The
particular shape of the correlation function necessarily
depends somewhat on the form of the test function.

V. CONCLUSION AND OUTLOOK

Motivated by the application to Bose-Einstein conden-
sates as quantum simulators, we have discussed mode
equations and particle production for a massless relativis-
tic scalar field in d = 2 + 1 dimensional cosmologies. Our
results are mainly analytical and encompass positive, van-
ishing and negative spatial curvature. Depending on the
form of the expansion, which can be accelerating, coasting
or decelerating, and the number of e-folds, this leads to a
rather rich phenomenology of observables in terms of dif-
ferent power spectra and two-point correlation functions.
We have concentrated here in particular on equal-time
correlation functions of fields and their time derivatives
or conjugate momenta.

In the future, it could be interesting to investigate also
composite operators such as the energy-momentum tensor
and its renormalization, and to extend the analysis to
other types of matter fields, such as fermions or gauge
fields. Also the physics of (cosmological) spacetime hori-
zons and related phenomena involving the dynamics of
entanglement are worth further study.

Of particular interest is also investigation of the physics
discussed here with quantum simulators as they can be re-
alized, e.g., with ultracold atoms (see also our companion
papers [33] and [37]). Furthermore, one may investigate
other nontrivial spacetime geometries in d = 2 + 1 space-
time dimensions and try to establish one-to-one corre-
spondences to table-top experiments. In this way, effects
of quantum fields in curved spacetime become accessible
in the laboratory.
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Appendix A: Mode functions and Bogoliubov
coefficients for different expansion histories

In this appendix we collect analytic expressions for
mode functions and Bogoliubov coefficients for different
cosmological expansion histories. A distinction is made
between three temporal regions,

• Region I: early times t  ti, constant scale factor
a = ai,

• Region II: intermediate times ti < t < tf, evolving
scale factor a = a(t),

• Region III: late times tf  t, constant scale factor
a = af.

Expansion histories differ by the time dependent scale
factor a(t) in the intermediate region II. Note that the
following expressions are general for all three types of
spatial curvature  and hence are given in terms of h(k).

1. Power-law expansion with exponent � = 1/2

We start with a power-law form of the scale factor as
a functions of time corresponding to � = 1/2 in (43),
setting t0 = 0

a(t) = Q

p
|t|, (A1)

and focus on the solutions to the mode equation (39) for
the three regions.

Region I. In Region I, the general solution for the
mode equation (39) is a superposition of plane waves with
positive and negative frequencies,

v
I
k
(t) = A

I
k
e
�i!

I
kt +B

I
k
e
i!

I
kt, (A2)

where A
I
k

and B
I
k

are some coefficients and the frequency
is given by

!
I
k
=

p
�h(k)

ai
=

s
�h(k)

Q2ti
. (A3)

We define the a-particles as corresponding to the positive
frequency modes, such that B

I
k
= 0 and

v
I
k
(t) =

e
�i!

I
kt

ai

q
2!I

k

, (A4)

where A
I
k
= 1/

⇣
ai

q
2!I

k

⌘
is a consequence of the nor-

malization condition (40), which in case of plane waves
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which specifies explicitly a phase that each k-mode ac-
quires after expansion,

✓k = Arg(ck). (73)

Given that the power spectrum Sk(t) encodes the effect
of particle production per mode, we focus on a rather
detailed analysis of this object, in the case of vanishing
spatial curvature.

We begin with Fig. 3, where we show the evolution of
Sk(t) for some selected modes during and after expansion.
The aim of this figure is to show the shape of different
modes which are either inside the Hubble horizon, outside
of it, or change region during expansion. The range of
modes that change in region is greater for larger e-fold
number, and this is also explicitly depicted within.

In Fig. 4 we analyze the shape of the three different con-
tributions in (71) to Sk(t), and show them in dependence
of the number of e-folds of the expansion (upper row), as
well as the hold time (time after expansion, lower row).
Here, we concentrate on vanishing spatial curvature and
a coasting universe with � = 1. The oscillations visible
after the expansion has ceased (green and black curves
in the lower row) can be understood as the analog of
Sakharov oscillations in the present context.

In Fig. 5 we turn first to the phase that each k-mode
acquires after expansion, defined in Eq. (73), for different
types of expansion (decelerating, coasting, accelerating)
and different numbers of e-folds. As seen in Eq. (72) these
phases enter the spectrum through �Nk(t) in Eq. (69),
and also determine the starting point for the oscillatory

evolution of the spectrum after the end of expansion. In
the middle and lower row of Figure 5 we also discuss Sk(t)
right when the expansion has ceased (t = tf) and its time
evolution in a static situation after the expansion. The
details of the corresponding analytical calculations can
be found in the Appendix.

Additionally, for the mixed statistical equal-time corre-
lation function one has

G
��̇

(t, L) = G
�̇�

(t, L)

=
1

2
h{�(t, u,'), �̇(t, u0

,'
0)}i

c

=

Z

k

F(k, L)
1

a
2
f
Im

⇥
cke

2i!kt
⇤
.

(74)

As they stand, the three two-point correlation functions
in Eqs. (64), (70) and (74) show ultraviolet divergences.
These can be cured through the use of test or window func-
tions, which act as a regulator. The correlation function
of “smeared out” fields becomes

G(t, L) =
af

m

Z

k

F(k, L)T (t, k)W̃ ⇤(k)W̃ (k), (75)

where T (t, k) specifies the correlation function or spec-
trum in momentum space before regularization, and W̃ (k)
denotes the window function in momentum space. With
Eq. (75) at hand, all two-point correlation functions can
be calculated.

In Fig. 6 we show field-field and time derivative of
fields correlation functions right at the end of expansion
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FIG. 2. Different regimes for evolving mode functions in a
d = 2 + 1 dimensional universe with power-law scale factor
a(t) ⇠ t� . Indicated in capital letters are the different scenarios
for power-law expansions specified in the text.

oscillating until they “leave the horizon” and then
evolve algebraically as a superposition of the above
two solutions.

(B) For the coasting universe with � = 1 and q = 0
one has far outside the horizon the two indepen-
dent solutions e

Q⌘/2 and e
�Q⌘/2 corresponding to

vk(t) ⇡ const. and vk(t) ⇡ a
�1(t), respectively.

Note that for these real solutions the normalization
condition in Eq. (40) cannot be applied. Because
the conformal Hubble rate is constant for � = 1,
every comoving wave number k can be classified
as oscillating (when the square bracket in Eq. (52)
is positive) or growing/decaying (when the square
bracket in Eq. (52) is negative) with respect to the
evolution of wk(⌘) with conformal time ⌘. Allow-
ing for nonzero spatial curvature  does not change
this qualitative picture as long as || < H

2. The
transition between the two regimes is at the critical

comoving wave number

kc =

8
><

>:

1
2 (
p

H2 + ||�

p
||) for  > 0,

1
2H for  = 0,
1
2

p
H2 � || for  < 0.

(62)

In this particular case with � = 1 modes do not
cross the horizon.

(C) For decelerated universes the conformal Hubble
rate is decreasing, such that modes with a given
wave number k enter the horizon at some point in
time and start then an oscillating behavior. Modes
with very large wavelength that are far outside the
horizon still have the two independent solutions in
Eq. (61), but now the conformal time ⌘ is positive
and increasing.

(D) For the specific case of � = 2/3 the term in round
brackets in (52) drops out and the solutions are
simply plane waves in conformal time, e±i|k|⌘.

(E) For a decelerated expansion with � < 2/3 the “ef-
fective mass squared” proportional H2 is positive
and decreasing in time, such that one expects some
kind of oscillating solution for all wave numbers k.

(F) Finally, for � = 0 one has vanishing conformal
Hubble rate and standard oscillating behavior for
all wave numbers.

Let us mention here that one can actually find analytic
solutions for many choices of �, some of which are
presented in the Appendix.

C. Spectrum and two-point correlation functions

The phenomenon of particle production due to a time-
dependent metric can be analyzed in terms of two point
functions in position space and their corresponding power
spectrum in momentum space. To look into these quanti-
ties we place ourselves in a static situation after expansion,
i.e. at times t � tf in Eq. (43), and consider equal-time
two-point correlation functions of fields at two positions
(u,') and (u0

,'
0). As a consequence of statistical homo-

geneity and isotropy, all two-point correlation functions
depend on spatial coordinates only through the (comov-
ing) distance L, given by

L =

8
>><

>>:

1p
||

cos�1 (cos ✓ cos ✓0 + sin ✓ sin ✓0 cos('� '
0)) for  > 0,

⇥
u
2 + u

02
� 2uu0 cos('� '

0)
⇤1/2 for  = 0,

1p
||

cosh�1 (cosh� cosh�0
� sinh� sinh�0 cos('� '

0)) for  < 0.

(63)

This property of the correlators is a consequence of the symmetries of the FLRW universe.
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Bogoliubov transforms
in region I one has positive frequency modes vk and corresponding
operators. Define vacuum

âkm|Ω〉 = 0

similar in region III positive frequency modes uk with

b̂km|Ψ〉 = 0

Bogoliubov transform mediates between them

uk = αkvk + βkv∗
k , vk = α∗

k uk − βku∗
k

operators are related by

b̂km = α∗
k âkm − β∗

k (−1)m â†
k,−m

condition |αk|2 − |βk|2 = 1
constant term in spectrum Nk = |βk|2

oscilating term ∆Nk = Re[αkβke2iωk t]


