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Heavy Ion Collisions

@ ions are strongly Lorentz-contracted
@ some medium is produced after collision

@ medium expands in longitudinal direction and gets diluted




Evolution wn time

@ Non-equilibrium evolution at early times
o initial state at from QCD, Color Glass Condensate, ...
o thermalization via strong interactions, plasma instabilities,
particle production, ...
@ Local thermal and chemical equilibrium
e strong interactions lead to short thermalization times
e evolution from relativistic fluid dynamics
e expansion, dilution, cool-down
o Chemical freeze-out
o for small temperatures one has mesons and baryons
e inelastic collision rates become small
e particle species do not change any more
@ Thermal freeze-out
e elastic collision rates become small
e particles stop interacting
e particle momenta do not change any more



Fluid dynamic regime

@ assumes strong interaction effects leading to local equilibrium
o fluid dynamic variables

o thermodynamic variables: e.g. T(z), u(z)
o fluid velocity u*(x)

@ can be formulated as derivative expansion for T+
@ hydrodynamics is universal!

@ ideal hydro: needs equation of state p = p(T, u) from
thermodynamics

o first order hydro: needs also transport coefficients like
viscosity 7 = n(T', ) from linear response theory

@ second order hydro: needs also relaxation times,...



Transverse Expansion

e for central collisions
e =¢(r,r)

@ initial pressure gradient leads to radial flow
1 1
u x

@ experimental signature not very distinct
(particle momenta go in all directions)



Elliptic flow
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non-central collisions lead to deviations from rotation
symmetry
pressure gradients larger in one direction
larger fluid velocity in this direction
more particles will fly in this direction
can be quantified in terms of elliptic flow vo (OLLITRAULT,
1992)
C(Ap) ~ 1+ 2wy cos(2A9)



A puzzle: vg and vs
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(ALICE, arXiv:1105.3865, similar pictures also from CMS, ATLAS, Phenix)

@ quite generally, one can expand

C(A¢) ~1+ Z 2 vy, cos(n Ag)

n=2

o from symmetry reasons one expects naively v =vs = ... =



FEvent-by-event fluctuations

@ argument for v3 = v5 = 0 is based on smooth energy density
distribution

@ there can be deviations from this due to event-by-event
fluctuations

o for example using a Glauber model

@ this leads to sizeable v3 and v



Velocity fluctuations

@ take here a simple model where transverse velocity for every
participant is Gaussian distributed with width 0.1¢

e vorticity |01u? — du'| and divergence |01u' + dou?|




Why are fluctuations interesting?

Hydrodynamic fluctuations: Local and event-by-event
perturbations around the average of hydrodynamical fields:
e energy density €
o fluid velocity u*
e more general also: baryon number density ng, ...

Measure for deviations from equilibrium.

Contain interesting information from early times.

Origin is initial state physics and early-time, non-equilibrium
dynamics.

(]

Evolution can an be used to constrain thermodynamic and
transport properties.

Might affect other phenomena, e.g. jet quenching.



Similarities to cosmic microwave background
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fluctuation spectrum contains info from early times

many numbers can be measured and compared to theory

detailed understanding of evolution needed

could trigger precision era in heavy ion physics



Characterizing primordial fluid fluctuations
o Fluid fields at time 7y governed by probability distribution
DPro [67 ut, HB}

where € = €(79, X, y) etc.
o Characterize this by expectation values

<€(7—07X7y)>a <u“(7-0,x, y))? <nB(TO7X7y)>7

@ and correlation functions
<€(7—07 X, y) 6(7—07 X/a y/) >
</wu(7—07 X, y) uy(T()? Xla y/) >
<UH(T07 X, y) 6(7—07 X/, yl) >



Hydrodynamic fluctuations and freeze-out

e for one configuration of hydrodynamic fields one can use
traditional freeze-out prescription, e.g. Cooper-Frye

dN pd3H
o = [ B2
d3p / (2m)3 f(@.p)

where for ideal Boltzmann gas

PuuN<T)

fla.p)=de T

@ the experimental measurement corresponds to an ensemble
average of this, however

f(x,p) = (f(x,p)) =d <ep“ﬁ<i§’”’>

where the averaging is over configurations of u#(z), T(x).



One-particle spectra

e 6 o6 o

up to quadratic order in fluctuations

ddNo
d3p
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explicit expressions can be derived

modifies also v, (pr) and HBT radii

effect qualitatively similar to viscosity correction to spectrum
must be analyzed more quantitatively for phenomenology

depends only on a few numbers



and stmilar for the two-particle spectrum

dN

FAEFg———"7—
ATB Bpadips

= [ Gads? p)uas <f<x,pA> f(x’,ps)>
+ sp/F / 2(pa +pp)udE! L (pa +pB)udE”

« el (Pa—pB)u(z—a’)H <f(:E, pA-ng) f, pAJQrpB)>

@ There are now also cross-correlations between
hydro-fluctuations at = and 2’ playing a role e.g. (T'(z)T(z'))

o Lead to deviations from factorization!

o Particular interesting are identical particles

o Turbulence: power-law decay of C(p4,pr) with |[pa — D]



Setup for treating fluctuations

@ ensemble average over many events with fixed impact
parameter b is described by smooth hydrodynamical fields

€ = (e)

= (ut)

o fluctuations are added on top

€ =€+ e
ut = at + dut
@ here we use Bjorkens simplified model (infinite extend in
transverse plane)
€=¢(T)
" =(1,0,0,0)

ut = at + (5u7,u1,u2,uy)



Linearized equations for fluctuations

o consider only terms linear in de, (ul,u? uY)
@ decompose velocity field into
e gradient term, described by divergence

0 = du' + Ou? + OyuY
e rotation term, described by vorticity
1, 5
w1 =T 0uY — =0yu
T
Wy = fﬁyul — 7Y
T

w3z = 61U2 - agul

@ 0 and de are coupled: density or sound waves

@ vorticity modes decouple from 6 and §e



Vorticity modes

transverse propagation (k2:ky:O) longitudinal propagation (k;=k,=0)
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e solve equations in Fourier space w; = w;(7, k1, k2, ky)
@ short wavelength modes get damped by viscosity
@ some modes can grow, however!



Sound modes

transverse propagation (k=ky=0) longitudinal propagation (kq=k,=0)
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@ oscillation for long times
@ short wavelength modes get damped by viscosity
@ also here some modes can grow!



Linear vs. non-linear evolution

for linearized theory one can easily determine two-point
correlation function at late times from the one at early times

more difficult for non-linear evolution of fluctuations

evolution equation for n-point functions couple:
“Closure problem” in fluid dynamics literature
needs more elaborate tools:

functional techniques, numerical simulation, ...

... but here we do something else:
we map the problem to another one!



Limits of linearized theory

linear approximation works for:

@ energy density

— <1

o velocity field
Re < 1

large Reynolds number Re >> 1 leads to turbulence!

typical numbers: T =0.3Gev, [ =5fm, upr =0.1c

= Re~ — ~ 0(10)



Small Mach number

\/ulul + ugu? + uyuY

cs

Ma <1

@ turbulent motion can be described as “compression-less”

0 = d1ul + Hou’ + Oyu? =0

@ sound modes decouple from vorticity, they are much faster

@ this does not mean that there are no sound waves present



Change of variables

@ kinematic viscosity, essentially independent of time

Ui

Vg = ———
s Tgj(m0)

@ new time variable (not laboratory time)

t=—"_1 o= (2) "o,
47_01/3 (7’)

o rescaled velocity field

o temperature field




Compression-less flow

this leads to

2
1
Ovj + Z UmOmv; + ﬁvyayvj +0;d

m=1

1
-1 (3% + 02 + 7_283> v; =0.

e index j =1,2,y

@ solenoidal constraint

1
01v1 + Oqvg + ﬁ(?y’uy =0

o for large times 7 effectively two-dimensional Navier-Stokes!



Turbulence in d = 3
fully developed turbulence . -

Re — o0

dissipated energy per unit time

G = o (T x 0) =

RICHARDSON (1922):
Big whorls have little who'r/s, ”"' oot "Zr,":b i W 4 ";’;J:L;":f’ )
Which feed on their velocity;

And little whorls have lesser whorls,
And so on to viscosity.

L. pA VINCI (CA. 1500)

KOLMOGOROV (1941): with

E(k) ~ e2/35/3 (%) :/ dk E(k)
0



Turbulence in d = 2

KRAICHNAN (1967):

vorticity is conserved for vg — 0

scaling theory of forced turbulence in d = 2
inverse cascade of energy to small wave numbers !
cascade of vorticity to large wave numbers

E(k) ~ k3

qualitatively different to d = 3, emerges here dynamically



Decaying turbulence in d = 2

E(k)

BATCHELOR (1969):

@ scaling theory of decaying turbulence in d = 2
E(t,k) =Xt f(kxt)  with  A\? = (#?) = const.

@ turbulent motion goes to smaller and smaller wave numbers



Summary

o Fluid fluctuations contain interesting information about:
e Early time dynamics
e Equation of state
e Transport properties

o All kinds of fluid fluctuations should be propagated:
Density fluctuations

Velocity fluctuations

Baryon number fluctuations, Electric charge fluctuations,...
Deviations from smooth geometry in transverse plane
Deviations from Bjorken boost invariance

@ Here we investigated mainly velocity fluctuations:
e Vorticity modes can grow
o New physics phenomenon: Onset of fluid turbulence
o Interesting effects on one- and two-particle spectra
@ Contribution of hydrodynamic fluctuations need not factorize
in two-particle spectrum



BACKUP



Generalized Glauber model

@ Fluctuations due to nucleon positions: used so far

Npart

e(r,x,y) = Z €w(T,X — X4,9), u” = (1,0,0,0)
i=1

@ can be generalized to include also velocity fluctuations

Npart

T (7, %,y) = > Th(1,x = %4, )
=1

where T} is the energy-momentum tensor resulting from a
single participant collision

o still rather simple model



Little Bang vs. Big Bang

Heavy lons

Bjorken model

at = (1,2t 2%, y)
-1

Guv = 1

72

EO(T)v Ug = (1707070)

+ hydrodyn. fluctuations

€= EO(T) + El(T,Jfl,Iz,y)

M M 1 .2
ut =l +ul (T, 27 y)

Cosmology

Friedmann-Robertson-Walker

ot = (t,x', 2, %)

Eo(t)v ug = (1a05070)

+ hydrodyn. fluctuations

€ =eo(t) + e1(t, zt, x27x3)

— M Iz 1.2 .3
ub =y +uf(txr, z, x°)

+ gravity fluctuations



Reynolds numbers

assume
o typical velocity in transverse direction vy
e typical velocity in rapidity direction v,

@ typical transverse length scale [

typical rapidity difference Ay

e kinematic viscosity vy = J&
define
l vy 1?1
Re(T) — YT° Re) — %> f
e . e Vo Ay 72 or
and
2 A2
ReM) _ VI T AY" o) _ Uy AY for
120 l ’ I

<1

TAy

—>1
TAy



Reynolds numbers 2

o depending on Re(™ and Re® there are different regimes
o for many initial conditions one has Re(”) > 1 at large 7

o this implies two-dimensional turbulent behavior!



Describing turbulence

turbulence is best described statistically

hydrodynamic fluctuations in general have probability
distribution

pT[Uu(’T, Z1,I2, y)7 6(7—7 €y, T2, y)]

@ assume this probability distribution to have the symmetries:

e translational and rotational symmetries in transverse plane
e Bjorken boost invariance

(]

implies for expectation values

(uf (7,21, 22,9)) = (1,0,0,0), (e(7,21,22,y)) = €(T)

and for correlation functions

<ui(7',(L‘171‘2,y) uj(T7 1'/1,3],2, y/)> = sz(’ra ’X - Xl’v Yy — ?/)



Velocity spectrum

in two-dimensional situation

k. / k. k 2
Ny = T pik(x—x') __mm )20
<vm(t,x)vn(t,x)> /(QW)Qe <5mn k‘% —|—k%> A (tvk)

the function E(t, k) describes how kinetic energy is distributed
over different length scales



Effects on macroscopic motion of fluid

o turbulent fluctuations might affect macroscopic motion

e modified equation of state
e modified transport properties
@ anomalous, turbulent or eddy viscosity
o proposed by Asakawa, Bass, MULLER (2006) for plasma
turbulence and ROMATSCHKE (2007) for fluid turbulence
o could become negative in d = 2 (KRAICHNAN (1976))
o depends on detailed state of turbulence — not universal
e gradient expansion needs separation of scales

@ more work needed



