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Problem 13: Spin- vs. Lorentz transformations

The earlier introduced matrices

Σµν = −Σνµ =
1

2i
γµν

possess the following commutators with the γ-matrices and themselves:

[Σµν , γρ] = i (ηµργν − ηνργµ)

[Σµν ,Σρσ] = i (ηµρΣνσ + ηνσΣµρ − ηµσΣνρ − ηνρΣµσ) .

Let S(s) be the following one-parameter family of transformations

Γρ(s) = S−1(s)γρS(s) with S(s) = e
is
2 (ω,Σ)

with ’initial value’ S(0) = 1. Prove that

Γρ(s) = S−1(s)γρS(s) = (esω)ρσ γ
σ.

Set s = 1 and discuss the resulting relation S−1γρS = Λρσγ
σ between the matrices

S = e
i
2 (ω,Σ) and Λ = eω.

What type of matrix is Λ? Prove that S → Λ is a representation.

Problem 14: Super-Liealgebras and Jacobi-Identities

A super-Liealgebra (graduated algebra) uses the brackets

[A,B} = C with [A,B} = AB − (−1)baBA,

and

a = g(A) =

{
0 if A bosonic
1 if A fermionic,

and similarly for b = g(B). The grade of C is g(C) := (a+ b)mod 2 (Z2 grading).

1. What is the relation between [A,B} and [B,A}?

2. Prove the super-Jacobi identity

[[A,B}, C}+ (−1)(b+c)a[[B,C}, A}+ (−1)c(a+b)[[C,A}, B} = 0

by considering the four cases BBB, FBB, FFB and FFF (B for a bosonic and
F for a fermionic Operator).



3. Check whether the super-Jacobi identities are fulfilled for the simple superalgebra

{Q,Q†} = 2H, {Q,Q} = 0 = {Q†, Q†}, [H,Q] = 0 = [H,Q†].

Problem 15: Equations of motion for super-particle

The action of a supersymmetric particle in flat space has the form

S[q, ψ, ψ̄] =

∫
dtL

(
q, q̇, ψ, ψ̇, ψ̄, ˙̄ψ

)
.

1. Find the corresponding equations of motion.

2. Apply the general result for a system with

L =
1

2
q̇2 − 1

2

(
W ′(q)

)2
+

i

2

(
ψ̄ψ̇ − ˙̄ψψ

)
−W ′′(q)ψ̄ψ,

where W does not depend on q̇.

Problem 16: On shell susy transformations

The supersymmetry transformations for the degrees of freedom of a superparticle read

δq = εψ + ψ̄ε̄, δψ = −ε̄
(
iq̇ +W ′(q)

)
, δψ̄ =

(
iq̇ −W ′(q)

)
ε.

1. Prove that the action is invariant.

2. Calculate the commutator of two supersymmetry transformations, [δ1, δ2] on every
field q, ψ and ψ̄. You may use the equations of motion derived earlier.


