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Introduction

Classical motion in Newton/Coulomb potential

(Hermann, Bernoulli, Laplace, Runge, Lenz)

angular momentum L=rxp
1 e?
Runge-Lenz-vector C=—pxL——r
m T
Orbit CLL




e Hydrogen atom in quantum mechanics:
(Pauli, Hulthen, Bargmann, Fock, Zwanziger)
1 e?

(pPxL—Lxp)——r.

C=—
2m r
On bound states

—m
K=1/——C
°H

(hidden, dynamical) SO(4) symmetry (A = 1)

[Laa Lb — ieabch
[Laa Kb — Z.eabcI(c
[Kaa Kb — ieabch

Coulomb-Hamiltonian

me? 1
H=— ., L-K=0
2 K?+ L%+ K2

L? +K? , L-K second order Casimirs




e bound state energies from group theory
e accidental degeneracy of the hydrogen spectrum

e analog: scattering amplitudes for hydrogen atom
Arbitrary dimensions

Schrédinger eq. in d dimensions (distances in A/mc)

1
Hy =By, H=p"~" p.="0,
[/

a=1,...,d, n=2a, E in units of mc?/2

e angular momenta Ly, = z4pp — Tppe — SO(d)
[Laba Lcd] — i((sacLbd + 5deac — 5adLbc — 5bcLad) ;

e Generalized Laplace-Runge-Lenz vector

NTq

Ca, — Labpb + prab —



[Lab7 Cc] — i((saccb — 5bcCa>
Cq, Cpl = —4iLp H

(hidden) dynamical symmetry algebra SO(d + 1)

Lab Ka 1
LAB = , Ka — Ca,

—Ky| O

_ _ 2 _1)2
CoCo = —4K, K, H = n*+ (2Lap Loy +(d—1)*) H

N——

r (d— 1)2+4C(2)

1 1
C(Q) — §LABLAB — §LabLab + Ko Kq

e which representations are realized in Ly(R?) or what

replaces L - K = 07



e explicit realization of Cartan- and step operators of
SO(d+1) as first/second order differential operators

e treat even- and odd-dimensional cases separately
Results for hydrogen atom in d dimensions:

1. only symmetric representations

2. energies

m02 (87

_ 2 —
)= (+(d—1)/2

Eg(l--@

3. degeneracies

i =)

4. highest weight states

O (1] ]-1-11]) = exp(—yer) (21 + i)’




5. branching rules

L]- 'e‘SO(d—i—T>{ILEB ©... O .e}so(d)

N =2 Susy Quantum Mechanics

susy extension of d-dimensional Schrodinger operators

H={Q,Q}=H' with Q>=Q2=0

o supercharge () transforms 'bosons’ into 'fermions’
[Qv H] =0

e () generates supersymmetry

e simplest models: 2 x 2-matrix differential operators
in one dimension (Nicolai, Witten)

e higher dimensions (Witten, Andrianov et.al, Wipf
et.al).



Here: N = 2-models

fermionic creation and annihilation operators

(a1} = ab » {Wa s} = {¥5, 01} =0, a,b<d

e [fock space and number operator

Yal0) =0, Jar...ap) =], -9} [0), p<d

d
N = Zzplwa, Nlai ...ap) = plag - ap)
a=1

number operator,p =1,...,d

e decomposition of Hilbert space

H
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fai...a, antisymmetric:

H, ~ Ly(RY) x C™,  n, = (Z)



e supercharge

Q =e XQoeX , Qo =110,
Qt =exQlex |, Qf=iylo,

[NaQ]:_Q ’ [NaQT]:QT

Hamiltonian = 2% x 2¢ matrix differential operator

2
— 2 Zib:l ¢l Xab wb y  Xab = O x

d
[IN,H|=0, H|, =-AL+V® 1= ( )
p
e Hl|y,, H|y, ordinary Schrodinger operators

VO = (Vx,Vx)+Ax , V9 =(Vy,Vx) — Ax



sector H,:

(a1...a

p|HY)

( - A + V(O))fal...ap

b
+ 2> (=)Xap foar...ds...ap

bi=1

‘ H=QH D QH ®KerH 'Hodge’ |

Q' Q' Q' Q'
B e R
: \\ :

Qn | Q'H|QH | TH| Qn Qx| on | otH| Qi | @Tx

‘ pairing of states with £ > 0. I
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The susy H-Atom and its Symmetries

e spherically symmetric systems

/

X(r) = Q = Wha(0a + 74>
Yq : SO(d)-scalar = supplement L, by 'spin-part’

[Suvs ] = i(Bactby — ), Sa = (Wt — i)

total angular momenta

Jab = Lgp + Sap = @, QJr scalars
Extension of Laplace-Runge-Lenz vector
Ca = JabPp + prab + :Baf(?“)A

e (, vector — A scalar, C, known on Hj
® [Jab,N] =0= [Ca,N] =0
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= A=qal — BN —~81S, S =30,

From [Co, Q] = 0 = o, 3,7, f(r) =

C’a, — Jabpb + prab — )\aAjaA
A= (d—-1)1-2N + 287§

e Ho: hydrogen atom, H,: electron-antiproton

Q=Qo—iNS , QI =@ +irst

Spectrum

[Ca, Ch] = —4z'Jab( A %A) = —diJo (H — \?)

as before, but H — H — )2, Ly, — Ju
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= Fock-Bargman SO(d + 1) generated by J,; and

surprise CoCo # f(1,N, JapJap, H)
C,Co = 40— H)K. K, = —2)JpJup
+  (2JapJap + (d — 2N = 1)?) QQT
+  (2Japap + (d — 2N + 1)?) Q1Q

use H|oy = QQT and H|giy = QTQ = spectrum

(d—2N —1)?)\?

H = T=2%—
|QH Qe (d—2N —1)% + 46(2)

(d— 2N + 1))\?

H — T — )\2 —
‘QT% @ (d — 2N + 1)2 + 4C(2)

o C(2) second-order Casimir of SO(d + 1),

1 1
C(2) — §JABJAB — §JabJab + Ka,Ka .
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CONCLUSIONS
o 6(2)‘KerH = () = zero-modes SO(d + 1) singlets.
e generalized SO(d)-spherical harmonics € H,:

fal...ap(x) — Z fal...apbl...ngblxbg " Ip,
b1,ba,...,by
1 L _ I {—1 {+1 14
Dp ®D; = Dp—l 69Dzo 69Dp @Dp+1
1[-]-]¢
DKN; (al,...,ap)NDpl
e (b1, ... ,be) ~ Df
£
branching-rules SO(d + 1) — SO(d)
L L {£—1 1
DYl s — {Dp@pp ®...0D}

4 —1 1
@Dp—l D D@—l D... P D@—l} ‘SO(d)

—> identification of SO(d + 1) representations.
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odd dimensions d = 2n + 1:

T
Ho——H1 = Ha v..C Hn—1 o

0 ¢
Pi==D,

e

— “n-1

v ¢

even dimensions d = 2n:

T
Ho  Hi  Ho Q~Q§Hn—1g Hr

N Y
Py=—Dy

n—1

Di——D(@D})
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e second order Casimir

C(2) (Dé) =dl+p—1)+Ll—-1)—p(p—1)

e bound state energies

d+1—2p ?
¢ ¥ ¢ 2 2

d—1—2p)2)\2

Ep(’sz+1 QQ ‘7.[ (DP—H) =\ — <d — 1+ 2/

Eigenstates
susy = need only h.w.states ¥,,(D%, ;)

\ij+1( p—|—1> Q \I’( p—|-1>

U h.w.state of SO(d + 1) = ¥ h.w.state of SO(d)

= Up(Dyi1) = F(r)Vallip+1)
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EVv,=0 = f
d—1-—2p
d—1+2/

v (sz—H) =e " Yo(lyp+ 1), Yop =

bound states for p < n
Examples, Conclusions

d=3: H = HoPH1PHosD®Hs
£ol0) + (f1]1) + f2]2) + f3|3)) +

v

bound states in Hg and H;

2)\

r

Ho: HO=—-A4+X-
) 2\
Hi:  (a|HY) = (= A+ X)) fo— 7xaa:bfb
e all h.w.states
Uo(Dy) = e ™ Vol 1) € Ho , QTo(DY) € Hy
A
E,= )\ — = —
L= Wo 3 Yeo T,
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e both multiplets contain (£ + 1) states
e one normalizable zero-mode with £ = 0 in H,

e remaining states are paired

Ho Hy s Hap o

SAL AL A LA LA LA LA ASALSNA LA L L LSLS LS LALALAL LA LS LA L AL LSS A 1
S S S TR O 3
4

Eigenvalues of H in d = 3 dimensions

H H
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Eigenvalues of H in d = 4 dimensions
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have extended results of Pauli, Fock, Bargmann and

others to arbitrary d and N/ = 2 susy H—atom.

found generalized angular momentum
constructed extended Laplace-Runge-Lenz vector
obtained relation QQT, QTQ — C(2)

got bound state spectrum: E, ¥, degeneracies

global construction for the susy systems?
language of superalgebras?

relation to Killing-Yano superchages?
SO(d,2) content? (see E. Sudarshan, N. Mukunda,

. O’Raifeartaigh, Physics Letters 19 (1965) 322
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