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Kapitel 1

Introduction

Supersymmetric theories are highly symmetric and beautiful. They unify fermions (matter)
with bosons (carrier of forces), either in flat space (supersymmetry) or in curved space-time
(supergravity). Supergravity unifies the gravitational with other interactions. The energy
at which gravity and quantum effects become of comparable strength can be estimated
from the only expression with the dimension of energy that can be formed from the
constants of nature ~, c and G,

EPl = mPlc
2 = c2

√
~c/G ∼ 1019GeV.

The Schwarzschild radius of a point particle with Planck mass is just twice its Compton
wavelength,

rS =
2G

c2
mPl =

2G

c2

√
~c/G =

2~
c

√
G/~c =

2~
mPl c

= 2λC.

Supersymmetry transformations relate bosons to fermions,

Q |Boson〉 ∼ |Fermion〉 and Q |Fermion〉 ∼ |Boson〉,

and hence relate particles with different spins. The particles fall into multiplets and the
supersymmetry transforms different members of such a super multiplet into each other.
Each supermultiplet must contain at least one boson and one fermion whose spins differ
by 1/2. All states in a multiplet (of unbroken supersymmetry) have the same mass.

So far no experimental observation has revealed particles or forces which manifestly show
such a symmetry. Yet supersymmetry has excited great enthusiasm in large parts of the
community and more recently in the context of superstring theories. It has even be said
of the theory that it

is so beautiful it must be true.

Notation:
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1. Introduction 7

symbols range meaning

i, j, k, . . . 1, 2, . . . , d− 1 space indices

µ, ν, ρ, σ, . . . 0, 1, . . . , d− 1 space-time indices

α, β, γ, δ . . . 1, . . . 2[d/2] Dirac-spinor indices

α, β, α̇, β̇ . . . 1, . . . 2d/2−1 Weyl-spinor-indices (d even)

A†, A∗, AT A matrix adjoint, complex conjugate and transpose of A

The symmetrization and anti-symmetrization of a tensor Aµ1...µn are

A(µ1...µn) =
1

n!

∑
σ

Aσ(µ1)...σ(µn), A[µ1...µn] =
1

n!

∑
σ

sign(σ)Aσ(µ1)...σ(µn).

Reading
The following introductory books and review articles maybe useful:

1. J. Wess and J. Bagger, Supersymmetry and Supergravity,
Princeton University Press, Princeton, 1983

2. Martin F. Sohnius, Introducing Supersymmetry,
Physics Reports 128 (1985) 39

3. S.J. Gates, M.T. Grisaru, M. Rocek and W. Siegel, Superspace: Or One Thousand
and One Lessons in Supersymmetry,
Benjamin/Cummings, London, 1983

4. S. Weinberg, The Quantum Theory of Fields,
Vol.3, Cambridge University Press, Cambridge, 1999

5. P. West, Introduction to Supersymmetry and Supergravity,
Word Scientific, Singapore, 1987

6. M. Jacob, Supersymmetry and Supergravity,
North Holland, Amsterdam, 1987

7. O. Piguet and K. Sibold, Renormalized Supersymmetry,
Birkhäuser Boston Inc., 1986

8. M.B. Green, J.H. Schwartz and E. Witten, Superstring Theory,
Cambridge University Press, 1987

9. Peter G.O. Freund, Introduction to Supersymmetry,
Cambridge University Press, Cambridge, 1986

10. H.J.W. Müller-Kirsten and A. Wiedemann, Supersymmetry: An Introduction with
Conceptual and Calculational Details
World Scientific, Singapore, 1987

————————————
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11. Antoine Van Proeyen, Tools for Supersymmetry,
hep-th/9910030

12. Stephen P. Martin, A Supersymmetry Primer,
hep-ph/9709356

13. Joseph D. Lykken, Introduction to Supersymmetry,
hep-th/9612114

14. Manuel Drees, An Introduction to Supersymmetry,
hep-ph/9611409
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Kapitel 2

Supersymmetric Quantum
Mechanics

In this chapter we examine simple toy models of supersymmetric field theories. These are
quantum mechanical systems possessing supersymmetry [1]. Here there are no technical
difficulties hiding the essential structures. Besides, such simple systems are interesting in
their own right, since the dynamics of supersymmetric quantum field theories in finite vo-
lumes reduce to that of supersymmetric quantum mechanics in the infrared limit [3]. This
observation maybe used to better understand non-perturbative features of field theories.
A supersymmetric quantum mechanics with 16 supercharges appear in the matrix theory
description of M theory [2]. In mathematical physics supersymmetric quantum mecha-
nics has proved to be useful in proving index theorems for physically relevant differential
operators [4].

Quantum mechanics can be thought of as quantum field theory in 0 + 1 dimensions. For a
point particle on the line the position x and momentum p play the role of a real scalar field
φ and its conjugate momentum field π. The Poincaré algebra reduces to time translations
generated by the Hamiltonian H. The ground state of quantum mechanics corresponds
to the vacuum state of field theory.

2.1 Supersymmetric harmonic oscillator

Setting 2m=~=1 the ordinary harmonic oscillator in one dimension has Hamiltonian

HB = p2 + ω2x2 − ω, (2.1)

where we have subtracted the zero-point energy ~ω. As is well-known one can define
lowering and raising operators,

a =
1√
2ω

(p− iωx) , a† =
1√
2ω

(p+ iωx) (2.2)

with commutation relations

[a, a] = [a†, a†] = 0 and [a, a†] = 1. (2.3)

9



2. Supersymmetric Quantum Mechanics 2.1. Supersymmetric harmonic oscillator 10

These allow us to rewrite the Hamiltonian as follows,

HB = ω
(
a†a+ aa† − 1

)
= 2ωNB, NB = a†a . (2.4)

The ground state is annihilated by the lowering operator a and the excited states are
gotten by applying the raising operator a† several times to the ground state,

|n〉 =
1√
n!

(a†)n|0〉, a|0〉 = 0. (2.5)

The number operator counts, how many times a† has been applied to the ground state,

NB|n〉 = a†a|n〉 = n|n〉, (2.6)

and with (2.4) this determines the discrete energies En = 2nω of the harmonic oscillator.

Now we ’supersymmetrize’ this construction and consider the super -Hamiltonian

H = HB + 2ωb†b = 2ωa†a+ 2ωb†b, (2.7)

where the new operators b and b† are fermionic annihilation and creation operators fulfil-
ling anti-commutation relations,

{b, b} = {b†, b†} = 0 and {b, b†} = 1. (2.8)

Since a†a and b†b are both non-negative, the state which is annihilated by a and b has
minimal energy and hence is the ground state of H,

a|0〉 = b|0〉 = 0⇐⇒ H|0〉 = 0. (2.9)

The Fock space is generated by acting with the creation operators on this state. The
raising operators (a†, b†) increase the bosonic number operator NB and fermionic number
operator NF = b†b by one,

[NB, a
†] = a† and [NF, b

†] = b†. (2.10)

Of course, the lowering operators decrease these numbers by one unit. Because of the
Pauli principle the only eigenvalues of NF are 0 and 1. States with fermion number 0 are
called bosonic and those with fermion number 1 fermionic. All excited states of

H = 2ω(NB +NF) (2.11)

come in pairs: the ’bosonic’ eigenstate (a†)n|0〉 and the ’fermionic’ eigenstate b†(a†)n−1|0〉
have the same energy En = 2nω, so that every bosonic state has a fermionic partner with
the same energy.

In analogy with supersymmetric theories in higher dimensions we introduce the nilpotent
supercharge Q and its adjoint,

Q =

(
0 0
A 0

)
and Q† =

(
0 A†

0 0

)
, A =

d

dx
+ ωx. (2.12)

————————————
A. Wipf, Supersymmetry
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The non-hermitean A is proportional to a and we obtain

{Q,Q†} =

(
A†A 0

0 AA†

)
=

(
HB 0
0 HF

)
≡ H (2.13)

where HB and HF are the restriction of the super-Hamiltonian H to the bosonic and
fermionic subspaces, respectively,

HB = H|NF=0 and HF = H|NF=1.

Q is nilpotent and commutes with the super-Hamiltonian

{Q,Q} = 0 and [Q, H] = 0. (2.14)

It generates the supersymmetry of the quantum mechanical system.

2.2 Pairing and ground states for SQM

The supersymmetric harmonic oscillator is the simplest example of a susy quantum mecha-
nics. In general the raising and lowering operators are replaced by first order differential
operators and one introduces the nilpotent supercharges (2.12) with

A =
d

dx
+W (x) and A† = − d

dx
+W (x). (2.15)

For a linear function W (x) the operators A and A† are proportional to the bosonic anni-
hilation and creation operators of the supersymmetric harmonic oscillator. The arbitrary
real function W (x) is called super potential. The super-Hamiltonian as defined in (2.13)
yields

HB = A†A = − d2

dx2
+W 2(x)−W ′(x)

HF = AA† = − d2

dx2
+W 2(x) +W ′(x). (2.16)

Since Hamiltonians in the bosonic and fermionic subspaces are non-negative, all energies
of the super-Hamiltonian are zero or positive. A bosonic zero-energy state is annihilated
by A and a fermionic zero-energy state is annihilated by A†,

HB|0〉 = 0⇐⇒ A|0〉 = 0 , HF|0〉 = 0⇐⇒ A†|0〉 = 0 (2.17)

The excited modes come always in pairs, similarly as for the supersymmetric harmonic
oscillator. To prove this statement we consider a bosonic eigenfunction with energy E,

HB|ψB〉 = A†A|ψB〉 = E|ψB〉.

It follows, that A|ψB〉 is a fermionic eigenfunction with the same energy,

HF(A|ψB〉) = (AA†)A|ψB〉 = A(A†A)|ψB〉 = AHB|ψB〉 = E(A|ψB〉).

————————————
A. Wipf, Supersymmetry
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The bosonic state |ψB〉 and its partner state

|ψF〉 =
1√
E
A|ψB〉 (2.18)

have identical norm,

〈ψF|ψF〉 =
1

E
〈ψB|A†A|ψB〉 = 〈ψB|ψB〉 (2.19)

and this proves, that the partner state of any excited state is never the null-vector. Like-
wise, the nontrivial partner state of any fermionic eigenstate |ψF〉 with positive Energy E
is

|ψB〉 =
1√
E
A†|ψF〉. (2.20)

This then proves that HB and HF have identical spectra, up to possible zero-modes.

We may calculate the ground state(s) of the super-Hamiltonian in position space explicitly.
With (2.17) we must study the first order differential equations

AψB(x) =

(
d

dx
+W (x)

)
ψB(x) = 0

A†ψF(x) =

(
− d

dx
+W (x)

)
ψF(x) = 0 . (2.21)

The solutions of these first order differential equations are

ψB(x) ∝ exp

(
−
∫ x

W (x′)dx′
)

and ψF(x) ∝ exp

(∫ x

W (x′)dx′
)
. (2.22)

If one of these two functions is normalizable, then Susy is unbroken. Since ψB(x) · ψF(x)
is constant, there exists at most one normalizable state with zero energy.

As example for a superpotential with unbroken supersymmetry we chooseW = λx(x2−a2).
The partner-potentials

VB = λ2x2(x2 − a2)2 − λ(3x2 − a2)

VF = λ2x2(x2 − a2)2 + λ(3x2 − a2) (2.23)

are plotted for λ = a = 1 in the following figure.

x

VF

VB

VB,F

ψB

————————————
A. Wipf, Supersymmetry
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The corresponding partner Hamiltonians have the same positive eigenvalues. There is one
normalizable bosonic state with zero energy,

ψB = const. · exp
(
−λx2

(
1
4λx

2 − 1
3a

2
))
. (2.24)

This wave function is shown in the above figure.

A long time ago, Schrödinger asked the following question [5]: Given a general Hamil-
tonian in position space

H̃B = − d2

dx2
+ V (x). (2.25)

Is there always a first order differential operator A, such that H̃B = A†A? This is the
co-called factorization-problem. Since the ground state energy E0 of H̃B is in general not
zero, in contrast to the ground state energy of A†A, we need to subtract E0 from H̃B for
the factorization to work. Hence we set

HB = H̃B − E0 = A†A (2.26)

Comparing with (2.16) this problem leads to the nonlinear differential equation of Ricat-
ti,

V (x)− E0 = W 2(x)−W ′(x). (2.27)

This equation is solved by the following well-known trick: setting

W (x) = −ψ
′
0(x)

ψ0(x)
= − d

dx
logψ0(x), (2.28)

the Ricatti equation transforms into the linear Schrödinger equation for ψ0,

−ψ′′0 + V ψ0 = E0ψ0. (2.29)

Since the ground state ψ0 has no node, the superpotential W is real and regular, as
required. Of course, the transformation (2.28) is just the relation (2.22) between the su-
perpotential and the ground state wave function in the bosonic sector.

EB EF

NF = 0 NF = 1

A,Q

A†,Q†

The pairing of the non-zero energies and
eigenfunctions in supersymmetric quan-
tum mechanics is depicted in the figure
on the left. The superchargeQmaps bo-
sonic eigenfunctions into fermion ones
and Q† maps fermionic eigenfunctions
into bosonic ones. For potentials with
scattering states there is a correspon-
ding relation between the transmissi-
on and reflection coefficients of HB and
HF. From the scattering data of HB

one can calculate those of its partner-
Hamiltonian HF. The explicit formulas
are given below.

————————————
A. Wipf, Supersymmetry
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2.3 SUSY breaking in SQM

Supersymmetry requires the existence of a fermion for every boson, and vice-versa. If
supersymmetry were unbroken, we would expect the super-partners to have equal mass.
However, in a system with broken Susy, this might not be the case, even if the partner
particles did still exist.

The fact that Susy has not been observed in nature so far does not imply that there are no
practical uses for supersymmetric theories. It could be that every occurring supersymmetry
is a broken one. We still would have a supercharge and super-Hamiltonian obeying the
super algebra. But the symmetry could be spontaneously broken, in which case there is
no invariant vacuum state.

In order for supersymmetry to exist and be unbroken, we require a ground state such that
HB|0〉 = HF|0〉 = 0|0〉. This requires that the ground state is annihilated by the generators
Q and Q† of supersymmetry. Thus we have

Susy unbroken⇐⇒ exist normalizable |0〉 with Q|0〉 = Q†|0〉 = 0.

The Witten Index: Witten defined an index to determine whether Susy was broken in
supersymmetric field theories. This index is

∆ = Tr(−1)NF , (2.30)

where NF is the fermion number. For simplicity we assume that the spectrum of H is
discrete and use the energy eigenfunctions to calculate ∆. Let us first assume that su-
persymmetry is broken, which means, that there is no normalizable zero-energy state.
Then all eigenstates of H have positive energies and come in pairs: one bosonic state with
NF = 0 and one fermionic state with NF = 1 having the same energy. Their contribution
to ∆ cancel. Since all states with positive energy are paired we obtain ∆ = 0.

Now we assume that there are ground states with zero energy, nB bosonic ones and nF
fermionic ones. Their contribution to the Witten index is nB −nF . Since the contribution
of the excited states cancel pairwise we obtain

∆ = nB − nF . (2.31)

This yields a efficient method to determine whether Susy is broken,

∆ 6= 0 =⇒ supersymmetry is unbroken. (2.32)

The converse need not be true. It could be that Susy is unbroken but the number of zero-
energy states in the bosonic and fermionic sectors are equal so that ∆ vanishes. This does
not happen in one-dimensional SQM, so that

∆ 6= 0⇐⇒ supersymmetry is unbroken in SQM. (2.33)

Already in SQM the operator (−)NF is not trace class and its trace must be regulated for
the Witten index to be well defined. A natural definition is

∆ = lim
α↓0

∆(α), ∆(α) = Tr
(
(−1)NFe−αH

)
. (2.34)

————————————
A. Wipf, Supersymmetry
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In SQM with discrete spectrum ∆(α) does not depend on α, since the contribution of all
super partners cancel in (2.34). The contribution of the zero-energy states is still nB −
nF . In field theories the exited states should still cancel in ∆(α) in which case it is α-
independent. Since ∆(α) is constant, is may be evaluated at small α. But for α → 0 one
may use the asymptotic small-α expansion of the heat kernel of exp(−αH) to actually
calculate the Witten index.

2.4 Scattering states

Let us now see, how supersymmetry relates the transmission and refection coefficients
of HB and HF for potentials supporting scattering states [6]. Thus we assume that the
superpotential tends to constant values for large |x|,

lim
x→±∞

W (x) = W±, such that lim
x→±∞

VB(x) = lim
x→±∞

VF(x) = W 2
±. (2.35)

We consider an incoming plane wave from the left. The asymptotic wave function for
scattering from the one-dimensional potential VB is given by

ψB(k, x) −→
{

eikx +RBe−ikx x→ −∞
TBe−ikx x→ +∞,

(2.36)

where RB and TB are the reflection and transmission coefficient in the bosonic sector. The
properly normalized fermionic partner state has the asymptotic forms

ψF(k, x) =
1

ik +W−
AψB(x) −→

{
eikx +RFe−ikx x→ −∞
TFe−ikx x→ +∞

with the following reflection and transmission coefficients,

RF =
W− − ik

W− + ik
RB and TF =

W+ + ik

W− + ik
TB. (2.37)

The scattering data for the supersymmetric partners are not the same but they are related
in this simple way. As example we consider the superpotential

W (x) = a tanh(bx) with W± = ±a,

which gives rise to the two partner potentials

VB(a, b;x) = a

(
a− a+ b

cosh2 bx

)
and VF(a, b;x) = a

(
a− a− b

cosh2 bx

)
(2.38)

Supersymmetry, together with the socalled shape-invariance [7]

VF(a, b;x) = VB(a− b, b;x) + 2ab− b2 (2.39)

————————————
A. Wipf, Supersymmetry
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allows one to find the scattering data for an infinite tower of Pöschl-Teller potentials.
Let us assume, that we know the scattering data RB(a, b) and TB(a, b) for the parameters
a and b. It follows that

RB(a− b, b; k) = RF(a, b; k) = +
a+ ik

a− ik
RB(a, b)

TB(a− b, b; k) = TF(a, b; k) = −a+ ik

a− ik
TB(a, b). (2.40)

The iteration of this relations yields

RB(a, b; k) =
N−1∏
n=0

a− nb− ik

a− nb+ ik
RB(a−Nb, b; k)

TB(a, b; k) = (−)N
N−1∏
n=0

a− nb− ik

a− nb+ ik
TB(a−Nb, b; k) (2.41)

Now we set a = Nb in these relations. Then the coefficients RB and TB on the right
hand sides are 0 and 1 and we read off the following scattering coefficients (after setting
N − n ≡ m)

TB(Nb, b; k) = (−)N
N∏
m=1

mb− ik

mb+ ik
and RB(Nb, b; k) = 0. (2.42)

for the Pöschl-Teller potentials,

VB = b2
(
N2 − N(N + 1)

cosh2 bx

)
, W = Nb tanh(bx). (2.43)

The poles km = −mb of the transmission coefficient yield the energies of the bound states,

Em = k2
m + b2N2 = b2

(
N2 −m2

)
m = 1, . . . , N. (2.44)

Supersymmetry is unbroken, since the ground state has a energy zero.

2.5 Isospectral deformations

Let us assume that VB supports n bound states. By using supersymmetry one can easily
construct an n-parameter family of potentials V (λ1, . . . , λn;x) for which the Hamiltonian
has the same energies and scattering coefficients as H = −4+ VB. The existence of such
families of isospectral potentials has been known for a long time from the inverse scattering
approach [11], but the Gelfand-Levitan approach for constructing them is technically
more involved than the supersymmetry approach described here. Here we show how a
one-parameter isospectral family of potentials is obtained by first deleting and then re-
inserting the ground state of VB using the Darboux-procedure [12]. The generalization
to an n-parameter family is described in [13].

————————————
A. Wipf, Supersymmetry
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Suppose that |ψB〉 is a normalizable zero-energy ground state of the bosonic Hamiltonian
with potential VB = W 2 −W ′. Its explicit form in position space is

ψB(x) = exp

(
−
∫ x

W (x′)dx′
)
. (2.45)

Suppose that the partner potential VF = W 2 + W ′ is kept fixed. A natural question is
whether there are other superpotentials leading to the same potential VF. So let us assume
that there exists a second solution Ŵ = W + φ giving rise to the same potential. This
requirement leads to

0 = (Ŵ 2 + Ŵ ′)− (W 2 +W ′) = φ2 + 2Wφ+ φ′ . (2.46)

The transformation φ = (logF )′ leads to the linear differential equation for F ′

F ′′ + 2WF ′ = 0 (2.47)

with solution

F ′(x) = exp

(
−2

∫ x

W (x′)dx′)
)

= ψ2
B(x). (2.48)

The integration constant is just the lower bound of the integral in the exponent or equi-
valently the norm of the bosonic ground state. A further integration yields F and hence
φ = (logF )′ and introduces another integration constant λ which is identified with the
deformation parameter,

φ(x) =
d

dx
log (I(x) + λ), I(x) =

x∫
−∞

ψ2
B(x′)dx′ (2.49)

In this formula for φ we could change the lower integration bound or multiply I with any
non-vanishing constant. This is equivalent to a redefinition of the constant λ.

By construction W and Ŵ = W + φ lead to the same VF. But the corresponding partner
potentials are different,

Ŵ 2 − Ŵ ′ = W 2 −W ′ + φ2 + 2Wφ− φ′ (2.46)
= VB − 2φ′ = VB + 2φ2 + 4Wφ. (2.50)

Thus the bosonic Hamilton operators with superpotentials W and W +φ are unequal. But
since they have the same partner Hamiltonian HF they must have the same spectrum,
up to possible zero modes. This then proves that the one-parameter family of Hamilton
operators

HB(λ) = − d2

dx2
+ VB(λ;x), VB(λ;x) = VB(x)− 2

d2

dx2
log (I(x) + λ) (2.51)

all have the same spectrum, up to possible zero modes. The deformation depends via I(x)
in (2.49) on the ground state wave function of the undeformed operator HB.

————————————
A. Wipf, Supersymmetry
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Deformation of the harmonic oscillator: Let us see how the deformation looks like
for the simple harmonic oscillator with ground state wave function ψB(x) ∝ exp(−ωx2/2).
We obtain

φ(λ, x) = 2

√
ω

π

e−ωx
2

erf(
√
ω x) + λ

, where erf(y) =
2√
π

∫ y

0
e−t

2
dt (2.52)

is the error function, and this leads to the deformation

VB(λ;x) = ω2x2 − ω + 4ωxφ(λ, x) + 2φ2(λ, x) = VB(−λ;−x). (2.53)

x

VB(λ, x)λ = ∞
λ = 1.5

λ = 1.1

1 2

2

3

In the figure on the left we ha-
ve plotted the potential of the
harmonic oscillator and the two
deformed potentials for λ = 1.5
and λ = 1.1. We have set ω =
1. For the deformed potential
to be regular we must assume
|λ| > 1. For λ→ ±∞ the poten-
tial tends to the potential of the
harmonic oscillator. For |λ| ↓ 1
the deviation from the oscilla-
tor potential become significant
near the origin.

Deformation of reflectionless Pöschl-Teller potentials: We deform the Potential

VB = b2
(
1− 2 cosh−2 bx

)
, (2.54)

that is the Pöschl-Teller potential (2.43) with one bound state. The ground state

ψB(x) =
b

cosh bx
(2.55)

has zero energy. Since
∫
ψ2

B = b tan bx we obtain

φ(x) =
b2

cosh2 bx

1

b tanh bx+ λ
(2.56)

This leads to the deformation

VB(λ, x) = b2
(
1− 2 cosh−2 bx

)
+ 4b tanh(bx)φ(x) + 2φ2(x) = VB(−λ,−x). (2.57)

————————————
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x

VB(λ, x)

λ=∞λ=1.5λ=1.1

1 2

.5

In the figure on the left
we have plotted the refection-
less Pöschl-Teller potential
with one bound state and two
isospectral potentials for λ =
1.5 and 1.1. We have set b =
1. For the deformed potential
to be regular we must assume
|λ| > 1. For λ → ±∞ the po-
tential tends to the Pöschl-
Teller potential. For λ ↓ 1 the
minimum of the potential tends
to −∞ and for λ ↑ −1 to ∞.

The potential VB maybe viewed as soliton with center at the minimum. For λ = 1 the
soliton is at x = −∞ and moves to the origin for λ → ∞. For λ = −1 the soliton is
centered at ∞ and moves with decreasing λ to the left. For λ = −∞ it reaches the origin.
Actually one show that after a change of variables, λ = λ(t), the function VB(t, x) solves
the Korteweg-deVries equation.

2.6 SQM in higher dimensions

Supersymmetric quantum mechanical systems also exist in higher dimensions. The con-
struction is based on the following rewriting of the supercharge (2.12):

Q = ψA and Q† = ψ†A† (2.58)

containing the fermionic operators

ψ =

(
0 0
1 0

)
, ψ† =

(
0 1
0 0

)
with {ψ,ψ} = {ψ†, ψ†} = 0, {ψ,ψ†} = 1 (2.59)

and the operators A,A† in (2.15). The super-Hamiltonian (2.13) takes the form

H = p2 +W 2 +W ′[ψ,ψ†]. (2.60)

In [8] this construction has been generalized to higher dimensions. In d dimensions one

has d fermionic annihilation operators ψi and d creation operators ψ†i ,

{ψi, ψj} = {ψ†i , ψ
†
j} = 0 and {ψi, ψ†j} = δij , i = 1, . . . , d. (2.61)

For the supercharge we make the ansatz Q =
∑

i ψi(∂i + Wi). It is nilpotent if ∂iWj −
∂jWi = 0. Locally this is equivalent to the existence of a potential χ with Wi = ∂iχ. Thus
we are lead to the following nilpotent supercharge and its adjoint,

Q = ψi (∂i + ∂iχ) and Q† = ψ†i (−∂i + ∂iχ) . (2.62)

————————————
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The super Hamiltonian takes the simple form

H = {Q,Q†} = −4+ (∇χ,∇χ) + [ψi, ψ
†
j ] ∂i∂jχ (2.63)

and generalizes the operator (2.60) to higher dimensions. It commutes with the number
operator

NF =
∑
i

ψ†iψi =⇒ [NF, ψi] = −ψi, [NF, ψ
†
i ] = ψ†i . (2.64)

The most direct way to find a representation for the fermionic operators makes use of the
Fock construction over a ’vacuum’-state |0〉 which is annihilated by all ψi,

ψi|0〉 = 0, i = 1, . . . , d. (2.65)

Acting with the ψ†i on |0〉 yields states with NF = 1, 2, . . .. When counting these states we

should take into account, that the ψ†i anticommute such that

|ij . . .〉 = ψ†iψ
†
j · · · |0〉 (2.66)

is antisymmetric in i, j, . . .. The states, the eigenvalues of NF together with their degene-
racies are listed in the following table:

states: |0〉 |i〉 |i, j〉 · · · |1, 2, . . . , d〉
NF 0 1 2 . . . d

# of states
(
d
0

)
= 1

(
d
1

)
= d

(
d
2

)
· · ·

(
d
d

)
= 1

Since there are

d∑
p=0

(
d

p

)
= 2d

independent states we obtain a 2d-dimensional representation of the fermionic algebra
(2.61). For example, for one-dimensional systems and the orthonormal basis

e1 = |0〉 and e2 = ψ†|0〉

the annihilation operator reads

ψ =

(
0 1
0 0

)
. (2.67)

In 2 dimensions ψ1 and ψ2 are 4-dimensional matrices. For the orthonormal basis

{|0〉, |1〉, |2〉, |12〉}

————————————
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they take the form

ψ1 =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 and ψ2 =


0 0 1 0
0 0 0 −1
0 0 0 0
0 0 0 0

 . (2.68)

With the help of (2.61) and (2.65) one may calculate the matrix elements of ψi between
any two Fock states (2.66) in arbitrary dimensions.

Taking into account the x-dependency of the states, the Hilbert space of SQM in d
dimensions is

H = L2(Rd)⊗ C2d (2.69)

and decomposes into sectors with different fermion numbers,

H = H0 ⊕H1 ⊕ . . .⊕Hd with NF|Hp = p1. (2.70)

An arbitrary element in H has the expansion

|ψ〉 = f(x)|0〉+ fi(x)|i〉+
1

2
fij |ij〉+

1

3!
fijk|ijk〉+ . . . . (2.71)

The supercharge and its adjoint in (2.62) decrease and increase the fermion number by
one,

[NF, Q] = −Q and [NF, Q
†] = Q†. (2.72)

Since the super-Hamiltonian commutes with NF it has block-diagonal form in the basis
adapted to the decomposition (2.70) of the Hilbert space,

NF =


0H0

1H1

2H2

. . .

dHd

 , H =


H0

H1

H2
. . .

Hd

 (2.73)

SQM in higher dimensions with a nilpotent supercharge defines a complex of the following
structure:

H0

Q†

Q
H1

Q†

Q
H2

Q†

Q

b b b b
Q†

Q
Hd−1

Q†

Q
Hd (Q2 = 0)

It is very similar to the de Rham complex for differential forms. The nilpotent charge
Q† is the analog of the exterior differential d and Q of the co-differential δ. The super
HamiltonianH = {Q,Q†} corresponds to the Laplace-Beltrami operator−4 = dδ+δd.
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2.7 The supersymmetric hydrogen atom

For the simple function χ = −λr we obtain the following super-Hamiltonian

H = −4+ λ2 − (d− 1)
λ

r
+

2λ

r
NF − 2λ

(x, ψ†)(x, ψ)

r3

= −4+ λ2 + (d− 1)
λ

r
− 2λ

r
ÑF + 2λ

(x, ψ)(x, ψ†)
r3

, (2.74)

where we have introduced the operators

(x, ψ†) =
∑
i

xiψ
†
i , (x, ψ) =

∑
i

xiψi and ÑF =
∑
i

ψiψ
†
i . (2.75)

Since all states in H0 are annihilated by the ψi and all states in Hd by the ψ†i we find the
following Hamilton operators in these subspaces,

H0 = −4+ λ2 − (d− 1)
λ

r

Hd = −4+ λ2 + (d− 1)
λ

r
. (2.76)

Hence, the Schrödinger operators for both the electron-proton and positron-proton systems
are part of the super-Hamiltonian H. In [9] a detailed analysis of the supersymmetric
hydrogen atom has been given. In this paper it is shown that the conserved Runge-Lenz
vector of the Coulomb-problem can be supersymmetrized. Together with the angular
momentum vector it generates an SO(4) symmetry. This large dynamical symmetry group
allows for a purely algebraic solution of the supersymmetric hydrogen atom, very similar
to the algebraic solution of the ordinary hydrogen atom by W. Pauli [10].
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Kapitel 3

Poincaré groups and algebras

A cornerstone of modern physics is that the fundamental laws are the same in all inertial
frames. The transition between two inertial frames is given by a Poincaré transformation,
depending on the relative spacetime displacement of the two systems, their relative velocity
and orientation. In 4 spacetime dimensions it depends on 4+3+3 = 10 real parameters. The
set of all transformations form a non-compact Lie group – the Poincaré group containing
the Lorentz group as subgroup.

In these lectures we shall consider supersymmetric field theories in various dimensions.
There are good reasons for doing that. For example, superstring theories can consistently
be formulated in 10 spacetime dimensions only. Our ’real world’ emerges after a dimen-
sional reduction. Or one may easily construct theories with extended supersymmetry by a
dimensional reduction of theories with simple supersymmetry.

In these lectures M denotes the d-dimensional Minkowski spacetime with metric coeffi-
cients ηµν = diag(1,−1, . . . ,−1). Points in M are events characterized by their coordinates
with respect to some inertial system,

x = (xµ), µ = 0, . . . , d− 1. (3.1)

The bilinear scalar product between two tangential vectors is

(ξ, η) =
∑
µν

ηµνξ
µην ≡ ξµηµ.

Poincaré transformations are linear transformations

xµ −→ x̃µ = Λµνx
ν + aµ or x̃ = Λx+ a, dx̃ = Λdx

with ds2 = (dx,dx) = (dx̃, dx̃). They form the Poincaré group,

iL =
{

(Λ, a)| a ∈ Rd,Λ ∈ L(Rd),ΛT ηΛ = η
}
, (3.2)

also called inhomogeneous Lorentz group, with group multiplication

(Λ2, a2)(Λ1, a1) = (Λ2Λ1,Λ2a1 + a2). (3.3)

23
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The unit element is (1, 0) and the inverse of (Λ, a) reads

(Λ, a)−1 = (Λ−1,−Λ−1a). (3.4)

The Poincaré group has dimension

1
2d(d− 1) + d = 1

2d(d+ 1),

which is just the number of independent generators. For example, in 4 dimensions the
Poincaré group has 10 generators and in 5 dimensions it has 15. 10 is also the number of
generators of the anti-deSitter (AdS) group in 4 dimensions and of the conformal group
in 3 dimensions. More generally, the AdS group in d dimensions is isomorphic to the
conformal group in d − 1 dimensions. This equivalence is at the heart of the so-called
AdS-CFT-correspondence.

Note, that iL is the semi-direct product of space-time translations and Lorentz transfor-
mations. The normal subgroup of translations is Abelian and the subgroup of Lorentz
transformations

L =
{

Λ ∈ L(Rd)|ΛT ηΛ = η
}

(3.5)

form the (non-compact) simple Lie group O(1, d− 1). From (3.5) it follows at once, that

det Λ = ±1.

The transformations Λ with determinant one form the subgroup SO(1, d − 1) of proper
Lorentz transformations. Every Λ maps the forward light cone

V+ = {ξ0 > 0, (ξ, ξ) > 0}

into itself or into the past light cone V−. In the second case the time direction is reversed.

b

b

forward-

light 
one

V+
x0

x1

x3

The Lorentz groups are not (simply) connected, e.g.

π1(SOe(1, 2)) = Z , π0(O(1, 3)) = Z2 × Z2

π0(SOe(1, 3)) = Z2 , π1(SOe(1, 3)) = Z2.
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3.1 Poincaré Algebras

The Lorentz group in d dimensions is generated by d(d− 1)/2 elements Mµν = −Mνµ,

(Λ, 0) = exp
(
i
2ω

µνMµν

)
= exp

(
i
2(ω,M)

)
= 1 + i

2(ω,M) +O(ω2). (3.6)

In the defining representation each Mµν is a d-dimensional imaginary matrix. The condi-
tion (3.5) on the Lorentz transformation implies

(ω,M)T η + η(ω,M) = 0⇐⇒ (ω,M)ρσ = −(ω,M)σρ

for all ω. Hence each Mµν must be antisymmetric if both its indexes ρ and ρ are lower
ones:

(Mµν)ρσ = −(Mµν)σρ. (3.7)

There are 1
2d(d − 1) independent antisymmetric matrices and as independent ones we

choose

(Mµν)ρσ = −(Mνµ)ρσ = −i(ηµρηνσ − ηνρηµσ) =⇒ i
2(ω,M)ρσ = ωρσ. (3.8)

These generators fulfill the commutation relations

[Mµν ,Mρσ]λξ = (Mµν)λτ (Mρσ)τξ − (Mρσ)λτ (Mµν)τξ

= i(ηµρMνσ + ηνσMµρ − ηµσMνρ − ηνρMµσ)λξ.

It is the relativistic generalisation of the well-known angular momentum algebra and is
generated by the infinitesimal rotations Mij and boosts M0i.

The subgroup of spacetime translations

(1, a) = exp (iaµPµ) = exp (i(a, P )) = 1 + i(a, P ) +O(a2) (3.9)

form a normal Abelian subgroup of the Poincaré group with commuting generators

[Pµ, Pν ] = 0, µ, ν = 0, . . . , d− 1.

The commutation relations of infinitesimal Lorentz transformations and translations follow
from

(Λ, 0)(1, a)(Λ, 0)−1 = (1,Λa)

after inserting the infinitesimal transformations (3.6,3.9). The term linear in ω and in a
reads

[(ω,M), (a, P )] = ωµν(Mµνa, P ).

This holds true for any a, ω and with (3.8) we conclude

[Mµν , Pρ] = (Mµν)σρPσ = i(ηµρPν − ηνρPµ).

————————————
A. Wipf, Supersymmetry
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To summarize, the important Poincaré algebra is given by

[Mµν ,Mρσ] = i(ηµρMνσ + ηνσMµρ − ηµσMνρ − ηνρMµσ)

[Mµν , Pρ] = i(ηµρPν − ηνρPµ) (3.10)

[Pµ, Pν ] = 0

One of the main task will be to extend this Lie algebra to supersymmetric algebras con-
taining commutators and anti-commutators. Now we turn to the particular and most
important cases.

3.2 Lorentz-algebras in low dimensions

In the following we study the Lorentz algebras and groups in two, three and four spacetime
dimensions in more detail. Particular emphasis is put on the four-dimensional case.

3.2.1 Two dimensions

In this simple case the Lorentz group is Abelian and has one independent generator

(M01) =

(
0 i
i 0

)
= iσ1. (3.11)

Thus a proper Lorentz transformation has the form

Λ = exp
(
i
2ω

µνMµν

)
= exp (−ασ1) =

(
coshα − sinhα
− sinhα coshα

)
, where α = ω01. (3.12)

Since every irreducible representation of an Abelian groups is 1-dimensional, this repre-
sentation should decompose into two irreducible part. Indeed, introducing the light-cone
components

ξ+ = ξ0 + ξ1 and ξ− = ξ0 − ξ1 (3.13)

of a vector ξ we obtain the simple transformation law,

ξ+ −→ e−αξ+ , ξ− −→ eαξ−. (3.14)

These components transform according to different 1-dimensional irreducible representa-
tions of the 2-dimensional proper Lorentz group SO(1, 1). An important point which is
worth making at this stage is that this finite dimensional representation is non-unitary,
since the generator M01 is not hermitian. It is generally true that any finite-dimensional
representation of a non-compact (semi-simple) Lie group is non-unitary.

————————————
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3.2.2 Three dimensions

In 3 spacetime dimensions the Lorentz group in non-Abelian and has 3 independent gene-
rators,

(Mµν) =

 0 K1 K2

−K1 0 J
−K2 −J 0

 . (3.15)

K1 and K2 generate boosts in the two spatial directions and J generates rotations in
2-dimensional space. The Lorentz algebra takes the form

[K1,K2] = iJ , [J,K1] = −iK2 and [J,K2] = iK1. (3.16)

The explicit representation (3.8) leads to the following form for these generators,

K1 =

 0 i 0
i 0 0
0 0 0

 , K2 =

 0 0 i
0 0 0
i 0 0

 , J =

 0 0 0
0 0 i
0 −i 0

 . (3.17)

In order to find the Lorentz transformations in (3.6) we need to exponentiate

i
2(ω,M) = ω =

 0 ω0
1 ω0

2

ω0
1 0 ω1

2

ω0
2 −ω1

2 0

 ≡
 0 α1 α2

α1 0 θ
α2 −θ 0

 . (3.18)

Since ω3 is proportional to ω we obtain the following form for the Lorentz transformations

Λ(α, θ) = eω = 1 +
ω

κ
sinhκ+

ω2

κ2
(coshκ− 1) , κ2 = α2 − θ2. (3.19)

As expected, for vanishing α they reduce to rotations in SO(2) ⊂ SO(1, 2) in space,

Λ(0 , θ) =

 1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 .

On the other hand, for vanishing θ and α2 we obtain a boost in x1-direction,

Λ(α1, 0, 0) =

 γ βγ 0
βγ γ 0
0 0 1

 , γ = coshα1 =
1√

1− β2
, β =

v

c
. (3.20)

In passing we note, that the the complexified Lorentz algebra is just A2. To see that we
set

K1 = iL1, K2 = −iL2 and J = L2,

and observe, that the hermitian operators Li fulfill the well-known commutation relations
of the angular momentum operators,

[Li, Lj ] = iεijkLk. (3.21)

————————————
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3. Poincaré groups and algebras 3.2. Lorentz-algebras in low dimensions 28

It follows that the finite dimensional (and hence non-unitary) representations of the Lor-
entz group SO(1, 2) are classified by an integer number which corresponds to the total
angular momentum in quantum mechanics. If this number is half-integer, we would obtain
a representation of the spin-group which is the double-cover of the Lorentz group. We re-
frain from further study these representations and instead turn to 4 spacetime dimensions.

3.2.3 Four dimensions

In this physically most relevant case there are 6 independent Lorentz generators Mµν . We
denote the infinitesimal boosts by Ki and the infinitesimal rotations by Ji such that

(Mµν) =


0 K1 K2 K3

−K1 0 −J3 J2

−K2 J3 0 −J1

−K3 −J2 J1 0

 . (3.22)

The explicit form of the antihermitean boost generators is

K1 =


0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

 K2 =


0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0

 K3 =


0 0 0 i
0 0 0 0
0 0 0 0
i 0 0 0

 (3.23)

and that of the infinitesimal hermitian rotations

J1 =


0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0

 J2 =


0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

 J3 =


0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

 . (3.24)

These generators fulfill the commutation relations

[Ji, Jj ] = iεijkJk, [Ki,Kj ] = −iεijkJk and [Ji,Kj ] = [Ki, Jj ] = iεijkKk. (3.25)

In a next step we introduce the following generators of the complexified Lorentz algebra,

Si = 1
2(Ji + iKi) and Ai = 1

2(Ji − iKi). (3.26)

They obey the simple commutation relations of the A1 ×A1 Lie algebra

[Si, Sj ] = iεijkSk, [Ai, Aj ] = iεijkAk and [Si, Aj ] = 0. (3.27)

We conclude, that

so(4,C) ∼ sl(2,C)× sl(2,C),

so that every irreducible representation of so(1, 3) is uniquely determined by (n,m), where
the half-integers n and m characterize the sl(2,C) representations.

————————————
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3. Poincaré groups and algebras 3.2. Lorentz-algebras in low dimensions 29

Note that the two sl(2,C) subalgebras are not independent. They can be interchanged by
the parity operation. Parity acts on the rotation - and boost - generators as follows:

Ji → Ji and Ki → −Ki, (3.28)

and this shows that parity transforms Si into Ai and Ai into Si. If the generators Ji and Ki

are represented by hermitian operators, then parity operation is equivalent to hermitian
conjugation. As examples we consider the smallest representations:

• (0, 0): this trivial one-dimensional scalar representation has total spin zero.

• (1
2 , 0): this two-dimensional spinor representation is called the left-handed represen-

tation. left-handed spinors transform trivial under one subgroup sl(2) and according
to the spin 1

2 -representation with respect to the other subgroup sl(2).

• (0, 1
2): this two-dimensional spinor representation is called the right-handed repre-

sentation and spinors transforming according to this representation are called right
handed.

• Since parity exchanges Si and Ai, the handed spinors have no fixed parity: parity
transforms the representation (1

2 , 0) into (0, 1
2) and vice-versa. To obtain a represen-

tation such that parity acts as a linear transformation, one needs to combine the
two spinor representation to

(1
2 , 0)⊕ (0, 1

2) (3.29)

which yields the Dirac spinor representation.

• Any representation can be generated from the left- and right-handed spinor represen-
tations. For example, the tensor product of the right- and left-handed representations
is

(1
2 , 0)⊗ (0, 1

2) = (1
2 ,

1
2) (3.30)

and yields the 4-dimensional vector-representation, giving the transformations of a
4-vector. Also,

(1
2 , 0)⊗ (1

2 , 0) = (0, 0)⊕ (1, 0) (3.31)

and yields the scalar and spin-one representation, the second given by self-dual an-
tisymmetric second rank tensors.

• More generally, for tensors of rank two we find

Tµν ∈ (1
2 ,

1
2)⊗ (1

2 ,
1
2) = (1

2 , 0)⊗ (0, 1
2)⊗ (0, 1

2)⊗ (1
2 , 0)

= [(1, 0)⊕ (0, 0)]⊗ [(0, 1)⊕ (0, 0)]

= (1, 1)⊕ (1, 0)⊕ (0, 1)⊕ (0, 0).
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Every second rank tensor contains a scalar part (0, 0), a spin-1 part (1, 0) ⊕ (0, 1)
and a spin-2 part (1, 1). This decomposition corresponds to

Tµν = aηµν +Aµν + Sµν with a = 1
4T

ρ
ρ, Aµν = −Aνµ, Sµν = Sνµ, Sρρ = 0.

The antisymmetric part can be further decomposed into its selfdual and anti-selfdual
pieces.

3.3 Representations of 4d Poincaré algebra

There are two cases to be distinguished:

1. There are massive particles. Then the symmetry consists of spacetime translations,
Lorentz transformations and internal symmetries commuting with the spacetime
symmetries.

2. There are only massless particles. Then there is the extra possibility of having con-
formal symmetry.

First we find two Casimir operators of the Poincaré algebra. It is not difficult to prove

Lemma 1 P 2 = PµP
µ is a Casimir operator for the Poincaré algebra.

Proof: Clearly, [P 2, Pµ] = 0. Using the Leibniz rule and Poincaré algebra (3.10) one has

[P 2,Mρσ] = Pµ[Pµ,Mρσ] + [Pµ,Mρσ]Pµ = 0

and this proves the lemma. The last equation just states that for any 4-vector V µ the
object V 2 = V µVµ is a Lorentz scalar.

The second Casimir-operator can be constructed from the Pauli-Ljubanski polarization
vector, defined by

Wµ = 1
2εµνρσP

νMρσ, ε0123 = 1. (3.32)

This 4-vector is orthogonal to the 4-momentum,

WµP
µ = 0. (3.33)

In the 1 + 3 split this vector takes the form

W0 = −P iJi, Wi = P 0Ji − εijkP jKk. (3.34)

For a particle at rest P = (m, 0) and W = (0,mJ ). Now we shall prove the

Lemma 2 W 2 = WµW
µ is a Casimir operator for the Poincaré algebra.
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Proof: Since

[Wµ, Pξ] = 1
2εµνρσP

ν [Mρσ, Pξ] = iεµνρξP
νP ρ = 0 (3.35)

holds true, W 2 commutes with the 4-momentum Pσ. Since Wµ is a 4-vector, its square
W 2 is a Lorentz scalar and hence commutes with the infinitesimal Lorentz transformations
Mµν . This then proves the lemma.

We conclude that P 2 and W 2 are Casimir operators of the Poincaré algebra. Since the
Lorentz algebra has rank 2 these are all Casimir operators. Thus we have constructed
a maximal set of operators commuting with translations and Lorentz transformations1.
Hence all physical states (fields, particles) in a quantum field theory may be classified by
the eigenvalues of these two Casimir operators.

The infinitesimal Lorentz transformations consists of two parts, namely the external orbital
and the internal spin part2:

Mµν = Lµν + Σµν , Lµν = −xµPν + xνPµ, [Pµ, x
ν ] = iδ νµ . (3.36)

Since the cyclic sum of P νLρσ vanishes, the Pauli-Ljubanski vector simplifies to

Wµ = 1
2εµνρσP

νΣρσ. (3.37)

3.3.1 Massive particles

A massive particle has a non-vanishing rest mass m,

P 2 = m2 > 0 (3.38)

and we may transform to its rest frame, in which

Pµ = (m,0 ). (3.39)

In this frame we have

W0 = 0 and Wi = −m
2
εijkΣ

jk = mSi,

where the operators

Si = −1
2εijkΣ

jk, [Si, Sj ] = iεijkSk (3.40)

generate the spin rotations. Hence Wµ is the relativistic generalization of the spin. Since

W 2 = −W 2 = −m2S2,

we see that the massive representations are labeled by the mass m and the spin s:

P 2 = m2 and W 2 = −m2s(s+ 1), s = 0, 1
2 , 1, . . . . (3.41)

The representations are characterized by the mass and spin of the particle. Massive partic-
les fall into (2s+1)-dimensional irreducible multiplets the states of which are distinguished
by the third component of the spin and the continuous eigenvalues of P . Examples of mas-
sive states are the electron with spin 1

2 and the pion with spin 0.

1and which are in the enveloping algebra of then Poincaré algebra
2See section (4.2).
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3.3.2 Massless particles

A massless particle has a vanishing rest mass, P 2 = 0, and there is no system in which it
is at rest. But we can always transform into a inertial frame in which

Pµ = (P0, 0, 0, P3) with P 2
0 − P 2

3 = 0 (3.42)

holds true. Since PµW
µ = 0 we conclude that in this system

Wµ = (λP0,W1,W2, λP3), such that W 2 = −W 2
1 −W 2

2 ≤ 0.

For W 2 = 0 the 4-momentum and Pauli-Ljubanski vector become linearly dependent,

Wµ = λPµ.

This tensor identity holds in any inertial system. The factor λ is a Lorentz scalar and must
commute with all generators of the Poincaré group,

[λ, Pµ] = [λ,Mµν ] = 0. (3.43)

Thus λ is a Casimir operator in the massless case. Since W0 = −P iJi we conclude, that

λ
P · J
P0

(3.44)

which is the helicity of the massless particle. It must be half-integer3. Examples of particles
falling into this category are the photon with helicities ±1 and a massless neutrino with
helicities ±1

2 .

The remaining case P 2 = 0 and W 2 < 0 describes a particle with zero rest mass and an
infinite number of polarization states. These representations do not seem to be realized in
nature.

3.4 Appendix: Anti-de Sitter algebra

In d-dimensional Minkowski spacetime the symmetry group has 1
2d(d + 1) generators.

There are only two other spaces with the same maximal number of symmetries, namely
the deSitter and anti-deSitter spaces. An Anti-deSitter space is a consistent backgrounds
for N = 1 supergravity models. They play a prominent role in recent duality conjectures
and hence it maybe useful to introduce these maximally symmetric spaces. The main
reference on AdS spaces is the book of Hawking and Ellis [14].

The Anti-deSitter space maybe embedded as hyperboloid in a d+1-dimensional flat space
with two time-like directions. The Cartesian coordinates of the embedding space Rd+1 are
denoted by ξm and the line element reads

ds2 = η̃mndξ
mdξn, η̃mn = (+,−, . . . ,−,+). (3.45)

3See S. Weinberg, The Quantum Theory of Fields, I, p.90
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The d-dimensional AdSd-submanifold is defined by the SO(2, d− 1)-invariant condition

η̃mnξ
mξn = R2. (3.46)

Note that every point is invariant under rotations around the vector pointing from the
origin to this point. Hence the little group of every point is SO(1, d− 1) and we conclude

AdSd ∼
SO(2, d− 1)

SO(1, d− 1)
. (3.47)

Next we choose local coordinates (xµ) = (yα, z) on AdSd, where α is less or equal to d−2,

ξα =
Ryα

z
, ξd−1 =

R2 + yαyα − z2

2z
and ξd =

R2 − yαyα + z2

2z
, (3.48)

where the α, β-indexes are lowered with the Minkowski metric ηαβ = diag(+1,−1, . . . ,−1)
in d− 1 dimensions. The induced metric reads

ds2 = η̃mndξmdξn =
R2

z2
(dyαdyα − dz2) ≡ gµνdxµdxν (3.49)

and has signature (1, d− 1). Note that it is conformally flat,

gµν = e2σηµν , eσ =
R

z
(3.50)

such that the Christoffel-symbols have the form

Γρµν =
(
δρµσ,ν +δρνσ,µ−ηµνσ,ρ

)
. (3.51)

From these one can read off the Ricci tensor and Ricci scalar,

Rµν = (2− d)
(
σ;µν − σ,µ σ,ν +ηµν(∇σ)2

)
− ηµν4σ

R = −(d− 1)e−2σ
(
24σ + (d− 2)(∇σ)2

)
. (3.52)

In particular for the AdS-metric the Ricci tensor is proportional to the metric and the
Ricci scalar is constant,

Rµν =
d− 1

R2
gµν and R =

d(d− 1)

R2
. (3.53)

as one might expect for a hyperboloid. For such Ricci flat space-times the Einstein
tensor is proportional to the metric as well,

Gµν = Rµν − 1
2gµνR = −(d− 1)(d− 2)

2R2
gµν ,

such that AdS is as solution of Einstein’ vacuum-equation with negative cosmological
constant

Gµν = Λgµν , Λ = −(d− 1)(d− 2)

2R2
. (3.54)
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By construction AdSd has isometry group SO(2, d− 1) and this group acts linearly in the
embedding space with coordinates ξm. They transform under infinitesimal transformation
as follows,

δξm = ωmnξ
n. (3.55)

Since (ωmn) is antisymmetric this can be written as

δξα = ωαβξ
β + aαξd−1 + bβξd

δξd−1 = aαξ
α + ω ξd (3.56)

δξd = −bαξα + ω ξd−1

For the local coordinates in (3.48) this reads

δyα = ωαβy
β +

1

2R
δα
(
yβyβ − z2

)
− 1

R
yαδβy

β − ωyα +Rσα,

δz = − 1

R
δβy

β z − ωz, with δα = (a− b)α, σα = 1
2(a+ b)α (3.57)

This transformations are infinitesimal symmetry transformations generated Killing-vectorfields.
To each parameter ωmn there is one vector field. Their explicit form reads

X(ω) = − (z∂z + yα∂α)

X(δα) = 1
RyαX(ω) + 1

2R

(
yβyβ − z2

)
∂α

X(σα) = R∂α (3.58)

X(ωαβ) = ηβγ (yγ∂α − yα∂γ)

They form a nonlinear realization of the so(2, d−1) symmetry algebra on the Anti-deSitter
spacetime, as expected. In particular, the last set of vector fields generate an SO(1, d− 2)
subgroup. We leave the proof as an exercise.

Suppose that you only know the metric (3.49). To find the symmetries of space-time, you
should solve the Killing-equation

(LXg)µν = Xρgµν,ρ + gρνX
ρ
,µ + gµρX

ρ
,ν = 0. (3.59)

One can prove, that the above vector fields are the only solutions of these equations.

In passing we note that Anti-deSitter spaces are not globally hyperbolic, and hence possess
no Cauchy-hypersurface. The corresponding problems for (quantum)field theories on AdS-
spaces have been discussed by Avis et.al [15]. In passing we note, that AdSd spaces possess
a boundary which maybe identified with the d − 1-dimensional Minkowski spacetime.
The isometry group SO(d, 2) maps points on the boundary into points on the boundary.
Its restriction to the boundary of AdSd is isomorphic to the conformal group of d − 1-
dimensional Minkowski spacetime.
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Kapitel 4

Spinors

In this chapter we study Clifford algebras, spinors and spin transformation in d dimensions.
Most of the time we shall assume the metric to have Lorentzian signature,

(ηµν) = diag(1,−1, . . . ,−1). (4.1)

Sometimes we consider spaces with Euclidean metrics, ηµν = δµν .

4.1 Gamma matrices in d dimensions

The Clifford algebra is the free algebra generated by the d elements γ0, . . . , γd−1, modulo
the quadratic relation

γµγν + γνγµ ≡ {γµ, γν} = 2ηµν . (4.2)

We give explicit representations of these algebras for spaces with Lorentzian signature in
terms of the Pauli-matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
and σ3 =

(
1 0
0 −1

)
. (4.3)

The relevant properties of these hermitian matrices are

σiσj = δijσ0 + iεijkσk, where σ0 = 12.

We claim, that the following matrices furnish a representation,

γ0 = σ1 ⊗ σ0 ⊗ σ0 ⊗ . . . γ2 = iσ3 ⊗ σ1 ⊗ σ0 ⊗ . . . γ4 = iσ3 ⊗ σ3 ⊗ σ1 ⊗ . . .
γ1 =iσ2 ⊗ σ0 ⊗ σ0 ⊗ . . . γ3 = iσ3 ⊗ σ2 ⊗ σ0 ⊗ . . . . . . . (4.4)

To prove this assertion one uses

{A1 ⊗ . . .⊗Ap, B1 ⊗ . . .⊗Bp} = A1B1 ⊗ . . .⊗ApBp +B1A1 ⊗ . . .⊗BpAp
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and that if [Ai, Bi] = 0 for all i but i = q, then

{A1 ⊗ . . .⊗Ap, B1 ⊗ . . .⊗Bp} = A1B1 ⊗ . . .⊗ {Aq, Bq} ⊗ . . .⊗ApBp. (4.5)

For even dimensions this yields a 2d/2-dimensional representation of the Clifford algebra.
For odd dimensions we may choose the representation in d−1 dimensions, supplemented by
the matrix γd−1 = iσ3⊗· · ·⊗σ3 (d/2−1 factors). This way we obtain explicit representations
in all spacetime dimensions d and

γµ ∈ GL(2[d/2],C), (4.6)

where [a] is the biggest integer less or equal to a. We have the following hermiticity property
of the γ-matrices,

γ†0 = γ0 and γ†i = −γi. (4.7)

The above representation is not unique. Equivalent representations preserving (4.2) are

γ′µ = UγµU
−1 . (4.8)

To preserve (4.7) the transformation U should be unitary. It is clear, that ±γµ can also
be used as representations for the Clifford algebra. For even dimensions these are unita-
ry equivalent to the original one. In odd dimensions one finds two unitary inequivalent
representations. For example,

γ0 = σ1, γ1 = iσ2 and γ2 = ±iσ3

are two inequivalent representation of the Clifford algebra in 3 dimensions.

For applications the following observations are relevant:

• In even dimensions a complete set of 2d/2 × 2d/2 matrices is provided by the anti-
symmetrized products of n gamma-matrices, where n = 0, 1, . . . , d:

γµ1...µn ≡ γ[µ1γµ2 . . . γµn]

(
d
n

)
matrices for n = 0, 1, . . . , d. (4.9)

The exist one matrix with n = d and it is proportional to

γ∗ = i1+d/2γ0 . . . γd−1 with γ∗γ∗ = 1. (4.10)

In the representation (4.4) it is just the d/2-fold tensor product σ3 ⊗ σ3 ⊗ · · · ⊗ σ3.
In addition, we have

γµ1...µn = i1+d/2 1

(d− n)!
εµ1...µd γ∗γ

µd...µn+1 . (4.11)

Note that in even dimensions γ∗ anti-commutes with all γµ and thus can be viewed
as γd in d+ 1 dimensions.

• In odd dimensions the product of all γ-matrices is a multiple of the identity. As basis
for the 2(d−1)/2-dimensional matrices we can choose the antisymmetrized products
γµ1...µn with n = 0, 1, . . . , (d− 1)/2.

————————————
A. Wipf, Supersymmetry



4. Spinors 4.2. Spin transformations 37

4.2 Spin transformations

In this section we study the transformation of spinors under Spin-transformations. For
that aim we introduce the d(d− 1)/2 matrices

Σµν =
1

2i
γµν . (4.12)

They possess the following commutators with the γ-matrices and themselves:

[Σµν , γρ] = i (ηµργν − ηνργµ)

[Σµν ,Σρσ] = i (ηµρΣνσ + ηνσΣµρ − ηµσΣνρ − ηνρΣµσ) . (4.13)

Hence, the Σ furnish a 2[d/2]-dimensional representation of the Lorentz algebra. It is the
socalled spin-representation to be analyzed below.

Let S(s) be the following one-parameter family of transformations

S(s) = ei
s
2 (ω,Σ) with (ω,Σ) = ωµνΣµν

and consider the related one-parameter family of matrices

Γρ(s) = S−1(s)γρS(s)

with ’initial value’ S(0) = 1. Making use of (4.13) one obtains the differential equation

d

ds
Γρ(s) = − i

2
ωµνS

−1(s) [Σµν , γρ]S(s) = ωρσΓσ(s)

the solution of which reads

Γρ(s) = S−1(s)γρS(s) = (esω)ρσ γ
σ.

Recall that for antisymmetric (ωµν) the matrix (eω)ρσ is a Lorentz transformation. Thus,
setting s = 1 we conclude

S−1γρS = Λρσγ
σ, where S = e

i
2 (ω,Σ), Λ = e

i
2 (ω,M) = eω. (4.14)

To find the action of infinitesimal Lorentz transformation on spinors, we recall that a Dirac
spinor transforms as

ψ(x) −→ Sψ(Λ−1x) ≡ e
i
2 (ω,Σ)ψ

(
e−ωx

)
. (4.15)

This should be compared with the transformation of scalar and vector fields,

φ(x) −→ φ(Λ−1x) and Aµ(x) −→ ΛµνA
ν(Λ−1x). (4.16)

The components of a scalar field (it could be a doublet as in the electroweak theory)
do not transform at all, the components of a vector field transform with the Lorentz
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transformation Λ and the components of a spinor field with the spin-transformation S.
The mapping S → Λ(S) defined in (4.14) is a group homomorphism (a representation)
from the simply connected spin group into the non-simply connected Lorentz group.

The infinitesimal form of the transformation (4.15) reads

δψ(x) = i
2ωµν (Lµν + Σµν)ψ(x), (4.17)

where the Σµν generate spin rotations and the

Lµν =
1

i
(xµ∂ν − xν∂µ)

orbital transformations. Lµν and Σµν both satisfy the commutation relations of the Lorentz
algebra and so does their sum

Jµν = Lµν + Σµν . (4.18)

The Jµν generate the spin-transformations of Dirac spinors,

Sψ(Λ−1x) =
(
e

i
2 (ω,J)ψ

)
(x) (4.19)

and hence generalize the total angular momentum in non-relativistic quantum mechanics.

To construct tensor fields which are bilinear in the spinor fields we use that γ0 = (γ0)−1

conjugates the γ and Σ-matrices into their adjoints,

γ0γµγ
0 = γ†µ , γ0Σµνγ

0 = Σ†µν . (4.20)

It follows at once that γ0 conjugates the adjoint of S into the inverse of S,

γ0S†γ0 = γ0e−
i
2 (ω,Σ)†γ0 = e−

i
2 (ω,Σ) = S−1 (4.21)

Now we are ready to define the Dirac conjugate spinor,

ψ̄ ≡ ψ†γ0 =⇒ ψ̄T = γ0Tψ∗ = γ0∗ψ∗ (4.22)

which enter the expression for the fermionic bilinears. Under spin-transformations it trans-
forms with the inverse spin rotation,

ψ̄ −→ (Sψ)†γ0 = ψ†S†γ0 (4.21)
= ψ†γ0S−1 = ψ̄S−1. (4.23)

With the help of (4.14) it is now easy to prove that the bilinear objects

Aµ1...µn = ψ̄γµ1...µnψ (4.24)

are antisymmetric tensor fields. The transformation of these objects follow from that of ψ
and ψ̄,

Aµ1...µn −→ ψ̄ S−1γµ1...µnS ψ = Λµ1ν1 · · ·Λµnνn ψ̄γν1...νnψ
= Λµ1ν1 · · ·Λµnνn Aν1...νn . (4.25)

In particular in 4 dimensions there are 5 tensor fields

ψ̄ψ , ψ̄γ∗ψ , ψ̄γµψ, , ψ̄γ∗γµψ , ψ̄γµνψ,

that is a scalar, pseudo-scalar, vector, pseudo-vector and antisymmetric 2-tensor field.
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4.3 Charge conjugation

The best way to see how charge conjugation emerges is to consider the Dirac equation

iγµDµ(e)ψ −mψ = 0, Dµ(e) = ∂µ − ieAµ (4.26)

in d dimensions. We multiply this equation from the left with γ0

iγ0γµγ0Dµ(e)γ0ψ −mγ0ψ = iγµ†Dµ(e)γ0ψ −mγ0ψ = 0.

With (4.22) the complex conjugate of this equation takes the form

−iγµTDµ(−e)ψ̄ T −m∗ψ̄ T = 0. (4.27)

Let us now assume that there exists a charge conjugation matrix C which fulfills

CγTµ C−1 = η γµ =⇒ η = ±1, (4.28)

in which case we define the charge conjugated spinor

ψc = Cψ̄ T = CγT0 ψ∗. (4.29)

Now we multiply (4.27) with C from the left and obtain

iγµDµ(−e)ψc + ηm∗ψc = 0. (4.30)

We see that for a real mass the charge conjugated spinor ψc fulfills the Dirac equation
with reversed electric charge and m→ −ηm. This justifies the name charge conjugation1.
Since γ0 is hermitian and the γi are antihermitian the condition (4.28) is equivalent to

γ∗0 = η C−1γ0C and γ∗i = −η C−1γiC. (4.31)

Thus, in case there is a representation with only real or only imaginary {γµ} then we may
choose C = γT0 ,

real γµ =⇒ γT0 = γ0 = C, η = 1, ψc = ψ∗

imaginary γµ =⇒ γT0 = −γ0 = C, η = −1, ψc = ψ∗. (4.32)

Such representations are called Majorana representations. For a Majorana representation
charge conjugation becomes complex conjugation. A spinor which is invariant under charge
conjugations is called Majorana spinor – such a spinor is real in a Majorana representation.
Now we are going to prove

Lemma 1 In any dimension there exists a symmetric or antisymmetric matrix C with

γTµ = η C−1γµC, η = ±1. (4.33)

A formal proof (in arbitrary dimensions and for any signature) is found in [20, 21], but
we may as well give explicit solutions in the representation (4.4). If one changes the
representation as in (4.8), then, to preserve (4.33), the charge conjugation matrix must
transform as

C′ = UCUT . (4.34)

Hence C in unitary and (anti)symmetric in any representation.

1The sign of m is irrelevant and thus we may allow for η = 1.
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Even dimension: To proceed we use

σ1σ1σ1 = σT1 , σ1σ2σ1 = σT2 , σ1σ3σ1 = −σT3 and σ2σiσ2 = −σTi (4.35)

to show that in the representation (4.4) the symmetric or antisymmetric matrices

C+ = σ1 ⊗ σ2 ⊗ σ1 ⊗ σ2 ⊗ . . . (η = +1)

C− = σ2 ⊗ σ1 ⊗ σ2 ⊗ σ1 ⊗ . . . ∝ C+γ∗ (η = −1) (4.36)

are solutions of (4.33) with η = ±1 in even dimensions. This then proves that there exist
charge conjugation matrices in even dimensions. These particular solutions are hermitian,
unitary and hence square to 1.

Odd dimension: Let γ0, . . . , γd−1 be the γ-matrices for even dimension d. As γ-matrices
in d+ 1 dimensions we may take these γ-matrices supplemented by γd = αγ0 · · · γd−1. The
phase α is chosen such that γd squares to −1. This last matrix must fulfill

C−1γd C = ηγTd .

The left hand side of this relation can be rewritten as

αC−1γ0 · · · γd−1C = αηdγT0 · · · γTd−1
ηd=1
= α (γd−1 · · · γ0)T = (−)d/2γTd , (4.37)

which implies η = (−)d/2. Hence C+ is a charge conjugation matrix in 1 + 4n dimensions
and C− in 3 + 4n dimensions. We conclude that there are two charge conjugation matri-
ces in even dimensions and one charge conjugation matrix in odd dimensions. They are
symmetric or antisymmetric. For example, there is an antisymmetric C− solution but no
C+-solution in 3 dimensions. Since the results are identical in d and d+ 8n dimensions, it
is sufficient to give the results for d = 1, . . . , 8. The various possibilities are summarized
in table 4.3.

d 1 2 3 4 5 6 7 8

C+ S S A A A S

C− A A A S S S

Tabelle 4.1: In even dimensions there exist two charge conjugation matrices C± with η =
±1, and in odd dimensions there is only one. These matrices are either symmetric (S)
oder anti-symmetric (A).

4.3.1 Explicit Majorana representations

Sometimes it is useful to have an explicit Majorana representation for the γ-matrices at
hand. As will be demonstrated below, such representations only exist in dimensions d for
which

d mod 8 ∈ {0, 1, 2, 3, 4}. (4.38)
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We give Majorana representations in 2, 3 and 4 spacetime dimensions.

• In 2 dimensions we may choose imaginary γ-matrices

γ0 = σ2, γ1 = iσ1 with γ∗ = −γ0γ1 = σ3, C− = −γ0, (4.39)

or real γ-matrices

γ0 = σ3, γ1 = iσ2 with γ∗ = −γ0γ1 = σ1, C+ = γ0 (4.40)

• In 3 dimensions there exists the imaginary representation

γ0 = σ2, γ1 = iσ1, γ2 = iσ3 with C− = −γ0 (4.41)

• In 4 dimensions there is again an imaginary representation

γ0 = σ0 ⊗ σ2, γ1 = iσ0 ⊗ σ3, γ2 = iσ1 ⊗ σ1, γ3 = iσ3 ⊗ σ1

with γ∗ = −iγ0γ1γ2γ3 = σ2 ⊗ σ1 and C− = −γ0. (4.42)

4.4 Irreducible spinors

We do not know whether the spinor representations (4.15) are irreducible. In general they
are not and there are two types of projections onto invariant subspaces that one can
envisage:

Chiral spinors: They can be defined in even dimensions where one has an anticommu-
ting γ∗. This matrix can be used to define left and right spinors,

ψL = 1
2 (1− γ∗)ψ ≡ PLψ , ψR = 1

2 (1 + γ∗)ψ ≡ PRψ . (4.43)

Since γ∗ commutes with the Lorentz generators Σµν it commutes with the spin rotations
S generated by the Σµν such that a chiral spinor is chiral in any inertial frame,

PLψ = 0 =⇒ PLSψ = SPLψ = 0. (4.44)

Majorana spinors: The second projection consists of the “reality condition”

ψ = ψc = Cψ̄T , (4.45)

which defines a Majorana spinor. Let us assume that this condition can be solved in a
fixed inertial frame. Then it holds in any other inertial frame provided

Sψ = (Sψ)c = Cψ̄TS−1T

Using (4.45) this condition for the charge conjugation matrix reads

C−1SC = S−1T ⇐⇒ C−1ΣµνC = −ΣT
µν . (4.46)
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In the last step we used that S is generated by the Σµν . The last conditions are automati-
cally fulfilled, since they follow from (4.28), irrespective of the value of η. Thus, if a spinor
is Majorana in one inertial frame then it is Majorana in any other inertial frame.

It remain to check whether we can solve the Majorana condition in a fixed inertial frame.
Let us take the complex conjugate of the Majorana condition ψ = CγT0 ψ∗ and use the
Majorana condition to rewrite the resulting expression,

ψ∗ = C∗γ†0ψ = C∗γ0ψ = C∗γ0CγT0 ψ∗ = η C∗Cψ∗

This should hold for any Majorana spinor and thus we conclude that

C∗C = η =⇒ C∗ = η C−1. (4.47)

Since C is unitary this condition is equivalent to CT = η C. This means that only symme-
tric solutions C+ and antisymmetric solutions C− are admissible. Comparing with table
4.3 shows, that Majorana fermions only exist in dimensions where there exist Majorana
representations, see (4.38). The results are listed in table 4.4.

d 1 2 3 4 5 6 7 8

C+ S S S

C− A A A

MW SM

Tabelle 4.2: Majorana spinors exist in dimensions where there exist Majorana representa-
tions. In d = 2 + 8n dimensions there exist Majorana fermions which are chiral.

In cases where no Majorana spinors exist, there is still another possibility for theories with
extended supersymmetry. One can define symplectic Majorana spinors

ψi = CγT0 Ωijψ
∗
j , (4.48)

where Ω is some antisymmetric matrix, with ΩΩ∗ = −1. Symplectic Majorana spinors exist
in 6, 14, . . . dimensions. The existence of symplectic Majorana spinors is marked with SM
in table 4.4.

Having two projections, to chiral spinors and to Majorana spinors, one may ask whether
one can define a reality condition respecting the chiral projection. For the left handed
spinors this means

PLCγT0 = CγT0 P ∗L or γ∗CγT0 = CγT0 γ∗∗ . (4.49)

On the other hand, the definition (4.10) of γ∗ together with (4.45) imply

CγT0 γ∗∗ = −idγ∗CγT0
and comparing with (4.49) leads to

d mod 8 ∈ {2, 6}
Since there are no Majorana fermions in 6 dimensions the second solutions does not exist.
Hence there are only Majorana-Weyl-spinors in 2, 10, 18, . . . dimensions.
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4.5 Chiral representations

When dealing with chiral fermions, which exist in all even dimensions, it is convenient to
use a chiral representation for the γ-matrices. These are representations for which γ∗ is
diagonal, γ∗ = −σ3⊗1. Then the chiral projectors onto the left- and right handed spinors
(often called chiral and anti-chiral fermions) are diagonal as well.

PL =

(
1 0
0 0

)
and PR =

(
0 0
0 1

)
. (4.50)

Left-handed spinors have only upper and right-handed spinors only lower components in
these chiral representations. The left-handed object λα with lower components is called
chiral spinor while the right-handed object λ̄α̇ with upper components is called anti-chiral
spinor. Sometimes one calls them left-handed and right-handed Weyl-spinors.

The following representations in even dimensions are chiral:

γ0 =

(
0 1

1 0

)
, γj =

(
0 −αj
αj 0

)
, j = 1, . . . , d− 1, (4.51)

with hermitean αj generating an Euclidean Clifford algebra in one dimension less,

{αi, αj} = 2δij . (4.52)

Without loss of generality we may assume that the hermitian matrix i1−d/2α1 · · ·αd−1 is
the identity matrix. Then we find

γ∗ = i1+d/2γ0 · · · γd−1 =

(
−1 0
0 1

)
= −σ3 ⊗ 1. (4.53)

4.5.1 4 dimensions

In this physically most relevant case we choose the chiral representation

γµ =

(
0 σµ
σ̃µ 0

)
, γ5 = −iγ0γ1γ2γ3 =

(
−σ0 0

0 σ0

)
(4.54)

with two-dimensional matrices

σµ = (σ0,−σi), σ̃µ = (σ0, σi). (4.55)

The infinitesimal spinor-rotations are block-diagonal in this representation,

γµν =

(
σµν 0
0 σ̃µν

)
, σµν = 1

2(σµσ̃ν − σν σ̃µ), σ̃µν = 1
2(σ̃µσν − σ̃νσµ). (4.56)

Note that the σoi are hermitian, whereas the σij are antihermitian, σ̃µν = −σ†µν . It follows
that the spin rotations have the form

S = exp
(

1
4ω

µνγµν
)

=

(
A 0
0 A†−1

)
with A = exp

(
1
4ω

µνσµν
)
. (4.57)
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The complex 2-dimensional matrix A has determinant one, A ∈ SL(2,C), since the σµν
are traceless. A Dirac spinor consists of a left-handed and a right-handed part,

ψ =

(
λα
χ̄α̇

)
(4.58)

The left-handed spinors transform with A and the right-handed with A†−1

λα −→ A β
α λβ , χ̄α̇ −→ (A†−1)α̇

β̇
χ̄β̇ (4.59)

Next we define the ε-tensors

(εαβ) = (εα̇β̇) =

(
0 −1
1 0

)
and (εαβ) = (εα̇β̇) =

(
0 1
−1 0

)
(4.60)

which obey the relations,

εαβε
βγ = δγα , εαβε

δγ = δγαδ
δ
β − δδαδγβ . (4.61)

Because AT εA = ε for any matrix A with determinant one, the following bilinears are
Lorentz-invariant,

λχ = λαχα and λ̄χ̄ = λ̄α̇χ̄
α̇, (4.62)

where the raising and lowering of indexes are done with ε,

λα = εαβ λβ, λα = εαβλ
β and λ̄α̇ = εα̇β̇λ̄β̇, λ̄α̇ = εα̇β̇λ̄

β̇. (4.63)

The condition AT εA = ε translates into

(AT−1)αβ = εαρA σ
ρ εσβ and (A†−1)α̇β̇ = εα̇ρ̇Ā σ̇

ρ̇ εσ̇β̇ (4.64)

which means, that A can be conjugated into AT−1 and Ā into A†−1. Using these formulas
one can show that the spin-transformation in (4.59) are equivalent to

λα −→ (AT−1)αβλ
β , χ̄α̇ −→ Ā β̇

α̇ χ̄β̇ (4.65)

The components λα transform as the complex conjugate of λ̄α̇ and the components χ̄α̇ as
the complex conjugate of the χα. The index structure of the Dirac-conjugate spinor is

ψ̄ = (χα, λ̄α̇) such that ψ̄ψ = χλ+ λ̄χ̄. (4.66)

A mass term vanishes for left- or for right-handed spinors. Since σµ maps right- into
left-handed spinors and σ̃µ left- into right-handed ones they have the index structure

(σµ)αβ̇ and (σ̃µ)α̇β. (4.67)
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The generator σµν maps left- into left-handed spinors and σ̃µν right- into right-handed
ones and they have the index structure

(σµν) β
α and (σ̃µν)α̇

β̇
. (4.68)

Since spinor components are Grassmann-variables we find the following symmetry proper-
ties,

λχ = λαχα = −χαλα = χαλα = χλ

λ̄χ̄ = λ̄α̇χ̄
α̇ = −χ̄α̇λ̄α̇ = χ̄α̇λ̄

α̇ = χ̄λ̄ (4.69)

The vector current can be written as

ψ̄γµψ = λ̄α̇σ̃
µα̇βλβ + χασµ

αβ̇
χ̄β̇ = λ̄ σ̃µλ+ χσµχ̄, (4.70)

so that the ’kinetic term’ for fermions reads

ψ̄ /∂ψ = λ̄ σ̃µ∂µλ+ χσµ∂µχ̄. (4.71)

4.5.2 SL(2,C)-representations

Every finite-dimensional representation of SL(2,C) can be gotten by tensoring the two
fundamental 2-dimensional representations. The knowledge of the representation theory
of SL(2,C) is necessary to construct Lorentz invariant field equations.

The components λα and λ̄α̇ (with lower indexes) are called covariant. The two inequivalent
fundamental representations of SL(2,C) are

λα → A β
α λβ and λ̄Ȧ → Ā β̇

α̇ λ̄β̇. (4.72)

The transformation of the different components are summarized in the following table:

spinor λα λα = εαβλβ λ̄α̇ λ̄α̇ = εα̇β̇λ̄β̇

transforms with A εAε−1 = (AT )−1 Ā εĀε−1 = (A†)−1

The representations AT−1 and A†−1 are equivalent to the representations A and Ā. One
uses the following notations

representation D(1/2,0) : λ→ Aλ

representation D(0,1/2) : λ̄→ Āλ̄. (4.73)

The tensor product of n un-dotted and m dotted spinors yield a spinor of rank n+m with
n un-dotted and m dotted indexes. Such a spinor transforms as follows under SL(2,C)
transformations:

λα1...αnα̇1...α̇m −→ A β1
α1
· · ·A βn

αn Ā
β̇1
α̇1
· · · Ā β̇m

α̇m
λβ1...βnβ̇1...β̇m .

These representations are reducible if (n,m) 6= (1
2 , 0) or 6= (0, 1

2).
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4.6 Composite fields

In this section we collect and partly prove some useful properties and formulas for fermionic
bilinears and other composites. These technical results will later be of use in our study of
supersymmetric field theories.

4.6.1 Bilinears for charge-conjugated fields

The Dirac-conjugate of the charge conjugated spinor ψc = Cψ̄T has the form

ψc = Cψ̄T , ψ̄c = ψ†cγ0 = ψTγT0 C−1γ0 = ηψTC−1 (4.74)

and is used to compute the bilinears for the charge conjugated fields,

ψ̄cγ
(n)χc = η ψTC−1γ(n)Cχ̄T = η1+n(−1)n(n−1)/2ψTγ(n)T χ̄T

= −η1+n(−1)n(n−1)/2χ̄γ(n)ψ.

In the second last step we used, that the components of fermion fields anticommute.

For Majorana spinors we find

ψ̄γ(n)χ = −η1+n(−1)n(n−1)/2 χ̄γ(n)ψ. (4.75)

In 4 dimensions η = −1 and we get for Majorana spinors

ψ̄χ = χ̄ψ, ψ̄γ5χ = χ̄γ5ψ, ψ̄γ5γµχ = χ̄γ5γµψ

ψ̄γµχ = −χ̄γµψ and ψ̄γµνχ = −χ̄γµνψ. (4.76)

4.6.2 Hermitean conjugation

We define the hermitian conjugate as if the spinor-components are operators in a Hilbert-
space (which they are in QFT). For example (ψ̄χ)† ≡ χ†ψ̄†. It follows, that

(ψ̄Mχ)† = χ†M †ψ̄† T= −ψ̄∗M∗χ∗ = −η ψ̄cMcχc, Mc = CγT0 M∗γT0 C−1. (4.77)

This formula shows that we can hermitian conjugate by using the C operation. With

CγT0 γ∗µ1...µnγT0 C−1 = ηnγµ1...µn

we conclude that

(ψ̄γµ1...µnχ)† = −η1+n ψ̄cγµ1...µnχc. (4.78)

Note that for Majorana spinors the bilinear tensor fields are hermitian or antihermitian.
In four dimensions η = −1 and with γ5 = −iγ0γ1γ2γ3 we have

ψ̄χ, ψ̄γµνχ, ψ̄γ5γ
µχ hermitean

ψ̄γµχ, ψ̄γ5χ antihermitean. (4.79)
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4.7 Fierz identities

In d dimensions the γµ are ∆-dimensional matrices, where ∆ = 2[d/2]. As orthonormal
basis in the linear space of Mat(∆,C) with scalar product (M,N) = TrM †N we may
choose

1√
∆
{1, γµ, γµ1µ2 , . . . , γµ1...µD}, with

{
D = d for even d

D = 1
2(d− 1) for odd d ,

(4.80)

and we assumed µ1 < µ2 < . . .. With γ†µ = γµ we have

γ†µ1µ2...µn = (γµ1γµ2 . . . γµn)† = γµn · · · γµ2γµ1 = (−)n(n−1)/2γµ1µ2...µn . (4.81)

Therefore every ∆×∆-matrix M can be expanded as

M =
1

∆

D∑
n=0

1

n!
(−)n(n−1)/2γµ1...µn Tr (γµ1...µnM) . (4.82)

Since the sums extend over all indexes µ1, . . . , µn and not only the ordered ones we cor-
rected this over counting by the factor n! in the denominator. Now we take two spinors ψ
and χ whose components anticommute and choose

M = ψχ̄ or M β
α = ψαχ̄

β such that Tr(γµ1...µnM) = −χ̄γµ1...µnψ.

The minus sign originates from the anticommuting nature of the spinor components. The
identity (4.82) implies the following general Fierz-identity

ψχ̄ = − 1

∆

∑
n

1

n!
(−)n(n−1)/2 γµ1...µn (χ̄γµ1...µnψ). (4.83)

These general identity allows for the expansion of the matrix ψχ̄ as linear combination
of the basis elements γ(n). The expansion coefficients are the antisymmetric tensor fields
χ̄γ(n)ψ. For example, in 4 dimensions

4ψχ̄ = −(χ̄ψ)− γµ(χ̄γµψ) + 1
2γµν(χ̄γµνψ) + 1

3!γµνρ(χ̄γ
µνρψ)− 1

4!γµνρσ(χ̄γµνρσψ). (4.84)

Now we may use (4.11)

γ5 = −iγ0γ1γ2γ3, γµνρ = iεµνρσγ5γ
σ and γµνρσ = iεµνρσγ5

to rewrite the Fierz-identity as follows

4ψχ̄ = −(χ̄ψ)− γµ(χ̄γµψ) + 1
2γµν(χ̄γµνψ) + γ5γµ(χ̄γ5γ

µψ)− γ5(χ̄γ5ψ). (4.85)

In particular, we find

4ψψ̄ = −(ψ̄ψ)− γµ(ψ̄γµψ) + 1
2γµν(ψ̄γµνψ) + γ5γµ(ψ̄γ5γ

µψ)− γ5(ψ̄γ5ψ)

4γ5ψψ̄γ5 = −(ψ̄ψ) + γµ(ψ̄γµψ) + 1
2γµν(ψ̄γµνψ)− γ5γµ(ψ̄γ5γ

µψ)− γ5(ψ̄γ5ψ)

ψψ̄ + γ5ψψ̄γ5 = −1
2(ψ̄ψ) + 1

4γµν(ψ̄γµνψ)− 1
2γ5(ψ̄γ5ψ). (4.86)
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For Majorana spinors the second last term vanishes because of (4.76). Multiplying with
ψ from the right, we find

ψ(ψ̄ψ) + γ5ψ(ψ̄γ5ψ) = 0, (ψ Majorana). (4.87)

More useful Fierz identities for Dirac- and Majorana spinors can be found in [23].

Fierz identities for Weyl-spinors The following table contains a rather useful list of
Fierz-identities for chiral fermions.

(θλ)(θχ) = −1
2(θθ)(λχ)

(θ̄λ̄)(θ̄χ̄) = −1
2(λ̄χ̄)(θ̄θ̄)

λσµχ̄ = −χ̄σ̃µλ
(θσµθ̄)(θσν θ̄) = 1

2η
µν(θθ)(θ̄θ̄)

(σµθ̄)α(θσν θ̄) = 1
2η

µνθα(θ̄θ̄)− i(σµνθ)α(θ̄θ̄)

(θλ)(θ̄χ̄) = 1
2(θσµθ̄)(λσµχ̄)

(θ̄χ̄)(θλ) = 1
2(θσµθ̄)(λσµχ̄) = (θλ)(θ̄χ̄)

(θλ)(χ̄σ̃µθ) = −1
2θ

2(χ̄σ̃µλ) (4.88)

(θ̄λ̄)(χσµθ̄) = −1
2 θ̄

2(χσµλ̄)

(θλ)(χσµθ̄) = −1
2(θσν θ̄)(λσν σ̃

µχ)

(θ̄λ̄)(χ̄σ̃µθ) = 1
2(θσν θ̄)(λ̄σ̃νσ

µχ̄)

(λ̄σ̃µθ)(θσν θ̄) = −1
2θ

2θ̄(σ̃νσµ)λ̄

(λσµθ̄)(θσν θ̄) = 1
2 θ̄

2θ(σν σ̃µ)λ

Most of these identities are easily proven by using the explicit representation

λχ = λαχα = −λ1χ2 + λ2χ1 = −λ1χ2 + λ2χ1, θ1 = θ2, θ
2 = −θ1

λ̄χ̄ = λ̄α̇χ̄
α̇ = +λ̄1̇χ̄2̇ − λ̄2̇χ̄1̇ = +λ̄1̇χ̄2̇ − λ̄2̇χ̄1̇, θ̄1̇ = θ̄2̇, θ̄

2̇ = −θ̄1̇,

together with the anticommutation relations.

4.8 Spinors in Euclidean spaces

“Lorentz transformations” on a d-dimensional space with Euclidean metric are rotations.
They form the compact Lie-group SO(d). The γµ are hermitean and so are the generators
Σµν of the spin group. It follows that the spin transformation S in

ψ(x) −→ Sψ(Λ−1x) (4.89)

is unitary. As explicit representation for the Euclidean γ’s we may take the matrices (4.4)
without the factors i. It follows, that the charge conjugation matrices C± in (4.36) are still
solutions of

γTµ = η C−1γµC with η = ±1. (4.90)
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Since the γµ are hermitian, the charge conjugation of a spinor in Euclidean spaces has a
different form as in Minkowski space times,

ψc = Cψ∗. (4.91)

The Majorana condition ψc = ψ is again consistent with rotational invariance. Now the
consistency condition ψ∗∗ = ψ implies the symmetry of the charge-conjugation matrix,
C = CT . Comparing with table (4.3) yields the following solutions

d 1 2 3 4 5 6 7 8

C+ S S S

C− S S S

SM MW

(4.92)

The existence of Majorana-Weyl fermions in 8, 16, 24, . . . dimensions can be proved simi-
larly as in Minkowski space times. Symplectic Majorana fermions exist only in 4, 12, 20, . . .
dimensions.

Since spin transformations are unitary, the antisymmetric tensor fields in Euclidean spaces
are

Aµ1µ2...µn = ψ†γµ1µ2...µnψ. (4.93)

Since the hermiticity relations (4.81) hold true for all signatures, the general Fierz-identity
remain unaltered,

ψχ† = − 1

∆

∑
n

1

n!
(−)n(n−1)/2 γµ1...µn (χ†γµ1...µnψ). (4.94)

Note that for the metric δµν we have γµ1µ2... = γµ1µ2.... The identity (4.84) in 4 dimensions
still holds true (of course, after setting χ̄ = χ†). The definition of γ5 is slightly modified
in order to get a hermitian matrix which squares to 1,

γ5 = −γ0γ1γ2γ3 and γµνρ = −εµνρσγ5γ
σ and γµνρσ = −εµνρσγ5.

Nevertheless, the Fierz-identity (4.85) remains unchanged,

4ψχ† = −(χ†ψ)− γµ(χ†γµψ) + 1
2γµν(χ†γµνψ) + γ5γµ(χ†γ5γ

µψ)− γ5(χ̄γ5ψ). (4.95)

When one computes the fermionic bilinears for the charge conjugated fields one obtains

ψ†γ(n)χ = −ηn(−1)n(n−1)/2 χ†γ(n)ψ, (4.96)

since in the relation ψ†c = ψTC−1 there is no η, contrary to the corresponding identity
(4.74) in Minkowski space time.

Let us finally investigate the hermiticity properties of the bilinears. The relation (4.77)
becomes

(ψ†Mχ)† = χ†M †ψ = −ψTM∗χ∗ = −ψ†cMcχc, Mc = CM∗C−1. (4.97)
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In a Majorana representation with real or imaginary γµ all γ’s are symmetric or antisym-
metric. Then C is proportional to 1 and Mc = M∗. For Majorana spinors in a Majorana
representation we obtain the simple relation

(ψ†Mχ)† = −ψ†M∗χ. (4.98)

In passing we note that there are no Majorana spinors in 4-dimensional Euclidean space.
Strictly speaking there is no Euclidean version of a theory with Majorana fermions in 4
dimensions. There have been suggestions to overcome this obstacle and there have been
numerical simulations of such Euclidean models on lattices.

4.9 Appendix: Representations of spin and Lorentz groups

The fields furnish a representation of the homogeneous Lorentz groups SO(1, d − 1) or,
strictly speaking, of their universal covering groups spin(1, d − 1). Assuming that they
transform according to a finite dimensional representation of spin(1, d − 1), all these re-
presentation can be obtained from the finite-dimensional unitary representation of the
corresponding orthogonal group spin(d) by setting τ = ix0.

4.9.1 Young-tableaus of O(n)

Every irreducible representation of O(n) can be obtained from the tensor product of the
defining representation

Tµ −→ R ν
µ Tν , R ∈ O(n) defining repr.

Tµ1...µr −→ R ν1
µ1 . . . R

νr
µr Tν1...νr tensor product repr. (4.99)

by suitable symmetrization and anti-symmetrization in groups of indexes. They are in
one-to-one corresponding to admissible Young tableaus. Each tableau T contains at most
[n/2] rows. If `i is the number of boxes of the i’th row, then

`1 ≥ `2 ≥ · · · ≥ `[n/2].

To get all irreducible representations of O(n) we associate a diagram T ′ to T as follows:
The length a of the first column in T is less or equal to n/2, a ≤ n/2, the length of the first
column in T ′ is n− a, and all other columns in T and T ′ have the same length. Examples

SO(4) : T : T ′ : T : T ′ : . . .

SO(5) : T : T ′ : T : T ′ : . . .

When n is even and a = n/2, then the diagrams T and T ′ coincide (they transform
differently under improper transformations) and T is said to be self-associate. If we re-
strict ourselves to the proper subgroup SO(n) with determinant one, the representations
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corresponding to the associate diagrams T and T ′ become equivalent. For even n the
representation corresponding to a selfassociate pattern T splits into two non-equivalent
irreducible representations: the selfdual and antiselfdual antisymmetric tensors of rank
n/2,

Tµ1...µn/2 = ± 1

(n/2)!
εµ1...µn/2ν1...νn/2Tν1...νn/2 , T totally skew symmetric. (4.100)

4.9.2 Roots, weights and all that

Our Lie algebra conventions are as follows: Let Hk, k = 1, . . . , r be an orthogonal basis of
the Cartan-subalgebra H, which we diagonalize in a given representation,

Hk|µ〉 = µk|µ〉 and [Hk, Eα] = αkEα. (4.101)

Let

α(i) , µ(i) , α∨(i) =
2α(i)

(α(i), α(i))
and µ∨(i) =

2µ(i)

(α(i), α(i))
, i = 1, . . . , r (4.102)

be the simple roots, fundamental weights, co-roots and co-weights, respectively:

(α(i), α
∨
(j)) = Kij , (α∨(i), µ(j)) = (α(i), µ

∨
(j)) = δij , (µ(i), µ

∨
(j)) = (K−1)ij . (4.103)

We used that the simple roots and fundamental weights are related by the Cartan-matrix,

α(i) =
r∑
j=1

Kij µ(j). (4.104)

The fundamental weight-states (which are the highest weight states of the r fundamental
representations) and states in the adjoint representation obey

α∨(i) ·H |µ(j)〉 = δij |µ(j)〉 and µ∨(i) ·H |α(j)〉 = δij |α(j)〉. (4.105)

To determine the dimension of the representation with highest weight µ we may use Weyl’s
dimension formula

dimVµ =
∏
α>0

〈µ+ δ, α̌〉
〈δ, α̌〉 , (4.106)

where the Weyl vector δ is half the sum over all positive roots or the sum over all funda-
mental weights,

δ = 1
2

∑
α>0

α =
∑

µ(i) (4.107)
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A positive root and highest weight is a linear combination of the simple roots and funda-
mental weights with non-negative integer coefficients, respectively,

α =
∑
i

miα(i) and µ =
∑
i

kiµ(i), mi, ki ∈ N0. (4.108)

Inserting this into Weyl’s dimension formula and using (µ(i), α(j)) = δijα(j)
2/2 yields

dimVµ =
∏
α>0

∑
i(1 + ki)miα(i)

2∑
imiα(i)

2
. (4.109)

To find the center elements we find conditions on ρ ·H ∈ H such that exp(2πiρ ·H) is in
the center Z. Center elements are the identity in the adjoint representation. Because of
the second set of equations in (4.105) they must be powers of

zi = exp
(

2πiµ∨(i) ·H
)

=⇒ zi|µ〉 = exp (2πi(kK−1)i)|µ〉, µ =
∑
i

kiµ(i). (4.110)

In an irreducible representation a center element acts the same way on all states. Hence,
a necessary and sufficient condition for zi 6= 1 is that

zi |µ(j)〉 = exp
(

2πiK−1
ji

)
|µ(j)〉 6= |µ(j)〉, or that K−1

ji /∈ Z (4.111)

for at least one fundamental weight µ(j). Here we have used that the inner products of the
weights with the co-weights yield the inverse Cartan-matrix, see (4.103). The order of the
center group is just det(K).

4.9.3 The spin groups

Let us now turn to the spin groups, i.e. the universal (double) covering groups of the
SO(n)-groups2. In the Cartan classification spin(2n) ∼ Dn and spin(2n+ 1) ∼ Bn:

group dim dim. of fund. reps

spin(4) = D2 ∼ A1 ×A1 6 2, 2

spin(5) = B2 ∼ C2 10 5, 4

spin(6) = D3 ∼ A3 15 6, 4, 4

spin(7) = B3 21 7, 21, 8

spin(8) = D4 28 8, 28, 8, 8

spin(9) = B4 36 9, 36, 84, 16

spin(10) = D5 45 10, 45, 120, 16, 16

The Dynkin-diagrams of the spin groups are depicted in the following figure: The repre-

2we use the conventions as implemented by LIE 2.1
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bc bc bc bc bc bc bc bc

bc

bcb

1 2 3 n−1 n

de�ning

SO(2n+1) reps

spinor

reps

Bn

1 2 3 n−2 n

n−1

de�ning

SO(2n) reps

spinor

reps

Dn

Abbildung 4.1: Dynkin diagrams of the Bn and Dn series. • is a short root.

sentation with highest weight µ(1) is always the defining representation of SO(n) and has
dimension n. The representation with highest weight µ(n) is a spinor representation for all
groups. For the Dn the second last representation belonging to µ(n−1) is the second spinor
representation.

The Cartan-matrices of the Bn and Dn groups have the form

KB =



2 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 2 −2

−1 2

 , KD =



2 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1 −1
−1 2 0
−1 0 2


The centers and their generators are

group center generators action of center element(s)

z1|µ(j)〉 = +|µ(j)〉, j ≤ n− 2

z1 = e
2πiµ∨

(1) z1|µ(j)〉 = −|µ(j)〉, j ≥ n− 1

Dn, n even Z2 × Z2 z2|µ(j)〉 = (−)j |µ(j)〉, j ≤ n− 2

z2 = e
2πiµ∨

(n) z2|µ(n−1)〉 = −(−)n/2|µ(n−1)〉
z2|µ(n)〉=(−)n/2|µ(n)〉
z|µ(j)〉 = (−)j |µ(j)〉, j ≤ n− 2

Dn, n odd Z4 z = e
2πiµ∨

(n) z|µ(n−1)〉 = −in|µ(n−1)〉
z|µ(n)〉 = in|µ(n)〉

Bn Z2 z = e
2πiµ∨

(1) z|µ(j)〉 = |µ(j)〉, j ≤ n− 1

z|µ(n)〉 = −|µ(n)〉

The group spin(5) ∼ B2

This group is related to the isometry groups of the 5-dimensional deSitter and anti-deSitter
spaces and to the conformal group of the 4-dimensional flat spaces (with different signa-
tures). Hence it is useful to discuss the corresponding representations in some detail. The
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discussion for the higher spin groups is very similar. The Cartan-matrix of spin(5) and its
inverse are

K =

(
2 −2
−1 2

)
, K−1 = 1

2

(
2 2
1 2

)
. (4.112)

The center element z = exp(πiµ∨1 ) is the identity on the defining SO(5)-representation
with highest weight µ1. It is −1 on the spinor representation with highest weight µ2.
Hence, a representation with highest weight µ = k1µ1 + k2µ2 is a faithful representation
of

SO(5) = spin(5)/Z2 = B2/Z2

if and only if

z|µ〉 = |µ〉 ⇐⇒ k2 ∈ 2N0.

The positive roots are

short roots: m = (0, 1), (1, 1) long roots: m = (1, 0), (1, 2). (4.113)

Using Weyl’s formula we find that the dimension of the representation with highest weight
µ is

dimVµ =
1

6
(1 + k1)(1 + k2)(3 + 2k1 + k2)(2 + k1 + k2). (4.114)

The quantum numbers can easily be related to the length (`1, `2) of the rows in the Young-
tableau. We need

: 5 and : 10 .

The 5 and 10-dimensional representation have

5 : ` = (1, 0), k = (1, 0) and 10 : ` = (1, 1), k = (0, 2).

From this follows that

`1 = k1 + k2/2 and `2 = k2/2

In terms of the lengths `1, `2 of the Young-tableau we obtain the following formula for the
dimensions for the faithful SO(5)-representations

dimV` = (`1 − `2 + 1)(2`2 + 1)(`1 + `2 + 2)(2`1 + 3)/6. (4.115)

Examples:

: 14 : 35 : 55 : 91 : 35 : 105.
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The group spin(6) ∼ D3

The simple laced group D3 has Cartan-matrix

K =

 2 −1 −1
−1 2 0
−1 0 2

 and K−1 =
1

4

 4 2 2
2 3 1
2 1 3

 .

The center Z4 is generated by

z = exp
(

2πiµ∨(3)

)
with z|µ〉 = exp

(
iπ

2
(2k1 + k2 + 3k3)

)
|µ〉. (4.116)

Since on the defining representation of SO(6) it is −1, a representation of spin(6) is a
faithful representation of

SO(6) = spin(6)/Z2 = D3/Z2 (4.117)

if z = ±1 on this representation. This is equivalent to

2k1 + k2 + 3k3 ∈ 2N0 ⇐⇒ k2 + k3 ∈ 2N0.

The positive roots are

m = (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1), (1, 1, 1), (4.118)

and Weyl’s formula yields

dimVµ =
1

12
(1 + k1)(1 + k2)(1 + k3)(2 + k1 + k2)(2 + k1 + k3)(3 + k1 + k2 + k3).(4.119)

The lowest representations of SO(6) are

6 : 15 : and 20 : .

Using LIE it easy to relate the highest weights to these representations (recall, that the
20 splits into 10S ⊕ 10A).

dim ` k

5 (1, 0, 0) (1, 0, 0)

15 (1, 1, 0) (0, 1, 1)

20 (1, 1, 1) (0, 2, 0), (0, 0, 2)

(4.120)
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The group spin(7) ∼ B3

A representation of spin(7) is a faithful representation of SO(7) if k3 is an even integer.
Since B3 has no self-associate diagrams it is easy to relate the lengths of the rows in a
Young-tableau to a highest weight:

k1 = `1 − `2 k2 = `2 − `3 and k3 = 2`3.

The dimensions of the various representations and the corresponding results for the smal-
lest spin-groups are listed in the following table

group dimension

spin(4) (k1 + 1)(k2 + 1)

SO(5) (`1 − `2 + 1)(2`2 + 1)(`1 + `2 + 2)(2`1 + 3)/6

spin(6) (1 + k1)(1 + k2)(1 + k3)

·(2 + k1 + k2)(2 + k1 + k3)(3 + k1 + k2 + k3)/12

SO(7) (2`1 + 5)(2`2 + 3)(2`3 + 1)(`1 + `2 + 4)(`1 − `2 + 1)

·(`1 − `3 + 2)(`1 + `3 + 3)(`2 + `3 + 2)(`2 − `3 + 1)/720

(4.121)
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Kapitel 5

Symmetries

Supersymmetry is an extension of Poincaré symmetry and hence is intimately related
to the geometry of our spacetime. A supersymmetric field theory in flat space time is a
particular theory compatible with the principles of special relativity. Thus it is useful to
review the implications of internal and spacetime symmetries for relativistic field theories.

All fundamental relativistic field equations are Euler-Lagrange equation of an Poincaré
invariant action integral S. In a local field theory the action is the space-time integral of
a local Lagrangean density L(x),

S =

∫
ddx L(x) ≡

∫
dtdxL(t, x ), (5.1)

where L is a function of the fields and their first space-time derivatives. Again the space-
time dimension is left open. The volume element of space is denoted by dx .

The action should be invariant under Poincaré transformations,

x̃ = Λ(A)x+ a (5.2)

under which the field transforms as

φ̃(x̃) = S(A)φ(x) or φ(x) −→ S(A)φ
(
Λ−1(A)(x− a)

)
, (5.3)

where A→ S(A) is a representations of the spin group and Λ(A) it the Lorentz transfor-
mation corresponding to A.

In addition the action may be invariant under global gauge transformations

φ −→ Uφ ∼ φ+ iXφ = φ+ δXφ, X† = X. (5.4)

They are called global since the transformation matrix U it the same for all space-time
points.

5.1 Noether theorem and conserved charges

According to a theorem of Emmy Noether, to each parameter of the symmetry group
there corresponds a conserved current. The global gauge transformations (5.4) leave the
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Lagrangean density invariant so that

0 = δXL =
δL

δ(∂µφ)
∂µ (δXφ) +

∂L
∂φ

δXφ = ∂µ

(
δL

δ(∂µφ)
δXφ

)
, (5.5)

where we used the Euler-Lagrange equation (field equation, equation of motion)

∂µ

(
δL

δ(∂µφ)

)
− δL
δφ

= 0 (5.6)

in the last step. Thus the conserved Noether current for an internal symmetry takes the
form

JµX =
δL

δ(∂µφ)
δXφ, ∂µJ

µ
X = 0. (5.7)

Integrating the last equation over the space-time region [t0, t] × Rd−1 and converting the
volume- into a surface integral, shows that the Noether charges

QX =

∫
x0
dxJ0

X =

∫
x0
dx π(x)δXφ(x), (5.8)

are time-independent. Here we introduced the momentum density conjugate to the field
φ,

π(x) =
∂L
∂φ̇(x)

. (5.9)

To every internal symmetry there is always one conserved Noether charge. The dimension
of the symmetry group equals the number of independent vector fields X in (5.8) and
hence equals the number of independent Noether charges.

The fundamental Poisson-bracket between field and conjugated momentum density has
the form

{φ(x), π(y)}x0=y0 = δ(x − y), (5.10)

and can be used to calculate the Poisson-brackets between the conserved charges and the
field,

{φ(x), QX} =

∫
dy {φ(x), π(y) δXφ(y)} = δXφ(x), (5.11)

where we assumed, that δXφ contains no time-derivatives of the field. We see that the
conserved Noether charge generates the symmetry from which it has been derived.

————————————
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5.1.1 U(1) gauge transformations

Gauge transformations in non-Abelian gauge theories are generalizations of phase trans-
formations in electrodynamics. As an example consider the Lagrangean of a charged scalar
field,

L = ∂µφ
†∂µφ−m2φ†φ− λ(φ†φ)2. (5.12)

It is invariant under the global phase transformations

φ −→ eiλφ ∼ φ+ δλφ , with δλφ = iλφ, δλφ
† = −iλφ†, (5.13)

and the corresponding Noether current has the form

Jµλ = λjµ, jµ = i(∂µφ
†φ− φ†∂µφ). (5.14)

Using the equation of motion 2φ + m2φ + 2λ(φ†φ)φ one can check that jµ is conserved.
The conserved charge is to be identified with the electric charge carried by the field,

Q = i

∫
x0
dx (φ̇†φ− φ†φ̇) = i

∫
x0
dx
(
πφφ− πφ†φ†

)
. (5.15)

Again the charge generates the symmetry from which it has been derived,

{φ,Q} = iφ and {φ†, Q} = −iφ†. (5.16)

5.1.2 The energy-momentum as Noether current

Under space-time translations the field transforms as

φ(x+ a) ∼ φ(x) + aµ∂µφ(x) = φ(x) + δaφ(x). (5.17)

Since the space-time point is changing the Lagrangean is not invariant. But translations are
symmetries and the action must be invariant. It is invariant since (off-shell) the Lagrangean
only changes by total divergence,

δaL =
δL

δ(∂µφ)
∂µ(δaφ) +

δL
δφ

δaφ = aν∂νL. (5.18)

Using the field equation (5.6) the on-shell identity (5.5) is now modified to

δaL = aν∂νL = ∂µ

(
δL

δ(∂µφ)
aν∂νφ

)
, or ∂µJ

µ
a = 0 (5.19)

with covariantly conserved canonical energy-momentum tensor as Noether current

Jµa = aνTµν , Tµν =
δL

δ(∂µφ)
∂νφ− ηµνL. (5.20)
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The conserved charges are the total energy-momentum of the field,

Pµ =

∫
x0
dx T 0µ, Ṗµ = 0, (5.21)

and for the scalar field with Lagrangean (5.12) the energy and momentum have the form

P 0 ≡ H =

∫
x0
dx (πφ̇− L) and P i =

∫
x0
dx π ∂iφ. (5.22)

These Noether charges generate the infinitesimal spacetime translations,

{φ, Pµ} = ∂µφ. (5.23)

For the scalar field theory with Lagrangean (5.12) we find

Tµν = ∂µφ
†∂νφ+ ∂νφ

†∂µφ− ηµνL (5.24)

which leads to the conserved energy

H =

∫
dx
(
π†π +∇φ†∇φ+m2φ†φ+ λ(φ†φ)2

)
(5.25)

and conserved momentum

Pi =

∫
dx
(
π∂iφ+ ∂iφ

†π†
)
. (5.26)

In electrodynamics we introduce the field strength tensor Fµν = ∂µAν − ∂νAµ which
is derived from the 4-potential Aµ = (A0,A). The entries of the field strength are the
components of the electric and magnetic fields,

(Fµν) =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

 = (E ,B). (5.27)

Raising both indexes amount to changing the sign of the electric field, (Fµν) = (−E ,B).
The Lagrangean density in electromagnetism is

L = 1
2

(
E2 −B2

)
= −1

4F
µνFµν = −1

4F
µν(∂µAν − ∂νAµ) (5.28)

From the last representation it follows at once that

δL
δ(∂µAρ)

= −Fµρ (5.29)

holds true, and this result is used when calculating the energy-momentum tensor,

Tµν =
δL

δ(∂µAρ)
∂νAρ − ηµνL = −F ρ

µ ∂νAρ + 1
4ηµνF

ρσFρσ. (5.30)
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This then leads to the following formula for the conserved energy-momentum in electro-
magnetism,

Pν =

∫
x0
dx T 0

ν =

∫
x0
dx
(
F ρ0 ∂νAρ − δ0

νL
)

or written in components

H =

∫
x0
dx
(
EiȦi − L

)
and Pi =

∫
x0
dx (Ej∂iAj) . (5.31)

Although we succeeded in constructing a conserved second rank tensor which is to be inter-
preted as energy-momentum tensor, there is still some improvement necessary. The main
reason for our unhappiness with the tensor (5.30) is its lack of symmetry and invariance. It
is not gauge invariant and hence not observable. Also we would like the energy-momentum
to be a symmetric tensor for several reasons. The most convincing one is that it appears
on the right hand side of Einstein’s field equation and then it must be both symmetric
and conserved [28]

5.1.3 Improving Noether currents

Only for scalar fields is the canonical energy-momentum tensor arising from Noether’s
theorem symmetric. It is possible to correct the non-symmetric ones arising in non-scalar
theories through the Belinfante symmetrization procedure [27]. This way one may arrive
at the socalled metric energy-momentum tensor which is automatically symmetric and
conserved.

Let the Lagrangean be invariant under a symmetry transformation φ → φ + δφ, up to a
total divergence,

δL = ∂µV
µ. (5.32)

As we have seen, the corresponding conserved Noether current has the form

Jµ =
∂L

∂(∂µφ)
δφ− V µ. (5.33)

It is important to note that the vector field V µ in (5.32) is determined only up to terms
∂νA

µν with antisymmetric Aµν and hence the Noether current Jµ is not unique,

Jµ −→ Jµ − ∂νAµν . (5.34)

For localised fields the conserved charges are not affected by this ambiguity since

J0 → J0 − ∂iA0i and hence Q =

∫
x0
dx J0 −→ Q.

The possible improvement terms have been studied widely in the literature. For example,
in electrodynamics the conserved momentum Pµ is gauge invariant, since ∂ρF

0ρ = 0, and

————————————
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we expect that there exists an improved gauge invariant energy momentum tensor. Indeed,
we can add an improvement term −∂ρ(FµρAν) to Tµν in (5.30) to obtain a gauge invariant
and symmetric tensor. The improved energy-momentum tensor takes the well-known form

Tµν = 1
2F

ρ
µ Fρν + 1

4ηµνF
ρσFρσ (5.35)

giving rise to

H = 1
2

∫
x0
dx
(
E2 + B2

)
and P =

∫
x0
dx E ∧B . (5.36)

The conserved tensor (5.35) may alternatively be gotten by coupling the Maxwell field
minimally to gravity and varying the resulting Lagrangean with respect to the metric.

5.1.4 The conserved angular momentum

Deriving the conserved quantities belonging to the Lorentz transformations is a bit more
elaborate. Under Lorentz transformation a field transforms as follows,

φ(x) −→ e
i
2 ω

µνSµνφ
(
e−ωx

)
∼ φ(x) + i

2 ω
µνJµνφ(x) = φ(x) + δωφ(x), (5.37)

where the infinitesimal generators of Lorentz transformations Jµν are the sum of orbital
and spin terms,

Jµν = Lµν + Sµν =
1

i
(xµ∂ν − xν∂µ) + Sµν . (5.38)

The Lµν commute with the Sµν and both fulfil the Lorentz algebra (3.10). Again the
Lagrangean is off-shell invariant up to a total divergence,

δωL = i
2 (ω,M)L = ∂µV

µ with V µ = −ωµρxρL. (5.39)

The first term in (5.33) reads

∂L
∂(∂µφ)

δωφ =
i

2

∂L
∂(∂µφ)

ωρσ (Lρσ + Sρσ)φ

and subtracting V µ in (5.39) yields the Noether current

Jµω =
ωρσ

2

(
∂L

∂(∂µφ)
(xρ∂σ − xσ∂ρ)φ− (δµσxρ − δµρxσ)L+ i

∂L
∂(∂µφ)

Sρσφ

)
The spin-independent terms between the brackets are xρT

µ
σ and −xσTµρ and thus we obtain

Jµω = ωρσM
µρσ, Mµρσ = 1

2x
ρTµσ − 1

2x
σTµρ + i

2

∂L
∂(∂µφ)

Sρσφ = −Mµσρ (5.40)
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and the corresponding conserved charges

Jρσ = −Jσρ =

∫
x0
dx M0ρσ. (5.41)

The space-time and space-space components

J i0 = 1
2

∫
x0
dx
(
xiH− πx0∂iφ− iπS0iφ

)
J ij = 1

2

∫
x0
dx π

(
xi∂jφ− xj∂iφ+ iSijφ

)
. (5.42)

A simple calculation reveals that

{φ, Jµν} = i
2(Lµν + Sµν)φ, (5.43)

or that the Noether charges J0i generate boosts and the charges J ij rotations. For example,
for electrodynamics

Mµρσ =
(

1
4η

µρxσF 2 − Fµξxσ∂ρAξ − FµρAσ
)
− (ρ↔ σ). (5.44)

In passing we note, that for theories with spinor fields things may become tricky. The
canonical energy-momentum tensor is generically not symmetric and must be improved.
For bosonic fields the most efficient way to do this is to couple the fields to gravity and vary
the resulting Lagrangean with respect to the metric. However, when coupling fermions to
gravity one needs to introduce the vielbein. When one varies the action with respect to
the vielbein one gets a conserved but not necessarily symmetric energy momentum tensor.

5.2 Conformal symmetry

Under conformal transformations

xµ → yµ = yµ(xν) (5.45)

the metric tensor is unchanged up to a factor eϕ,

ds2 = ηµνdx
µdxν = ηµν

∂xµ

∂yρ
∂xν

∂yσ
dyρdyσ = eϕ(y)ηρσdy

ρdyσ. (5.46)

These transformation leave the light cone invariant and a spacelike vector can be mapped
into a timelike vector. The apparent problem with causality has been solved by Lüscher
and Mack [24].

5.2.1 The conformal algebra

Lets look at the infinitesimal conformal transformations,

yµ ∼ xµ +Xµ(x) and eϕ ∼ 1 + δϕ (5.47)
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for which

(ηµν +Xµ,ν +Xν,µ)(1 + δϕ)dxµdxν ∼ ηµνdxµdxν

holds true. The linearision of this equation leads to

δϕ ηµν +Xµ,ν +Xν,µ = 0.

Taking the trace implies that δϕ is proportional to the covariant divergence of the vector
field X, so that X satisfies the conformal Killing-equation

Xµ,ν +Xν,µ =
2

d
ηµν∂ρX

ρ. (5.48)

Hence the conformal coordinate transformations are generated by conformal Killing vector
fields.

In 3 and more dimensions there are 1
2(d+ 1)(d+ 2) conformal Killing fields. These are

d translations yµ = xµ + aµ =⇒ Xµ = aµ

1

2
d(d− 1) Lorentztransf. yµ = Λµνx

ν =⇒ Xµ = ωµνx
ν

1 dilatation yµ = λxµ =⇒ Xµ = λxµ (5.49)

d special conf. transf. yµ =
xµ − x2cµ

1− 2c · x+ c2x2
=⇒ Xµ = 2(c · x)xµ − x2cµ.

The corresponding hermitian generators are

iXµ∂µ = {aµPµ, 2ωµνLµν , λD, cµKµ} (5.50)

where

Pµ = i∂µ, Lµν =
1

i
(xµ∂ν − xν∂µ), D = ixµ∂µ and Kµ = 2ixµx

ρ∂ρ − ix2∂µ (5.51)

generate translations, Lorentz transformations, dilatations and special conformal transfor-
mations. The conformal algebra is

[Pµ, Pν ] = [Kµ,Kν ] = [D,D] = 0 , [Pµ, D] = iPµ , [Kµ, D] = −iKµ

[Pµ,Kν ] = 2iLµν + 2iηµνD , [Lµν , D] = 0

[Pρ, Lµν ] = −i(ηρµPν − ηρνPµ) , [Kρ, Lµν ] = −i(ηρµKν − ηρνKµ) (5.52)

[Lµν , Lρσ] = i(ηµρLνσ + ηνσLµρ − ηµσLνρ − ηνρLµσ).

These are just the commutation relations of the generators of SO(2, d). To see that, one
introduces the coordinates

ξm = (ξ−1, xµ, ξd)

in a d+ 2-dimensional space with signature (2, d):

dξ2 = dξ2
−1 + ηµνdx

µdxν − dξ2
d = ηmndξ

mdξn. (5.53)
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We consider infinitesimal transformations in this space and decompose the generators as
follows,

2Lmn = −2Lnm =

 0 Pµ D
−Pµ Lµν Pµ
−D −Pµ 0

+

 0 Kµ D
−Kµ Lµν −Kµ

−D Kµ 0

 . (5.54)

The SO(2, d) commutation relations

[Lmn, Lpq] = i(ηmpLnq + ηnqLmp − ηmqLnp − ηnpLmq)

are equivalent to commutation relations (5.52) of the conformal algebra. The number of
generators equals the dimension of SO(2, d) which is 1

2(d+ 1)(d+ 2).

5.2.2 The conformal group

Th relation between conformal transformations in Rd and SO(2, d)-transformations in
(Rd+2, ηmn) exists not only on the algebraic level. To see that one introduces the projective
coordinates

ξm = (ψ − χ, ξµ, ψ + χ), where ξµ = 2ψxµ, χ = ψx2 and ξmξm = 0. (5.55)

The nonlinear conformal transformations are then represented by linear SO(2, d) trans-
formations in Rd+2 as follows:

ξ′m = ζΛ̃mnξ
n ∼ Λ̃mnξ

n with Λ̃m = eΩ ∈ SO(2, d).

The infinitesimal transformations have the form

ΩT =

 0 −aµ 0
aµ 0 aµ

a aµ 0

 , ΩL =

 0 0 0
0 ωµν 0
0 0 0


ΩD = −

 0 0 log λ
0 0 0

log λ 0 0

 , ΩS =

 0 −cµ 0
cµ 0 −cµ
0 −cµ 0

 .

For completeness we note that

ζT = ξL =
ψ′

ψ
, ζD = λ

ψ′

ψ
and ζS =

ψ′/ψ
1− 2c · x+ c2x2

.

5.2.3 Transformation of fields and conformal weights

Conformal transformations are particular coordinate transformations and tensor fields
transform under small transformations as

δXTρσ... =
d

dε

(
∂xµ

∂yρ
∂xν

∂yσ
. . . Tµν...(x(y))

)
|ε=0 ≡ LXTρσ..., (5.56)
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The infinitesimal transformations of a matter field is given by the Lie derivative LX .

For example, for a vector field Vµ it is

LXVµ = Xρ∂ρVµ +X,ρµ Vρ. (5.57)

Inserting the corresponding Killing field one finds

transl. iLaVµ = aρPρVµ

Lorentztrf. iLωVµ = 1
2ω

ρσLρσVµ + iωρµVρ

dilatation iLλVµ = λDVµ + iλVµ (5.58)

spez.Trf. iLcVµ = cρKρVµ + 2i(cµx
ρ−xµcρ+c·x δρµ)Vρ,

and similarly for tensor fields of higher rank [25].

The algebra of infinitesimal transformations of the fields is the same as that of the gene-
rators of the symmetry since

[LX , LY ] = L[X,Y ].

The transformations

xµ −→ xµ +Xµ and φ −→ LXφ (5.59)

is a symmetry of any diffeomorphism invariant theory if one also maps the metric ηµν to
eϕηµν . For a conformally invariant theory the transformation of the metric can be un-done
by a compensating Weyl-transformations [26] such that

δXTµν... =

(
LX −

2α

d
∂ρX

ρ

)
Tµν.... (5.60)

The real constant α is the Weyl-weight of Tµν.... It can be determined by the following
recipe: If the metric transforms as gµν → eϕgµν then the field must transform as φ→ eαϕφ
in order for the action to be invariant. One finds the following weights for scalar-, spinor-
and vector fields in d dimensions:

φ : −2α =
d− 2

2
, ψ : −2α =

d− 1

2
, Aµ in d=4 : α = 0. (5.61)

In particular, for dilatations

Tµν... −→ λ(xρ∂ρ + s− 2α)Tµν..., (5.62)

where s is the number of covariant minus the number of contravariant indexes of T . The
number ∆φ = s− 2α is called conformal weight of φ.
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5.2.4 Noether currents

We assume that the action is invariant under conformal transformations of the fields and
calculate the corresponding Noether currents. For the action to be invariant the Lagran-
gean density must have Weyl-weight α = −d/2 and

δXL = (Xµ∂µL+ ∂µX
µ)L = ∂µV

µ, V µ = XµL. (5.63)

The Noether current for the conformal symmetry has the form

JµX =
∂L

∂(∂µφ)

(
LX −

2α

d
∂ρX

ρ

)
φ−XµL

Recalling the form of the canonical energy-momentum tensor (5.20) this can be rewritten
as

JµX = TµνX
ν +

∂L
∂(∂µφ)

(
LX −Xρ∂ρ −

2α

d
∂ρX

ρ

)
φ. (5.64)

In particular for dilatations

JµD = Tµνx
ν +

∂L
∂(∂µφ)

∆φφ,

where ∆φ = s− 2α is the conformal weight of φ. Note that

∆scalar =
d− 2

2
, ∆Dirac =

d− 1

2
and ∆Photon(d = 4) = 1.

The conserved dilation charge is

QD =

∫
x0
dx
(
T 0
νx

ν + ∆φφπ
)

=

∫
x0
dx
(
x0H+ π(x∇φ) + ∆φφπ

)
.

As expected, this charge generated the infinitesimal dilatations,

{φ,QD} = xµ∂µφ+ ∆φφ.

For example, for a free neutral scalar field with Lagrangean 1
2(∂φ)2 we find

Tµν = ∂µφ∂νφ− ηµνL and JνD = Tµνx
ν + 1

2(d− 2)φ∂µφ.

This current is conserved on shell, as it must be.

5.3 Implementing symmetries in quantised theories

In a quantum field theory for the field φ we assign to the classical field the operator φ̂(x)
acting on a suitable Hilbert space H. In accordance with Wigner’s theorem we assume
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that the symmetries are represented by unitary representation on H1. For the Poincaré
group this means

U(a,A)φ̂(x)U−1(a,A) = S φ̂
(
(Λ−1(x− a)

)
(5.65)

with unitary U(a,A) for A from the spin group which is the quantum analog of the Lorentz
group. Λ is the Lorentz transformation belonging to A and S(A) is the representation
according to which the field transforms. For translations we have

U(a) = exp (iaµP̂µ), (5.66)

such the infinitesimal form of (5.65) reads

[P̂µ, φ̂] = Pµφ̂ with Pµ = i∂µ. (5.67)

For spin transformations we write

U(A) = exp ( i2ω
µν Ĵµν) (5.68)

such that

[Ĵνν , φ̂] = Jµν φ̂ with Jµν = Lµν + Sµν . (5.69)

Since (a,A)→ U(a,A) is a representation of the quantum mechanical Poincaré group, the
infinitesimal generators (P̂µ, Ĵµν) form a Poincaré algebra.

Let us assume, that the vacuum is left invariant by Poincaré transformations,

U(a,A)|0〉 = |0〉. (5.70)

It follows at once that a Greenfunction is invariant under a simultaneous shift of its
arguments. For example, the 2-point function

〈0|φ(x)φ(y)|0〉 = 〈0|e−i(xP )φ(0)ei(x−y)Pφ(0)eiyP |0〉
= 〈0|φ(x− y)φ(0)|0〉 = S(x− y) , (5.71)

is just a function of the vector connecting it two arguments. This expresses the homogeneity
of space and time. We have skipped the hats. The Greenfunctions also transform covariant
under Lorentz transformations. For example,

S(x) = 〈0|φ(x)φ(0)|0〉 = 〈0|U−1(A)Sφ(Λ−1x)Sφ(0)U(A)|0〉 = 〈0|Sφ(Λ−1x)Sφ(0)|0〉.(5.72)

For the 2-point function of a spin-1 field this means

Sµν(x) ≡ 〈0|Aµ(x)Aν(0)|0〉 = Λ ρ
µΛ σ

ν Sρσ
(
Λ−1x

)
. (5.73)

This condition heavily constrains the Lorentz structure of the propagator in momentum
space.

1antilinear and antiunitary implementations would be the only other possibility.

————————————
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How does one (formally) construct the infinitesimal generators in the quantum theory?
For that we recall that Poincaré brackets should be replaced by −i times the commutator,

{φ, π} = δ −→ [φ̂, π̂] = iδ and {φ,QX} = δXφ −→ [φ̂, Q̂X ] = iδX φ̂.

The last relation states, that Q̂X generates the infinitesimal symmetries,

δX φ̂ = i[Q̂X , φ̂], (5.74)

and thus is the infinitesimal form of the transformation

φ̂ −→ Uφ̂U−1, U = exp (iQ̂), (5.75)

in (5.65). We conclude, that the symmetry generators Q̂ in quantum field theory are (for-
mally) constructed by replacing the classical field and momentum density in the expression
for the classical Noether charges by the field operator and the momentum field operator.

————————————
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Kapitel 6

The Birth of Supersymmetry

40 years ago the idea came up that perhaps the approximate SU(3) symmetry of strong
interaction is part of a larger SU(6) symmetry. Under this bigger symmetry mesons (or
baryons) with different spins belong to one multiplet. There were various attempts to
generalise the SU(6) symmetry of the non-relativistic quark model to a fully relativistic
quantum field theory. These attempts failed, and several authors proved no-go theorems
showing that in fact this is impossible. Well-known is the Coleman-Mandula theorem which
we shall sketch now.

6.1 Coleman Mandula Theorem

In order to better understand the celebrated Coleman-Mandula theorem we consider the
theory for one free real scalar field and one free vector field of equal mass m,

L = 1
2(∂µφ∂

µφ+ ∂µA
ρ∂µAρ −m2φ2 −m2AρAρ) (6.1)

with linear Euler-Lagrange equations

2φ+m2φ = 0 and 2Aρ +m2Aρ = 0. (6.2)

There is an infinite number of conserved currents. For example, the tensor current

Jµν = φ
↔
∂ µAν = φ∂µAν − ∂µφAν (6.3)

is conserved for solutions of the field equations,

∂µJµν = φ2Aµ −2φAµ = −(m2 −m2)φAν = 0.

Since the current is conserved for solutions of the equations of motion only one says that
it is conserved on shell. This tensor is one out of an infinity of conserved currents of the
form

Jµ1...µn = φ
↔
∂ µ1 . . .

↔
∂ µnφ (n ∈ 2N) and Jµ1...µnν = φ

↔
∂ µ1 . . .

↔
∂ µnAν (n ∈ N). (6.4)
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The corresponding conserved charges obtained from these covariantly conserved currents
are tensorial charges of higher rank.

One may ask whether these conservation laws can be extended to the interacting case.
In d > 2 dimensions the answer to this question is no [16, 17]. In a relativistic quantum
theory with a discrete spectrum of massive (but no massless) one-particle states, and with
some nontrivial scattering amplitudes, the only conserved tensorial charges that are not
Lorentz scalars, are the energy-momentum vector Pµ and the angular momentum tensor
Mµν which span the Poincaré algebra. All other conserved charges must be Lorentz scalars.
The total algebra is thus always of the form

iL+ G, [iL,G] = 0. (6.5)

In the massless case iL can be extended to the conformal algebra so(2, d). Let us formulate
the theorem more precisely.

Lemma 3 (The Coleman-Mandula-Theorem [16]) Let G be a connected symmetry-
group of the S-matrix, i.e. a group whose generators commute with the S-matrix, and let
the following five assumptions hold:

• G contains a subgroup locally isomorphic to the Poincaré group.

• All particle types correspond to positive-energy representations of the Poincaré group.
For any finite mass m there is only a finite number of particles with mass less than
m.

• Elastic-scattering amplitudes are analytic functions of center-of-mass energy squared
s and invariant momentum transfer squared t, in some neighbourhood of the physical
region, except at normal thresholds.

• Let |pi〉, i = 1, 2 be any two 1-particle states and let |p1p2〉 be the 2-particle state
constructed from these. Then S|p1p2〉 6= |p1p2〉 except, perhaps, for certain isolated
values of s.

• The generators of G, considered as integral operators in momentum space, have
distributions for their kernels.

Then G is locally isomorphic to the direct product of an internal symmetry group and the
Poincaré group.

A unitary operator U on the Hilbert space is said to be a symmetry transformation of the
S-matrix if:

• U transforms 1-particle states into 1-particle states.

• U acts on many-particle states as if they were tensor products of one-particle states.

• U commutes with the scattering matrix S.

————————————
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The theorem implies that the most general symmetry algebra of the S-matrix contains
the energy momentum operator Pµ, the Lorentz generators Mµν and a finite number of
Lorentz scalar operators Bl, that is:

[Pµ, Bl] = 0 , [Mµν , Bl] = 0, (6.6)

where the Bl constitute a Lie-algebra with structure constants c k
lm :

[Bl, Bm] = ic k
lmBk. (6.7)

It follows at once, that the Casimir-operators of the Poincaré algebra, P 2 and W 2 commute
not only with the Poincaré group but also with all internal symmetry generators,

[Bl, P
2] = 0 and [Bl,W

2] = 0. (6.8)

The first set of commutators implies that all members of an irreducible multiplet of the
internal symmetry group have the same mass. This is known as O’Raifeartaigh’s theorem
[34]. The second set of commutators says that all members have the same spin. For massless
states with discrete helicities we have

Wµ = λPµ, λ ∈ {0, 1
2 , 1, . . .} (6.9)

and no generator Bl can change the helicity since [Bl, λ] = 0.

To see the arguments leading to the Coleman-Mandula theorem consider a forbidden
tensorial charge Qµν which for simplicity we shall assume to be traceless, Qµµ = 0. Assume
that a scalar particle of mass m, carrying the charge Qµν , appears in the theory and let
|p〉 be a corresponding one-particle state with mass m2 = p2. Then

〈p|Qµν |p〉 =

(
pµpν −

p2

d
ηµν

)
C, C 6= 0. (6.10)

We consider a 2 → 2 scattering process. The incoming particles with momenta p1, p2

scatter and then go out with final momenta p′1 and p′2. The conservation law of Q applied
between asymptotic incoming and outgoing states requires

C

(
p1µp1ν + p2µp2ν −

1

d
ηµν(m2 +m2)

)
= C

(
p′1µp

′
1ν + p′2µp

′
2ν −

1

d
ηµν(m2 +m2)

)
.

If C 6= 0, these equations imply that the scattering must proceed either in the forward
or backward direction whereas in all other directions there is no scattering. This conflicts
the analyticity properties of scattering amplitudes in more then 2 dimensions and thus
C = 0. No interacting theory can carry the charge Qµν . Similar arguments can be used
for amplitudes of non-identical particles to prove this ’no-go’ theorem.

The Coleman-Mandula theorem shows the impossibility of nontrivial symmetries that
connect particles of different spins.

————————————
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6.2 The Wess-Zumino-Model

We study the simplest supersymmetric model in four spacetime dimensions. It has been
constructed by Wess and Zumino [29] when they extended the 2-dimensional supersym-
metric string-model of Gervais and Sakita1 [30] to four dimensions. The model contains
a supermultiplet with

• a single Majorana field ψ

• a pair of real scalar and pseudo-scalar bosonic fields A and B

• a pair of real scalar and pseudoscalar bosonic auxiliary fields F and G.

With (4.79) we have the hermiticity properties

ε̄ψ, ε̄γµνψ, ε̄γ5γ
µψ : hermitian

ε̄γ5ψ, ε̄γ
µψ : antihermitian. (6.11)

Bilinears without γ5 are tensor fields and those with γ5 are pseudo-tensor fields.

6.2.1 The free Model in the on-shell formulation

The hermitean Lagrangean should give rise to a translational and Lorentz invariant action.
The action is dimensionless in units for which ~ = 1 and thus L has dimension

[L] = L−4 or [L] = m4. (6.12)

In a supersymmetric model we expect an equal number of bosonic and fermionic states
and bosons and fermions of equal mass. For example, a spin 1/2-fermion which is its own
antiparticle has 2 polarisation states and should be accompanied by two neutral scalar
particles. Without interaction the Lagrangean of this model takes the form

L = 1
2(∂µA)2 − 1

2m
2A2 + 1

2(∂µB)2 − 1
2m

2B2 + i
2 ψ̄ /∂ψ − 1

2mψ̄ψ = L0 + Lm. (6.13)

where A and B are real scalar fields and ψ a Majorana spinor. Later it will turn out that
B is a real pseudo-scalar field. The unfamiliar factor 1

2 multiplying the Dirac-term arises
because ψ is an uncharged Majorana spinor. The dimensions of the various fields are

[A] = [B] = L−1 and [ψ] = L−3/2.

The field equations are the Klein-Gordon and Dirac equation

(2 +m2)A = 0, (2 +m2)B = 0 and (i/∂ −m)ψ = 0. (6.14)

1which was based on earlier work of Ramond [31] and Neveu and Schwartz [32]

————————————
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Besides the well-known space-time symmetries the action S =
∫
d4xL admits the following

supersymmetry transformations

δεA = ε̄ψ

δεB = iε̄γ5ψ (6.15)

δεψ = −(i/∂ +m)(A+ iγ5B)ε,

where ε is an arbitrary constant infinitesimal Majorana fermion c-number parameter with
dimensions [ε] = L1/2. These transformations map bosons into fermions and vice versa.

Note that ε̄ψ is a hermitean scalar and iε̄γ5ψ a hermitean pseudo-scalar in accordance with
A and B being hermitean (pseudo)-scalars. With γ0γµ = γ†µγ0 and γ†5 = γ5 the variation
of the Dirac conjugate spinor reads

δεψ̄ = (δεψ)†γ0 = ε̄
(
i/∂(A− iγ5B)−m(A+ iγ5B)

)
. (6.16)

We shall now prove in several steps, that the Lagrangean density is invariant up to a total
divergence which means, that the action is invariant. To prove this property requires some
lengthy calculations. For newcomers to supersymmetry this proof is a very useful exercise.

To prove the invariance of (6.13) we need

1
2δε(∂µA∂

µA + ∂µB∂
µB) = ε̄∂µ(A+ iγ5B)∂µψ

1
2δε
(
A2 +B2

)
= ε̄(A+ iγ5B)ψ

δε(ψ̄ /∂ψ) = δεψ̄γ
µ∂µψ + ψ̄γµ∂µδεψ = −∂µ

(
δεψ̄γ

µψ
)

(6.17)

= −ε̄∂µ
(
i/∂(A− iγ5B)γµψ −m(A+ iγ5B)γµψ

)
(6.18)

1
2δε(ψ̄ψ) = 1

2(δεψ̄ψ + ψ̄δεψ) = δεψ̄ψ = ε̄
(
i/∂(A− iγ5B)ψ −m(A+ iγ5B)ψ

)
where we used that for Majorana spinors χγµψ = −ψ̄γµχ and χ̄ψ = ψ̄χ hold true.

6.2.2 The interacting model in the off-shell formulation

The Lagrangean should be hermitean and should give rise to a translational and Lorentz
invariant action. The action is dimensionless in units with ~ = 1 and thus L must have
dimension

[L] = L−4 or [L] = m4. (6.19)

The Lagrangean density is

L = 1
2∂µA∂

µA+ 1
2∂µB∂

µB + i
2 ψ̄ /∂ψ + 1

2

(
F2 + G2

)
+m

(
FA+ GB − 1

2 ψ̄ψ
)

+ g
(
F(A2 −B2) + 2GAB − ψ̄(A− iγ5B)ψ

)
(6.20)

= L0 + Lm + Lg.

————————————
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Parity invariance of L demands that A, which couples to the scalar ψ̄ψ, is a scalar field
and B, which couples to the pseudo-scalar ψ̄γ5ψ, is a pseudo-scalar field. The fields F and
G enter only algebraically and play the role as Lagrangean multiplier fields. The terms
AF and BG are parity even if F is a scalar and G a pseudo-scalar field. The dimensions
of the various fields are

[A] = [B] = L−1, [ψ] = L−3/2 and [F ] = [G] = L−2. (6.21)

The field equations are

0 = −2A+mF + 2gFA+ 2gGB − gψ̄ψ
0 = −2B +mG − 2gFB + 2gGA+ igψ̄γ5ψ

0 = F +mA+ g(A2 −B2) (6.22)

0 = G +mB + 2gAB

0 = i/∂ψ −mψ − 2g(A− iγ5B)ψ

To discover the Fermi-Bose symmetries

δ(Boson) = Fermion and δ(Fermion) = Boson

we make the following infinitesimal supersymmetry transformations:

δεA = ε̄ψ, δεB = iε̄γ5ψ

δεψ = −i/∂(A+ iγ5B)ε+ (F + iγ5G)ε (6.23)

δεF = −iε̄/∂ψ, δεG = ε̄γ5/∂ψ,

where ε is an arbitrary constant infinitesimal Majorana fermion c-number parameter with
dimensions [ε] = L1/2. These transformations transform bosons into fermions and vice
versa and do not contain the mass or coupling constants of the model.

Note that for example ε̄ψ is a hermitean scalar and iε̄γ5ψ a hermitean pseudo-scalar,
as required, since A and B are hermitean (pseudo)-scalars. The variation of the Dirac
conjugate spinor is

δεψ̄ = δεψ
†γ0 = iε̄/∂(A− iγ5B) + ε̄(F + iγ5G). (6.24)

The corresponding action is invariant under the supersymmetry transformation. We shall
now prove in several steps, that the Lagrangean density is invariant up to a total diver-
gence.

To prove the invariance of the first line in (6.20) we need

1
2δε(∂

µA∂µA + ∂µB∂µB) = ε̄∂µ(A+ iγ5B)∂µψ
1
2δε(F2 + G2) = −iε̄(F + iγ5G)/∂ψ

δε(ψ̄ /∂ψ) = iε̄/∂(A−iγ5B)/∂ψ + ε̄(F+iγ5G)/∂ψ

−iε̄2(A+iγ5B)ψ − ε̄/∂(F−iγ5G)ψ,

————————————
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where we used

ε̄ψ = ψ̄ε, ε̄γ5ψ = ψ̄γ5ε, ε̄γµψ = −ψ̄γµε and ε̄γ5γ
µψ = ψ̄γ5γ

µε. (6.25)

The (weighted) sum of these three terms yields the variation of L0:

δεL0 = ∂µ(ε̄V µ
0 ), V µ

0 = 1
2γ

µ{/∂(A+ iγ5B)− i(F − iγ5G)}ψ. (6.26)

This already shows, that the massless non-interacting model is invariant under susy-
transformations. Actually this simple subsector is invariant not only under susy but under
superconformal transformations. The superconformal group is the generalisation of the
conformal group.

For the variation of the mass-term we need

δε(FA+ GB) = ε̄(F+iγ5G)ψ − iε̄(A+iγ5B)/∂ψ

δε(ψ̄ψ) = 2ε̄(F+iγ5G)ψ + 2iε̄/∂(A−iγ5B)ψ

from which follows that

δεLm = ∂µ(ε̄V µ
m), V µ

m = −im(A+ iγ5B)γµψ. (6.27)

This shows, that the massive non-interacting model is invariant under susy-transformations.
Finally, for the variation of the interaction term we need

δε(FA2 −FB2) = ε̄{2F(A−iγ5B)− i(A2−B2)/∂}ψ
δε(2ABG) = 2ε̄(ABγ5/∂ +BG + iAGγ5)ψ

δε(Aψ̄ψ) = (ε̄ψ)(ψ̄ψ) + 2Aε̄{F + iγ5G + i/∂(A− iγ5B)}ψ
δε(ψ̄γ5ψ) = 2ε̄{(F + iγ5G) + i/∂(A− iγ5B)}γ5ψ

δε(Bψ̄γ5ψ) = i(ε̄γ5ψ)(ψ̄γ5ψ) + 2Bε̄{(F + iγ5G) + i/∂(A− iγ5B)}γ5ψ.

Using (ψ̄ψ)(ε̄ψ) + (ψ̄γ5ψ)(ε̄γ5ψ) = 0 which follows from (4.87), we see that the variation
of the interaction term is also a total divergence,

δεLg = ∂µ(ε̄V µ
g ), V µ

g = −ig(A+ iγ5B)2γµψ. (6.28)

Hence, the Lagrangean density transforms under supersymmetry transformations into a
total divergence,

δεL = ∂µ(ε̄V µ)

V µ = γµ{1
2
/∂(A+ iγ5B)− i

2(F − iγ5G)− im(A− iγ5B)− ig(A− iγ5B)2}ψ.(6.29)

This shows, that action (6.13) is invariant under the supersymmetry transformations
(6.23).

The commutator of two successive transformations of a symmetry group must itself be a
symmetry transformation. This way we can identify the algebra of group generators. Let
us see what the commutator of two susy transformations looks like. For example,

[δε1 , δε2 ]A = δε1(ε̄2ψ)− δε2(ε̄1ψ) = −iε̄2/∂(A+ iγ5B)ε1 + ε̄2(F + iγ5G)ε1 − (1↔ 2)

= −2iε̄2γ
µε1∂µA. (6.30)
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Similarly one finds

[δε1 , δε2 ]B = −2iε̄2γ
µε1∂µB,

[δε1 , δε2 ]F = −2iε̄2γ
µε1∂µF ,

[δε1 , δε2 ]G = −2iε̄2γ
µε1∂µG.

Computing the commutator on the spin-1
2 field is more involved. First,

[δε1 , δε2 ]ψ = ∂µ{ − i(ε̄1ψ)γµ + i(ε̄1γ5ψ)γµγ5 − i(ε̄1γ
µψ) + i(ε̄1γ5γ

µψ)γ5}ε2 − {1↔ 2}
= { − iγµM + iγµγ5Mγ5 − iMγµ + iγ5Mγ5γ

µ}∂µψ, (6.31)

where we have introduced

M = ε2ε̄1 − ε1ε̄2 = −1
2γρ(ε̄1γ

ρε2) + γρσ(ε̄1γ
ρσε2) (6.32)

such that

[δε1 , δε2 ]ψ = −2i(ε̄2γ
µε1)∂µψ. (6.33)

We see that on all fields the commutator of the supersymmetry transformations yield a
translation,

[δε1 , δε2 ] = −2i(ε̄2γ
µε1)∂µ. (6.34)

Is is not difficult to see, that the supersymmetry transformations commute with the trans-
lations,

[δε, δa] = 0, δa = aµ∂µ.

Let us finally calculate the commutator of Lorentz transformations and supersymmetry
transformations. For example, for the A field

[δε, δω]A = δε{ i2(ω,L)A} − δω ε̄ψ = i
2{(ω,L)ε̄ψ − ε̄(ω, J)ψ} = − i

2ωµν ε̄Σµνψ,

where J = L+ Σ. Similarly one finds

[δε, δω]B = 1
2ωµν ε̄γ5Σµνψ

[δε, δω]F = −1
2ωµν ε̄/∂Σµνψ

[δε, δω]G = − i
2ωµν ε̄γ5/∂Σµνψ

[δε, δω]ψ = i
2ωµνΣµνδεψ.

The generator Qα of supersymmetriy transformations is a four component Majorana spi-
nor, which we define by the requirement

δεA = ε̄QA, δεB = ε̄QB, . . . .

————————————
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Consistency with (6.34) requires

[δε1 , δε2 ] = [ε̄1Q, ε̄2Q] = [Q̄ε1, ε̄2Q] = (Q̄βε1β ε̄
α
2Qα − ε̄α2QαQ̄βε1β)

= ε1β ε̄
α
2 (Q̄βQα +QαQ̄β) = −2i(ε̄2γ

µε1)∂µ = 2iε1β ε̄
α
2 (γµ) βα ∂µ. (6.35)

Comparing the last with the third to last expression yields

{Qα, Q̄β} = 2i(γµ) βα ∂µ = 2(γµ) βα Pµ. (6.36)

Since Q̄β = −Qγ(C−1)γβ and CT = −C we may rewrite this commutation relation as

{Qα,Qβ} = −2(γµC)αβPµ. (6.37)

Also, since the susy transformations commute with the translations, we have

[Qα, Pµ] = 0.

Finally, since

[δε, δw]A = i
2 ε̄
αωµν [Qα, Jµν ]A = − i

2ω
µν ε̄α(Σµνψ)α

we conclude, that

[Qα, Jµν ]A = −(ΣµνQ)αA.

The same holds true for the other fields, such that

[Jµν ,Qα] = (ΣµνQ)α. (6.38)

As expected from a Majorana spinor, the supercharges transform as spin-1
2 fields.

6.2.3 On-shell formulation

The Lagrangean and equations of motion in their present form are not very illuminating.
Notice, however, that the fields F and G are just Lagrangean multiplier fields. These
auxiliary (dummy) fields satisfy the algebraic equations of motion

0 =
∂L
∂F = F +mA+ g(A2 −B2) and 0 =

∂L
∂G = G +mB + 2gAB

see eq. (6.22), and can be eliminated from the Lagrangean and the equations of motion.
With

1
2(F2 + G2) +m(FA+ GB) + g{F(A2 −B2) + 2GAB}
= −1

2m
2(A2 +B2)−mgA(A2 +B2)− 1

2g
2(A2 +B2)2

the ’on-shell’ Lagrangean density reads

L = 1
2∂µA∂

µA+ 1
2∂µB∂

µB − 1
2m

2(A2 +B2) + i
2 ψ̄ /∂ψ − 1

2mψ̄ψ

−mgA(A2 +B2)− 1
2g

2(A2 +B2)2 − gψ̄(A− iγ5B)ψ. (6.39)

————————————
A. Wipf, Supersymmetry



6. The Birth of Supersymmetry 6.2. The Wess-Zumino-Model 79

The field equations are

(2 +m2)A = −mg(3A2 +B2)− 2g2A(A2 +B2)− gψ̄ψ
(2 +m2)B = −2mgAB − 2g2B(A2 +B2) + igψ̄γ5ψ (6.40)

(i/∂ −m)ψ = 2g(A− iγ5B)ψ.

The following features of L are characteristic for supersymmetric theories:

• The scalars and the fermions have equal mass.

• There are quartic and cubic couplings between the scalars and a Yukawa-interaction
between fermions and scalars.

• There are only few parameters: For the Wess-Zumino model m and g.

The relation between boson and fermion masses and couplings is a common feature of
SUSY and it is stable under renormalisation. This has been found to be so, since there
exists a Pauli-Villars regularisation which preserves supersymmetry for the model [33]
Indeed, the Wess-Zumino Model has also some remarkable renormalisation properties.
Despite the presence of scalar fields, there is no renormalisation of the mass and coupling
constant. There is only a wave-function renormalisation. The divergences arising from
boson loops are cancelled by those from fermion loops which have the opposite sign.
These powerful non-renormalisation theorems make SUSY particularly attractive.

The on-shell transformations read

δεA = ε̄ψ,

δεB = iε̄γ5ψ, (6.41)

δεψ = −{i/∂ +m+ g(A+ iγ5B)}{A+ iγ5B}ε,

so that the Dirac-conjugated spinor transforms as

δεψ̄ = ε̄{i/∂(A− iγ5B)− (m+ g(A+ iγ5B))(A+ iγ5B)}.

Note that these transformations have become nonlinear and model-dependend (they de-
pend on the parameters in L), and there is no part of the Lagrangean which separately
transforms as a density under them. Of course, the action is invariant under these trans-
formation. For example, for m = g = 0 we have

δεL = ∂µε̄V
µ, V µ = 1

2γ
µ/∂(A+ iγ5B)ψ.

This is just the result for the off-shell formulation in which one replaces the auxiliary fields
by their equation of motion. Now we shall see, that the susy algebra closes only on-shell.
It closes off-shell on the fields A and B, but not on the fermion field,

[δε1 , δε2 ]ψ = −{i/∂ +m+ 2g(A+ iγ5B)}{M − γ5Mγ5}ψ,
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where M = ε2ε̄1 − ε1ε̄2 has already been introduced in (6.32). Since

M − γ5Mγ5 = −γρ(ε̄1γ
ρε2) and /∂γρ = −γρ/∂ − 2∂ρ

we can rewrite the commutator of 2 susy-transformations on the Fermi-field as

[δε1 , δε2 ]ψ = −2(ε̄2γ
ρε1)∂ρψ + γρ(ε̄2γ

ρε1){i/∂ −m− 2g(A− iγ5B)}ψ. (6.42)

Only if we impose the field equation for the spinor field, then the last term vanishes and

[δε1 , δε2 ]ψ = −2(ε̄2γ
ρε1)∂ρψ.

We see, that after the elimination of the auxiliary fields the susy algebra closes only if
the equations of motion hold. This could be disastrous for quantum corrections: there the
fields must be taken off-shell, away from their classical paths through configuration space.
However, if there is (as for the WZ-model) some off-shell version, we expect no problems.
But what happens if the theory were intrinsically only on-shell supersymmetric (as N = 4
and N = 8 theories may well be) or if there exist several off-shell versions (as there are
for N = 1 supergravity), is unclear.

Counting degrees of freedom: A heuristic understanding for the necessity of auxi-
liary fields in the off-shell formulation is based on a counting of degrees of freedom. In
a supersymmetric theory the fermionic degrees of freedom must match the bosonic ones.
In 4 dimensions a real field A(x) describes one neutral scalar particle and the Dirac field
ψ(x) has 8 real components, but describes only 4 states of a spin-1

2 particle and its anti-
particle. Correspondingly a Marjoran field describes the 2 states of a spin-1

2 particle which
is its own anti-particle. Thus, in going from fields to states we loose some dimensions of
our representation space, but differently so for different spins. Supersymmetric models
for which the number of fermionic degrees freedom is the number of bosonic degrees of
freedeom somehow take care of this, and they do so by means of auxiliary fields whose
off-shell degrees of freedom disappear completely on-shell. For the Wess-Zumino model

off-shell: (A,B,F ,G)←→ ψC = ψ , on-shell: (A,B)←→ ψC = ψ.

6.2.4 Noether current and supercharge

We proceed as we did in the last chapter. For space-times symmetries the Lagrangean
density is invariant up to a total divergence and the Noether current

Jµ =
∂L

∂(∂µφ)
δXφ− V µ

acquires an additional term −V µ. Here we are mainly interested in the conserved charges
and not so much in the currents. Hence we do not attempt to improve the current. For
example, the conserved energy momentum current

Tµν = ∂µA∂νA+ ∂µB∂νB + i
2 ψ̄γ

µ∂νψ − δµνL

————————————
A. Wipf, Supersymmetry



6. The Birth of Supersymmetry 6.2. The Wess-Zumino-Model 81

is not symmetric and not traceless for vanishing mass. But it leads to the conserved
energy-momentum

Pν =

∫
x0
dx (πA∂νA+ πB∂νB + iψ†∂νψ − δ0

νL).

To construct the supercurrent, i.e. the Noether current associated to supersymmetry, we
must determine

∂L
∂(∂µφ)

δεφ.

Because ψ̄ /∂ψ = −∂µψ̄γµψ we obtain

∂L
∂(∂µφ)

δεφ = ∂µAε̄ψ + i∂µBε̄γ5ψ − i
2δεψ̄γ

µψ

= ε̄{2∂µ(A+ iγ5B)− 1
2γ

µ/∂(A+ iγ5B)− i
2(F − iγ5G)}ψ.

Now we must subtract V µ in (6.29) to obtain the conserved current

ε̄Jµ = ε̄{/∂(A− iγ5B)γµψ + imγµ(A− iγ5B)ψ + igγµ(A− iγ5B)2}ψ
= −iδεψ̄γ

µψ = iψ̄γµδεψ. (6.43)

In these expressions for the conserved super-current we must replace the velocities by the
momenta. Note, that the auxiliary fields do not appear in the expression for the Noether
current.

To arrive at the symplectic structure we first recall the fundamental equal-time commuta-
tors for the Bose-fields

[A(x), πA(y)] = iδ(x − y) , [B(x), πB(y)] = iδ(x − y) (6.44)

and equal-time anticommutators for the Majorana fields,

{ψα(x), ψβ†(y)} = δ βα δ(x − y) or {ψα(x), ψ̄β(y)} = (γ0) βα δ(x − y). (6.45)

For a Majorana spinor, the last anti-commutator implies

{ψα(x), ψβ(y)} = −(γ0C)αβδ(x − y), (γ0C)T = γ0C. (6.46)

The Hamiltonian splits into three terms,

H = H0 +Hm +Hg, where Hm +Hg = −
∫
x0
dx (Lm + Lg) and

H0 = 1
2

∫
x0
dx
(
π2
A + (∇A)2 + π2

B + (∇B)2 − iψ†αi∂iψ − (F2 + G2)
)
. (6.47)

We used the (from the Dirac theory known) hermitian matrices αi = γ0γi. Using

[AB,C] = A{B,C} − {A,C}B
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in the time-evolution equation

Ȯ = i[H,O]

one finds the Hamiltonian equation of motion for the fields and their conjugate momenta.
For example, for the free massless model

Ȧ(x) = i[H0, A(x)] = πA , π̇A = i[H0, πA]

ψ̇α(x) = i[H0, ψα(x)] = 1
2(αi) γβ

∫
dy
(
ψ†β{∂iψγ , ψα(x)} − {ψ†β, ψα(x)}∂iψγ

)
= −1

2(αi∂iψ)α − 1
2(αi) γβ

∫
dy∂iψ†β{ψγ , ψα(x)} = −(αi∂iψ)α,

which are just the Hamiltonian field equations of the free massless Wess-Zumino model.
The supercharge of the interacting model has the form

ε̄Q = ε̄

∫
x0
dx
(
πA + iγ5πB − αi∂i(A+ iγ5B) + im(A+ iγ5B)γ0 + ig(A+ iγ5B)2γ0

)
ψ,

and generates the following transformations

i[ε̄Q, A] = ε̄ψ,

i[ε̄Q, B] = iε̄γ5ψ

i[ε̄Q, ψβ] = −i
(
γ0(πA + iπBγ5) + γi∂i(A+ iγ5B) +m(A+ iγ5B) + g(A+ iγ5B)2

)
ε,

which are just the on-shell susy-transformations. We used the identities

γ5C = CγT5 , (ε̄γ0C)T = γ0ε, (ε̄γ5γ
0C)T = γ0γ5ε

(ε̄αiγ0C)T = −γiε and (ε̄αiγ5γ
0C)T = γ5γ

iε.

For the infinitesimal transformation of the momenta one finds

i[ε̄Q, πA] = ε̄ψ̇ and i[ε̄Q, πB] = iε̄γ5ψ̇,

where we used the abbreviation

ψ̇ = −(αi∂i + iγ0(m+ 2g(A− iγ5B))ψ.

The Hamiltonian equations for the fields and their conjugate momentum fields are equi-
valent to the field equations. The spinorial supercharges of the interacting model are

Q =

∫
{πA + iγ5πB − αi∂i(A+ iγ5B) + i(m+ g[A+ iγ5B])(A+ iγ5B)γ0}ψ

Q̄ =

∫
ψ̄{πA + iγ5πB + αi∂i(A+ iγ5B)− iγ0(m+ g[A+ iγ5B])(A+ iγ5B)}.(6.48)

To finally calculate the anticommutator of the supercharges we use

{B1F1, F2} = B1{F1, F2} − [B1, F2]F1, {F1, B2F2} = B2{F1, F2}+ [F1, B2]F2 (6.49)
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so that

{B1F1, B2F2} = B1B2{F1, F2}+B1[F1, B2]F2 − [B1, B2]F2F1 −B2[B1, F2]F1 (6.50)

holds true. The Bi are bosonic and the Fi are fermionic operators. Since Q, Q̄ have the
form

Qα =

∫
dxB γ

α (x)ψγ(x) and Q̄β =

∫
dy ψ̄δ(y)C β

δ (y),

where the bosonic operator B γ
α commutes with ψ we obtain

{Qα, Q̄β} =

∫
dxdy

(
B γ
α (x) {ψγ(x), ψ̄δ(y)}C β

δ (y) + ψ̄δ(y) [C β
δ (y), B γ

α (x)]ψγ(x)
)
.

A rather involved calculations shows, that

{Qα, Q̄β} = 2(γµ) βα Pµ,

as expected. Actually, one gets an additional term

− i
2γ

0[γi, γj ]γ5

∫
(∂iA∂jB − ∂jA∂iB),

but the integrand is a total divergence and hence the integral vanishes. One gets the off-
shell Hamiltonian P0 with eliminated auxiliary fields. Also, one automatically obtains a
hermitian expression for the momentum operator. For example, the bosonic contribution
to the momentum is calculated to be

Pi = 1
2(πA∂iA+ ∂iAπA + πB∂iB + ∂iBπB).

6.2.5 The superpotential

To generalise the results it is convenient to work with Weyl spinors. The following calcu-
lations can be done in any representations. For notational simplicity I prefer to choose the
chiral representation introduced in section (4.5). In the van der Waerden notation with
dotted and un-dotted indexes a Dirac spinor has the form

ψ =

(
ψA
χ̄Ȧ

)
, ψ̄ = ψ†γ0 = ( ψ̄Ȧ, χ

A ) γ0 = (χA, ψ̄Ȧ ) , where ψ̄Ȧ = (ψA)† . . . .

A Majorana spinor ψ can be formed entirely from a lefthanded Weyl spinor,

ψ = ψL + (ψL)C , ψ = PLψ, PL = 1
2(1− γ5). (6.51)

In the chiral representation representation introduced in the last chapter we have

γ5 =

(
−σ0 0

0 σ0

)
, B =

(
0 ε
−ε 0

)
, ε =

(
0 1
−1 0

)
= iσ2, γµ =

(
0 σµ
σ̃µ 0

)
,(6.52)
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where

σµ = (σ0,−σi), σ̃µ = (σ0, σi) so that εσµε = −σ̃Tµ . (6.53)

Left and righthanded spinors are simply

ψL =

(
ψA
0

)
and ψR =

(
0
χ̄Ȧ

)
, (6.54)

and a Majorana spinor has the form

ψ = ψL + (ψL)C =

(
ψA

−(εψ∗)Ȧ

)
≡
(
χA
χ̄Ȧ

)
= ψC =⇒ ψ̄ = (ψA, ψ̄Ȧ). (6.55)

The raising and lowering of the indexes are performed with the ε-symbols

ψA = εAB ψB, ψA = ψBεBA and ψ̄Ȧ = ψ̄Ḃ ε
ḂȦ, ψ̄Ȧ = εȦḂψ̄

Ḃ

where we introduced

(εAB) = (εAB) =

(
0 −1
1 0

)
(εȦḂ) = (εȦḂ) =

(
0 1
−1 0

)
.

It follows that

εABεBC = −δAC , εȦḂε
ḂĊ = −δȦ

Ċ
.

For fermionic variables we have

ψAχA = εABψBχA = εBAχAψB = χAψA ≡ ψχ, ψ̄χ̄ = ψ̄Ȧχ̄
Ȧ = χ̄Ȧψ̄

Ȧ.

Note, however, that

ψAχA = εABψBχ
CεCA = −δ BC ψBχC = −ψBχB, ψ̄Ȧχ̄

Ȧ = −ψ̄Ȧχ̄Ȧ.

The mass term reads

ψ̄ψ = ψAψA + ψ̄Ȧψ̄
Ȧ = ψψ + ψ̄ψ̄, ψ̄ψ̄ = (ψψ)†, (6.56)

and

ψ̄γ5ψ = −ψψ + ψ̄ψ̄.

The vector current can be written as

ψ̄γµψ = ψ̄Ȧ(σ̃µ)ȦAψA + ψA(σµ)AȦψ̄
Ȧ = ψ̄σ̃µψ + ψσµψ̄ = ψ̄σ̃µψ + h.c.,
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so that the ’kinetic term’ for Majorana fermions is

ψ̄ /∂ψ = ψ̄σ̃µ∂µψ + ψσµ∂µψ̄. (6.57)

Now we are ready to rewrite the susy-Lagrangean (6.13) in terms of a single lefthanded
field ψ, and complex fields φ and F for its scalar partners

φ =
1√
2

(A+ iB) and F =
1√
2

(F − iG). (6.58)

With

∂µφ
†∂µφ = 1

2{∂µA∂µA+ ∂µB∂
µB} , F †F = 1

2(F2 + G2)

φF + (φF )† = AF +BG ,
√

2{φ2F + (φ2F )†} = F(A2 −B2) + 2ABG√
2{φψψ + φ†ψ̄ψ̄} = ψ̄(A− iγ5B)ψ.

we can rewrite (6.13) as

L = ∂µφ
†∂µφ+ F †F + 1

2{iψ̄σ̃µ∂µψ + 2mφF −mψ2 + h.c.}
+
√

2g{φ2F − φψψ + h.c.}. (6.59)

Then, using the equation of motion for F , which gives

F † = −mφ−
√

2gφ2

we can eliminate the auxiliary field so that the Lagrangean density becomes

L = ∂µφ
†∂µφ− |mφ+

√
2gφ2|2 + { i2 ψ̄σ̃µ∂µψ − 1

2 ψ̄ψ −
√

2gφ2F + h.c.}. (6.60)

It is useful to re-express these Lagrangean in terms of an analytic function

W (φ) = 1
2mφ

2 + 1
3

√
2gφ3, (6.61)

known as superpotential, as

L = LK + F †F +
{
F
∂W

∂φ
+ 1

2

∂2W

∂φ2
ψψ + h.c.

}
L = LK − |

∂W

∂φ
|2 + 1

2

{∂2W

∂φ2
ψψ + h.c.

}
. (6.62)

For a normalisable theory W can be, at most, a cubic function of φ. The superpotential is
the only free function in the susy Lagrangean and determines both the potential for the
scalar fields and the masses and couplings of the fermions and bosons.

In general there may be several chiral multiplets. For example, if the lefthanded spinor
fields ψi belongs to a representation of SU(N), we will have supermultiplets

(φi, χi),
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where in the fundamental representation i = 1, 2, . . . , N . Now (6.62) is readily generali-
sed to a density that is invariant under the additional symmetry and contains the new
supermultiplets. It is

Lchiral =
∑
i

|∂µφi|2 +
{
i
2

∑
i

ψ̄iσ̃
µ∂µψi −

∑
i

|∂W
∂φi
|2 + 1

2

∑
ij

∂2W

∂φi∂φj
ψiψj + h.c.

}
.(6.63)

Supersymmetry transformations: we write the Majorana spinor α in terms of its lefthanded
part,

α =

(
αA
ε̄Ȧ

)
, ε̄ = (αA, ε̄Ȧ).

Then it follows at once that

ε̄ψ = αχ+ ε̄χ̄ , ε̄γ5ψ = −αψ + ε̄ψ̄

ε̄γµψ = ε̄σ̃µψ + ασµψ̄ , ε̄γ5γ
µψ = ε̄σ̃µψ − ασµψ̄,

where we used, that the σµ are hermitian. The susy-transformations take now the form

δεφ =
√

2αψ, δεF = −i
√

2ε̄σ̃µ∂µψ, δεψ =
√

2(Fα− iσµ∂µφ ε̄).

6.2.6 Supersymmetry algebra in Weyl-basis

We may recast the supersymmetry algebra for the Majorana spinor charges Qα, namely

{Qα,Qβ} = −2(γµC)αβPµ or {Qα, Q̄β} = 2(γµ) βα Pµ

[Qα, Pµ] = 0 and [Jµν ,Qα] = (ΣµνQ)α, (6.64)

plus the Poincaré algebra, in terms of the lefthanded charges. For that we expand (6.35)
in the lefthanded supercharges

[Q̄α, β̄Q] = αAβ
B{QA,QB}+ ε̄Ȧβ̄Ḃ{Q̄Ȧ, Q̄db}+ αAβ̄Ḃ{QA, Q̄Ḃ}+ ε̄ȦβB{Q̄Ȧ,QB}

= −2{βB(σµ)BȦε̄
Ȧ + β̄Ḃ(σ̃µ)ḂAαA}Pµ.

Comparing the two expressions yields

{QA, Q̄Ḃ} = 2(σµ)AḂPµ or {Q̄Ȧ,QB} = 2(σ̃µ)ȦBPµ (6.65)

and

{QA,QB} = {Q̄Ȧ, Q̄Ḃ} = 0.

Analogously, when we express the Majorana spinors in

[Jµν , ε̄Q] =
ε̄

2

(
σµν 0
0 σ̃µν

)
Q, σµν = 1

2i(σµσ̃ν − σν σ̃µ), σ̃µν = 1
2i(σ̃µσν − σ̃νσµ),
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in terms of their lefthanded components, we obtain

[Jµν ,QA] = 1
2(σµν) B

A QB or [Jµν , Q̄Ȧ] = 1
2(σ̃µν)Ȧ

Ḃ
Q̄Ḃ, (6.66)

Hence, an alternative form of the susy algebra (6.64) reads

{QA, Q̄Ḃ} = 2(σµ)AḂPµ , {QA,QB} = 0

[QA, Pµ] = 0 and [Jµν ,QA] = 1
2(σµν) B

A QB, (6.67)

plus the Poincaré algebra.
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Kapitel 7

Supersymmetry algebras

Supersymmetric theories avoid the restriction of the Coleman-Mandula theorem by
relaxing one condition: they generalize the notion of a Lie algebra and include in the de-
fining relation anticommutators in addition to the usual commutators. We shall develop
the form of the susy algebra from first principles, following Haag, Lopuszanski and
Sohnius [35]. Under the conditions imposed in the Coleman-Mandula theorem the su-
persymmetric structure is almost uniquely fixed by the requirement of Lorentz invariance.
The supermultiplett structure of one-particle states will later be deduced from the susy
algebra.

In 4 dimensions the generalization of the Poincaré algebra to a superalgebra is obtained
in its simplest version by the following procedure: one adds to the Poincaré algebra a
Majorana spinor charge, with components Qα, α = 1, . . . , 4, with the properties

{Qα, Q̄β} = 2(γµ) βα Pµ, [Qα, Pµ] = 0 and [Mµν ,Qα] = (ΣµνQ)α. (7.1)

Here Pµ and Mµν are the generators of translations and homogeneous Lorentz transfor-
mations of space-time. Since Pµ has the dimensions L−1, the supersymmetry generators
Qα must have dimension L−1/2. The Mµν are dimensionless. We have seen that the Qα
map fermions into bosons and bosons into fermions. The relation [Mµν ,Qα] = (ΣµνQ)α
expresses the fact, that the Qα transform as a spinor under Lorentz transformations. In
the last section we have explicitly realized this algebraic structure on a Majorana spinor
field and spin-0 fields. Now we shall investigate, how unique this algebraic structure is.

7.1 Graded Lie algebras

Supersymmetry is expressed in terms of symmetry generators ta that form a graded Lie
algebra or Lie superalgebra. We have to deal with two types of elements: Bose and Fermi.
Thus we use a graded vector space such that each of its vectors has a grade defined mod
2. Hence a Z2-graded algebra consists of a vector space S which is the set-theoretic union1

1Superselection rules forbid the linear combination of Bose with Fermi elements [39], and hence S is
the set-theoretic union and not the direct sum of S0 and S1.
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of two subspaces,

S = S0 ∪ S1, (7.2)

and is equipped with a binary operation which respects this grading. The dimension of S0

is N0 and that of S1 is N1. We assign to an element ta ∈ S a grade ηa. The elements in
S0 have grade 0 and those in S1 have grade 1. S0 consists of even elements and S1 of odd
ones. The bilinear product

[., .} : S × S −→ S, [ta, tb} = iC c
ab tc, (7.3)

has the following properties

grading: [S0,S0} ⊂ S0, [S0,S1} ⊂ S1, [S1,S1} ⊂ S0

super-ACR: [ta, tb} = −(−)ηaηb [tb, ta} (7.4)

super-Jacobi: (−)ηaηc [ta, [tb, tc}}+ (−)ηcηb [tc, [ta, tb}}+ (−)ηbηa [tb, [tc, ta}} = 0.

The even elements in S0 correspond to bosonic generators, the odd elements in S1 corre-
spond to fermionic generators. Hence, the product of two bosonic or two fermionic ope-
rators is bosonic, and the product of a fermionic with a bosonic operator is fermionic, so
that

C c
ab = 0, unless ηc = (ηa + ηb) mod 2. (7.5)

According to the symmetry properties of the product in (7.4) the structure constants in
(7.3) must satisfy the conditions

C c
ba = −(−1)ηaηbC c

ab . (7.6)

Let us finally see, what are the consequences of the super Jacobi identity for the structure
constants C c

ab in (7.3):

0 = (−)ηaηc [ta, [tb, tc}}+ (−)ηcηb [tc, [ta, tb}}+ (−)ηbηa [tb, [tc, ta}}
= i(−)ηaηcC d

bc [ta, td}+ i(−)ηcηbC d
ab [tc, td}+ i(−)ηbηaC d

ca [tb, td}
= −

(
(−)ηaηcC d

bc C
e

ad + (−)ηcηbC d
ab C

e
cd + (−)ηbηaC d

ca C
e

bd

)
te .

This means that the structure constants obey the quadratic relations

(−)ηaηcC d
bc C

e
ad + (−)ηcηbC d

ab C
e

cd + (−)ηbηaC d
ca C

e
bd = 0 . (7.7)

Introducing the adjoint action

adta : tb −→ adta(tb) = [ta, tb} (7.8)

the super-Jacobi identity can be rewritten as

(adta ◦ adtb)(tc)− (−)ηaηb(adtb ◦ adta)(tc) = ad[ta,tb}(tc).
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Since this holds for any generator tc we conclude, that

[adta , adtb} ≡ adta ◦ adtb − (−)ηaηbadtb ◦ adta = ad[ta,tb} = iC c
ab adtc . (7.9)

In applications the ta are realized as linear operators on a Hilbert space and the product
of operators tatb is defined. In this case

[ta, tb} = tatb − (−)ηaηbtbta. (7.10)

The super-Jacobi identity is then automatically fulfilled. If one operator is bosonic we get
the commutator, if both operators are fermionic we get the anticommutator. If the ta are
hermitian, then the structure constants satisfy a reality conditions

−iC̄ c
ab tc = [ta, tb}† = tbta − (−)ηaηbtatb = iC c

ba tc

which is equivalent to

C̄ c
ab = −C c

ba . (7.11)

Note that S is not a Lie algebra, since the product of two elements in S1 is symmetric and
not antisymmetric,

[ta, tb} = [tb, ta} if ta, tb ∈ S1. (7.12)

In the literature one writes [., .] instead of [., .} if the product is antisymmetric, i.e. if at
least one argument is even and {., , } instead of [, ., } if the product is symmetric, i.e. if
both arguments are odd. The subspace S0 spans an ordinary Lie algebra. The subspace
S1 is not even a subalgebra, since S1 is not closed under [., .}.

7.1.1 From a Lie algebra to a super-Lie algebra

We construct a Z2 grading of a Lie algebra which is generated by N0 generators Ti with
commutation relations

[Ti, Tj ] = iC k
ij Tk, (7.13)

with Lie algebra structure constants C k
ij . We denote the generators of S1 by Qα. Since

[S0,S1] ⊂ S1 and {S1,S1} ⊂ S0 we have, in addition to (7.13), the relations

[Ti,Qα] = iC β
iα Qβ and {Qα,Qβ} = iC i

αβTi. (7.14)

Because of the symmetry properties (7.6) the non-vanishing structure constants obey

C k
ij = −C k

ji , C β
iα = −C β

αi and C i
αβ = C i

βα. (7.15)

If the generators Ti and Qα are hermitian, then the reality conditions (7.11) and symmetry
properties imply:

C̄ k
ij = C k

ij , C̄ β
iα = C β

iα and C̄ i
αβ = −C i

αβ . (7.16)
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Let us study the consequences of the super Jacobi identities for two bosonic generators
and one fermionic generator. We just must set a = i, b = j and c = α in (7.7) in which
case all (−)ηaηb = 1 and find

0 = C β
jα C

γ
iβ + C k

ij C
γ

αk + C β
αi C

γ
jβ .

Now we introduce the N1-dimensional matrices Ci with i = 1, . . . N0, with (real) matrix

elements (Ci)
β
α and using C β

αi = −C β
iα we end up with

[Ci, Cj ] = −C k
ij Ck. (7.17)

This proves the

Lemma 4 The N0 matrices Ci, whose matrix elements are the structure constants C β
iα ,

form a N1-dimensional representation of the bosonic Lie algebra S0.

Now we investigate the super Jacobi identity for one bosonic and two fermionic generators.
Hence we set a = i and b = α, c = β in (7.7), so that ηa = 0 and ηb = ηc = 1 and find

C k
ij C

j
αβ = C γ

iα C
k

βγ + C γ
iβ C

k
αγ = C γ

iα C
k

γβ + C γ
iβ C

k
γα .

If we introduce the N0 symmetric N1-dimensional matrices

Ci with matrix elements (Ci)αβ = C i
αβ

then these relations can be written as

C k
ij C

j = CiC
k + (CiC

k)T . (7.18)

Finally we study the consequences of the super Jacobi identity for three fermionic opera-
tors. Hence we set a = α, b = β and c = γ in (7.7). This results in

0 = C i
βγC

δ
αi + C i

αβC
δ

γi + C i
γαC

δ
βi = (Ci)αβ(Ci)

δ
γ + cycl.(α, β, γ). (7.19)

Let us now study some graduations of simple and physically relevant Lie algebras.

7.1.2 The grading of SU(2)

Here we study graded Lie algebras with S0 =su(2). The Lie-subalgebra S0 is generated by
the 3 hermitian matrices

Ti = 1
2σi, such that C k

ij = εijk. (7.20)

The condition (7.17) for the matrices Ci with matrix elements C β
iα reads

[Ci, Cj ] = −εijkCk, (7.21)
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and hence the real matrices Ci must form a N1 dimensional representation of su(2). For
the 2-dimensional representations we have

(Ci)
β
α = i

2(σi)
β
α , so that [Ti,Qα] = −1

2(σiQ)α.

Now we proceed to the constraints (7.18) for the symmetric matrices Ck. For the two-
dimensional representation we set Ck = σkσ2. Now one can prove, that (7.18) holds true,

CiC
k + (CiC

k)T = i
2(σiσkσ2 − σ2σ

T
k σ

T
i ) = i

2 [σi, σk]σ2 = −εikjCj = C k
ij C

j ,

where we used the identity σ2σ
T
i = −σiσ2. With this solution we find

{Qα,Qβ} = i(σiσ2)αβTi.

Now one can show, that for our choice for Ci and Ck the third set of constraints in (7.19)
are automatically fulfilled. Hence we have obtained the following grading of su(2) :

[Ti, Tj ] = iεijkTk, [Ti,Qα] = −1
2(σiQ)α and {Qα,Qβ} = i(σiσ2)αβTi. (7.22)

One can write down an explicit matrix representation of the graded SU(2) on a 3-
dimensional graded vector space V (1|2) over C. We represent a vector in V as a column
vector with 1+2 entries. The Bose element is in the top entry whereas the Fermi elements
are in the bottom 2 entries. Then the matrix representation of the generators {Ti,Qα}
takes the form

Ti =

(
0 0
0 1

2σi

)
, Q1 =

 0 1 0
0 0 0
−1 0 0

 and Q2 =

 0 0 1
1 0 0
0 0 0

 . (7.23)

The superalgebra is then represented by the following matrices

M =

(
0 B

εBT D

)
, ε =

(
0 1
−1 0

)
, (7.24)

where D = D† a 2-dimensional matrix which maps fermions into fermions and B is a
2-dimensional row vector which maps fermions into bosons, so that(

0 0
0 D

)
∈ S0 and

(
0 B

εBT 0

)
∈ S1. (7.25)

Using εD = −DT ε the super-anticommutator of 2 elements can be written as

[M1,M2} =

(
0 B3

εBT
3 D3

)
, B3 = B1D2 −B2D1, D3 = [D1, D2] + ε(BT

1 B2 +BT
2 B1).

It turns out, that for the 3-dimensional representation

(Ci)
β
α = εiαβ

we cannot satisfy the constraints (7.18,7.19).
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7.1.3 Supertrace and super-Killing form

Guided by the grading of SU(2) we consider a mod 2 graded vector space V (N |M) over
C with N Bose and M Fermi dimensions. A vector in V can be represented as a column
vector with M +N entries. For Bose (Fermi) elements the top N (bottom M) entries will
be non-zero. Now consider the complex linear transformations on V (N |M). The grading
of V induces an obvious grading of these linear transformations,

M =

(
A B
C D

)
. (7.26)

In the matrix representation a Bose linear transformation is block diagonal

M ∈ S0 : M =

(
A 0
0 D

)
, (7.27)

whereas a Fermi transformation is block off-diagonal

M ∈ S1 : M =

(
0 B
C 0

)
. (7.28)

A and D are square matrices, whereas B and C are in general rectangular. In the matrix
representation the bracket is the usual commutator in all cases but one, namely when
both bracketed transformations are Fermi in which case it is an anticommutator. The so
obtained Lie superalgebra is gl(N |M) and it is not simple.

Simplicity of a superalgebra is defined as for the ordinary Lie algebra: a Lie superalgebra
S is simple if any sub-superalgebra A of S, such that [A,S} ⊂ A, is trivial, i.e. either
A = 0 or A = S. In ordinary Lie algebras one achieves simplicity by imposing the traceless
condition. However, if M1 and M2 are traceless, then the bracket

[M1,M2} =

(
[A1, A2] +B1C2 +B2C1 A1B2 −A2B1 +B1D2 −B2D1

C1A2 − C2A1 +D1C2 −D2C1 [D1, D2] + C1B2 + C2B1

)
(7.29)

need not be traceless since, it involves anti-commutators. We therefore need a new concept
of trace, called supertrace, such that it vanishes for the bracketing of two matrices. It is
easily checked that the supertrace, given by

S TrM = TrA− TrD, (7.30)

has the required property,

S Tr[M1,M2} = 0. (7.31)

Recall, that the invariant Killing form of an ordinary Lie algebra is defined as

K(Ti, Tj) = Tr(adTi ◦ adTj ) = −
∑
k,l

C l
ik C

k
jl , where [Ti, Tj ] = iC k

ij Tk. (7.32)

————————————
A. Wipf, Supersymmetry



7. Supersymmetry algebras 7.1. Graded Lie algebras 94

This bilinear-form is non-degenerate for semi-simple Lie groups and positive definite for
compact Lie groups. The generalized Killing form on S is analogously defined as

K(ta, tb) = S Tr(adta ◦ adtb) = −
∑
c,d

(−)ηdC d
ac C

c
bd ≡ Kab. (7.33)

To prove the second equality we introduce an orthogonal basis {ta} in S for which

(ta, tb) = S Tr(ta, tb) = (−)ηaδab (7.34)

such that indeed

S Tr(adta ◦ adtb) =
∑
c

(tc, [ta, [tb, tc}}) = −C e
bc C

d
ae (tc, td) = −Kab.

It reduces to a multiple of the usual Killing form on the bosonic subspace S0 and hence is
a symmetric bilinear form when acting on the subspace S0. However, it is antisymmetric
when acting on the fermionic subspace S1,

K(Qα,Qβ) = Kαβ = −Kβα. (7.35)

This follows from the following symmetry property of the super-Killing form

Kab = (−)ηaηbKba, (7.36)

which is easily gotten from (7.9), applied to 2 fermionic generators. Finally, we have

K(Ti,Qα) = 0, (7.37)

because the structure constants respect the grading. The generalized Killing form is inva-
riant under bracketing,

K([tc, ta}, tb) + (−)ηaηbK(ta, [tc, tb}) = 0. (7.38)

I leave the proof as exercise.

Let us finally calculate the super Killing form for the graded SU(2) algebra with structure
constants

C k
ij = εijk, C β

iα = −C β
αi = i

2(σi)
β
α , C i

αβ = C i
βα = (σiσ2)αβ.

Inserting into (7.33) yields the following super Killing matrix

Kij = −
∑
kl

C l
ik C

k
jl +

∑
αβ

C β
iα C

α
jβ = −

∑
kl

εiklεjlk − 1
4

∑
αβ

(σi)
β
α (σj)

α
β = 3

2δij

Kαβ = −
∑
γi

C i
αγC

γ
βi + (α↔ β) = i

2

∑
γi

(σiσ2)αγ(σi)
γ
β − (α↔ β) = −3i(σ2)αβ.

Writing (a) = (i, α) the matrix (Kab) takes the form

(Kab) = 3
2

(
13 0
0 −2ε

)
, (7.39)

where ε has been introduced in (7.24). Kab is non-degenerated as expected for the simple
graded su(2) algebra.
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7.1.4 Supergroups

An endomorphism M : V (N |M) → V (N |M) can be represented by a graded (N + M)-
dimensional matrix with the following structure

M =

(
A B
C D

)
, (M b

a ) =

(
A j
i B α

i

C i
α D β

α

)
, (7.40)

where A : V0 → V0 maps bosons into bosons and D : V1 → V1 maps fermions into fermions.
A and D are square matrices. The matrices B : V1 → V0 maps fermions into bosons and
C : V0 → V1 maps bosons into fermions. If N 6= M then B and C are not square matrices:

B : N ×M and C : M ×N. (7.41)

Since A,D do not change the grade they are even submatrices with degree η = 0. On the
other hand, B,C change the grade and hence they are odd submatrices. In this subsection
(7.1.4) we only use commutators (no anticommutators) and then we must assume, that
the elements of B and C are anticommuting variables and therefore behave as Grassmann
parameters:

BiαCβj = −CβjBiα.

From this we obtain the rules

(BC)T = −CTBT and Tr(BC) = −Tr(CB). (7.42)

Next we return to the supertrace which has been defined by

S TrM = TrA− TrD = Tr(−)NFM. (7.43)

Here NF is the fermionic number and it is zero on the bosonic subspace and 1 on the
fermionic subspace,

NF =

(
0 0
0 1

)
=⇒ (−)NF =

(
1N 0
0 −1M

)
. (7.44)

On the bosonic subspace the supertrace becomes the ordinary trace.

Lemma 5 The supertrace is a symmetric bilinear-form on L(V ) which is cyclic, i.e.

S Tr(M1M2) = S Tr(M2M1) and S Tr(M1M2M3) = S Tr(M3M1M2). (7.45)

The symmetry is shown by explicit calculation:

S Tr(M1M2) = Tr(A1A2 +B1C2)− Tr(C1B2 +D1D2)

= Tr(A1A2) + Tr(B1C2)− Tr(C1B2)− Tr(D1D2)

= Tr(A2A1)− Tr(C2B1) + Tr(B2C1)− Tr(D2D1)

= Tr(A2A1 +B2C1)− Tr(C2B1 +D2D1) = S Tr(M2M1).
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The cyclic property follows then at once. Having defined the supertrace we introduce the
superdeterminant:

Definition: The determinant of a supermatrix M is the superdeterminant defined by

S detM = exp {S Tr logM}. (7.46)

On the bosonic subspace the superdeterminant is just the ordinary determinant. The
superdeterminant shares many properties with the ordinary determinant. In particular we
have the

Lemma 6 Let M1,M2 be two graded matrices. Then we have the product rule

S det(M1M2) = S det(M1) · S det(M2). (7.47)

Proof: We set Mi = exp(Pi) and use the Baker-Campbell-Hausdorff formula

M1M2 = eP1eP2 = eP1+P2+ 1
2

[P1,P2]+...

and take the logarithm of both sides

log(M1M2) = P1 + P2 + 1
2 [P1, P2] + . . . .

Since the supertrace of the commutator of two supermatrices vanish, we immediately find

S Tr log(M1M2) = S TrP1 + S TrP2 = S Tr log(M1) + S Tr log(M2).

After exponentiation we find the product rule for the determinant. Now one has the
following

Lemma 7 The superdeterminant can be expressed in terms of ordinary determinants by
the following formulae

S detM =
det(A−BD−1C)

detD
= detAdet(D − CA−1B). (7.48)

A corresponding formula holds for detM if all entries of M are c-numbers. Then the deter-
minants in the denominators of these formulae are in the numerator. To prove this lemma
we first calculate the logarithm of particular triangular matrices. When exponentiating
both sides, it is straightforward to prove, that

R =

(
1 B
0 D

)
=⇒ logR =

(
0 B(D − 1)−1 logD
0 logD

)
L =

(
A 0
C 1

)
=⇒ logL =

(
logA 0

C(A− 1)−1 logA 0

)
. (7.49)

It follows that

S TrR = −Tr logD, S detR =
1

detD
and S TrL = Tr logA, S detL = detA.
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Now we decompose the supermatrix M as

M =

(
A−BD−1C BD−1

0 1

)(
1 0
C D

)
=

(
1 0

CA−1 D − CA−1B

)(
A B
0 1

)
.

Applying the product rule for superdeterminants to these two decomposition immedia-
tely leads to the formulae (7.48). Finally we need the generalization of transposition for
supermatrices.

Definition: The supertransposition of a supermatrix is defined by

MST =

(
A B
C D

)ST
=

(
AT CT

−BT DT

)
. (7.50)

This definition lead to the ordinary transposition law

(M1M2)ST = MST
2 MST

1 . (7.51)

This can be checked by explicitly calculating both sides and using (7.42). Also, one has
the

Lemma 8 The superdeterminant is invariant under supertransposition,

S det(MST ) = S det(M). (7.52)

Proof: We use the formula (7.48) for the superdeterminants and find

S det(MST ) =
det (AT + CT (DT )−1BT )

detDT
=

det (A−BD−1C)T

detD
= S det(M).

After we have introduced the supertrace, superdeterminant and super-transposition of
supermatrices we can now proceed and define the supergroups relevant in physics. For
the infinitesimal super-group transformation generated by elements of a super-Lie alge-
bra one prefers to work with bosonic variables only. But then one needs to introduce
anti-commutators in addition to commutators. The transition is similar as that from the
Noether charge ᾱQ to the supercharges Qα. Whereas ᾱQ obeys commutation relations
the supercharges Qα satisfy anti-commutation relations.

7.2 Superalgebras

The most important Lie superalgebras are the ones, which have no nontrivial invariant
subalgebra. These simple finite-dimensional superalgebras are fully classified [37]. There
are eight infinite families

s`(N |M), osp(N |M), P (N), Q(N), W (N), S(N), S̃(N), H(N), (7.53)

a continuum of 17-dimensional exceptional superalgebras and one exceptional superalgebra
each in 31 and 40 dimensions,

D(2|1;α), G(3) and F (3). (7.54)
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In passing we note, that a semi-simple superalgebra is in general not the direct sum of
simple superalgebras. A good review on superalgebras is [38].

The superalgebras of main interest in physics are the special linear, orthosymplectic and
unitary ones. We shall now describe the relevant superalgebras in detail.

7.2.1 The special linear superalgebras s`(N |M).

The supergroup GL(N |M) consists of matrices of the form (7.40) with non-zero superde-
terminant. This supergroup is not simple. But the sub-supergroup S`(N |M) of matrices
with superdeterminant one,

S`(N |M) = {U ∈ GL(N |M)| S detU = 1} = {eiM ∈ GL(N |M)| S TrM = 0}. (7.55)

is simple. For N 6= M the super-traceless (N + M) × (N + M) matrices form a simple
((N + M)2 − 1)-dimensional subalgebra s`(N |M). For m = n the unit matrix is super-
traceless and generates a one-dimensional center of s`(N |N). To achieve simplicity we must
divide out this center and this leads to the superalgebras ps`(N |N) with has dimension
4N2 − 2.

Instead of using anticommuting as well as commuting entries, it is possible to use only
commuting entries. One defines the supertrace of M as in (7.30) or (7.43) but now A,B,C
and D contain only commuting c-numbers. The generators of s`(N |M) are still defined
by S Tr(M) = 0, but the composition rule is modified. Instead of a commutator one has
an anticommutator for the bracket of B and C matrices with themselves and with each
other. As earlier we denote this composition rule by [M1,M2}.
The dimensions of the bosonic and fermionic subspaces for gl, sl and psl superalgebras are
listed in the following table

superalgebra dim(S) N0=dim(S0) N1=dim(S1)

g`(N |M) (N +M)2 N2 +M2 2NM

s`(N |M) (N +M)2 − 1 N2 +M2 − 1 2NM

ps`(N) (2N)2 − 2 2N2 − 2 2N2

7.2.2 The orthosymplectic superalgebras osp(N |M)

The orthosymplectic supergroup OSp(N |M) can be defined by considering the bilinear
form

xiηijy
j + θαΩαβζ

β = xT η y + θTΩ ζ (7.56)

with commuting xi (i = 1, . . . , N) and yj and anticommuting θα (α = 1, . . . ,M) and ζβ.
The ηij and Ωαβ are symmetric real and antisymmetric real metrics, respectively. Let (x, θ)
and (y, ζ) transform linearly under a supermatrix U . Thus(

x
θ

)
−→

(
A B
C D

)(
x
θ

)
= U

(
x
θ

)
,

(
x
θ

)T
= (xT , θT ) −→ (xT , θT )UST . (7.57)
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The supergroups OSp(N |M) leave the line ’line element’ (7.56) invariant which means

UST
(
η 0
0 Ω

)
U =

(
η 0
0 Ω

)
. (7.58)

Writing U = 1+M this implies the following condition for the infinitesimal transformations

MST

(
η 0
0 Ω

)
+

(
η 0
0 Ω

)
M = 0. (7.59)

One may verify that the set of matrices satisfying the condition (7.59) generate a closed
algebraic system: if M1 and M2 satisfy this condition, so does the ordinary commutator
[M1,M2]. Recall, that the sub-blocks B and C are anticommuting, while A and D are
commuting. Again we make the transition to commuting entries. One defines the transpo-
sition on U as in (7.50) but now A,B,C and D contain only commuting c-numbers. The
generators of OSp(N |M) are still defined by (7.59), but the composition rule is modified.
Instead of a commutator one has an anticommutator for the bracket of B and C matri-
ces with themselves and with each other. As earlier we denote this composition rule by
[M1,M2}. The explicit form of (7.59) reads

AT η + ηA = 0, DTΩ + ΩD = 0, CTΩ + ηB = 0 and BT η − ΩC = 0. (7.60)

The solution of the last two relations are

B = −η−1CTΩ.

Using these relations for the submatrices Ai, Bi, Ci and Di of Mi, i = 1, 2, one can explicitly
check that [M1,M2} in (7.29) satisfies the condition (7.59). Let us recall that Sp(M,R) is
generated by real matrices D with DTΩ + ΩD = 0 with antisymmetric and real Ω. Thus,
D generates Sp(M,R), A generates SO(N,R). The dimension of the bosonic sector is thus
1
2N(N − 1) + 1

2M(M + 1), and that of the fermionic sector NM . The total dimension of
the superalgebra is therefore

dim(osp(N |M)) =
1

2
[(N +M)2 +M −N ]. (7.61)

7.2.3 The unitary superalgebras su(N |M)

We consider the line element in superspace

(ds)2 = z†ηz + θ†Ωθ. (7.62)

and linear transformations(
z
θ

)
−→

(
A B
C D

)(
z
θ

)
= U

(
z
θ

)
, (z†, θ†) −→ (z†, θ†)

(
A† C†

−B† D†

)
= (z†, θ†)U †(7.63)
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which leave the line element invariant. Writing U = 1 +M we see, that the infinitesimal
symmetry transformation obey

M †
(
η 0
0 Ω

)
+

(
η 0
0 Ω

)
M = 0, where M † =

(
A† C†

−B† D†

)
. (7.64)

Again we take commuting entries, but now complex, and define u(N |M) by those ordinary
complex matrices M which satisfy (7.64). The explicit form of this condition reads

A†η + ηA = 0, D†Ω + ΩD = 0, C†Ω + ηB = 0 and B†η − ΩC = 0. (7.65)

The solution of the last two relations are

B = −η−1C†Ω, η† = η, Ω† = −Ω. (7.66)

The superalgebra su(N |M) is obtained by retaining only the generators with vanishing
supertrace. Since S Tr[M1,M2} = 0 always, these matrix form also a closed algebraic
system called su(N |M).

7.2.4 Further superalgebras

The elements of s`(N + 1|N + 1) defined by matrices of the form (now we work with
commuting entries)

M =

(
A B
C −AT

)
with TrA = 0, B = BT , C = −CT (7.67)

form a sub-superalgebra denoted by P (N). The dimension of this superalgebra is 2(N +
1)2 − 1.

Q(N) is the 2(N + 1)2 − 1-dimensional sub-superalgebra of s`(N + 1|N + 1) defined by

M =

(
A B
B A

)
with S TrM = 0, TrB = 0. (7.68)

Just as for ordinary Lie algebras, there exist superalgebras in some particular dimensions.
They are called exceptional. I refer to the literature for the definition and discussion of the
exceptional superalgebras D(2|1;α), G(3) and F (4). The dimensions of these superalgebras
are

dim(D(2|1;α)) = 9 + 8 = 17, dim(G(3)) = 17 + 14 = 31, dim(F (4)) = 30 + 10 = 40.(7.69)

Besides there are the superalgebras of Cartan-type. These are W (N), S(N), S̃(N) and
H(N).

Note, that in any spacetime dimensions the ordinary Poincaré algebra is not even semi-
simple. So one may ask why one puts so much attention on simple Lie superalgebras. But
similarly as for the bosonic Poincaré algebra one can obtain the super Poincaré algebra as
Wigner-Inönü contraction from the simple anti-deSitter algebra.
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7.3 Superalgebras containing spacetime algebras

The superalgebras of interest contain spacetime algebras. There are four spacetime alge-
bras of interest for supergravity and supersymmetry. These are:

• The Poincaré group which leave the line element ds2 = ηµνdx
µdxν invariant. The

Poincaré algebra has been discussed in section (3.1).

• The conformal group, the group of transformations of xµ which leave ds2 = 0 inva-
riant. In contains, in addition to the Poincaré transformations the dilatations and
special conformal transformations. The corresponding algebra has been investigated
in section (5.2).

• The anti-deSitter group SO(2, d−1). This is the group of symmetries of a maximally
symmetric spacetime with constant negative curvature. It admits 1

2d(d + 1) Killing
fields which generate a so(2, d − 1) algebra. This group and its algebra has been
discussed in section (3.4).

• The deSitter group SO(1, d). This is the group of a maximally symmetric spacetime,
whose constant curvature is positive. The 1

2d(d+ 1) Killing fields generate a so(1, d)
algebra.

The deSitter and Anti-deSitter spacetimes also admit conformal Killing vector fields, and
in both cases the conformal group is SO(2, d), as it is in Minkowski spacetime. At this
point it might be useful to recapitulate the real forms of bosonic algebras of ’classical type’.
That is done in table (7.1) (taken from the review of van Proeyen). The conventions
which has been used for groups is that Sp(2N) = Sp(2N,R) (always even entry) and
USp(2N, 2M) = U(N,M,H). S`(N) is S`(N,R). Furthermore, SU∗(2N) = S`(N,H) and
SO∗(2N) = O(N,H). Here it maybe useful to recall the Cartan classification of the
classical groups:

groups AN BN CN DN

complexified group S`(N + 1,C) Spin(2N + 1,C) Sp(2N,C) Spin(2N,C)

compact form SU(N + 1,C) Spin(2N + 1,R) U(N,H) Spin(2N,R)

In these bosonic algebras there are isomorphisms which will be important later. To discuss
these, it is of use to recall the Dynkin diagrams of the classical groups. These are depicted
in figure (7.1).

The isomorphisms one needs in supersymmetry and supergravity are:

B1 ∼ A1 : SO(3) ' SU(2), SO(2, 1) ' SU(1, 1) ' Sp(2,R) ' Sl(2)

D2 ∼ A1 ×A1 : SO(4) ' SU(2)× SU(2), SO(2, 2) ' SU(1, 1)× SU(1, 1)

B2 ∼ C2 : SO(5) ' USp(4), SO(4, 1) ' USp(2, 2), SO(2, 3) ' Sp(4,R)

D3 ∼ A3 : SO(6) ' SU(4), SO(1, 5) ' SU∗(4)

SO(2, 4) ' SU(2, 2), SO(3, 3) ' S`(4)
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Compact Real Form Maximal compact subalg.

SU(N) SU(p,N − p) SU(p)× SU(N − p)× U(1)

SU(N) S`(N) SO(N)

SU(2N) SU∗(2N) USp(2N)

SO(N) SO(p,N − p) SO(p)× SO(q)

SO(2N) SO∗(2N) U(N)

USp(2N) Sp(2N) U(N)

USp(2N) USp(2p, 2N − 2p) USp(2p)× USp(2N − 2p)

G2,−14 G2,2 SU(2)× SU(2)

F4,−52 F4,−20 SO(9)

F4,−52 F4,4 USp(6)× SU(2)

E6,−78 E6,−26 F4,−52

E6,−78 E6,−14 SO(10)× SO(2)

E6,−78 E6,2 SU(6)× SU(2)

E6,−78 E6,6 USp(8)

E7,−133 E7,−25 E6,−78 × SO(2)

E7,−133 E7,−5 SO(12)× SU(2)

E7,−133 E7,7 SU(8)

E8,−248 E8,−24 E7,−133 × SU(2)

E8,−248 E8,8 SO(16)

Tabelle 7.1: Real forms of simple bosonic Lie algebras.

Note that the equality sign is not correct for the groups. For the algebras there are these
isomorphisms, but it is rather the covering group of the orthogonal groups which are listed
at the right hand sides.

It is remarkable that for the Poincaré, conformal, deSitter and anti-deSitter algebras super-
extensions exist. I will not discuss the deSitter superalgebras, because the corresponding
supergravity theories (which do exist) contain ghosts [36]. The anti-deSitter algebras are
free from ghosts. The superalgebras which correspond to supersymmetric theories can now
be found by looking up which superalgebra contains a given spacetime group. According
to the spin-statistic theorem the odd generators (the columns of C and rows of B) must
transform under the spacetime group as spinors. This means that the spacetime generators
must be in the spinor representations of the SO(p, q) groups. The supergroups containing
the AdS and conformal algebras as spacetime symmetries in 2, 4 and 5 dimensions are
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Abbildung 7.1: Dynkin diagrams of the AN , BN , CN and DN series. • are short roots.

dimensions spacetime-group supergroup remarks

d = 2 adS OSp(N |2)
conformal OSp(N |2)×OSp(N |2)

d = 4 adS OSp(N |4) Sp(4) ' SO(3, 2) is adS
conformal SU(N |2, 2) SU(2, 2) ' SO(4, 2)

d = 5 adS SU(N |2, 2) complex spinors
conformal F4?

In the appendix to this chapter I give a list of superalgebras of ’classical type’ (taken from
van Proeyen). A superalgebra is of classical type if the representation of S0, according
to which the fermionic generators transform, is completely reducible. The non-classical
superalgebras are the Cartan-type superalgebras W (N), S(N), S̃(N) and H(N).

7.4 Physically relevant examples of superalgebras

Let us see in more detail, how to construct supergroups and superalgebras explicitly. We
shall investigate the important anti-deSitter and Poincaré superalgebras in detail.

7.4.1 Anti-deSitter algebras in 2, 4 and 5 dimensions

The Poincaré algebra is not a simple algebra, but a Wigner-Inönü contraction of the
simple anti-deSitter algebra SO(2, d− 1). The anti-deSitter algebra is

[Mmn,Mpq] = i(ηmpMnq + ηnqMmp − ηmqMnp − ηnpMmq), m, n = 0, . . . d, (7.70)

where ηmn = diag(+− . . .−+). Setting

Mdµ = −Mµd ≡ RPµ, where µ = 0, . . . d− 1 (7.71)

and denoting the remaining components of Mmn by Mµν , this algebra takes the form

[Mµν ,Mρσ] = i(ηµρMνσ + ηνσMµρ − ηµσMνρ − ηνρMµσ)

[Pρ,Mµν ] = −i(ηρµPν − ηρνPµ) (7.72)

[Pµ, Pν ] =
i

R2
Mµν .
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The Wigner-Inönü contraction is the statement that the SO(2, d − 1) algebra reduces
to the Poincaré algebra when we take the limit R→∞ with constant Pµ in the limit. The
same applies to the corresponding superalgebras as we shall see later.

For the following calculations it is useful to recall the formula(
C−1γ(n)

)T
= −ε(−)[n/2](−η)nC−1γ(n). (7.73)

We also need the formulae (4.75) and (4.83). But now ψ and χ are commuting objects, so
that

ψ̄γ(n)χ = −ε(−)n(n+1)/2ηt χ̄γ(n)ψ (7.74)

and

∆ψχ̄ =
D∑
p=0

(−)p(p−1)/2

p !
γµ1...µp (χ̄γµ1...µpψ). (7.75)

Remember, that ∆ = 2[d/2] and D = d for even d and D = (d− 1)/2 for odd dimensions.
If we choose Majorana spinors, then we take B = CAT = 1 such that Majorana spinors
are real. For an antisymmetric charge conjugation matrix this implies C−1 = −A and
ψ̄ = −ψTC−1.

Two spacetime dimensions

First we consider the anti-deSitter spacetime in 2 spacetime dimensions. The corresponding
supergroup is OSp(N, 2). According to (7.55) the generators of sp(2,R) satisfy

DTΩ + ΩD = −(ΩD)T + ΩD = 0, ΩT = −Ω, (7.76)

i.e. the real matrices ΩD are symmetric. Let us relate sp(2,R) to the isomorphic so(2, 1).
Consulting our tables in section 3 we see that there exists a Majorana representation of
SO(2, 1). We take C = γ0γ2 such that Majorana spinors are real. Since ε = η = 1 we have

CT = −C, (C−1γm)T = C−1γm, (C−1γmn)T = C−1γmn, γmn = 1
2 [γm, γn], (7.77)

where the indices m,n take the values 0, 1 and 2. It follows in particular, that

γT0 = γ0, γT1 = −γ1 and γT2 = γ2.

From the known hermiticity properties of the gamma-matrices we conclude, that the γm
and hence the charge conjugation matrix C are all real. The real 1

2γmn satisfy the SO(2, 1)
algebra (7.70) with i on the right hand side replaced by −1,

[1
2γmn,

1
2γpq] = −1

2(ηmpγnq + ηnqγmp − ηmqγnp − ηnpγmq), η = diag(1,−1, 1). (7.78)

The following matrices form a Majorana representation of so(2, 1):

γ0 = σ1, γ1 = −iσ2, γ2 = σ3 =⇒ {γm, γn} = 2ηmn12, ηmn = diag(1,−1, 1)

————————————
A. Wipf, Supersymmetry



7. Supersymmetry algebras 7.4. Physically relevant examples of superalgebras 105

In this representation the generators of SO(2, 1) have the form

{γ01, γ02, γ12} = {σ3,−iσ2, σ1},

and the charge conjugation matrix reads

C = γ0γ2 = −iσ2.

Now we compare (7.76) with (7.77) we conclude that we may choose Ω = C−1 in which
case D is a linear combination of the SO(2, 1) generators with real coefficients,

D = 1
2ω

mnγmn, Ω = C−1 (7.79)

Now we choose η = 1 in (7.55). Then A is real and antisymmetric, that is in the Lie
algebra of SO(N). Hence

A = αijΩij , (Ωij)kl = δikδjl − δilδjk, e.g. Ω12 =

(
iσ2 0
0 0

)
. (7.80)

The generators Ωij fulfill the so(N) algebra, that is the algebra (7.70) with i on the right
hand side replaced by −1 and η replaced by δ. Now we take as generators of the bosonic
sector of the super Lie algebra

Mmn =

(
0 0
0 1

2γmn

)
and Tij =

(
Ωij 0
0 0

)
. (7.81)

Clearly, the Mmn generate the so(2, 1) subalgebra and the Tij the so(N) subalgebra of S0.
The generators of so(2, 1) commute with those of so(N) such that S0 = so(2, 1)⊕ so(N).

Now we turn to the fermionic generators. According to (7.55) we have B = −CTC−1 so
that these generators have the form

M =

(
0 −CTC−1

C 0

)
∈ S1. (7.82)

Here C is a general rectangular 2 × N matrix and therefore a linear combination of 2N
basic generators with all but one entries equals zero. We choose as basis elements the
matrices

eα ⊗ eTi , (7.83)

where the 2-dimensional column-vector eα has entries (eα)β = δαβ and the N -dimensional
column vector ei has entries (ei)j = δij . and correspondingly the following generators of
the fermionic subspace

Qiα =

(
0 −eTαC−1 ⊗ ei

eα ⊗ eTi 0

)
≡
(

0 ēα ⊗ ei
eα ⊗ eTi 0

)
. (7.84)

We used, that −eTαC−1 = ēα. The commutators of the bosonic with these fermionic gene-
rators are

[Mmn,Qiα] = 1
2(γmnQi)α, [Tij ,Qiα] = −(QαΩ)i. (7.85)
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This shows, that the real Q1, . . . ,Qm transform according to to the spin 1
2 -representation

of the so(2, 1). These Majorana charges do not mix under spin rotations. On the other
hand, the so(N) transforms the Qi without affecting the spinor index α. They are rotated
into each other with the N -dimensional defining representation. The anticommutator of
two Q is easily found to be

{Qiα,Qjβ} =

(−C−1
αβ (eie

T
j − ejeTi ) 0

0 δij(eαēβ + eβ ēα

)
. (7.86)

Now it is easy to calculate the anticommutator of two fermionic generators for i 6= j. One
finds

{Qiα,Qjβ} = −(C−1)αβTij . (7.87)

To calculate the anticommutator for i = j we use (7.75) which implies for so(1, 2) the
Fierz identity

2eαēβ = ēαeβ1 + γm(ēαγ
meβ) =⇒ (eαēβ + eβ ēα) = −(C−1γm)αβγm.

Now we use that γ0γ1γ2 = ±1 which implies

γm = ±εmpqγpq (ε012 = 1) so that (−C−1γm)αβγm = 1
2(C−1γmn)αβγmn.

This implies the following anticommutator for i = j:

{Qiα,Qiβ} = (C−1γmn)αβMmn. (7.88)

For contracting the super-AdS algebra to the super-Poincaré algebra, we set

M20 = RP0 and M21 = RP1

so that the anti-deSitter algebra reads

[M01, P0] = iP1, [M01, P1] = −iP0, [P0, P1] = iR−2M01. (7.89)

For R→∞ it contracts to the Poincaré algebra, as discussed above. Now, in addition, we
replace Qα by Qα/

√
R in which case

{Qiα,Qjβ} = 2δij{(C−1γ2γµ)αβPµ + 1
R(C−1γ01)αβM01} − 1

R(C−1)αβTij

[Pµ,Qiα] = 1
2R(γ2µQi)α, [M01,Qiα] = 1

2(γ01Qi)α, [Tij ,Qkα] = −(QαΩij)
k.(7.90)

Now we perform the limit R→∞ in which case (7.89) contracts to the Poincaré algebra as
expected. Using that C−1γ2 = −γ0 = −C2 is, up to a sign, the charge conjugation matrix
in 2-dimensional Minkowski space (with η = ε = −1), the anticommutation relations in
(7.90) simplify to

{Qiα,Qjβ} = −2δij(C2γ
µ)αβPµ, [Pµ,Qiα] = 0

[M01,Qiα] = 1
2(γ01Qi)α, [Tij ,Qkα] = −(QαΩij)

k. (7.91)

We have found a superalgebra extending the Poincaré algebra consisting of N Majorana
charges Qi. The Qi are transformed into each other by the internal SO(N) transformati-
on. The so(N) rotate the Majorana supercharges Qi. This automorphism group is called
R-symmetry. In accordance with the Coleman-Mandula theorem the R-symmetry com-
mutes with the Poincaré transformations.
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Four spacetime dimensions

Again we must solve DTΩ + ΩD = 0 with a real 4-dimensional, nondegenerate and anti-
symmetric matrix Ω. This condition is equivalent to

(ΩD)T = ΩD =⇒ D ∈ sp(4). (7.92)

To relate Sp(4) to SO(2, 3) we recall, that SO(2, 3) admits a Majorana representation
with ε = 1 and η = −1. From (7.73) it follows, that

C = −CT , (C−1γm)T = −C−1γm and (C−1γmn)T = C−1γmn, m = 0, . . . , 4.(7.93)

The γmn satisfy the SO(2, 4)-algebra (7.78) with ηmn =diag(1,−1,−1,−1, 1). As charge
conjugation matrix we take

C = γ0γ4 (7.94)

such that Majorana spinors are real. Then

γT0 = −γ0, γT4 = −γ4

which implies, that the γm are imaginary. For example, we may choose the following
explicit Majorana representation

γ0 = σ0 ⊗ σ2, γ1 = iσ0 ⊗ σ3, γ2 = iσ1 ⊗ σ1, γ3 = iσ3 ⊗ σ1 and γ4 = σ2 ⊗ σ1

in which case C = −iσ2 ⊗ σ3. Comparing (7.92) with (7.93) we see, that we can choose

Ω = C−1 and D = 1
2ω

mnγmn, ωmn ∈ R.

This identification yields the isomorphism between sp(4) and so(2, 3). Choosing η = 1 in
the other constraint in (7.55) we conclude that A ∈ so(N) and hence

A = αijΩij , (Ωij)kl = δikδjl − δilδjk. (7.95)

As in two dimensions we take the following basis of the bosonic subalgebra

Mmn =

(
0 0
0 1

2γmn

)
and Tij =

(
Ωij 0
0 0

)
. (7.96)

The Mmn satisfy the so(2, 3) commutation relations whereas the Tij generate so(N). These
two subalgebras commute, in accordance with the Coleman-Mandula theorem. As basis
for the fermionic subsector we again choose

Qiα =

(
0 −eTαC−1 ⊗ ei

eα ⊗ eTi 0

)
≡
(

0 ēα ⊗ ei
eα ⊗ eTi 0

)
, (7.97)

where now eα is the 4-dimensional column vector with matrix elements (eα)β = δαβ and
we used ēα = −eTαC−1. The commutator of the bosonic with the fermionic generators are

[Mmn,Qiα] = 1
2(γmnQi)α, [Tij ,Qkα] = −(QαΩ)k. (7.98)
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As expected, the 4-dimensional real column vectors Q1, . . . ,QN transform as Majora-
na spinors under the spacetime group SO(2, 3) and the N -dimensional real row vectors
Q1, . . .Q4 transform as vectors under the group SO(N). As in the 2-dimensional case the
R-symmetry group is SO(N). To calculate the anticommutator of two fermionic charges
we use

4(eαēβ + eβ ēα) = γmn(C−1γmn)αβ

which follows from (7.75) and the (anti)symmetry properties of the matrices C−1γ(n).
Therefore the anticommutator of two supercharges is given by

{Qiα,Qjβ} = 1
2δ
ij(C−1γmn)αβMmn − (C−1)αβTij . (7.99)

Now we perform the 4 + 1-split and rescale the supercharges and Mdµ and end up with
the algebra

{Qiα,Qjβ} = (C−1γ4γµ)αβδ
ijPµ + 1

2R(C−1γµν)αβδ
ijMµν − 1

R(C−1)αβTij . (7.100)

Since C−1γ4 = −γ0 = C4 is the antisymmetric charge conjugation matrix in 4-dimensional
Minkowski spacetime we obtain in the limit R→∞ the Poincaré algebra plus the following
(anti)commutators:

{Qiα,Qjβ} = (C4γ
µ)αβδ

ijPµ, [Pµ,Qiα] = 0, [Tij ,Qkα] = −(QαΩij)
k

[Mµν ,Qiα] = 1
2(γµνQi)α, [Mµν , Tij ] = [Pµ, Tij ] = 0. (7.101)

Together with the Poincaré algebra we have derived the (anti)commutation for supersym-
metric theories with N -Majorana supercharges. Later we shall restrict the values of N by
physical arguments. For the simplest N = 1 theories there are no additional generators be-
sides Mµν , Pµ and Qα and we rediscover the supersymmetry algebra of the corresponding
Noether charges in the Wess-Zumino model.

Five spacetime dimensions: AdS5

I discuss this case since it plays an important role in recent developments in field theory.
The so-called AdS/CFT-correspondence is base on the relation between supersymmetric
theories on AdS5 and conformal field theories on the boundary of AdS5 which can be
identified with Minkowski spacetime. The symmetry algebra of AdS5 is the same as the
conformal algebra in Minkowski spacetime, namely so(2, 4).

There is a Majorana representation of SO(2, 4) and it has (ε, η) = (1,−1). Then the
8-dimensional γ-matrices and charge conjugation have the following symmetry properties,

(C−1γn))T = −(−)[n/2]C−1γn, n = 0, . . . , 6. (7.102)

It follows

C−1γmn, C−1γmnp and C−1γ0γ1γ2γ3γ4γ5 ≡ C−1γ∗ (7.103)
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are symmetric2 and the others are antisymmetric. Note that γ2
∗ = −1 and γT∗ = −γ∗.

Choosing CAT = 1, such that Majorana spinors are real, we find

C = γ0γ5 = −CT = −C−1 = −γ5γ0, γT0 = C−1γ0C = −γ0. (7.104)

Hence, γ0 and γ5 are antisymmetric, whereas the others γi are symmetric. All γm are
imaginary in this representation.

We want to use the isomorphism SO(2, 4) ∼ SU(2, 2) and construct the superalgebra
su(N |2, 2) which contains the anti-deSitter algebra as subalgebra of the bosonic algebra
su(N)× su(2, 2)×u(1). If we want to use the 8-dimensional real Majorana representation
then we should use the 8-dimensional real forms of su(2, 2) and su(N). For that one notes,
that a unitary matrix U = <U + i=U ∈ U(N) can be represented as

R =

(
<U −=U
=U <U

)
∈ SO(2N).

To see that we note that UU † = 1 implies

<U(<U)T + =U(=U)T = 1, <U(=U)T −=U(<U)T = 0

so that R is orthogonal, RTR = 1. Correspondingly the Lie algebra u(N) can be repre-
sented by matrices

A =

(
a −s
s a

)
= σ0 ⊗ a− iσ2 ⊗ s, where aT = −a, sT = s.

An equivalent way to characterize the real form of the Lie algebra of u(N) is

u(N) ∼ {A ∈ Mat2N |AT = −A, AΩ = ΩA}, where Ω =

(
0 −1N
1N 0

)
. (7.105)

Note that Ω itself is element of the subalgebra and commutes with all elements. Hence we
may decompose s(N) = su(N)× U(1) as follows

su(N) = {A ∈ u(N) |TrΩA = 0}, u(1) = {A = αΩ}. (7.106)

In other words, for the generators of su(N) the symmetric matrix s is traceless. With
similar arguments one shows that there exists a 8-dimensional real form u(2, 2). In this
representation the elements have the form

u(2, 2) = {D ∈Mat8|(C−1D)T = C−1D, γ∗D = Dγ∗}. (7.107)

Instead of repeating the arguments leading to the real form of u(N) we show, that the infi-
nitesimal generators satisfy the so(2, 4)×so(2) ∼ u(2, 2) commutation relation. According
to (7.103) the matrix D must be a linear combination of

γmn, iγmnp and γ∗.

2For convenience we have chosen a choice for γ∗ which differs from the choice we made in section 3.

————————————
A. Wipf, Supersymmetry



7. Supersymmetry algebras 7.4. Physically relevant examples of superalgebras 110

But the product of three gamma-matrices does not commute with γ∗ and hence D must
be a linear combination of the real matrices γmn and γ∗. Since γ∗ commutes with the γmn

and the latter generate so(2, 4) this proves (7.107). Now we are ready to define our bosonic
generators. For that we define the following traceless matrices

aij = eie
T
j − ejeTi and sij = eie

T
j + eje

T
i −

2

N
δij 1N (7.108)

and the associated generators of su(N):

Aij =

(
σ0 ⊗ aij 0

0 0

)
and Sij =

(
−iσ2 ⊗ sij 0

0 0

)
. (7.109)

As generators of su(2, 2) we take

Mmn =

(
0 0
0 1

2γmn

)
. (7.110)

As further generator which commutes with su(N) and with su(2, 2) we take

S =
1

N

(
Ω 0
0 0

)
+

1

4

(
0 0
0 γ∗

)
. (7.111)

In the complex form this would correspond to the u(1) generator with vanishing supertrace.
The real bosonic generators

{Aij , Sij , S,Mmn}

generate the sub Lie algebra su(N) × u(1) × su(2, 2). Now we come the the fermionic
generators. Guided by our earlier experience or by rewriting the complex into the real
form one is lead to the following form for these generators:

Qiα =

 0 0 −eTαC−1 ⊗ ei
0 0 −(γ∗eα)TC−1 ⊗ ei

eα ⊗ eTi γ∗eα ⊗ eTi 0

 . (7.112)

The ei are the usual basis column vectors in RN and the eα the basis column vectors in
R8. When calculating the anticommutator of Qiα with Qjβ one encounters the following
expressions: The u(N) part in the anticommutator is

−(C−1)αβσ0 ⊗ aij − i(C−1γ∗)αβσ2 ⊗ (sij + 2
N δij1),

whereas the u(2, 2) part reads

−δij(eαeTβ + eβe
T
α)C−1 + δijγ∗(eαeTβ + eβe

T
α)γ∗C−1.

Now one uses the following Fierz identity for the so(2, 4) Clifford algebra:

(eαe
T
β + eβe

T
α)C−1 = −γmn(C−1γmn)αβ − 1

3γmnp(C−1γmnp)αβ − 2γ∗(C−1γ∗)αβ (7.113)
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to prove, that the U(2, 2) part becomes

1
4δij{γmn(C−1γmn)αβ + 2γ∗(C−1γ∗)αβ}.

Collecting our results we end up with the following anticommutator

{Qiα,Qjβ} = −(C−1)αβAij + (C−1γ∗)αβSij + 2(C−1γ∗)αβδijS + 1
2δij(C−1γmn)αβMmn(7.114)

The commutator of the bosonic charges with the supercharges is easily computed to be

[Ajk,Qiα] = (ajk)piQpα , [Sjk,Qiα] = −(sjk)pi(γ∗)σαQpσ
[S,Qiα] = (1

4 − 1
N )(γ∗)βαQiβ , [Mmn,Qiα] = 1

2(γmn)βαQiβ. (7.115)

Note that for N = 4 the U(1) charge S commutes with all other generators. But the
anticommutator of two supercharges still contains S. Hence, for N = 4 the anti-deSitter
superalgebra becomes non-simple. The non-extended N = 1-superalgebra simplifies con-
siderably since in this case the R-symmetry group is just a U(1). The super-CR read

{Qα,Qβ} = 2(C−1γ∗)αβS + 1
2(C−1γmn)αβMmn and [S,Qα] = 3

4(γ∗)αβQβ. (7.116)

This makes clear, that the U(1)-transformation is just a chiral rotation of the supercharges.
The lefthanded charges have the opposite transformation rule as the righthanded ones.

7.4.2 Appendix: AdS5 in chiral basis

The elements of the superalgebras SU(N |2, 2) have the form

M =

(
A −C†Ω
C D

)
with A† = −A, (ΩD)† = ΩD, where Ω† = −Ω. (7.117)

We see, that A ∈ u(N). In addition, since the columns of C transform according to the
4-dimensional complex representation of su(2, 2) ∼ so(2, 4) this can only be a chiral spinor
representation of SO(2, 4). To continue we note that

(Aγ(n))† = −(−)n(n+1)/2Aγ(n), A = γ0γ5 = −A†. (7.118)

Since we want to a chiral representation we can only use those matrices which preserve
chirality. Out of these we have the following hermitian and antihermitian matrices

hermitian: Aγmn, iAγ∗ , antihermitian: A, Aγmnpq. (7.119)

Thus we may take

Ω = PLA ≡ A, where PL = 1
2(1− γ∗), γ∗ = iγ0γ1γ2γ3γ4γ5

and

D = 1
2ω

mnσmn + i
4ω 14, σmn = PLγmn

————————————
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since AD is then a general hermitian matrix. Note that now we have chosen a hermitian
γ∗, contrary to our choice in the Majorana basis. Also we have used that on the chiral
sectors γ∗ is ±1. Next we observe that σmn is traceless:

Trγmγn = 8ηmn, Trγ∗γmγn = Trγ∗γmγnγ0γ0 = −Trγ0γ∗γmγnγ0 = −Trγ∗γmγn

from which immediately follows that Trσmn = TrPLγmn = 0. As a consequence

TrD = i.

In passing we note, that

A2 = −1, TrA = 0, A† = −A, so that A ∼ diag (i, i,−i,−i)
which shows, that D ∈ u(2, 2). As bosonic generators of su(N |2, 2) we may take the
following supertraceless supermatrices

Mmn =

(
0 0
0 1

2σmn

)
, X = iS, Xij =

(
sij 0
0 0

)
, Yij =

(
aij 0
0 0

)
, (7.120)

where the aij , sij have been introduce in the previous subsection. As earlier ei denotes the
N -dimensional column vector with (ei)j = δij . This shows that the bosonic subalgebra of
su(N |2, 2) is su(N)× su(2|2)× u(1). In particular we have

[X,Mmn] = [X,Xij ] = [X,Yij ] = 0.

Note that forN = 4 the U(1) factor is generated by the identity and hence the superalgebra
is not simple in this case. To get a simple superalgebra for N = 4 we must not include X
in the list of generators and then the bosonic subalgebra of su(4|2, 2) is su(4)× su(2, 2).

Since ψ†A = ψ̄ we may take as fermionic generators

Qiα =

(
0 −ēα ⊗ ei

eα ⊗ eTi 0

)
and Q̃iα =

(
0 iēα ⊗ ei

ieα ⊗ eTi 0

)
. (7.121)

The 4-dimensional column vector eα has entries (eα)β = δαβ. The bosonic generators Mmn

satisfy the so(2, 4) commutation relations. In addition

[Mmn,Qiα] = 1
2(<σmn)βαQiβ + 1

2(=σmn)βαQ̃iβ
[Mmn, Q̃iα] = 1

2(<σmn)βαQ̃iβ − 1
2(=σmn)βαQiβ

[Xjk,Qiα] = i(sjk)piQ̃pα , [Yjk,Qiα] = Qpα(ajk)pi

[Xjk, Q̃iα] = −i(sjk)piQpα , [Yjk, Q̃iα] = Q̃pα(yjk)pi.

[X,Qiα] = (1
4 − 1

N )Q̃iα and [X, Q̃iα] = −(1
4 − 1

N )Qiα.
The supercharges Qi, i = 1, . . . , N transform as left handed Weyl-spinors under the
generators Mmn. The Qα, α = 1 . . . , 4 transform under the defining N -dimensional repre-
sentation of su(N). The anticommutator of the supercharges with i 6= j yields

{Qiα,Qjβ} = −(<A)αβYij − (=A)αβ(Xij + 2Xδij)− δij
(

0 0
0 eαēβ + eβ ēα − i

21(=A)αβ

)
{Qiα, Q̃jβ} = −(<A)αβ(Xij + 2Xδij) + (=A)αβYij + iδij

(
0 0
0 eαēβ − eβ ēα + 1

21(<A)αβ

)
.

————————————
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where we have decomposed

A = <A+ i=A, (<A)αβ = −(<A)βα, (=A)αβ = (=A)βα.

Now we use the Fierz identities

4(eαēβ + eβ ēα) = −1
2σmn{(ēβσmneα) + (ēασ

mneβ)}+ 214(=A)αβ

4i(eαēβ − eβ ēα) = − i
2σmn{(ēβσmneα)− (ēασ

mneβ)} − 2i14(<A)αβ

and find

{Qiα,Qjβ} = −(<A)αβYij − (=A)αβ(Xij + 2Xδij) + 1
4δij{(Aσmn)αβ + (Aσmn)βα}Mmn

{Qiα, Q̃jβ} = −(<A)αβ(Xij + 2Xδij) + (=A)αβYij + i
4δij{(Aσmn)αβ − (Aσmn)βα}Mmn.

The Q̃ fulfill the same anticommutation rules as the Q. In addition, one has

{Qiα, Q̃jβ} = −{Q̃iα,Qjβ}.

Again we see, that for N = 4 the U(1) generator commutes with all other generators and
the superalgebra ceases to be simple.

I leave it to an exercise to prove the equivalence of the superalgebras in the Majorana and
the Weyl basis. In any case, once again we see that it is advantageous to the real basis, if
possible.

7.5 Appendix: superalgebras of classical type

————————————
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Tabelle 7.2: Lie superalgebras of classical type.

Name Range Bosonic algebra Defining Number of

repres. generators

SU(N |M) N ≥ 2 SU(N)⊕ SU(M) (N, M̄)⊕ N2 +M2 − 1,

N 6= M ⊕U(1) (N̄ ,M) 2NM

N = M no U(1) 2(N2 − 1), 2N2

S`(N |M)

SU(N − p, p|M − q, q)
SU∗(2N |2N)

S`(N)⊕ S`(M)

SU(N − p, p)⊕ SU(M − q, q)
SU∗(2N)⊕ SU∗(2M)

⊕SO(1, 1)

⊕U(1)

⊕SO(1, 1)

if

N 6= M

OSp(N |M) N ≥ 1 SO(N)⊕ Sp(M) (N,M) 1
2(N2 −N+

M = 2, 4, .. M2 +M), NM

OSp(N − p, p|M)

OSp(N∗|M − q, q)
SO(N − p, p)⊕ Sp(M)

SO∗(N)⊕ USp(M − q, q)
M even

N,M, q even

D(2, 1, α) 0 < α ≤ 1 SO(4)⊕ S`(2) (2, 2, 2) 9, 8

Dp(2, 1, α) SO(4− p, p)⊕ S`(2) p = 0, 1, 2

F (4) SO(7)⊕ S`(2) (8, 2) 21, 16

F p(4) SO(7− p, p)⊕ S`(2) p = 0, 1, 2, 3

G(3) G2 ⊕ S`(2) (7, 2) 14, 14

Gp(3) G2,p ⊕ S`(2) p = −14, 2

P (N − 1) N ≥ 3 S`(N) (N ⊗N) N2 − 1, N2

Q(N − 1) N ≥ 3 SU(N) Adjoint N2 − 1, N2 − 1

Q(N − 1)

Q((N − 1)∗)
UQ(p,N − 1− p)

S`(N)

SU∗(N)

SU(p,N − p)

————————————
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Kapitel 8

Representations of susy algebras

We want to study representations of the most relevant spacetime superalgebras we have
introduced in the last chapter. Let us start with the algebra in 4 dimensions in the Weyl
basis. I recall our conventions: We take the chiral representation

γµ =

(
0 σµ
σ̃µ 0

)
, γ5 = −iγ0γ1γ2γ3 =

(
−σ0 0

0 σ0

)
, (8.1)

where we have introduced the matrices

σµ = (σ0,−σi), σ̃µ = (σ0, σi).

The infinitesimal spinor-rotations take the form

γµν =

(
σµν 0
0 σ̃µν

)
with σµν = 1

2(σµσ̃ν − σν σ̃µ)

σ̃µν = 1
2(σ̃µσν − σ̃νσµ). (8.2)

Note that the σ0i are hermitean, whereas the σij are antihermitian. A Dirac spinor consists
of a lefthanded and a righthanded part,

Q =

(
Qα
Q̄α̇
)
, Q̄ = (Qα, Q̄α̇) = Q†γ0 =⇒ Q̄α̇ = Q†α, Q̄α̇ = (Qα)†. (8.3)

The raising and lowering of the indices are done with ε:

Qα = εαβ Qβ , Qα = εαβQβ

Q̄α̇ = εα̇β̇Q̄β̇ , Q̄α̇ = εα̇β̇Q̄β̇

where we introduced

(εαβ) = (εα̇β̇) =

(
0 −1
1 0

)
and (εαβ) = (εα̇β̇) =

(
0 1
−1 0

)
. (8.4)

The index structure of the relevant generators are

(σµ)αα̇, (σ̃µ)α̇α, (σµν) β
α , (σ̃µν)α̇

β̇
. (8.5)
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We have discussed that the supercharges should have spin 1
2 which fixes their commutation

relations with the Lorentz boosts. They must commute with the translations such that
the extended superalgebra contains the Poincaré algebra plus

[Jµν ,Qiα] = 1
2i(σµν) β

α Qiβ [Jµν , Q̄α̇i ] = 1
2i(σ̃µν)α̇

β̇
Q̄β̇i ,

{Qiα, Q̄jβ̇} = 2δij(σµ)αβ̇Pµ [Qiα, Pµ] = 0. (8.6)

The missing supercommutators will be discussed soon.

8.1 Hamiltonian and Central charges

The sign in the anticommutator of Q and Q̄ is determined by the requirement that the
energy should be a positive definite operator: we get for each value of the index i

2∑
α=1

{Qiα,Qi†α } = 2TrσµPµ = 4P0 no sum over i. (8.7)

The left hand side is manifestly positive, since each term is positive,

〈ψ|{Qiα,Qi†α }ψ〉 = ||Qiαψ||2 + ||Qi†αψ||2 ≥ 0,

it follows that

• the spectrum of H = P0 in a theory with supersymmetry contains no negative eigenvalues.

We denote the state (or family of states) with the lowest energy by |0〉 and call it vacuum
state. The vacuum will have zero energy

H|0〉 = 0 (8.8)

if and only if

Qiα|0〉 = 0 and Qi†α |0〉 = 0 ∀ α, i. (8.9)

Any state with positive energy cannot be invariant under supersymmetry transformations.
It follows in particular that every one-particle state |1〉 must have super partner states

Qiα|1〉 or Qi†α |1〉. The spin of these partners will differ by 1
2 from that of |1〉. Thus

• each supermultiplett must contain at least one boson and one fermion whose spins differ
by 1

2 .

The translation invariance of Q implies that Q does not change energy and momentum

Pµ|p〉 = pµ|p〉 =⇒ PµQiα|p〉 = pµQiα|p〉, PµQi†α |p〉 = pµQi†α |p〉,

and therefore

• all states in a multiplet of unbroken supersymmetry have the same mass.

————————————
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Supersymmetry is spontaneously broken if the ground state will not be invariant under
all supersymmetry transformations,

Qiα|0〉 6= 0 or Qi†α |0〉 6= 0 (8.10)

for same α and i. We conclude that

• supersymmetry is spontaneously broken if and only if the energy of the lowest lying state
is not exactly zero.

We come back to supersymmetrie-breaking in the next chapter. The supercharge Qi could
be a Dirac, Majorana or Weyl spinor. In certain dimensions (e.g. 2 and 10) it could even
be a Majorana-Weyl spinor.

As we have seen, in extended supersymmetry the Q may carry some representation of the
internal symmetry,

[Tr,Qiα] = (tr)
i
jQjα. (8.11)

Since we assume this so-called R-symmetry to be compact, the representation matrices t
can be chosen Hermitian, tr = t†r. Then

[Tr, Q̄iα̇] = −Q̄jα̇(tr)
i
j . (8.12)

Now let us consider the anticommutator {Q,Q}. It must be a linear combination of the
bosonic operators in the representation (0, 0) and (1, 0) of the Lorentz group. The only
three-dimensional (1, 0) representation in the bosonic sector is the (anti)selfdual part of
Jµν . Such a term in {Q,Q} would not commute with the 4-momentum, whereas {Q,Q}
does. Thus we are left with

{Qiα,Qjβ} = 2εαβZ
ij , (8.13)

were Zij commutes with the space-time symmetries and hence is some linear combination
of the internal symmetry generators,

Zij = αrijTr. (8.14)

We show that the Zij commute with the superalgebra. For this reason they are called
central charges. First we show that the commutator of any Tr with the central charges is
a central charge: First we have

{Qiα, [Tr,Qjβ]} = (tr)
j
k{Qiα,Qkβ} = 2εαβ(tr)

j
kZ

ik.

By using the super-Jacobi identity the left hand side can be rewritten as follows,

{Qiα, [Tr,Qjβ]} = [Tr, {Qjβ,Qiα}]− {Q
j
β, [Tr,Qiα]}

= 2εβα[Tr, Z
ji]− (tr)

i
k{Qjβ,Qkα} = 2εβα

(
[Tr, Z

ji]− (tr)
i
kZ

jk
)
.

————————————
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If not all εαβ vanish then

[Tr, Z
ji] = (tr)

j
kZ

ki + (tr)
i
kZ

jk. (8.15)

With (8.14) we conclude that

[Zij , Zkl] = arij [Tr, Z
kl] = arij

(
(tr)

k
pZ

pl + (tr)
l
pZ

kp
)
. (8.16)

The last two equations imply that the Zij span an invariant subalgebra of the internal
symmetry algebra. We use once more the super Jacobi identity for {Q̄, [Q, T ]} and with
(8.12) conclude

{Q̄j
β̇
, [Qiα, Tr]}+ [Tr, {Q̄jβ̇,Q

i
α}] = {Qiα, [Tr, Q̄jβ̇]} = −{Qiα, Q̄kβ̇}(tr)

j
k .

Now we use (8.13) in the commutator of the supercharges with the central charges and
find

2εβγ [Q̄iα̇, Zjk] = [Q̄iα̇, {Qjβ,Qkγ}] = −[Qkγ , {Q̄iα̇,Qjβ}]− [Qjβ, {Qkγ , Q̄iα̇}] = 0,

where we have used that {Q, Q̄} ∼ P commutes with the supercharges. Hence, the central
charges commute with the supercharges Q̄. It follows then, that

0 = [Q̄iα̇, Zjk] = −arjk(tr) il Q̄lα̇ or arjk(tr)
i
l = 0

so that the central charges also commute with the remaining supercharges Q

[Zjk,Qiα] = arjk(tr)
i
lQlα = 0,

and hence among themselves, [Zij , Zkl] = 0. We see that the invariant subalgebra spanned
by the Zij is Abelian. Since the internal symmetry group is assumed to be compact it
follows that the Zij commute with the Tr. Thus

[Tr, Z
ij ] = 0. (8.17)

This proves that the Zij commute with all elements of the superalgebra and hence are
central.

8.2 Representations

Is maybe useful to collect the (anti)commutation relations of the N -extended superalgebra
in 4 dimensions. It contains the Poincaré algebra

[Jµν , Jρσ] = i(ηµρJνσ + ηνσJµρ − ηµσJνρ − ηνρJµσ)

[Pρ, Jµν ] = −i(ηρµPν − ηρνPµ), [Pµ, Pν ] = 0 (8.18)

as subalgebra. The supercharges commute with the translations,

[Qiα, Pµ] = 0, (8.19)

————————————
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transform under the spin-1
2 representation of the Lorentz group

[Jµν ,Qiα] = 1
2i(σµν) β

α Qiβ , [Jµν , Q̄iα̇] = 1
2i(σ̃

µν)α̇
β̇
Q̄iβ̇ (8.20)

and under the R-symmetry group as

[Tr,Qiα] = (tr)
i
jQjα , [Tr, Q̄iα̇] = −Q̄jα̇(tr)

i
j . (8.21)

The generators of the R-symmetry fulfill

[Tr, Ts] = iC t
rs Tt (8.22)

and commute with the bosonic generators of the Poincaré algebra,

[Tr, Jµν ] = [Tr, Pµ] = 0. (8.23)

The supercharges fulfill the following anticommutation relations

{Qiα,Qjβ} = 2εαβZ
ij , {Q̄iα̇, Q̄jβ̇} = 2εα̇β̇Z̄

ij , {Qiα, Q̄jα̇} = 2δijσµαα̇Pµ , (8.24)

where Zij is the antisymmetric central charge matrix. It commutes with all other genera-
tors of the super-Poincaré algebra.

Let us now discuss the representation theory of N -extended supersymmetry in four dimen-
sions. In general we can have more than one supersymmetry (extended supersymmetry).
For each conserved Weyl spinor charge we have one supersymmetry. We will first assume
that the central charges are zero.

8.2.1 Massive representations without central charges

For vanishing central charges the supercharges anticommute,

{Qiα,Qjβ} = {Q̄iα̇, Q̄jβ̇} = 0. (8.25)

For a massive particle we may choose the rest frame in which P ∼ (M,0 ). Then the
relations (8.24) simplify as follows:

{Qiα, Q̄jα̇} = 2Mδij(σ0)αα̇ = 2Mδαα̇δ
ij . (8.26)

Q is a tensor operator of spin 1
2 , as follows from

[Q,J ] = 1
2σQ. (8.27)

Therefore, the result of the action of Q on a state with spin s will be a linear combination
of states with spin s+ 1

2 and s− 1
2 ,

Q|mss3〉 =
∑
s̃3

c+
s3s̃3
|ms+ 1

2 s̃3〉+
∑
s̃3

c−s3s̃3 |ms− 1
2 s̃3〉.

————————————
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Now we define the following 2N fermionic creation and annihilation operators

Aiα =
1√
2M
Qiα Āiα̇ =

1√
2M
Q̄iα̇ . (8.28)

which satisfy the simple algebra

{Aiα, Ājα̇} = δijδαα̇. (8.29)

Building the representation is easy. We start with the Clifford vacuum |Ω〉, which is anni-
hilated by the Aiα and generate the representation by acting with the creation operators.
A typical state would be

Āi1α̇1
· · · Āinα̇n |Ω〉. (8.30)

It is totally antisymmetric under interchange of index-pairs (α̇, i) ↔ (β̇, j). Since there
are 2N creation operators Āi there are

(
2N
n

)
states at the n-th oscillator level. The total

number of states built on one vacuum state is

2N∑
n=0

(
2N
n

)
= (1 + 1)2N = 4N , (8.31)

half of them being bosonic and half of them fermionic. If the vacuum sector is degenerate,
which happens if the Clifford vacuum |Ω〉 is a member of a spin multiplet, then the number
of states is

number of states = 4N · dimension of vacuum sector.

The maximal spin smax is carried by states like

Āi1
1̇
· · · Āin

1̇
|Ω〉. (8.32)

and their spins is equal to the spin s0 of the ground-state plus N/2,

smax = s0 +N/2.

The minimal spin is 0 if N/2 ≥ s0 or s0 −N/2 otherwise.

Since renormalisability requires massive matter to have spin ≤ 1
2 . We conclude from the

above expression for smax that we must have

• N = 1 for renormalizable coupling of massive matter.

We see that in the absence of central charges, the only relevant massive multiplet is that
of the massive Wess-Zumino model which has N = 1 and s0 = 0. It contains a scalar, a
pseudo-scalar and the two spin states of a massive Majorana spinor

N=1 sP : 0+ 1
2 0−

states: 1 2 1

The two spin-zero states correspond to the Clifford vacuum |Ω〉 and to Ā1̇Ā2̇|Ω〉.

————————————
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8.2.2 Massless representations

In this case we can go to the frame Pµ = (E, 0, 0, E). The anticommutation relations have
the form

{Qiα, Q̄jα̇} = 2Eδij(σ0 + σ3)αα̇ =

(
4E 0
0 0

)
δij . (8.33)

the rest being zero. Since

{Qi2, Q̄i2̇} = Qi2Qi†2 +Qi†2 Qi2 = 0 (8.34)

they are represented by zero in a unitary theory. Thus we have N non-trivial creation and
annihilation operators

Ai =
1

2
√
E
Qi1 and Āi =

1

2
√
E
Q̄i

1̇
. (8.35)

and the representation is 2N -dimensional. It is much shorter than the massive one which
contains 4N states.

The following Lorentz generators commute with Pµ = (E, 0, 0, E):

J1 = J10 + J13, J2 = J20 + J23 and J3 = −J12. (8.36)

Note that J3 is just the helicity operator λ defined in (3.35) for a massless particle moving
in the 3-direction. The Ji generate the little group E2 of translations and rotations in the
2-plane,

[J1, J3] = iJ2, [J2, J3] = −iJ1 and [J1, J2] = 0. (8.37)

In any finite dimensional representation J1 and J2 are trivially represented. Note that Ai

increases the helicity by 1
2 and Āi decreases it by 1

2 ,

[λ,Ai] = 1
2A

i and [λ, Āi] = −1
2Ā

i. (8.38)

Now we introduce the Clifford vacuum |Ω〉 with maximal helicity λ. It is annihilated by
all Ai, Ai|Ω = 0〉. The states in an irreducible representation are gotten by acting with
the creation operators on this state. For example,

Āi1 · · · Āin |Ω〉 (8.39)

has helicity λ− n/2. This way we get the following states

helicity: λ λ− 1/2 . . . λ−N/2
multiplicities: 1

(N
1

)
. . .

(N
N
)

The total number of states in an irreducible massless representation is

N∑
k=0

(N
k

)
= 2N . (8.40)

————————————
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According to the CPT theorem a physical massless state contains both helicities λ and
−λ. A single supermultiplett can contain all massless states for λ = N/4. Otherwise the
states must be doubled starting with a second Clifford vacuum with helicity λ′ = N/2−λ.
Here we will describe some important examples with helicities up to one.

1. N = 1 supersymmetry: The number of Clifford-states in an irreducible multi-
plet is just 1 + 1 and we need at least two Clifford vacua to built a CPT invariant
model.

• For the chiral multiplet λ = 1
2 and λ′ = 0 and we have the following states

helicity 1/2 1 Majorana spinor

0 1 complex scalar

−1/2 1 Majorana spinor

These are the fields of the massless Wess-Zumino model.

• The vector multiplet with λ = 1 and λ′ = −1/2 consists of

helicity 1 1 gauge field

1/2 1 Majorana spinor

−1/2 1 Majorana spinor

−1 1 gauge field

2. N = 2 supersymmetry: A irreducible representation of the N = 2-exteded su-
peralgebra contains 3 helicities and 1 + 2 + 1 ’states’.

• The simplest multiplet is the hyper-multiplet λ = 1/2 with the following con-
tent:

helicity 1/2 1 Majorana spinor

0 1 complex scalar

−1/2 1 Majorana spinor

• To built a vector multiplet we need two Clifford vacua with λ = 1 and λ′ = 0
so that it contains

helicity 1 1 gauge field

1/2 2 Majorana spinors

0 1 complex scalar

−1/2 2 Majorana spinors

−1 1 gauge field

The two Majorana spinors can be combined to a Dirac spinor. This multiplet
is considered in the Seiberg-Witten solution to N = 2 supersymmetric gauge
theories.

3. N = 4 supersymmetry:

————————————
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• A irreducible supermultiplet consists of 1 + 4 + 6 + 4 + 1 = 16 states. The
unique multiplet giving rise to a renormalizable field theory in flat spacetime is
the vector multiplet. It has λ = 1 and contains

helicity 1 1 gauge field

1/2 4 Majorana spinors

0 6 real scalars

−1/2 4 Majorana spinors

−1 1 gauge field

This multiplet enters in the celebrated AdS/CFT correspondence.

8.2.3 Non-zero central charges

In this case massive supermultipletts can be as short as massless ones. Under a U(N)
transformation of the super charges,

Qiα → U ijQjα and Q̄iα̇ → Q̄jα̇(U †) ij

the antisymmetric central charge matrix Z = (Zij) transforms as

Z −→ UZUT , Z̄ −→ Ū Z̄U †.

In [40] it was shown that there exists a unitary U such that Z becomes block diagonal1,

0 Z1 0 0 . . .
−Z1 0 0 0 . . .

0 0 0 Z2 . . .
0 0 −Z2 0 . . .

. . . . . . . . . . . . . . .

. . . 0 ZN/2

. . . −ZN/2 0


. (8.41)

We have labeled the real positive eigenvalues by Zm, m = 1, 2, . . . , N/2. We will split the
index i→ (a,m): a = 1, 2 labels positions inside the 2×2 blocks while m labels the blocks.
Then

{Qamα , Q̄bnα̇ } = 2Mδαα̇δ
abδmn , {Qamα ,Qbnβ } = 2Znεαβε

abδmn . (8.42)

Now we define the following fermionic oscillators

Amα =
1√
2

[Q1m
α + εαβQ†2mβ ] , Bm

α =
1√
2

[Q1m
α − εαβQ†2mβ ] , (8.43)

and similarly for the conjugate operators. The anticommutators become

{Amα , Anβ} = {Amα , Bn
β} = {Bm

α , B
n
β} = 0 ,

{Amα , A†nβ } = 2δαβδ
mn(M + Zm) (8.44)

{Bm
α , B

†n
β } = 2δαβδ

mn(M − Zm) .

1Consider even N.
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Unitarity requires that the right-hand sides in (8.44) to be non-negative. This in turn
implies the celebrated Bogomol’nyi bound

M ≥ max [Zn] . (8.45)

Consider for example the N = 4 theory with 2 · 4 creation opreators A†nα and B†nα and
assume that M = Z1 > Z2. Then

{B1
α, B

†1
β } = 0 (8.46)

implies that the B1
α vanish identically and we are left with the following 6 creation and

annihilation operators

Amα , A
†m
α , m = 1, 2, and B2

α, B
†2
α .

They generate a representation with 26 states instead of 28 states. More generally, consider
0 ≤ r ≤ N/2 of the Zm’s to be equal to M . Then 2r of the B-oscillators vanish identically
and we are left with 2N − 2r creation and annihilation operators. The representation has
22N−2r states.

The maximal case r = N/2 gives rise to the short BPS multiplet which has the same
number of states as the massless multiplet. The other multiplets with 0 < r < N/2 are
known as intermediate BPS multiplets.

BPS states are important probes of non-perturbative physics in theories with extended
(N ≥ 2) supersymmetry. The BPS states are special for the following reasons:

• Due to their relation with central charges, and although they are massive, they form
multiplets under extended SUSY which are shorter than the generic massive multi-
plet. Their mass is given in terms of their charges and Higgs (moduli) expectation
values.

• They are the only states that can become massless when we vary coupling constants
and Higgs expectation values.

• When they are at rest they exert no force on each other.

• Their mass-formula is supposed to be exact if one uses renormalized values for the
charges and moduli. The argument is that if quantum corrections would spoil the
relation of mass and charges, and if we assume unbroken SUSY at the quantum level
then there would be incompatibilities with the dimension of their representations.

We will come back to these remarks later in this lecture.

————————————
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Kapitel 9

Supersymmetric Gauge Theories

In this chapter we introduce and study supersymmetric gauge gauge theories in flat 4-
dimensional space time. For the simplest gauge theory, namely the N = 1 Abelian gauge
theory containing a photon and a massless Majorana spinor, we explicitly show the inva-
riance of the action, the closing of the supersymmetry algebra on the gauge invariant fields
and ’construct’ the supercharges. Then we repeat the same for N = 1 non-Abelian gauge
theories. It follows a discussion of the N = 2 and N = 4 gauge theories. There has been
much progress on N = 2-gauge theories due to the seminal work by Witten and Seiberg
[41]. The N = 4 gauge theories emerge as conformal field theories on the boundary of AdS
in the celebrated AdS/CFT-correspondence [44]

9.1 N = 1 Abelian gauge theories

We have seen, that the N = 1 vector multiplet consists of a gauge field and a Majorana
spinor. First we consider the simplest of all gauge theories, namely a U(1) gauge theory.
In an off-shell version and the Wess-Zumino gauge (see below) we need in addition to the
vector and Majorana fields an uncharged pseudo-scalar field which later may be eliminated.
Since a Majorana spinor is uncharged the Lagrangean density takes the simple form

L = −1
4FµνF

µν + ı
2 ψ̄ /∂ψ + 1

2G2, Fµν = ∂µAν − ∂νAµ, /∂ = γµ∂µ. (9.1)

The dimensions of the fields are

[Aµ] = L−1, [ψ] = L−3/2, [G] = L−2, (9.2)

and the supersymmetry parameter has dimension [α] = L1/2. Also recall that

ᾱψ, ᾱγµνψ, ᾱγ5γ
µψ are hermitean and ᾱγ5ψ, ᾱγ

µψ are antihermitean.

We shall need the formulae in (4.76) in which we calculated whether ᾱγ(n)ψ changes sign
when one interchanges the Majorana spinors α and ψ

ᾱψ, ᾱγ5ψ, ᾱγ5γµψ are symmetric and ᾱγµψ, ᾱγµνψ are antisymmetric
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Taking the dimensions and hermiticity properties of the various fields into account we
could guess the following supersymmetry transformations

δαAµ = iᾱγµψ

δαψ = ipFµνΣµνα+ iqGγ5α (9.3)

δαG = rᾱγ5/∂ψ.

As earlier, the supersymmetry parameter α is a constant Majorana spinor which anti-
commutes with itself and with ψ. We will fix the real parameters p, q, r such that the
action is invariant. We shall need

δψ̄ = δψ†γ0 = −ipFµνα†Σ†µνγ0 − iqGα†γ5γ
0 = −ipFµνᾱΣµν + iqGᾱγ5, (9.4)

where we used Σ†µνγ0 = γ0Σµν .

Next we show that the Lagrangean is, up to surface terms, invariant under the above
supersymmetry transformation. The variations of the bosonic terms in the Lagrangean
density are

−1
4δα (FµνF

µν) = −iFµνᾱγν∂µψ and 1
2δα(G2) = rGᾱγ5/∂ψ. (9.5)

Using that ᾱγργ5ψ is symmetric under exchange of α and ψ and that

ψ̄γρΣµνα = ᾱΣµνγ
ρψ, (9.6)

yields for the variation of the fermionic term in the Lagrangean

ı
2δα

(
ψ̄ /∂ψ

)
= q

2 ∂ρ (ᾱGγ5γ
ρψ)− p

2 ∂ρ (ᾱΣµνF
µνγρψ)− q Gᾱγ5/∂ψ + pFµνᾱΣµν /∂ψ. (9.7)

Collecting the various terms it follows that one must choose q = r such that the volume
terms depending on the auxiliary field in (9.5) and (9.7) cancel, and this choice leads to

δαL = −iFµνᾱγν∂µψ + pFµνᾱΣµν /∂ψ + divergence.

With the help of

Σµνγρ = ı
2ηµργν − ı

2ηνργµ − 1
2εµνρσγ

σγ5, ε0123 = 1, (9.8)

the second term on the right hand side can be recast into the form

FµνᾱΣµν /∂ψ = iᾱFµνγν∂µψ − 1
2εµνρσF

µνᾱγσγ5∂
ρψ. (9.9)

Clearly, we must take p = 1 in which case

δαL = −1
2εµνρσF

µνᾱγσγ5∂
ρψ + divergence.

Using the Bianchi identity εµνρσF
µν,ρ = 0, the first term on the right is seen to be a

divergence as well,

−1
2εµνρσF

µνᾱγσγ5∂
ρψ = −1

2∂
ρ(εµνρσF

µνᾱγσγ5ψ) (9.10)

————————————
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so that under the transformations (9.3) the complete Lagrangean density (9.1) transforms
into a divergence,

δαL = −1
2 ᾱ∂

ρ (Fµν (εµνρσγ
σγ5 + Σµνγρ)ψ) + q

2 ᾱ∂ρ (Gγ5γ
ρψ) .

Now we use (9.8) and

γρΣµν = − ı
2ηµργν + ı

2ηνργµ − 1
2εµνρσγ

σγ5 (9.11)

to further simplify this result. Using these identities finally yields the following rather
simple expression for the variation of the Lagrangean density

δαL = ᾱ∂µV
µ, V µ = 1

2γ
µΣρσF

ρσψ + q
2Gγ5γ

µψ

= 1
2 (∗Fµνγ5 − iFµν) γνψ + q

2Gγ5γ
µψ (9.12)

under the supersymmetry transformations

δαAµ = iᾱγµψ

δαψ = iFµνΣµνα+ iqGγ5α (9.13)

δαG = qᾱγ5/∂ψ.

Note that the real parameter q is not fixed. Only later, when we want to recover the known
superalgebra are we forced to choose q ∈ {1,−1}.

9.1.1 The closing of the algebra

Now we are going to repeat what we have done for the Wess-Zumino model and calculate
the commutators of two supersymmetry transformations. The commutator acting on the
bosonic fields is easily computed. Using (9.6) we calculate

[δα1 , δα2 ]Aµ = −F ρσ (ᾱ2γµΣρσα1 − ᾱ1γµΣρσα2)

= F ρσᾱ2[Σρσ, γµ]α1 = 2iᾱ2γ
να1Fµν (9.14)

= −2i (ᾱ2γ
ρα1) ∂ρAµ + 2i∂µ (Aρᾱ2γ

ρα1) .

The first term is the expected infinitesimal translation of the vector field generated by the
momentum operator. The second one we did not encounter in the Wess-Zumino model. It
is just a field dependent gauge transformation with gauge parameter

λ = 2iAρᾱ2γ
ρα1. (9.15)

Similarly, using (9.11), one finds

[δα1 , δα2 ]G = −2iq2ᾱ2γ
ρα1∂ρG + iqεµνρσᾱ2γ

σα1∂
ρFµν .

The second term vanishes because of the Bianchi identity. If we take q ∈ {−1, 1} then we
find the by now familiar commutator

[δα1 , δα2 ]G = −2i (ᾱ2γ
ρα1) ∂ρG. (9.16)

————————————
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To calculate the commutator of two transformations on the fermion field is a bit more
tricky. First one obtains (q2 = 1)

[δα1 , δα2 ]ψ = (−2 (ᾱ1γ
ν∂µψ) Σµνα2 + i (ᾱ1γ5γ

ρ∂ρψ) γ5α2)− (α1 ↔ α2).

With the help of (6.32) one arrives at the following intermediate result

[δα1 , δα2 ]ψ =
(
− ı

2γρ/∂ψ − Σµνγργ
ν∂µψ

)
(ᾱ2γ

ρα1)

+
(
2Σµνγρσγ

ν∂µψ − iγρσ /∂ψ
)

(ᾱ2γ
ρσα1).

A lengthy but straightforward calculation where one uses the Clifford algebra, the Lorentz
algebra (3.10) and the relation (9.8) one ends up with the expected result

[δα1 , δα2 ]ψ = −2i(ᾱ2γ
ρα1) ∂ρψ. (9.17)

As we did for the chiral multiplet we introduce the supercharges

δα(..) = ᾱQ(..).

Then the superalgebra reads

{Qα, Q̄β} = 2i (γµ) β
α ∂µ −G β

α (A), (9.18)

where G β
α is the gauge transformation Aµ → Aµ + ∂µλ with λ = 2i(A/) β

α

9.1.2 Noether charge

To find the Noether charge we must first calculate

δL
δ∂µAν

δαAν +
δL
δ∂µψ

δαψ = −FµνδαAν − ı
2δαψ̄γ

µψ. (9.19)

Using the above expressions for the supersymmetry transformations this can be written
as (we take q = 1)

δL
δ∂µAν

δαAν +
δL
δ∂µψ

δαψ = −3i
2 F

µνᾱγνψ + 1
2
∗Fµνᾱγνγ5ψ + 1

2Gᾱγ5γ
µψ. (9.20)

Subtracting V µ in (9.12) we find the conserved Noether current and Noether charge

Jµ = − (∗Fµνγ5 + iFµν) γνψ

Q = −
∫

d3x
(∗F 0iγ5 − iF 0i

)
γiψ. (9.21)

Inserting the explicit form of the field strength tensor and its dual,

(Fµν) =


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0

 , (∗Fµν) =


0 B1 B2 B3

−B1 0 −E3 E2

−B2 E3 0 −E1

−B3 −E2 E1 0

 ,(9.22)

the gauge invariant Noether charge take the form

Q =

∫
d3x (iπi − γ5Bi) γiψ, where πi = Ei

is the momentum field conjugate to Ai.

————————————
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9.2 N = 1 Non-Abelian gauge theories

We consider SU(N) gauge theories with a massless vector field Aµ, a massless Majorana
spinor ψ and an auxiliary field G. All field transform according to the adjoint representation
of the gauge group SU(N),

Aµ = AaµTa, ψ = ψaTa and G = GaTa. (9.23)

The real structure constants in

[Ta, Tb] = if c
ab Tc (9.24)

are totally antisymmetric. We normalize the generators by TrTaTb = δab.

The gauge and matter fields transform under gauge transformations as follows

A → gAg−1 + igdg−1

ψ → gψg−1 (9.25)

G → gGg−1

the infinitesimal versions of which read with g ∼ 1 + iλ

δAµ = Dµλ, δψ = i[λ, ψ] and δG = i[λ,G]. (9.26)

The covariant derivative of the spinor field is

Dµψ = ∂µψ − i[Aµ, ψ] (9.27)

and the gauge covariant field strength

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ], (9.28)

both transform according to the adjoint represention. Note that the field strength is qua-
dratic in the potential. The Lagrangean density reads

L = −1
4TrFµνF

µν + ı
2Tr(ψ̄ /Dψ) + 1

2TrG2. (9.29)

The supersymmetry transformations are gotten from those of the Abelian model if we only
replace ordinary derivatives by covariant ones,

δαAµ = iᾱγµψ

δαψ = iFµνΣµνα+ iGγ5α (9.30)

δαG = ᾱγ5 /Dψ.

Note that for a Majorana spinor α the objects

iΣµνα, iγ5α, γ5γ
µα and iγµα (9.31)

————————————
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are Majorana spinors as well. To calculate the variation of the bosonic part of the Lagran-
gean density we use

δFµν = iᾱ (γνDµ − γµDν)ψ

and obtain

−1
4δαTr(FµνF

µν) = −iTr(FµνᾱγνDµψ) and 1
2δα(G2) = Tr(Gᾱγ5 /Dψ). (9.32)

To calcuate the variation of the Dirac term we need the two formulae

δαψ̄ = −iᾱFµνΣµν + iᾱGγ5

δ(Dµψ) = Dµδψ − i[δAµ, ψ] = iDµF
ρσΣρσα+ iDµGγ5α+ [ᾱγµψ,ψ]. (9.33)

The variation of the Dirac term can be calculated similarly as in the Abelian case with
the result

ı
2δαTr(ψ̄ /Dψ) = 1

2∂ρTr (Gᾱγ5γ
ρψ)− Tr

(
Gᾱγ5 /Dψ

)
− 1

2∂ρTr (FµνᾱΣµνγ
ρψ) + Tr

(
FµνᾱΣµν /Dψ

)
+ ı

2Tr
(
ψ̄γµ[ᾱγµψ,ψ]

)
Using the Bianchi identity D[ρFµν] = 0 we find

−iTr(FµνᾱγνDµψ) + Tr(FµνᾱΣµν /Dψ) = −1
2εµνρσTr(Fµνᾱγσγ5D

ρψ)

= −1
2εµνρσ∂

ρTr(Fµνᾱγσγ5ψ).

and end up with

δαL = −1
2 ᾱ∂

ρ Tr {Fµν(εµνρσγ
σγ5 + Σµνγρψ)}+ 1

2 ᾱ ∂ρTr (Gγ5γ
ρψ)

+ ı
2Tr

(
ψ̄γµ[ᾱγµψ,ψ]

)
. (9.34)

If we can show that the last term vanishes, then we have proved that the variation of L
is a total divergence. It is not straightforward to show this, so let me give the proof. First
we expand ψ = ψaTa, ψ̄ = ψ̄aTa and calculate

+ ı
2Tr

(
ψ̄γµ[ᾱγµψ,ψ]

)
= 1

2fabc(ψ̄
aγµψb)(ᾱγµψ

c). (9.35)

Now we may insert the Fierz relation (4.85)

4ψcψ̄a = −(ψ̄aψc)− γρ(ψ̄aγρψc) + 1
2γρσ(ψ̄aγρσψc) + γ5γρ(ψ̄

aγ5γ
ρψc)− γ5(ψ̄aγ5ψ

c)(9.36)

in the right hand side of the identity

(ψ̄aγµψb)(ᾱγµψ
c) = ᾱγµ(ψcψ̄a)γµψb. (9.37)

Next we use the relations

γµγργ
µ = (2− d)γρ

γµγρσγ
µ = (d− 4)γρσ (9.38)

γµγ5γργ
µ = (2− d)γργ5
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and arrive at the useful identity

(ψ̄aγµψb)(ᾱγµψ
c) = −(ᾱψb)(ψ̄aψc) + 1

2(ᾱγρψ
b)(ψ̄aγρψc)

−1
2(ᾱγργ5ψ

b)(ψ̄aγ5γ
ρψc) + (ᾱγ5ψ

b)(ψ̄aγ5ψ
c). (9.39)

Note that all but the second term on the right hand side are symmetric in a and c. Hence

fabc(ψ̄
aγµψb)(ᾱγµψ

c) = 1
2fabc(ψ̄

aγµψc)(ᾱγµψ
b) = −1

2fabc(ψ̄
aγµψb)(ᾱγµψ

c)

which implies, that the expression on the left vanishes. Actually, the in a and c antisym-
metric part of (9.39) can be rewritten as

(ψ̄aγµψb)(ᾱγµψ
c) + (ψ̄bγµψc)(ᾱγµψ

a) + (ψ̄cγµψa)(ᾱγµψ
b) = 0 if ψac = ψa. (9.40)

Hence the last term in (9.34) is absent and using (9.8) and (9.13) the result (9.34) further
simplifies

δαL = ᾱ∂µV
µ, V µ = 1

2Tr {(∗Fµνγ5 − iFµν) γνψ}+ 1
2Tr (Gγ5γ

µψ) . (9.41)

To calculate the Noether current we need

δL
δ∂µAaν

δαAaν +
δL

δ∂µψa
δαψa

= −3i
2 Tr(Fµνᾱγνψ) + 1

2 Tr(∗Fµνᾱγνγ5ψ) + 1
2 Tr(Gᾱγ5γ

µψ) (9.42)

so that the conserved current and the supercharge have the simple forms

Jµ = −Tr (∗Fµνγ5 + iFµν) γνψ

Q =

∫
d3xTr {(iπi −Biγ5)γiψ} . (9.43)

The commutator of two supersymmetry transformations on the gauge potential is

[δα1 , δα2 ]Aµ = 2iᾱ2 (Fµνγ
ν)α1 = −2i (ᾱ2γ

να1) ∂νAµ +Dµλ, λ = 2i(ᾱ2γ
να1)Aν . (9.44)

Similarly as in the Abelian case the commutator of two supersymmetry transformations
yields a translation plus an infinitesimal gauge transformation. The gauge parameter λ
depends on the gauge field Aµ and the susy parameters αi.

To calculate the commutator on the dummy field G one needs the relations

ᾱγ5γ
ρΣµνψ = ψ̄Σµνγ

ργ5α and iγ5[γµ, γν ] + εµνρσγ
ργσ = 0,

where we used the definition γ5 = −iγ0γ1γ2γ3 and the identity (6.32). After some lengthy
but straightforward manipulations one obtains

[δα1 , δα2 ]G = −2i(ᾱ2γ
ρα1)

(
DρG −Dσ

∗F σρ
)

= −2i (ᾱ2γ
ρα1) ∂ρG + i[λ,G], (9.45)
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where once more we used the Bianchi identity. Here λ it the field dependent gauge
parameter introduced above. The commutator on the fermionic field reads

[δα1 , δα2 ]ψ = −2ΣµνMγνDµψ + iγ5Mγ5 /Dψ, (9.46)

where M has been introduced in (6.32). Using the relations (4.13,9.8,6.32) and 2iΣµνγ
ν =

3γµ one ends up with the expected result

[δα1 , δα2 ]ψ = −2i(ᾱ2γ
ρα1)Dρψ = −2i(ᾱ2γ

ρα1)∂ρψ + i[λ, ψ]. (9.47)

As in the Abelian case the superalgebra closes only on gauge invariant fields.

9.3 N = 2 Supersymmetric Gauge Theory

In this section we will be considering theories with N = 2 spacetime supersymmetries.
Realistic (i.e. chiral) models of particle interactions have only N = 1 supersymmetry.
However, there are good reasons for discussing N = 2, the main being that the dynamics
of this theory is under much better control and this allows one to make statements about
the spectrum which are valid non-perturbatively. This model may possess a non-vanishing
central charge and, as we have seen, the Bogomol’nyi bound applies. Magnetic monopoles
in N = 2 supersymmetric theories were first discussed in [42].

The rather simple N = 2 model has played in important role in recent developments about
confinement in 4 dimensional asymptotically free gauge theories. Seiberg and Witten have
got an analytic expression for the low energy effective action (the leading two terms in a
derivative expansion) of this theory [41]. On shell this model contains a vector field Aµ,
two Majorana spinors χ1, χ2, which can be combined to a Dirac spinor ψ, a scalar field A
and a pseudo-scalar field B. All fields transform according to the adjoint representation
of a gauge group.

Note that a Dirac spinor can always be written as a linear combination of two Majorana
spinors,

ψ =
1√
2

(χ1 + iχ2) , ψc =
1√
2

(χ1 − iχ2) (9.48)

or the sum and difference of a Dirac spinor and its charge conjugate define Majorana
spinors,

χ1 =
1√
2

(ψ + ψc) , χ2 =
1

i
√

2
(ψ − ψc). (9.49)

Of course, a similar decomposition exists for the supersymmetry parameter

α =
1√
2

(ε1 + iε2) and αc =
1√
2

(ε1 − iε2). (9.50)

It follows, that

iψ̄ /Dψ = ı
2

∑(
χ̄i /Dχi

)
− 1

2∂ρ (χ̄1γ
ρχ2) and ᾱMψ + ᾱcMψc =

∑
ε̄iMχi (9.51)
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hold true for any matrix M . Now we could return to the N = 1 vector multiplet and
obtain the following transformation rule for the gauge potential,

δαAµ = i
∑

ε̄iγµχi = iᾱγµψ + iᾱcγµψc. (9.52)

By dimensional arguments there are no other terms which are linear combinations of the
χi contracted with the supersymmetry parameters.

9.3.1 Action and field equations

We just add the Wess-Zumino Lagrangean (6.39) for massless spin-0 fields, with /∂ replaced
by /D and A,B in the adjoint representation, to the gauge model Lagrangean (9.29). If
A,B are in the adjoint representation, then the self interaction term in (6.39), namely

−gψ̄ (A− iγ5B)ψ − 1
2g

2
(
A2 +B2

)2
should be replaced by something like

−gTr
(
ψ̄[A,ψ]

)
+ igTr

(
ψ̄γ5[B,ψ]

)
+ 1

2g
2 Tr

(
[A,B]2

)
.

Hence we would guess that the on-shell Lagrangean of the N = 2 vector multiplet has the
form

L = −1
4TrFµνF

µν + 1
2Tr(DµA)2 + 1

2Tr(DµB)2 + 1
2g

2 Tr([A,B]2)

+ iTrψ̄ /Dψ − gTr(ψ̄[A,ψ]) + igTr(ψ̄γ5[B,ψ]). (9.53)

Up to a surface term, the second line can be rewritten as

Lψ = Tr
{

i
2 χ̄i /Dχi − igχ̄1[A,χ2]− gχ̄1γ5[B,χ2]

}
. (9.54)

Expanding every field as A = AaTa such that

F aµν = ∂µA
a
ν − ∂νAaµ + gfabcA

b
µA

c
ν

(DµA)a = ∂µA
a + gfabcA

b
µA

c,

we obtain for the component fields

L = −1
4F

a
µνF

µν
a + 1

2(DµA)a(DµA)a + 1
2(DµB)a(DµB)a − 1

2g
2fabcfapq(A

bApBcBq)

+ iψ̄aγµ
(
∂µψa + gfabcA

b
µψ

c
)

+ igfabcA
aψ̄bψc + gfabcB

aψ̄bγ5ψ
c. (9.55)

The model contains only one coupling constant g: the self-coupling of the scalar fields and
the Yukawa couplings are determined by g. There is a potential term in the Lagrangean but
it has flat directions whenever [A,B] = 0. Classically it is scale invariant. This invariance
will be spontaneously broken by a non-zero expectation value of the scalar fields.

The Euler-Lagrange equations are the following set of hyperbolic field equations:
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The variation with respect to the gauge potential yields the Yang-Mills equations

DµF
µν = ig[A,DνA] + ig[B,DνB]− g[ψ̄, γνψ], where [ψ̄,Mψ] ≡ ifabcψ̄bMψcTa.(9.56)

The variations with respect to the scalar and pseudo-scalar field implies the Klein-
Gordon-type equations,

DµD
µA = −g[ψ̄, ψ] + g2[B, [B,A]]

DµD
µB = −ig[ψ̄, γ5ψ] + g2[A, [A,B]], (9.57)

and the variation of the Dirac field yields the Dirac equation:

i /Dψ = g[A− iγ5B,ψ]. (9.58)

A particular class of solutions is obtained if we set

ψ = 0 and B = 0,

in which case the field equations for the remaining fields reduce to

DµF
µν = ig[A,DνA] and DµD

µA = 0. (9.59)

These reduced equations admit magnetic monopole solutions. The mass of the monopoles
are proportional to the asymptotic value of |A| and inversely proportional to the gauge
coupling constant g. These monopoles are relevant for a field theoretic understanding of
the central charge of the N = 2 gauge theory.

If we now further set A = 0 then we get the pure Yang-Mills field equations

DµF
µν = 0 (9.60)

which in the Euclidean sector possess (anti)selfdual Instanton solutions. Later we shall
see, that instantons break half of the supersymmetry: the instanton background is left
invariant by a subset of the N = 2 supersymmetry transformations which generate a
N = 1 supersymmetry.

To calculate the Hamiltonian density we note that the momenta conjugate to the vector,
scalar and fermion fields are

πi = −F 0i = Ei, πA = D0A, πB = D0B and πψ = iψ†.

When discussing the Hamiltonian structure of gauge theories it is advantageous to choose
the Weyl gauge A0 = 0 for which

πi = Ȧi, πA = Ȧ, πB = Ḃ and πψ = iψ†.

The Hamiltonian density is gotten as Legendre transform from the Lagrangean density
and it reads

H = Tr
{

1
2

(
π2 + π2

A + π2
B

)
+ 1

2B
2 + 1

2(DA)2 + 1
2(DB)2 − iψ†γ0γiDiψ

+gψ̄[A,ψ]− igψ̄γ5[B,ψ]− g2

2
[A,B]2

}
. (9.61)

This density is (formally) hermitean and the bosonic part is bounded below.
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9.3.2 Supersymmetry transformations and invariance of S

Now we shall fix the variations of the remaining fields A,B and ψ such that L is invariant
up to surface terms. The calculations are very similar as in the Abelian case and I need
not give many details here. We start from the general formulae

δDµA = DµδA− ig[δAµ, A] , δDµB = DµδB − ig[δAµ, B]

δFµν = DµδAν −DµδAµ , δ /Dψ = /Dδψ − ig[δAµ, γ
µψ]

and deduce the following transformation rules for the various terms in the Lagrangean
density:

1
4δTr(FµνF

µν) = Tr(FµνDµδAν)
1
2δTr(DµAD

µA) = Tr{DµA(DµδA− ig[δAµ, A])}
1
2δTr(DµBD

µB) = Tr{DµB(DµδB − ig[δAµ, B])}
δTr([A,B]2) = 2Tr{[A,B]([δA,B] + [A, δB])}

i
2δTr(χ̄ /Dχ) = 1

2Tr{iδχ̄ /Dχ+ iχ̄ /Dδχ+ gχ̄[δAµ, γ
µχ]}

δTr(χ̄1[A,χ2]) = Tr{δχ̄1[A,χ2] + χ̄1[A, δχ2] + χ̄1[δA, χ2]}
δTr(χ̄1γ5[B,χ2]) = Tr{δχ̄1γ5[B,χ2] + χ̄1γ5[B, δχ2] + χ̄1γ5[δB, χ2]}

To fix the transformation properties of the scalar fields we first study the terms in δL
which are trilinear in the Dirac field:

gTr{1
2 χ̄i[δAµ, γ

µχi]− iχ̄1[δA, χ2]− χ̄1γ5[δB, χ2]}

Using the explicit form of δAµ and that Tr(χ̄[ε̄γµχ, γ
µχ]) = 0 we obtain

= gfabc{1
2(χ̄a1γ

µχb1)(ε̄2γµχ
c
2) + 1

2(χ̄a2γ
µχb2)(ε̄1γµχ

c
1)− (χa1χ

b
2)δAc + i(χ̄a1γ5χ

b
2)δBc}

We rearrange the first two terms with the help of the Fierz identities

1
2(ε̄1γµχ

a
1)(χ̄b2γ

µχc2)− 1
2(ε̄1γ5γµχ

a
1)(χ̄b2γ5γ

µχc2) = −(χ̄a1χ
b
2)(ε̄1χ

c
2) + (χ̄a1γ5χ

b
2)(ε̄1γ5χ

c
2)

1
2(ε̄2γµχ

b
2)(χ̄a1γ

µχc1)− 1
2(ε̄2γ5γµχ

b
2)(χ̄a1γ5γ

µχc1) = −(χ̄a1χ
b
2)(ε̄2χ

c
1) + (χ̄a1γ5χ

b
2)(ε̄2γ5χ

c
1)

The second terms on the left hand sides do not contribute, since they are symmetric in
b, c or a, c, respectively. Now we can read off how the scalar fields must transform such
that the terms trilinear in δL chancel:

δαA = −(ε̄1χ2 − ε̄2χ1) = i(ᾱψ − ᾱcψc)
δαB = i(ε̄1γ5χ2 − ε̄2γ5χ1) = ᾱγ5ψ − ᾱcγ5ψc. (9.62)

Again, the variations of A and B can only be linear combinations of the χi contracted with
the supersymmetry parameters. Let us see, whether we can arrange for a transformation
of the Majorana spinors such the terms trilinear in the bosonic fields A,B chancel in δL.
Such term can only arise from

gTr
{
g[A,B]([δA,B] + [A, δB])− iδχ̄1[A,χ2]− iχ̄1[A, δχ2]− δχ̄1γ5[B,χ2]− χ̄1γ5[B, δχ2]

}
.
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So let us assume, that

δχi = g[A,B]γ5εi + . . . , δχ̄i = gε̄iγ5[A,B] + . . .

Then the last four terms in the second to last equation read

gTr{[A,B](− i[A, ε̄1γ5χ2 − ε̄2γ5χ1] + [ε̄1χ2 − ε̄2χ1, B])} (9.63)

and exactly cancel the first two terms. From our experience with the Wess-Zumino model
we also expect terms

δχi = −i /D(A− iγ5B)κi + . . . , δχ̄i = iκ̄i /D(A+ iγ5B) + . . . (9.64)

which are fixed by considering the contributions which are quadratic in the scalar fields.
These contributions can only come from

δL = −igTr{DµA[δAµ, A] +DµB[δAµ, B]}+ ı
2Tr{δχ̄i /Dχi + χ̄i /Dδχi}

−igTr{δχ̄1[A,χ2] + χ̄1[A, δχ2]} − gTr{δχ̄1γ5[B,χ2] + χ̄1γ5[B, δχ2]}+ . . .

In the first two terms we insert the variation of the gauge potential, in the next two terms
the result (9.63) and in the last two terms the expected results (9.64). This then leads to

= ı
2g{[A,B]Dµ(ε̄iγ5γ

µχi)−Dµ[A,B](ε̄iγ5γ
µχi)}

+g{[A,DµA] + [B,DµB]}{ε̄iγµχi − (κ̄1γ
µχ2 − κ̄2γ

µχ1)}
+ig{[A,DµB] + [DµA,B]}{κ̄1γ5γ

µχ2 − κ̄2γ5γ
µχ1)}+ . . . ,

where . . . indicates the terms which are not quadratic in A,B. Clearly, we must choose
κ1 = ε2 and κ2 = −ε1 such that the second line vanishes and this becomes a total
divergence

ı
2∂µTr{[A,B]ε̄iγ5γ

µχi}.

Collecting the various contribution we conclude, that

δαψ = iFµνΣµνα− /D(A− iγ5B)α+ g [A,B]γ5α

δαψ̄ = −iᾱFµνΣµν − ᾱ /D(A+ iγ5B) + g ᾱγ5[A,B]. (9.65)

Let us summarize our findings (what has not been proven here, we leave as an exercise).
The action (9.53) is invariant with respect to the following supersymmetry transformati-
ons:

δαAµ = i (ᾱγµψ + ᾱcγµψc)

δαA = i (ᾱψ − ᾱcψc)
δαB = ᾱγ5ψ − ᾱcγ5ψc (9.66)

δαψ = iFµνΣµνα− /D (A− iγ5B)α+ g [A,B]γ5α.
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Note that a constant A-field background is left invariant by an arbitrary supersymmetry
transformation. It does not ’break supersymmetry’.

We have already done most of the calculation in order to show that S is invariant. The
explicit result reads

δL = ∂µ (ᾱV µ + ᾱcV
µ
c )

V µ = Tr {(ig[A,B]γ5γ
µ + 2Dν(A− iBγ5)Σνµ +∗Fµνγ5γν)ψ}

V µ
c = −iTr {(Dµ(A− iBγ5) + Fµνγν)ψc}

To construct the Noether current we need to calculate

∂L
∂(∂µAν)

δAν + . . . = Tr{ − FµνδAν + iψ̄γµδψ +DµAδA+DµBδB}

and subtract ᾱV µ + ᾱcV
µ
c . The result is the following hermitean Noether current:

Jµ = ᾱ
{ ∗Fµνγνγ5 − iFµνγν + i /D(A+ iBγ5)γµ + ig[A,B]γµγ5

}
ψ

+ ψ̄
{ ∗Fµνγνγ5 + iFµνγν − iγµ /D(A− iBγ5) + ig[A,B]γµγ5

}
α

The corresponding Noether charge reads

Q = ᾱ

∫
d3x (R+ S)ψ +

∫
d3x ψ̄ (R− S)α with

R = γiBiγ5 + iγ0γiDi(A− iBγ5) + iγ0γ5[A,B]

S = iγiπi + iπA + πBγ5

Here πi = Ei is the momentum conjugate to Ai, πA = D0A the momentum conjugate to
A and πB = D0B the momentum conjugate to B. One should compare the charge of the
N = 2 vector multiplet with the one in (6.48) of the Wess-Zumino model and the charge
after (9.22) of the N = 1 vector multiplet.

Exercise: Check, that the commutator of two supersymmetry transformations is

[δα1 , δα2 ]Aµ = aρ∂ρAµ +Dµλ [δα1 , δα2 ]ψ = aρ∂ρψ + i[λ, ψ]

[δα1 , δα2 ]A = aρ∂ρA+ i[λ,A] [δα1 , δα2 ]B = aρ∂ρB + i[λ,B]

where

aρ = −2i (ᾱ2γ
ρα1 − ᾱ1γ

ρα2)

is the parameter for the infinitesimal translation generated by the commutator of two susy
transformations and

λ = 2i {(ᾱ2γ
ρα1 − ᾱ1γ

ρα2)Aρ − ᾱ2(A− iγ5B)α1 + ᾱ1(A− iγ5B)α2}

the field dependent gauge parameter.
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9.3.3 Chiral basis

We rewrite the previous results in terms of Weyl fermions

ψ =

(
λα
χ̄α̇

)
ψ̄ = (χα, λ̄α̇ ) and φ = (A+ iB)/

√
2.

Using the conventions in the appendix we see that

ψ̄ /Dψ = χασµαα̇D
µχ̄α̇ + λ̄α̇σ̃

µα̇αDµλα ≡ χ(σD)λ̄+ λ̄(σ̃D)λ

ψ̄[A,ψ] = χα[A, λα] + λ̄α̇[A, χ̄α̇] = χ[A, λ] + λ̄[A, χ̄]

ψ̄γ5[B,ψ] = −χα[B, λα] + λ̄α̇[B, χ̄α̇] = −χ[B, λ] + λ̄[B, χ̄]

[φ, φ†] = −i[A,B] .

In terms of these Weyl spinors the action takes the form

L = −1
4TrFµνF

µν + Tr(DµφD
µφ†)− 1

2g
2 Tr([φ, φ†]2)

+ Tr
{

iχ(σD)χ̄+ iλ̄(σ̃D)λ−
√

2gχ[φ, λ]−
√

2gλ̄[φ†, χ̄]
}
. (9.67)

To rewrite the susy-transformations we also change from Dirac- to Weyl spinors for the
supersymmetry parameters,

α =

(
θα
η̄α̇

)
ᾱ = ( ηα, θ̄α̇ ) .

In the chiral representation we may choose as charge conjugation matrix

C = iγ0γ2 =

(
−iσ2 0

0 iσ2

)
=

(
(εαβ) 0

0 (εα̇β̇)

)
(9.68)

such that

ψc = Cψ̄ T =

(
χα
λ̄α̇

)
, ψ̄c = (λα, θ̄α̇), αc =

(
ηα
θ̄α̇

)
, ᾱc = (θα, η̄α̇) . (9.69)

Now we can rewrite the fermionic bilinears in the chiral basis

ᾱψ − ᾱcψc = ηλ+ θ̄χ̄− θχ− η̄λ̄
ᾱγ5ψ − ᾱcγ5ψc = −ηλ+ θ̄χ̄+ θχ− η̄λ̄
ᾱγµψ + ᾱcγµψc = ησµχ̄+ θ̄σ̃µλ+ θσµλ̄+ η̄σ̃µχ

Inserting these relations into (9.66) yields

δAµ = i(ησµχ̄+ θ̄σ̃µλ+ θσµλ̄+ η̄σ̃µχ)

δφ = i
√

2(θ̄χ̄− η̄λ̄), δφ† = i
√

2(ηλ− θχ)

δλ = 1
2F

µνσµνθ −
√

2 (σµD
µφ†) η̄ − ig[φ, φ†]θ

δχ̄ = 1
2F

µν σ̃µν η̄ −
√

2 (σ̃µD
µφ)θ + ig[φ, φ†]η̄ .
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9.3.4 Bogomol’nyi bound, Monopoles and Jackiw-Rebbi modes

Let us come back to the monopole and instanton solutions in this model. Assume that we
have constructed a solution with B = 0 and ψ = 0. Such a solution is left invariant by the
supersymmetry transformations if

δψ = 0⇐⇒ iFµνΣµνα = /DAα or 1
2F

µνγµνα = /DAα (9.70)

which in a chiral basis reads

1
2F

µν(σµν) β
α θβ = DµA(σµ)αβ̇ η̄

β̇ and 1
2F

µν(σ̃µν)α̇
β̇
η̄β̇ = DµA(σ̃µ)α̇β θβ .

Let us see what second order equation is implied by the condition (9.70). For that we act
with /D on this equation which leads to

1
2γργµνD

ρFµνα = D2Aα− ig

2
γρµ[Fρµ, A]α.

Now we use (9.11) and the Bianchi identity to simplify the left hand side,

γνDµF
µνα = D2Aα− ig

2
γρµ[Fρµ, A]α = D2Aα− igγµ[DµA,A]α,

where in the last step we used the invariance condition (9.70). This finally yields the second
order equation

(DµF
µν − ig[A,DνA]) γνα = (D2A)α. (9.71)

Next we argue that both sides must vanish separately if α is arbitrary. This way one
arrives at the field equations for the scalar field and the gauge potential in cases where
the pseudoscalar and Dirac field vanish. To see this we note that ᾱγµα is imaginary and
ᾱα is real for a Majorana parameter α. Hence if we multiply (9.71) with ᾱ from the left
and assume that α is Majorana, then the left hand side becomes antihermitean, whereas
the right hand side becomes hermitean. It follows that both sides must vanish. This then
proves that the first order equation (9.70) implies the second order field equations (9.59).

Let us now assume, that (Aµ, A) is a (static) magnetic monopole solution. Then the first
order equation (9.70) reduces to

0 = δψ = i

(
Biτi −τiDiA
τiDiA Biτi

)
α =

(
iτ ·Bθ − τ ·DA η̄
iB · τ η̄ + τ ·DAθ

)
.

This system of equations is satisfied if

iθα = (σ0)αβ̇ η̄
β̇ and B = DA (9.72)

hold true. The first condition means that only a N = 1 supersymmetry is left intact and
the second condition is the Bogomol’nyi bound. To make this more clear, consider the
energy or mass (9.61) for a static background (Ai, A)

M = 1
2

∫
d3xTr

(
B2 + (DA)2

)
= 1

2

∫
d3xTr (B ±DA)2 ∓

∫
Tr (B ·DA) .
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Clearly we have the bound

M ≥
∣∣∣ ∫ Tr(B ·DA)

∣∣∣
which is just the celebrated Bogomol’nyi bound. The Bianchi identity for the ’chromo-
magnetic’ field reads

D ·B = 0 =⇒ ∇Tr(B A) = Tr(B ·DA).

Inserting this into the Bogomol’nyi bound and using the Gauss theorem yields

M ≥
∣∣∣ ∮ Tr(B A)dS

∣∣∣. (9.73)

To continue we assume that the gauge group is SU(2) with generators

Ta =
1√
2
τa, such that fabc = εabc.

If v denotes the length of A at infinity, then the last surface integral is just the magnetic
flux of the U(1)-magnetic field in the direction of A times v such that

M ≥ vΦ.

Since |DA| tends to zero at spatial infinity it follows that

Aai = − 1

gv2
εabcA

b∂iA
c +AaCi

holds true with Ci arbitrary. If we now compute the leading order behaviour of the non-
Abelian gauge fields we find

F aij ∼
1

v
Aafij ,

where we introduced

fij = − 1

gv3
εabcA

a∂iA
b∂jA

c + ∂iCj − ∂jCi

and the equation of motion imply ∂if
ij = ∂i

∗f ij ∼ 0. Outside the core of the monopole
the non-Abelian field points in the direction of the Higgs field, that is, in the direction of
the unbroken U(1). The magnetic charge of this field configuration is given by the flux of
the magnetic field Bi = 1

2εijkfjk through a sphere at infininty,

Φ =

∮
BdS = lim

R→∞
R2

2gv3

∮
εijkεabcA

a∂jAb∂kAcnidΩ =
4πN

g
(9.74)

with N the winding number of the Higgs field, i.e. the winding of the map

S2 3 x̂ −→ A(x̂) = lim
r→∞

A(rx̂) ∈ S2.
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Thus we obtain the celebrated Dirac quantitation condition

gΦ = 4πN (9.75)

relating the gauge coupling to the magnetic charge of the monopoles. The corresponding
Bogomol’nyi bound

M ≥ 4πN

g
v (9.76)

saturates for Bi = ±DiA, that is for BPS-monopoles. The solutions to (9.72) are well-
known. In the BPS limit monopoles neither attract nor repel each other. This must be the
case, since the lower bound is attained independent of the distance between the monopoles.
When one changes the collective coordinates the energy does not change and hence the
monopole cannot increase or decrease the energy if they move relative to each other. This
behaviour is typical for BPS states which saturate a Bogomol’nyi type bound.

Now we shall see that supersymmetry automatically generates the so-called Jackiw-Rebbi
modes. Note that the Dirac equation in the gauge A0 = 0 reads

iψ̇ = −iαiDiψ + gγ0[A,ψ], αi = γ0γi.

For the static monopole background (Ai, A) we may separate off the energy dependence
and arrive at the time-independent Dirac equation

Eψ = −iαiDiψ + gγ0[A,ψ] = Hψ.

Now we shall prove that δψ is a zero-mode of H if (Ai, A) satisfy the Bogomol’nyi
equation. For B = DA the supersymmetry variation of the Dirac spinor simplifies to

δψ = DiA

(
iτi κ
τi κ

)
, where κ = θ + iη̄.

It follows that

γjDjδψ = DjDiA

(
τjτiκ
−iτjτiκ

)
= 1

2 [Dj , Di]A

(
iεjik κ
εjik κ

)
= i[Bk, A]

(
iτk κ
τk κ

)
= i[DkA,A]

(
iτk κ
τk κ

)
= −i[A, δψ] ,

where we used D2A = 0 in the second step. This is just the equation

Hδψ = 0

for a zero mode. Thus we have found an explicit expression for the Jackiw-Rebbi zero-
modes about a magnetic monopoles. Supersymmetry opens up an elegant way to charac-
terize and construct BPS-monopoles, it also gives the associated Jackiw-Rebbi modes.
For the physical consequences of these modes I refer to [43].
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9.3.5 N = 2-SYM in Euclidean spacetime

In Euclidean spacetime the gamma matrices must be hermitean so that we choose

(γ0, γi)M = (γ0,−iγi)E . (9.77)

From

LM ∼ 1
2Tr(F0i)

2 − 1
4Tr(Fij)

2 + . . .

we see, that the Lagrangean becomes negative definite, irrespective whether we multiply
the time coordinate or the space coordinates with i. Because

LM = 1
2Tr(D0A)2 − 1

2Tr(DiA)2

we conclude that we should continue the time coordinate for these terms to become nega-
tive definite. Hence we should choose

(∂0, ∂i)M = (i∂0, ∂i)E , such that (A0, Ai, F0i, Fij)M = (iA0, Ai, iF0i, Fij)E . (9.78)

With this choices we have

/DM = i /DE .

In Euclidean spacetime the Dirac term must have the form

±iψ† /Dψ

in order to be hermitean and SO(4) invariant. This tells us, that

(ψ, ψ̄)M = (ψ, iψ†)E such that (iψ̄ /Dψ)M = −i(ψ† /Dψ)E . (9.79)

For

AM = AE and BM = BE (9.80)

the Yukawa interaction term

−gTr(ψ̄[A,ψ]) = −igTr(ψ†[A,ψ])

becomes antihermitean in Euclidean spacetime,

{ − igTr(ψ†[A,ψ])}† = (gfabcψ
a†Abψc)† = (gfabcψ

c†Abψa) = igTr(ψ†[A,ψ]).

More generally, one can show that there are no consistent transformation rules of the
coordinates, γ-matrices and fields such the resulting Euclidean action is hermitean and
bounded from below.

This is not as bad as it seems, since in Euclidean spacetime the mass term in ψ†(i /D+im)ψ
is not hermitean either. But although the eigenvalues of i /D + im are not real, they come
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in pairs ±λ + im and the partition function stays real, since (λ + im)(−λ + im) is real.
Since after spontaneous symmetry breaking the Yukawa terms may lead to mass terms for
the fermions we even expect an antihermitean Yukawa interaction. Hence we may accept
the transformation rules (9.77-9.80) in which case

LE = 1
4TrFµνF

µν + 1
2Tr(DµA)2 + 1

2Tr(DµB)2 − 1
2g

2 Tr([A,B]2)

+iTrψ† /Dψ + igTr(ψ†[A,ψ]) + gTr(ψ†γ5[B,ψ]), (9.81)

where the indices are raised and lowered with the Euclidean metric δµν . This seems to
be a completely consistent Euclidean model. In the chiral representation the hermitean
matrices γ-matrices and the hermitean γ5 take the form

γ0 =

(
0 τ0

τ0 0

)
, γi =

(
0 iτi
−iτi 0

)
and γ5 = γ0γ1γ2γ3 =

(
τ0 0
0 −τ0

)
.

Also note that

γ0i =

(
−iτi 0

0 iτi

)
and γij = iεijk

(
τk 0
0 τk

)
,

so that σµν in

γµν =

(
σµν 0
0 σ̃µν

)
is anti-selfdual and σ̃µν selfdual.

The gauge- and general covariant derivative of the fields are

DµΦ = ∂µΦ− i[Aµ,Φ].

If there is a supersymmetry, then the symmetry transformations should have the form

δαAµ = i(α†γµψ − ψ†γµα), δαA = −α†ψ + ψ†α, δαB = i(α†γ5ψ − ψ†γ5α). (9.82)

Now we have got a serious problem. The second formula shows that A should be antiher-
mitean. But with an antihermitean A the terms Tr(DA)2 and the potential term quartic
in the scalar fields become unbounded from below. The corresponding model in unsta-
ble and probably not consistent. Note however, that for an antihermitean A also DµA is
antihermitean.

The remaining transformation of the Dirac spinor field reads

δαψ = −iFµνΣµνα− i /D(A− iγ5B)α+ g [A,B]γ5α

δαψ
† = iα†FµνΣµν − iα† /D(A+ iγ5B) + gα† [A,B]γ5. (9.83)

The invariance of S is proven as follows. The terms in δL containing the scalar fields is
easy to calculate and leads to ∂µTr(Kµ) with

Kµ = −ig[A,B](α†γµγ5ψ) + α†Dµ(A− iγ5B)ψ + ψ†Dµ(A− iγ5B)α− α†γµ /D(A− iγ5B)ψ.

————————————
A. Wipf, Supersymmetry



9. Supersymmetric Gauge Theories 9.3. N = 2 Supersymmetric Gauge Theory 144

As always, the term containing only the fermions is the hard one.

To continue our calculation we note, that (4.85) holds with our conventions in Euclidean
spacetime, i.e.

4+iχ† = −(χ†ψ)− γµ(χ†γµψ) + 1
2γµν(χ†γµνψ) + γ5γµ(χ†γ5γ

µψ)− γ5(χ†γ5ψ). (9.84)

But the formulae (9.8) and (9.11) now read

2Σµνγρ = iδµργν − iδνργµ + iεµνρσγ
σγ5

2γρΣµν = −iδµργν + iδνργµ + iεµνρσγ
σγ5 (9.85)

where ε0123 = 1. Using the last set of relations together with the Bianchi identity one
arrives at the intermediate result

−i∂µTr(Fµνψ†γνα)− i∂µTr( ∗Fµνα†γνγ5ψ)

+gfabc{(ψ†aγµψb)(α†γµψc)− (ψ†aψb)(α
†ψc) + (ψ†aγ5ψb)(α

†γ5ψc} (9.86)

−gfabc{(ψ†aγµψb)(ψ†cγµα)− (ψ†aψb)(ψ
†
cα) + (ψ†aγ5ψb)(ψ

†
cγ5α)}

Now we apply the Fierz-identity (9.84) and find

γµχψ†γµ = −(ψ†χ) + 1
2γµ(ψ†γµχ) + 1

2γ5γµ(ψ†γ5γ
µχ) + γ5(ψ†γ5χ)

χψ† − γ5χψ
†γ5 = −1

2γµ(ψ†γµχ) + 1
2γ5γµ(ψ†γ5γ

µχ)

which yield

γµχψ†γµ − χψ† + γ5χψ
†γ5 = γµ(ψ†γµχ)− (ψ†χ) + γ5(ψ†γ5χ). (9.87)

With this result the terms in (9.86) containing the ψ3-terms can be rewritten as

+gfabc{(ψ†aγµψc)(α†γµψb)− (ψ†aψc)(α
†ψb) + (ψ†aγ5ψc)(α

†γ5ψb)}
−gfabc{(ψ†cγµψb)(ψ†aγµα)− (ψ†cψb)(ψ

†
aα) + (ψ†cγ5ψb)(ψ

†
aγ5α)}

It follows that the terms in curly brackets are symmetric in (b, c) and (a, c), respectively.
Because of the antisymmetry of the structure constants the contribution of the 3-fermion
terms to the variation of the Lagrangean vanishes. Thus we remain with the following
result for the variation of L under supersymmetry transformations:

δL = ∂µTrV µ where

V µ = −ig[A,B](α†γµγ5ψ) + α†Dµ(A− iγ5B)ψ + ψ†Dµ(A− iγ5B)α (9.88)

−α†γµ /D(A− iγ5B)ψ − iFµνψ†γνα− i ∗Fµνα†γνγ5ψ

Now it is easy to construct the Noether current. One finds

Jµ = α†{iγν( ∗Fµνγ5 + Fµν) + ig[A,B]γµγ5 − /D(A+ iBγ5)γµ}ψ
+ ψ†{iγν( ∗Fµνγ5 − Fµν) + ig[A,B]γµγ5 + γµ /D(A− iBγ5)}α (9.89)
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9.3.6 Selfdual instantons and small fluctuations

As previously we are interested in background configurations which preserve part of the
supersymmetry. We assume that all fields with the exception of the gauge potential vanish.
This condition is preserved by a supersymmetry transformations if

δψ = −iFµνΣµνα = 0, α =

(
θ
θ̄

)
⇐⇒ Fµνσµνθ = Fµν σ̃µν θ̄ = 0 (9.90)

There are two ways to fulfill these conditions:

θ = 0, Fµν σ̃µν = 0 or θ̄ = 0, Fµνσµν = 0. (9.91)

In the first case only the righthanded supersymmetry survives and Fµν is anti-selfdual, in
the second case the lefthanded supersymmetry survives and Fµν is selfdual. As expected
these selfdual and anti-selfdual gauge fields are solutions of the classical field equations
which are the Yang-Mills, Klein-Gordon and Dirac equations

DνF
µν = ig[A,DµA] + ig[B,DµB] + g[ψ†, γµψ]

D2A = ig[ψ†, ψ]− g2[[A,B], B]]

D2B = g[ψ̄, γ5ψ]− g2[A, [A,B]] (9.92)

i /Dψ = −ig[A− iγ5B,ψ].

Similarly to the previously considered monopoles we can interprete the (anti)selfdual in-
stantons as BPS-states which preserve only half of the supersymmetry.

Now we pick a selfdual instanton configuration Āµ and consider its supersymmetry varia-
tion

δαAµ = 0, δαA = 0, δαB = 0, δαψ = −iFµνΣµνα.

Since Āµ is a classical solution we have

S[Āµ] = S[Āµ, δαψ] ∼ S[Āµ] + (δαψ
†, i /D δαψ)

which should imply that δαψ is a zero-mode of the Dirac operator. This is easily proven:

γµδαψ = γν( ∗Fµνγ5 − Fµν)α =⇒
i /Dδαψ = iγνDµ( ∗Fµνγ5 − Fµν)α = −iγνDµF

µν = 0,

where we have used the Bianchi identity and the Yang-Mills equation. This proves that
δαψ is a zeromode of the Dirac operator. Since

δαψ = −1
2

(
0 0
0 σ̃F

)
α,

this zero mode is right-handed. Actually, from the index theorem we infer that in an
SU(2)-instanton background with charge q the operator i /D possesses

2
3(2j + 1)(j + 1)j · q (9.93)
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righthanded zero-modes in the spin-j representation. In particular for adjoint fermions
there are 4q zero modes.

Now we wish to relate the various fluctuation fields about selfdual instantons [46]. We
start with perturbing an arbitrary background field by small fluctuations

Aµ = Āµ + aµ, A = Ā+ a, B = B̄ + b. (9.94)

We perform the corresponding Taylor expansion of the (unstable) Euclidean action

S = S0 + S1 + S2 + . . . ,

where Si is of order i in the fluctuation fields. In what follows we only work with the
background fields and the perturbation and hence may safely omit the bar for the back-
ground fields. The first term S1 leads to the field equations (9.92). The expression for S2

for general background fields is rather complicated. But for backgrounds with vanishing
A,B and ψ it becomes rather simple

S2 =

∫
aν{ −D2δνµ +DνDµ − 2ig[Fµν , . ]}aµ − aD2a− bD2b+ iψ† /Dψ. (9.95)

We read off the following fluctuation operators

Mνµ = −D2δνµ +DνDµ + 2ig ad(Fνµ), MA = −D2, MB = −D2, Mψ = i /D,(9.96)

where all covariant derivatives are to be taken in the adjoint representation.

In a one-loop approximation to the partition function one needs the eigenvalues of these
fluctuation operators,

Mνµaµ = λ2aµ, MAa = λ2a, MBb = λ2b and Mψψ = λψ. (9.97)

Let us assume that ψ is an eigenmode of the Dirac operator,

i /Dψ = λψ =⇒ iDµψ
†γµ = −λψ†. (9.98)

The squared Dirac operator,

/D
2

= γµγνDµDν = (δµν + γµν)DµDν = D2 + 1
2γµν [Dµ, Dν ] = D2 + Σµνad(Fµν), (9.99)

simplifies for selfdual gauge fields as follows:

(i /D)2 = −D2 + ı
2

(
σad(F ) 0

0 σ̃ad(F )

)
−→ −D2 + ı

2

(
0 0
0 σ̃ad(F )

)
. (9.100)

We see that the ’left-handed’ fermions

ψL = PLψ, PL = 1
2(1 + γ5) =

(
1 0
0 0

)
(9.101)

fulfill the equation

−D2ψL = λ2ψL
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which is identical to the eigenvalue equation for the scalar and pseudoscalar field. Therefore
any eigenmode ψL of − /D2

with eigenvalue λ2 transforms under susy transformations into
eigenmodes

a = −α†LψL + ψ†LαL and b = i(α†LψL − ψ
†
LαL) (9.102)

of −D2 with the same eigenvalue.

The same procedure applies to the eigenvalue equation of the vector fluctuations. We start
with a righthanded eigenmode of − /D2

which fulfills

(−D2 + ı
2 σ̃ad (F ))ψR = λ2ψR.

Now we multiply this equation with σν from the left and use the first of the following two
identities

σρσ̃µν = δρµσν − δρνσµ + εµνρσσσ , σ̃ρσµν = δρµσ̃ν − δρν σ̃µ − εµνρσσ̃σ,

which follow from (9.85). This leads to

{ −D2δνµ + iad (Fνµ + ∗Fνµ)}(σµψR) = λ2(σνψR). (9.103)

For a selfdual gauge field this equation becomes

{ −D2δνµ + 2i ad(Fνµ)}σµψR = λ2γνψR

{ −D2δνµ + 2i ad(Fνµ)}ψ†Rσ̃µ = λ2ψ†Rσ̃ν (9.104)

and it implies

−D2(σD)ψR = λ2(σD)ψR. (9.105)

Now we take the vector field which is gotten as supersymmetry transformation of a right-
handed eigenmode,

aµ = i(α†σµψR − ψ†Rσ̃µα). (9.106)

For λ 6= 0 this vector field has a non-vanishing divergence,

Dµaµ = λ(α†LψL + ψ†LαL). (9.107)

However, out of aµ we can construct the following source free vector field

bµ = aµ +
1

λ2
DµDνaν

which satisfies the so-called background gauge condition

Dµbµ = 0. (9.108)
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The difference between bµ and aµ is an infinitesimal gauge transformation. The proof is
simple and makes use of (9.105):

Dµbµ = Dµaµ +
1

λ2
D2{α†Li(σD)ψR − iDνψ

†
R σ̃ναL}

= Dµaµ − {α†Li(σD)ψR − iDνψ
†
Rσ̃ναL} = Dµaµ −Dνaν = 0.

After this preparations we come back to the fluctuation operator Mνµ for the gauge bosons
in (9.97). It is just the sum of the the operator on the left in (9.104) plus DνDµ which
annihilates bµ. Hence bµ is eigenmode of the fluctuation operator with eigenvalues λ2,

Mνµbµ = λ2bν , Dµbµ = 0.

Hence we have already diagonalized the fluctuation operator on fluctuations fulfilling the
background gauge condition.

We summarize the main results of this section: the bosonic fluctuation operators and − /D2

have all the same spectrum and the eigenmodes are related by supersymmetry. Now we
turn to calculating the partition function in the one-loop approximation.

9.3.7 One-loop partition function

After our previous investigations it seems proper to use background gauge fixing. Hence we
add a gauge fixing term 1

2(Dµaµ)2 to the Lagrangean, and the first eigenvalue equation
in (9.97) is then modifies to

(Mνµ −DνDµ)aµ = λ2aν .

We use the zeta-function regularization to ’calculate’ the determinant of an selfadjoint and
non-negative operator A:

log detA = − d

ds
ζA(s)|s=0, ζA(s) =

∑
λn>0

λ−sn .

The so defined determinant has a simple scaling property,

log det
1

λ
A = log detA− log λ · ζA(0).

Using the fact that the fluctuation operators have the same non-zero eigenvalues

log det′(− /D2
) = 4 log det′(−D2) = log det′(Mνµ),

where in the last equations we assumed the background gauge condition Dµbµ = 0. Now
we insert our result in the general formula for the one-loop partition function in the q-
instanton sector[47]

Zq(V, g) = eWq(V,g) =
1

N

∫
D(aµ, ψ

†, ψ,A,B)e−S+
∫

(ψ†η+η†ψ)
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= e−S(Āµ)

[
g

√
2π

V

]dH
1

VH

p∏
1

dγr(det J)1/2 det′1/2(− /D2
) det′Mgh

{det′(−D2)det′(−D2)det′(−Mνµ}1/2

×
∏
n

(η†, ψn)(ψ†n, η) exp (−
∫
η†G′η).

For the background gauge fixing Mgh = −D2. Here dH and VH are the dimensions and
volume of the stability group H which commutes with the su(2)-algebra defined by the
instanton [48]. For G = SU(2) we have dH = 0. The fluctuation operator Mνµ may
possess p additional zero-modes arising from the variation of the collective parameters
{γr}. J denotes the Jacobian when one converts p expansion parameters (in the expansion
of the gauge field) into the collective parameters.

Now we consider the rescaled theory with

Ā(λx) = Ā(x)

to the original one. Again we refer to [47] and take the general result

Wq[λV, g] = Wq(V, g) +
log λ

16π2

∫
Tr(aA2 (x) + aB2 (x)− 2agh2 (x)− aψ2 (x) + a

Aµ
2 (x))

= Wq(V, g) +
log λ

16π2

∫
Tr(− aψ2 (x) + a

Aµ
2 (x)),

where the second Seeley-deWitt coefficients of the various fluctuation operators appear.
These coefficients are

a
Aµ
2 (x) = −5

3g
2TrAF

µνFµν

aA2 (x) = 1
12g

2TrAF
µνFµν (9.109)

aψ2 (x) = −2
3TrAg

2FµνFµν ,

where TrA is the trace in the adjoint representation, we obtain

Wq[λV, g] = Wq(V, η, g)− log λg2

16π2

∫
TrA(FµνFµν) = Wq(V, g)− TA

log λg2

16π2

∫
(F aµνF

µν
a ),

where TA is the second-order Casimir of the adjoint representation. This then implies the
following scaling law for the effective action,

Γq(λV, g) =
1

4g2

(
1− TA

log λg2

4π2

)∫
Fµνa F aµν .

The effective action is invariant, if we rescale the field and coupling constant according to

Aµ →
√
Z3Aµ, g2(λ) =

g2

Z3
with Z3 = 1− log λ

4π2
TAg

2.

For example, for G = SU(2) we have TA = 2 and the β-function and anomalous dimension
of the gauge fields are found to be

β(g) = µ
∂

∂µ
g(µ) = − 1

4π2
g3(µ) and γA(g) = µ

∂

∂µ
logZ3 =

1

2π2
g2(µ), µ =

1

λ
.
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We see, that the theory is asymptotically free, similarly as QCD with a not too big number
of fermions. This ends the first part of our discussion of the Seiberg-Witten model.
To make further progress we need the superfield formulation which we shall introduce
soon. The non-perturbative structure of the N = 2-SYM can much easier seen in this
formalism. But before we turn to superfields we shall discuss a new technique to construct
supersymmetric theories, namely the dimensional reduction.

9.4 Closing of the algebra on fermions.

We show explicitly that the superalgebra (9.82,9.83) in Euclidean spacetime close on
the fermions. This calculation is rather tricky and we skipped it in the main body of the
chapter. When calculating the commutator of two susy transformations on ψ one obtains
three types of terms. Those which are linear in A, those which are linear in B and those
containing neither the scalar nor the pseudo-scalar field,

[δα1 , δα2 ]ψ = ig[A,XA] + g[B,XB] +R.

One finds

XA = {(α†1γ5ψ)− (ψ†γ5α1)}γ5α2 + {(α†1γµψ)− (ψ†γµα1)}γµα2 −
{
α1 ↔ α2

}
XB = {(α†1ψ)− (ψ†α1)}γ5α2 + {(α†1γµψ)− (ψ†γµα1)}γµγ5α2 −

{
α1 ↔ α2

}
and

R = 2{(α†1γνDµψ)− (Dµψ
†γνα1)}Σµνα2

+i{(α†1Dµψ)− (Dµψ
†α1)}γµα2

−i{(α†1γ5Dµψ)− (Dµψ
†γ5α1)}γµγ5α2

−
{
α1 ↔ α2

}
.

Using the Fierz identity the he terms in R containing ψ (and not ψ†) can be rewritten as

3i
4 (α†1α2) /Dψ + i(α†1γ

µα2)Dµψ − 3i
4 (α†1γ

ρα2)γρ /Dψ

− i
4(α†1γ

ρσα2)γρσ /Dψ − 3i(α†1γ5γ
µα2)γ5Dµψ

+7i
4 (α†1γ5γ

ρα2)γ5γρ /Dψ + 3i
4 (α†1γ5α2)γ5 /Dψ.

To be done!
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Kapitel 10

N = 4 Super-Yang-Mills Theory

The largest supersymmetry that can be represented on a particle multiplet with spins ≤ 1
is N = 4. Correspondingly the N = 4 model [51] is called maximally extended. All N = 4
models must be constructed from gauge multiplets. This makes the particles necessarily
massless and there will be no central charge.

Our interest in the N = 4 SYM is twofold. On the one hand, the theory is believed
to be S-dual, one expects that the complete effective action, including all instanton and
anti-instanton effects organize into an SL(2, Z) invariant expression. On the other hand,
not unrelated to the previous, we are motivated by the AdS/CFT correspondence.

On-shell the theory contains a gauge boson Aµ, 4 Majorana (or equivalently 4 Weyl) fer-
mions which maybe grouped into two Dirac spinors, and 6 scalar fields. All fields transform
according to the adjoint representation of the gauge group.

10.1 Scale invariance in 1 loop

Without knowledge of the precise action we can already calculate the 1− loop β-function
of this theory. Under scale transformations the Schwinger functional changes as

Wq[λV, g] = Wq(V, g) +
log λ

16π2

∫
Tr(6aA2 (x)− 2agh2 (x)− 2aψ2 (x) + a

Aµ
2 (x))

= Wq(V, g) +
log λ

16π2

∫
Tr{4aA2 (x)− 2aψ2 (x) + a

Aµ
2 (x)},

where the Seeley-deWitt coefficients have been given in [50]. We have used the field content
of the theory that all fields transform under the adjoint representation. One finds, that the
expression between the curly brackets vanishes. Thus the 1-loop action is scale invariant
and the β-function and wave function renormalization vanishes,

β(g) = 0 and Z3(g) = 0. (10.1)

In [52] it was found that for the N = 4 theory the β-function remained zero up to three
loops and that therefore there were no divergent graphs at all to that order. This led
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everyone to suspect that the theory may be a finite field theoretical model in four space-
time dimensions and arguments were put forward to proof the finiteness to all orders in
perturbation theory [53]. Some arguments are based on the relation between the trace
anomaly in the energy-momentum tensor, the β-function and conformal invariance, other
arguments used the explicit matching of bosonic and fermionic counting in the light-cone
gauge and yet other arguments were based on the non-renormalisation theorem and the
background gauge.

10.2 Kaluza-Klein-Reduction

The relevant models with extended supersymmetry are intimately related to Lagrangian
field theories in more than four space-time dimensions. The idea of employing higher
dimensions to understand the complexities of extended supersymmetry has been pioneered
by J. Scherk [54]. As an exercise in getting familiar with higher dimensions, I shall show
how N = 4 supersymmetric Yang-Mills theories fit into a world in higher dimensions.
We derive this theory by a sort of Kaluza-Klein reduction of a gauge theory in higher
dimensions. After compactification all but four components of the vector potential become
scalar fields. Since the N = 4 SYM theory has 6 scalar fields and the gauge field has 4
components, this implies that we must reduce a gauge theory with a 4+6 = 10-component
gauge potential, that is a 10-dimensional gauge theory.

10.2.1 Spinors in 10 dimensions

In 10 dimensions a Dirac spinor has 32 complex components which are four times the 4×4
real components of the 4 Majorana spinors in the N = 4 theory in 4 dimensions. Hence we
must assume that the spinors in 10 dimensions are both Weyl and Majorana. Such spinors
do exists as we have discussed in chapter 3.

We start with the Dirac matrices γµ in 4-dimensional Minkowski space and give an explicit
realization for the matrices Γm,m = 0, . . . , 9 in 10 dimensions: We make the ansatz

Γµ = ∆⊗ γµ, Γ3+a = ∆a ⊗ γ5, µ = 0, 1, 2, 3, a = 1, . . . , 6.

To see what are the condition on the ∆-factors such that

{Γm,Γn} = 2ηmn, η = diag(1,−1, . . . ,−1) (10.2)

holds, one uses that for [A,B] = 0 on has

{A⊗ C,B ⊗D} = AB ⊗ {C,D} and {C ⊗A,D ⊗B} = {C,D} ⊗AB. (10.3)

and for {A,B} = 0 one has

{A⊗ C,B ⊗D} = AB ⊗ [C,D] and {C ⊗A,D ⊗B} = [C,D]⊗AB. (10.4)

Now it is easy to see that we must demand

∆2 = 18, [∆,∆a] = 0, {∆a,∆b} = −2δab18.

————————————
A. Wipf, Supersymmetry



10. N = 4 Super-Yang-Mills Theory 10.2. Kaluza-Klein-Reduction 153

for (10.2) to hold true. Since Γ0 must be hermitean and the Γm>0 antihermitean and since
γ5 = −iγ0γ1γ2γ3 is hermitean it also follows from

(A⊗B)† = A† ⊗B†.

that

∆† = ∆, ∆†a = −∆a.

Other useful identities which we shall sometimes need are

(A⊗B)T = AT ⊗BT and for vectors (x⊗ y, u⊗ v) = (x, u)(y, v). (10.5)

Since ∆ commutes with all matrices and squares to 18 we may choose it to be the identity,

∆ = 18.

Note that the hermitean i∆a generate the Euclidean Clifford algebra in 6 dimensions and
that the [∆a,∆b] generate the group spin(6). Earlier we have shown that in 6 Euclidean
dimensions there is a Majorana representation. Hence we may choose ∆a to be real and
hence antisymmetric. To construct this Majorana representation we make for the ∆a the
following ansatz

∆i = iτ1 ⊗ αi and ∆3+i = iτ3 ⊗ α̃i, i = 1, 2, 3,

so that

{αi, αj} = {α̃i, α̃j} = 2δij14, [αi, α̃j ] = 0, α†i = αi, α̃†i = α̃i.

A possible solution is

α1 = τ2 ⊗ τ1, α2 = τ0 ⊗ τ2, α3 = τ2 ⊗ τ3

α̃1 = τ1 ⊗ τ2, α̃2 = −τ3 ⊗ τ2, α̃3 = τ2 ⊗ τ0

These hermitean, imaginary and hence antisymmetric matrices obey

αiαj = δij + iεijkαk and α̃iα̃j = δij + iεijkα̃k, [αi, α̃j ] = 0.

They lead to real and antisymmetric ∆a. With our earlier convention the hermitean Γ11 =
−Γ0 · · ·Γ9 takes the form

Γ11 = Γ∗ ⊗ γ5, Γ∗ = −i∆1 · · ·∆6, Γ†∗ = Γ∗ = −ΓT∗ , γ†5 = γ5. (10.6)

If we would choose a Majorana representation for the 4-dimensional γµ then they would
be purely imaginary (see section 3.5) and so would be γ5 = −iγ0γ1γ2γ3. Since the ∆a are
real it follows that the Γm are purely imaginary as well and that the charge conjugation
matrix is C10 = −Γ0 = −18 ⊗ γ0. Hence we are lead to take the following antisymmetric
charge conjugation matrix

C10 = 18 ⊗ C4 (10.7)
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where C4 = −γ0 is the antisymmetric charge conjugation matrix in 4 dimensions. Since
the ∆a are antisymmetric it is easily seen that

C10ΓmC−1
10 = −ΓTm. (10.8)

We see that the constants ε and η are both 1, similarly as in 4 spacetime dimensions.

Let us first see how Majorana spinors look like. Since

B10 = C10ΓT0 = 18 ⊗ C4γ
T
0 = 18 ⊗ B4

the Majorana condition reads

Ψ = ξ ⊗ χ = Ψc ⇐⇒ ξ ∈ R8, χc = χ, (10.9)

and an arbitrary Majorana spinor in 10 space-time dimensions has the expansion

Ψ =
8∑
r=1

Er ⊗ χr, (10.10)

where the χr are Majorana spinors in 4 dimensions and the Er form a (real) base in R8.
A spinor has positive chirality if

Ψ = Γ11Ψ = (Γ∗ ⊗ γ5)Ψ. (10.11)

To parameterize Weyl spinors we expand the factor ξ in Ψ = ξ ⊗ χ in eigenvectors of
Γ∗. First we take the 4 (necessarily complex) eigenvectors Fp of Γ∗ with eigenvalue 1. For
convenience we assume that the Fp are orthonormal. Since Γ∗ is purely imaginary the
vectors F ∗p have then eigenvalue −1 and together with the Fp form a basis. With this
choice a Weyl-spinor with Γ11 = 1 has the expansion

Ψ =
4∑
p=1

(Fp ⊗ P+χp + F ∗p ⊗ P−χ4+p), (10.12)

where P± = 1
2(1±γ5) are the projections onto the spinors with fixed chirality. A Majorana-

Weyl (MW) spinor in 10 dimensions must at the same time have the expansion (16.9). By
using

γ5B4 = −B4γ
∗
5 or B4P

∗
+ = P−B4, B4P

∗
− = P+B4

one finds that the Weyl-spinor (10.12) fulfills the Majorana conditions in 10 dimensions if
P+χp +P−χ4+p is a Majorana spinor in 4 dimensions. We denote this spinor again by χp.
This way we arrive at the following expansion for a MW-spinor

Ψ =

4∑
p=1

(Fp ⊗ P+χp + F ∗p ⊗ P−χp) , Ψ̄ =
∑
p

(F †p ⊗ χ̄p P− + F Tp ⊗ χ̄p P+), (10.13)
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where the χp are Majorana-spinors in 4 space-time dimensions and χ̄ = χ†γ0 denotes the
Dirac conjugate of χ. Indeed, using the real basis

Ep =
1√
2

(Fp + F ∗p ) and E4+p =
i√
2

(Fp − F ∗p )

the above expansions can be rewritten as

Ψ =
1√
2

4∑
p=1

{Ep ⊗ χp + Γ∗Ep ⊗ γ5χp}

Ψ̄ =
1√
2

4∑
p=1

{ETp ⊗ χ̄p − ETp Γ∗ ⊗ χ̄pγ5}. (10.14)

Since iΓ∗ is real and iγ5χ is a Majorana spinor if χ has this property, this expansion has
the form (16.9), as required.

10.2.2 Reduction of Yang-Mills term

In 10 spacetime dimensions a gauge field and gauge coupling constant have the dimensions

[Am] = L−4, [g10] = L3 =⇒ [g10Am] = L−1.

We may absorb the coupling constant in the gauge potential, Am → g10Am such that the
10-dimensional coupling constant appears only in front of the the Yang-Mills action,

SYM = − 1

4g2
10

∫
d10xTrFmnF

mn. (10.15)

Now we perform the Kaluza-Klein reduction of the Yang-Mills action on R4 × T 6. As
internal space we choose the 6-dimensional torus T 6 with volume V6. We write

Am = (Aµ,Φa), m = 0, . . . , 9; a = 1, . . . , 6, (10.16)

and assume all fields are independent of the internal coordinates x4, . . . , x9. We find the
following decomposition of the field strength,

Fµ,3+a = ∂µΦa − i[Aµ,Φa] , F3+a,3+b = −i[Φa,Φb]

Inserting this into the 10-dimensional Yang-Mills action we find

SYM →
1

4g2

∫
d4x Tr

(
−FµνFµν + 2

∑
a

DµΦaDµΦa +
∑
ab

[Φa,Φb]
2

)
, (10.17)

where we took into account, that Φa = −Φa and where the dimensionful coupling constant
g10 and the dimensionless coupling constant g are related as

g2 = g2
10/V6. (10.18)
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Now we may rescale the fields with g to obtain after the Kaluza-Klein reduction the
following Lagrangian in 4-dimensional Minkowski spacetime:

LYM → LYMH = Tr

(
−1

4FµνF
µν + 1

2

∑
a

DµΦaDµΦa + 1
4g

2
∑
ab

[Φa,Φb]
2

)
. (10.19)

The covariant derivative is Dµ = ∂µ − ig adAµ. Not unexpectedly we have gotten the
action for a four-dimensional Yang-Mills-Higgs theory with 6 Higgs fields in the adjoint
representation.

10.2.3 Reduction of the Dirac term

In 10 and 4 dimensions a spinor field has the dimension

[Ψ] = L−9/2 and [χ] = L−3/2,

respectively. We start with the general expansions (10.13,10.14) for a 10-dimensional
Majorana-Weyl spinor and its adjoint. We rescale the spinors such that the χp in

Ψ =
1√
V6

4∑
p=1

(Fp ⊗ P+χp + F ∗p ⊗ P−χp) , Ψ̄ =
1√
V6

4∑
p=1

(F †p ⊗ χ̄pP− + F Tp ⊗ χ̄pP+)

have the dimension of a spinorfield in 4-dimensional Minkowski spacetime. The spinor
should be independent of the internal coordinates. Again we absorb the 10-dimensional
gauge coupling constant in the gauge potential. We find

DµΨ =
1√
V6

∑
p

(Fp ⊗DµP+χp + F ∗p ⊗DµP−χp), µ = 0, 1, 2, 3

D3+aΨ = − i√
V6

∑
p

(Fp ⊗ [Φa, P+χp] + F ∗p ⊗ [Φa, P−χp]), a = 1, . . . , 6.

Now we may rewrite the Dirac term in 10 dimensions as follows:∫
d10xTrΨ̄ΓmDmΨ =

∫
d4xTrχ̄p /Dχp

− i

∫
d4xTr

{
(∆a

+)pqχ̄pP+[Φa, χq]− (∆a
−Γ∗)pqχ̄pP−[Φa, χq]

}
,

where one should sum over the indices on the right. We have introduced

(∆a
+)pq = (F ∗p ,∆

aFq) and (∆a
−)pq = (Fp,∆

aF ∗q ) with ∆a
+ = (∆a

−)∗. (10.20)

Putting the various terms together we end up with the following N = 4 supersymmetric
gauge theory in 4-dimensional Minkowski spacetime:

L = Tr
(
− 1

4FµνF
µν + 1

2D
µΦaDµΦa + 1

4g
2[Φa,Φb]

2
)

+1
2Tr

(
iχ̄p /Dχp + g(∆a

+)pqχ̄pP+[Φa, χq]− g(∆a
−)pqχ̄pP−[Φa, χq]

)
, (10.21)

where a = 1, . . . , 6 and p = 1, . . . , 4.
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10.2.4 R-symmetry

In 10 dimensions a vector- and spinor field transform under Lorentz transformations as

A(x) −→ Λ10A(Λ−1
10 x) and Ψ(x) −→ S10Ψ(Λ−1

10 x), Ψ̄(x) −→ Ψ̄(Λ−1
10 x)S−1

10 ,

where

S10 = exp (1
2ωmnΓmn) and (Λ10)mn = (eω)mn, Γmn = 1

2 [Γm,Γn]

are the spinrotation and Lorentz transformation with parameter ωmn in 10-dimensional
spacetime. They are related via

S−1
10 ΓmS10 = (Λ10)mnΓn.

The Lagrangian density is as scalar field such that the corresponding action is lorentz
invariant. For example,

(Ψ̄ΓmAmΨ)(x) −→ (Ψ̄S−1
10 ΓmS10(Λ10)mnAnψ)(Λ−1

10 x) = (Ψ̄ΓmAmΨ)(Λ−1
10 x).

When we reduce the theory to R4 we must require that the fields do not depend on the
internal coordinates. Clearly this condition is not compatible with the 10 dimensional
Lorentz invariance. Only those Lorentz transformations survive which do not mix the
coordinates on R4 with those in the internal space, hence

SO(1, 9) −→ SO(1, 3)× SO(6) or Λ10 −→
(

Λ 0
0 R

)
,

where Λ is a 4-dimensional Lorentz transformation and R ∈ O(6)1. With our choice for
the Γm the generators of the corresponding spin transformations in 10 dimensions read

Γµν = 18 ⊗ γµν , Γ3+a,3+b = ∆ab ⊗ 14 (10.22)

The ∆pq generate the spin(6) ∼ su(4) subalgebra of spin(1, 9). Since the Γµν act trivially
on the first factor in the decomposition Ψ = ξ⊗χ and the other generators in (10.22) act
trivially on the second factor, the remaining spin rotations after the dimensional reduction
decompose as follows:

S10 = S6 ⊗ S, S6 : ξ −→ S6ξ, S : χ −→ Sχ

S−1
6 ∆aS6 = Rab∆

b, S−1γµS = Λµνγ
ν ,

where S is a spin rotation acting on spinors in 4-dimensional Minkowski spacetime. To
summarize, the remaining Lorentz transformation act on the various fields as follows

S6 : Φa(x) −→ R b
a Φb(x), Ψ(x) −→ S6ξ ⊗ χ, Aµ(x)→ Aµ(x)

S : Φa(x) −→ Φa(Λ
−1x), Ψ(x) −→ ξ ⊗ Sχ(Λ−1x), Aµ(x) −→ Λ ν

µ Aν(Λ−1x).

1actually, only det Λ · detR = 1 is required.
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We see that the spin rotations S6 and the associated O(6)-rotations R have become internal
symmetries which rotate the fields without changing the coordinates (on R4).

In the reduced 4-dimensional theory the first factor in Ψ = ξ ⊗ χ is absent and we should
reinterpret the transformation Ψ→ S6ξ⊗χ as transformation of the 4-dimensional spinor
χ. To find this transformation we note that the real spin rotations S6 commute with Γ∗
such that

S6Fp = UqpFq and S6F
∗
p = U∗qpF

∗
q , U, U∗ ∈ SU(4).

These relations between S6 and U or U∗ are just the isomorphisms spin(6) ∼ SU(4).
Therefore, under the R-symmetry the spinors transform as

P+χp −→
∑
q

UpqP+χq , P−χp −→
∑
q

U∗pqP−χq

and the corresponding transformations of the Dirac conjugates read

χ̄pP+ −→
∑
q

χ̄qP+(UT )qp , χ̄pP− −→
∑
q

χ̄qP−U †qp.

Note that for Majorana spinors χp the linear combinations∑
q

(UpqP+χq + U∗pqP−χp)

are Majorana spinors as well.
Now it is not difficult to prove that the action (16.32) of the N = 4 extended SYM-theory
is invariant under R-symmetry transformations. For the terms in (16.32) containing no
fermions the invariance is manifest. The Diracterm is also invariant: for example∑

p

χ̄pP− /Dχp −→
∑
pqr

χ̄qP−U †qp /DUprχr =
∑
q

χ̄qP− /Dχq

is left invariant by SU(4)-rotations of the fermions with positive chirality. To show the
invariance of the Yukawa terms is a bit more difficult. First we calculate

(∆a
+)pqχ̄pP+[Φa, χq] −→ (UT∆a

+U)pqχ̄pP+[R b
a Φb, χq]

(∆a
−)pqχ̄pP−[Φa, χq] −→ (U †∆a

−U
∗)pqχ̄pP−[R b

a Φb, χq].

Now we use S−1
6 ∆aS6 = Rab∆

b and the definitions in (16.31) and these give rise to the
following isomorphisms between SO(6) and SU(4):

UT∆a
+U = Rab∆

b
+ and U †∆a

−U
∗ = Rab∆

b
−.

These relations imply that the Yukawa terms are both invariant under R-transformations.
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10.3 Susy transformations in d = 10

The susy transformations in 10 dimensions are

δαAm = iᾱΓmΨ, δαΨ = iFmnΣmnα and δαΨ̄ = −iᾱFmnΣmn. (10.23)

The calculation parallel those for the N = 1 theory in 4 dimensions. In particular

−1
4δαTr(FmnF

mn) = −iTr(FmnᾱΓnDmΨ) (10.24)

δα /Dψ = i(DpFmn)ΓpΣmnα+ Γm[(ᾱΓmΨ,Ψ]

δaTr( i2Ψ̄ /DΨ) = 1
2Tr

(
FmnᾱΣmnΓpD

pΨ− (DpFmn)Ψ̄ΓpΣmnα+ iΨ̄Γm[(ᾱΓmΨ),Ψ]
)
.

Since we have ε = η = 1 (as we had in 4 dimensions) it follows that

Ψ̄ΓpΣmnα = ᾱΣmnΓpΨ

which implies

δaTr( i2Ψ̄ /DΨ) = −1
2∂pTr(FmnᾱΣmnΓpΨ) + Tr(FmnᾱΣmnΓpD

pΨ)

+ i
2Tr(Ψ̄Γm[(ᾱΓmΨ),Ψ]). (10.25)

To continue we use

ΣmnΓp = i
2ηmpΓn − i

2ηnpΓm − i
2Γmnp

ΓpΣmn = − i
2ηmpΓn + i

2ηnpΓm − i
2Γmnp (10.26)

The term (10.24) and the second term in (10.25) add up to

TrFmnᾱ(ΣmnΓp − i
2ηmpΓn + i

2ηnpΓm)DpΨ = − i
2Tr(FmnᾱΓmnpD

pΨ)

= − i
2∂

pTr(FmnᾱΓmnpΨ), (10.27)

where we have used the Bianchi-identity in the last step. To prove that the 10-dimensional
action is invariant we need to show that the last term in (10.25) vanishes. For that we
expand the Majorana field Ψ in terms of an orthonormal base Ta of the Lie algebra and
find

i
2Tr(Ψ̄Γm[(ᾱΓmΨ),Ψ]) = 1

2fabc(Ψ̄
aΓmΨb)(ᾱΓmΨc) (10.28)

To proceed we need some Fierz relations in 10 dimensions: The relation (4.83) becomes

32Ψχ̄ = −χ̄ψ − Γm(χ̄ΓmΨ) + 1
2!Γmn(χ̄ΓmnΨ) + 1

3!Γmnp(χ̄ΓmnpΨ)− 1
4!Γmnpq(χ̄ΓmnpqΨ)

− 1
5!Γmnpqr(χ̄ΓmnpqrΨ)− 1

4!Γ11Γmnpq(χ̄Γ11ΓmnpqΨ)− 1
3!Γ11Γmnp(χ̄Γ11ΓmnpΨ)

+ 1
2!Γ11Γmn(χ̄Γ11ΓmnΨ) + Γ11Γm(χ̄Γ11ΓmΨ)− Γ11(χ̄Γ11Ψ)

We used (4.11) and

εm1...man1...nbε
m1...map1...pb = −a! b ! δ

[p1
[n1
. . . δ

pb]
nb]
.
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Next we use the identities

ΓsΓmΓs = (2− d)Γm , ΓsΓmnΓs = (d− 4)Γmn , ΓsΓmnpΓ
s = (6− d)Γmnp

ΓsΓmnpqΓ
s = (d− 8)Γmnpq , ΓsΓmnpqrΓ

s = (10− d)Γmnpqr

and

ΓsΓ11ΓmΓs = −(2− d)Γ11Γm , ΓsΓ11ΓmnΓs = −(d− 4)Γ11Γmn

ΓsΓ11ΓmnpΓ
s = −(6− d)Γ11Γmnp , ΓsΓ11ΓmnpqΓ

s = −(d− 8)Γ11Γmnpq

Taking into account that for Majorana spinors

(Ψ̄aΓ(n)Ψc) = (Ψ̄cΓ(n)Ψa) for n = 0, 3, 4, 7, 8

and for Weyl spinors

(Ψ̄aΓ(n)Ψc) = 0 for n = 0, 2, 4, 6, 8, 10

we may rewrite (twice) the term on the right hand side of (10.28) as

fabc(Ψ̄
aΓmΨb)(ᾱΓmΨc) = 1

32fabc

(
8(ᾱΓmΨb)(Ψ̄aΓmΨc) + 8(ᾱΓ11ΓmΨb)(Ψ̄aΓ11ΓmΨc)

)
= 1

2fabc(ᾱΓmΨb)(Ψ̄aΓmΨc) = −1
2fabc(Ψ̄

aΓmΨb)(ᾱΓmΨc)

which proves that the left hand side vanishes. Hence we end up with

δαL = ᾱ∂mV
m, V m = − i

2Tr(FmnΓnΨ)− i
4Tr(FpqΓ

pqmΨ) (10.29)

Since

∂L
∂(∂mAan)

δαAan +
∂L

∂(∂mΨa)
δαΨa = −3i

2 Tr(FmnᾱΓnΨ) + i
4Tr(FpqᾱΓpqmΨ)

the Noether current takes the simple form

Jm = −iTr(FmnΓnΨ) + i
2Tr(FpqΓ

pqmΨ) (10.30)

10.4 Susy transformation of reduced theory

After we have gotten the supersymmetry transformations for the N = 1-model in 10
dimensions we are now in the position to derive the symmetry transformations of the
N = 4 extended SYM-theory in 4 dimensions. To that goal we insert the expansion
(10.13) for a Majorana-Weyl spinor into the supersymmetry transformations (10.23)

δαAµ = iᾱ(18 ⊗ γµ)Ψ , δαΦa = iᾱ(∆a ⊗ γ5)Ψ

δαΨ =
(
iFµν18 ⊗ Σµν +DµΦa(∆

a ⊗ γµγ5) +
g10

2i
[Φa,Φb]∆

ab ⊗ 14

)
α
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as well as the corresponding expansion for the supersymmetry parameter α:

α =

4∑
p=1

(Fp ⊗ P+θp + F ∗p ⊗ P−θp} , ᾱ =

4∑
p=1

{F †p ⊗ θ̄pP− + F Tp ⊗ θ̄pP+}.

Using (10.13) we find for the variations of the vector potential and scalar fields in 4
dimensions

δαAµ = i
4∑
p=1

θ̄pγµχp and δαΦa = i
∑
p

(∆a)pq θ̄pγ5χq + i
∑
pq

(∆aΓ∗)pq θ̄pχq, (10.31)

where we did not make the rescaling by
√
V6 explicit. To get the susy variation of the 4

Majorana spinors is a bit trickier. We insert into the above formula for

δαΨ =
∑
p

(Fp ⊗ P+δαχp + F ∗p ⊗ P−δαχp)

the expansion for α and compare coefficients. After one introduces

(∆ab
+ )pq ≡ (Fp,∆

abFq) and (∆ab
− )pq ≡ (F ∗p ,∆

abF ∗q ) with ∆ab
+ = (∆ab

− )∗,

the variations of the 4-dimensional Majorana spinors can be written as

δχp = iFµνΣµνθp + /DΦa

∑
q

(
(∆a

+)pqP+θq − (∆a
−)pqP−θq

)
+

g

2i
[Φa,Φb]

∑
q

(
(∆ab

+ )pqP+θq + (∆ab
− )pqP−θq

)
. (10.32)

The Noether current for the extended YM theory can be gotten from the current (10.30)
by dimensional reduction. The 4 Noether currents are linear in the χp, the field strength
and its dual but also linear in the covariant derivatives of the scalar fields Φa. Their explicit
form reads

Jµp = −Tr(∗Fµνγ5 + iFµν)γνχp

−iTr
{
DαΦa

(
(∆a

+)pqP+γ
αγµχq − (∆b

−)pqP−γαγµχq
)}

(10.33)

−1
2Tr

{
Φa,Φb]

(
(∆ab

+ )pqP−γµχq + (∆ab
− )pqP+γ

µχq

)}
.

From these 4 currents one can get the 4 supercharges of the N = 4 supersymmetric
Yang-Mills theory. They fulfill the anticommutation relations (7.101) with N = 4.

At the beginning of the section we have argued that N = 4 super-YM is scale invariant
since the β-function vanishes to all orders in perturbation theory. Thus the theory should
be conformally invariant and the supersymmetry algebra maybe extended to the N = 4
superconformal algebra. This enlarged symmetry leads to stringent conditions for the
spectrum of the theory. We would need to discuss the representations of the superconformal
algebras to understand the spectrum of N = 4 super-YM. When one tries to argue in favor
of the AdS-CFT correspondence one needs this spectrum. Unfortunately, at this point I
must refer to the literature, since time is running out and there are other important topics
we must discuss. In the next chapter we turn to the superspace formalism.

————————————
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Superspaces

There are great advantages to constructing supersymmetric field theories in the super-
space/superfield formalism, just as there are great advantages to constructing relativistic
quantum field theories in a manifestly Lorentz covariant formalism. The following detour
into superspace and superfield constructions pay off nicely when one constructs supersym-
metric actions.

11.1 Minkowski spacetime as coset space

Let g be an arbitrary element of a group G which contains a subgroup H. We define
equivalence classes in G: two elements g and g′ are considered equivalent if they can be
connected by a right multiplication with an element h ∈ H:

g′ = g ◦ h or g−1 ◦ g′ ∈ H. (11.1)

This equivalence class is called the coset of g with respect to H. The set of all cosets is a
manifold denoted by G/H. This way one obtains a fiber bundle with total space G, base
manifold G/H and typical fiber H. A section L(a), labeled by dim(G/H) parameters,
parameterize the manifold if each coset contains exactly one of the L′s. Once we have
chosen a (local) section L(a), each group element g can be uniquely decomposed into a
product

g = L(a) ◦ h.

A product of g with another group element, and in particular with L(a), will define another
L and h according to

g ◦ L(a) = L(a′) ◦ h or g = L(a′) ◦ h ◦ L−1(a), (11.2)

where a′ and h are in general functions of both g and a. In particular, every Poincaré
transformation can be uniquely decomposed as product of a translation and a Lorentz
transformation,

(Λ, a) = (1, a) ◦ (Λ, 0)
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and the Minkowski spacetime can be considered as coset manifold

Minkowski spacetime = Poincaré group / Lorentz group.

Choosing g = (Λ, b) in (11.2) we find

(Λ, a) = (1,Λb+ a) ◦ (Λ, 0) ◦ (1,−b) such that a′ = a+ Λb and h = Λ (11.3)

in that equation. In section (5.3) we introduced the representation1

(Λ, a) −→ U(Λ, a) = exp (− iaP̂ − i
2ωM̂)

of the Poincaré group. We recall the Poincaré algebra

[Mµν ,Mρσ] = i(ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ)

[Pρ,Mµν ] = i(ηρµPν − ηρνPµ) (11.4)

[Pµ, Pν ] = 0.

Since U(a) translates the argument of the quantum field,

U(a)Φ(x)U−1(a) = Φ(x+ a), U(a) = e−iaP ,

we define

Φ(x) = U(x)Φ(0)U−1(x). (11.5)

From the relation (11.3) and representation property it follows that

U(a)U(x) = U(a+ x) and U(ω)U(x)U−1(ω) = U(eωx), U(Λ) ≡ U(ω) = e−iωM/2.(11.6)

These composition rules for the unitary operators U(a) and U(ω) also follow directly from
the Poincaré algebra (11.4) which in particular implies

U(ω)PµU
−1(ω) = (e−ω) ν

µ Pν .

From these multiplication rules we may now easily extract the transformation properties
of the quantum field (11.5) as follows:

U(a)Φ(x)U−1(a) = U(a+ x)Φ(0)U−1(a+ x) = Φ(a+ x)

U(ω)Φ(x)U−1(ω) = U(eωx)U(ω)Φ(0)U−1(ω)U−1(eωx) = eiωΣ/2Φ(eωx)

where we assumed that

U(ω)Φ(0)U−1(ω) = eiωΣ/2Φ(0). (11.7)

1compared to the previous sections we change the signs of Pµ and Mµν . The (anti)commutators con-
taining these generators must be changed accordingly
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A. Wipf, Supersymmetry



11. Superspaces 11.2. Superspace 164

The Σµν form some matrix representation of the algebra of the Mµν . For example, for
Dirac spinors

Σµν = i
2γµν , S(e−iωΣ/2) = eω : eiωΣ/2γρe−iωΣ/2 = (eω)ρσγ

σ.

The action of the Poincaré group on the quantum field is uniquely fixed once we knew
how the Lorentz group acted on Φ(0), The Poincaré/Lorentz coset is not the most general
example of a coset space. The translations form an invariant subgroup of the Poincaré
group and it follows that the element h in (11.2) is independent of a. The infinitesimal
version of this transformation rule reads

δaΦ = −i[aP,Φ] ≡ iaµr(Pµ)Φ, δωΦ = − i
2 [ωM,Φ] ≡ i

2ω
µνr(Mµν)Φ

where we have defined the representations r(P ) and r(M) of the infinitesimal translations
and Lorentz boosts. One finds

r(Pµ) = −i∂µ and r(Mµν) = i(xµ∂ν − xν∂µ) + Σµν .

11.2 Superspace

Infinitesimal supersymmetry transformations are generated by the supercharges. Indeed
in section 5 we have introduced the supercharges by the requirement that

δαΦ = i[ᾱQ,Φ]

where Φ is any field of the theory. The ᾱQ fulfill commutation relations, contrary to
the supercharges Qα which satisfy anti-commutation relations. The spinor parameters
αα anti-commute with everything fermionic (including themselves) and commute with
everything bosonic (including, of course, ordinary c-numbers. Hence with these parameters
the supersymmetry algebra can be integrated to a group G, the super-Poincaré group, with
typical group elements

U(a, α, ω) = exp (− i(a, P ) + iᾱQ− i
2(ω,M)) (11.8)

where we used the conventions

(Λ, a) = exp
{
i
2ω

µνMµν + iaµPµ

}
≡ exp

{
i
2(ω,M) + i(a, P )

}
.

Superspace is the coset space

Superspace = super-Poincaré group / Lorentz group.

The most commonly way to parameterize this ’manifold’ is

U(a, α) ≡ U(a, α,Λ = 1) = exp (−iaP + iᾱQ) .

————————————
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We rewrite this in terms of Weyl spinors. To calculate the product of group elements we
need the Baker-Campbell-Hausdorff formula

eAeB = exp
( ∞∑
n=1

1

n!
Cn(A,B)

)
(11.9)

where the Cn are multi-commutators of A and B:

C1 = A+B, C2 = [A,B], C3 = 1
2 [[A,B], B] + 1

2 [A, [A,B]] . . . (11.10)

We also need the various commutators of the super Poincaré algebra. These are the com-
mutators of the Poincaré algebra plus the supersymmetry algebra

{β̄Q, ᾱQ̄} = 2(β̄γµα)Pµ.

With

[−bP + β̄Q,−aP + ᾱQ] = 2(β̄γµα)Pµ

we obtain the following composition rule for two sections in the supergroup

U(bµ, β)U(aµ, α) = U(bµ + aµ − iβ̄γµα, β + α) (11.11)

Let us calculate the conjugation of U(a, θ, θ̄) with a Lorentz transformation,

U(ω)U(a, α)U−1(ω) = exp
(
iU(ω)(− aP + αQ̄)U−1(ω)

)
, U(ω) = e−iωΣ/2. (11.12)

The conjugation of Pµ with the Lorentz boosts we have calculated above. To calculate the
conjugation of the supercharges we use

[Q,Mµν ] = Σµν ,

From the commutators we read find that

U(ω)QU−1(ω) = eiωΣ/2Q and U(ω)Q̄U−1(ω) = Q̄ e−iωΣ/2.

The transformations of the operators P,Q can be absorbed by the inverse transformations
of the parameters (a, α) in (11.12). This way we find for the conjugation of U(a, α) with
an arbitrary element of the Lorentz group

exp ( i2ωM)U(a, α) = U(a′, α′) exp ( i2ωM) (11.13)

with transformed coordinates

a′µ = (eω)µνa
ν , α ′ = e−iωΣ/2α. (11.14)
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11.3 Representations on superfields

Similarly to Φ(x) = U(x)Φ(0)U−1(x) the action of the supersymmetry transformations on
a superfield is defined via

Φ(x, α) = U(x, α)Φ(0, 0)U−1(x, α). (11.15)

For any group element the action on Φ is given by the coordinate transformation (11.13,11.14)
in conjunction with

U(ω)Φ(0, 0)U−1(ω) = exp ( i2ωΣ) Φ(0, 0).

More explicitly, from (11.12) and (11.13,11.7) we obtain

U(b, β)Φ(x, α)U−1(b, β) = Φ(b+ x− iβ̄γµα, α+ β)

U(ω)Φ(x, α)U−1(ω) = eiωΣΦ(eωx, e−iωΣ/2α), (11.16)

the infinitesimal versions of which read

δΦ = ibµr(Pµ)Φ + iβ̄αr(Qα)Φ , δΦ = i
2ω

µνr(Mµν)Φ (11.17)

with

r(Pµ) = −i∂µ , r(Qα) = −i∂α − γµα∂µ
r(Mµν) = i(xµ∂ν − xν∂µ) + Σµν − (Σµν)αβα

β∂α. (11.18)

Using the anticommuting properties of the αα and

∂αα
β ≡ ∂

∂αα
αβ = δβα

one can prove that the last term in (11.18) fulfills the Lorentz algebra. We rewrite the
most relevant relations in terms of Weyl spinors. For that we recall our conventions for
spinors and Dirac conjugate spinors:

ᾱ = (θα, θ̄α̇), Q =

(
Qα
Q̄α̇

)
, such that ᾱQ = θαQα + θ̄α̇Q̄

α̇ = θQ+ θ̄Q̄.

The representation of the supercharge reads as follows in the Weyl basis:

r(Qα) = −i∂α − (σµθ̄)α∂µ , r(Q̄α̇) = −i∂̄α̇ − (σ̃µθ)α̇∂µ (11.19)

for the representation of the generators as differential operators. We have introduced

∂α =
∂

∂θα
, ∂̄α̇ =

∂

∂θ̄α̇
, such that ∂αθ

β = δβα, ∂̄α̇θ̄β̇ = δα̇
β̇

(11.20)

hold true. Because of the anticommuting property of the θ-parameters we must always
anticommute θ or θ̄ to immediately behind the differentiation operator. We also insist on

∂α =
∂

∂θα
, ∂̄α̇ =

∂

∂θ̄α̇
to satisfy ∂αθβ = δαβ , ∂̄α̇θ̄

β̇ = δβ̇α̇, (11.21)
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which, for example, implies

∂αθβ = δαβ = εασεσβ = εασεδβδ
δ
σ = −εασεβδ∂σθδ = −εασ∂σθβ,

from which follows, that

∂α = −εασ∂σ. (11.22)

We collect the basic notation and properties of N=1 superspace derivatives.

∂α = −εαβ∂β, ∂̄α̇ = −εα̇β̇ ∂̄β̇, ∂α = −εαβ∂β, ∂̄α̇ = −εα̇β̇ ∂̄β̇

∂αθβ = −εαβ, ∂αθβ = −εαβ, ∂̄α̇θ̄β̇ = −εα̇β̇, ∂̄α̇θ̄β̇ = −εα̇β̇ (11.23)

∂α(θθ) = 2θα, ∂̄α̇(θ̄θ̄) = −2θ̄α̇, ∂2(θθ) = 4 ∂̄2(θ̄θ̄) = 4

We can rewrite (11.19) as follows: From

σ2σµσ2 = σ̃Tµ or σµαα̇ = εα̇β̇εαβσ̃
µβ̇β

it follows that

r(Q̄α̇) ≡ εα̇β̇(− i∂̄β̇ − σ̃µβ̇σεσρθρ∂µ) = i∂̄α̇ + (θσµ)α̇∂µ.

Hence we arrive at the following equivalent form for the supercharges,

r(Qα) = −i∂α − (σµθ̄)α∂µ , r(Q̄α̇) = i∂̄α̇ + (θσµ)α̇∂µ, (11.24)

and these representations are mostly used in the literature. It is not difficult to see that

{r(Qα), r(Q̄α̇)} = −2iσµαα̇∂µ = 2σµαα̇r(Pµ)

holds true, as required.

11.3.1 Component fields

The general scalar superfield Φ(x, α) ≡ Φ(x, θ, θ̄) is just a scalar function in N = 1 rigid
superspace. Its Taylor expansion in powers of θ and θ̄ is finite owing to the anticommuting
property of these expansion parameters. For example, θα(θθ) vanishes. The coefficients
in the expansion are local fields over Minkowski space. The following is already the most
general superfield

Φ(x, θ, θ̄) = C(x) + θφ(x) + θ̄χ̄(x) + θ2M(x) + θ̄ 2N(x) + (θσµθ̄)Vµ(x)

+θ2 θ̄λ̄(x) + θ̄ 2 θψ(x) + θ2θ̄ 2D(x). (11.25)

For example, we have used that θ̄σ̃µθVµ = −θσµθ̄Vµ is not an independent term. This
superfield contains as coefficient fields:

4 complex (pseudo) scalar fields C,M,N,D

4 spinor fields φ, ψ ∈ (1
2 , 0), (χ, λ) ∈ (0, 1

2)

1 Lorentz 4-vector field Vµ

————————————
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Altogether there are 16 (bosonic) + 16 (fermionic) field components.

The transformation laws for the components of a general N = 1 superfield under super-
symmetry transformation are calculated by comparing coefficients in the expansion

δΦ(x, θ, θ̄) = δC(x) + θδφ(x) + θ̄δχ̄(x) + θ2δM(x) + θ̄ 2δN(x) + (θσµθ̄) δVµ(x)

+θ2 θ̄δλ̄(x) + θ̄ 2 θδψ(x) + θ2θ̄ 2 δD(x). (11.26)

with

δΦ = iζαr(Qα)Φ + iζ̄α̇r(Q̄
α̇)Φ ≡ δζΦ + δζ̄Φ

δζ = ζα∂α − i(ζσµθ̄)∂µ , δζ̄ = ζ̄α̇∂̄
α̇ − i(ζ̄σ̃µθ)∂µ. (11.27)

Using the Fierz relations (4.88) one arrives after some lengthy but straightforward calcu-
lations at the following formulae for the supersymmetry transformations of the superfield:

δζΦ = ζφ+ 2θζM + θ̄(iσ̃µ∂µC − σ̃µVµ)ζ + θ̄2(ζψ + i
2ζσ

µ∂µχ̄)

+(θσµθ̄)(ζσµλ̄+ i
2∂νφσµσ̃

νζ)

+iθ2θ̄σ̃µζ∂µM + θ̄2θ(2ζD − i
2σ

ν σ̃µζ∂µVν) + i
2θ

2θ̄2ζσµ∂µλ̄ (11.28)

δζ̄Φ = ζ̄χ̄+ 2θ̄ζ̄N + θ(iσµ∂µC + σµVµ)ζ̄ + θ2(ζ̄λ̄+ i
2 ζ̄σ̃

µ∂µφ)

+(θσµθ̄)(ψσ̃µζ̄ − i
2∂νχ̄σ̃µσ

ν ζ̄)

+iθ̄2θσµζ̄∂µN + θ2θ̄(2ζ̄D + i
2 σ̃

νσµζ̄∂µVν + i
2θ

2θ̄2ζ̄σ̃µ∂µψ

By comparing the two expressions (11.27) and (11.28) we obtain the following transfor-
mation rules for the component fields

δC = ζφ+ χ̄ζ̄ (11.29)

δφ = 2ζM + (iσµ∂µC + σµVµ)ζ̄ (11.30)

δχ̄ = 2Nζ̄ + (iσ̃µ∂µC − σ̃µVµ)ζ = 2Nζ̄ + (ζσµε)(i∂µC − Vµ) (11.31)

δM = ζ̄(λ̄+ i
2 σ̃

µ∂µφ) = λ̄ζ̄ − i
2∂µφσ

µζ̄ (11.32)

δN = ζψ + i
2ζσ

µ∂µχ̄ (11.33)

δVµ = ζσµλ̄+ ψσµζ̄ + i
2∂νφσµσ̃

νζ − i
2∂νχ̄σ̃µσ

ν ζ̄ (11.34)

δλ̄ = 2Dζ̄ + i
2 σ̃

νσµζ̄∂µVν + iσ̃µζ∂µM (11.35)

δψ = 2Dζ − i
2σ

ν σ̃µζ∂µVν + iσµζ̄∂µN (11.36)

δD = i
2ζσ

µ∂µλ̄+ i
2 ζ̄σ̃

µ∂µψ. (11.37)

Note, that D transforms into a total derivative.

11.3.2 Real superfields:

So far we have not imposed any conditions on the superfield Φ. As a result the components
of Φ form a highly reducible representation of N = 1 supersymmetry. We may easily
half the degrees of freedom by imposing a reality condition on Φ which is consistent with
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supersymmetry. So let α, the (1/2, 0) component of which is θ, and Q be Majorana spinors,
such that

(ᾱQ)† = (θQ+ Q̄θ̄)† = Q̄θ̄ + θQ

is hermitian and

(U(x, θ, θ̄))† = U−1(x, θ, θ̄)

is unitary. In this case

(θα)∗ = θ̄α̇ and (θα)∗ = θα̇. (11.38)

Now we may impose the following reality condition on the superfield,

(Φ(x, θ, θ̄))† = Φ(x, θ, θ̄), (11.39)

and this condition is consistent with supersymmetry: If Φ is a real superfield, then the
transformed superfield

Φ(x′, θ′, θ̄′) = U(a, ζ, ζ̄)Φ(x, θ, θ̄)U−1(a, ζ, ζ̄)

is real as well, provided the ζ satisfy the same reality conditions (11.38) as the coordinates
θ of superspace. For a real superfield the component fields in (11.25) fulfill the conditions

C = C†, D† = D, M † = N, Vµ = V †µ , χ̄α̇ = φ†α and λ̄α̇ = ψ†α. (11.40)

The total number of component fields is now only 8 + 8. The superfield (11.25) the com-
ponents of which fulfill (11.40) is called the real (general) superfield.

We may rewrite a real superfield in the 4-component notation. For Majorana spinors we
have

ᾱγµα = ᾱγµνα = 0, ᾱα = θ2 + θ̄2, ᾱγ5α = θ̄2 − θ2

ᾱγµγ5α = θσµθ̄ − θ̄σ̃µθ = 2θσµθ̄ = −2θ̄σ̃µθ (11.41)

(ᾱα)(ᾱγ5α) = (ᾱα)(ᾱγµα) = (ᾱα)(ᾱγ5γ
µα) = 0.

In the 4-component notation a real superfield takes the form

Φ(x, α) = C + ᾱφ+ 1
2 ᾱαM1 + i

2 ᾱγ5αM2 + 1
2(ᾱγµγ5α)Vµ + (ᾱα)(ᾱλ) + 1

2(ᾱα)2D

where M1 ≡M +M †, M2 ≡ i(M −M †), (11.42)

and

φ =

(
φα
χα̇

)
, λ =

(
ψα
λα̇

)
and α =

(
θα
θ̄α̇

)
are Majorana spinors. If β is the Majorana spinor whose positive chirality part is ζ, then

δβΦ(x, α) =
(
β̄
∂

∂ᾱ
− i(β̄γµα)∂µ

)
Φ. (11.43)
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We may read off the transformation laws for the components of a real superfield from
(11.29-11.37) by imposing the reality constraints (11.40). Alternatively we may directly
compute them by comparing coefficients in the expansion

δΦ(x, α) = δC + ᾱδφ+ 1
2 ᾱαδM1 + i

2 ᾱγ5αδM2

+1
2(ᾱγµγ5α)δVµ + (ᾱα)(ᾱδλ) + 1

2(ᾱα)2δD,

with the δβΦ in (11.43) where one inserts the explicit parameterization (11.42) for the
superfield. A straightforward calculation yields

(β̄∂ᾱ − i(β̄γµα)∂µ)Φ = β̄φ+ β̄αM1 + β̄γ5αM2 + (β̄γµγ5α)Vµ − i(β̄γµα)∂µC

+ 2(β̄α)ᾱλ+ (ᾱα)β̄λ− i(β̄γµα)ᾱ∂µφ

− i
2(β̄γµα)(ᾱα)∂µM1 + 1

2(β̄γµα)(ᾱγ5α)∂µM2 (11.44)

− i
2(β̄γµα)(ᾱγνγ5α)∂µVν − i(β̄γµα)(ᾱα)ᾱ∂µλ+ 2(β̄α)(ᾱα)D.

To compare this result with (11.42) we use Fierz identities. For that we recall the Fierz
identity (4.85), which for a Majorana spinor α reduces to

4αᾱ = −ᾱα+ γ5γµ(ᾱγ5γ
µα)− γ5(ᾱγ5α). (11.45)

The second line in (11.44), i.e. the terms quadratic in α, can be rewritten as

1
4(ᾱα)(2β̄λ+ iβ̄ /∂φ)− 1

4(ᾱγ5α)(2β̄γ5λ+ iβ̄γ5/∂φ)− 1
4(ᾱγµγ5α)(2β̄γ5γµλ− iβ̄γνγ5γµ∂νφ).

The last term in the equation maybe recast as follows:

β̄γνγ5γµ∂νφ = ∂νφγµγ5γ
νβ.

Again using the Fierz identity for αᾱ and the relations in the last line in (11.41) we obtain
the identities

(β̄γµα)(ᾱγ5α) = (β̄γ5γ
µα)(ᾱα)

−i(β̄γµα)(ᾱα)(ᾱ∂µλ) = i
4(ᾱα)2β̄ /∂λ

(β̄γµα)(ᾱγνγ5α) = −(ᾱα)(ᾱγ5γ
νγµβ),

which allow us to recast the cubic and quartic in α terms in (11.44). Now we are ready to
compare the coefficients in (11.42) and (11.44) and extract the following transformation
rules for the coefficient functions:

δC = β̄φ

δD = i
2 β̄ /∂λ

δVµ = β̄γµγ5λ− β̄γ5∂µφ+ i
2 β̄γ5γµ/∂φ

δM1 = β̄λ+ i
2 β̄ /∂φ

δM2 = iβ̄γ5λ− 1
2γ5/∂φ (11.46)

δφ = (M1 + iM2γ5 − γ5γ
µVµ + i/∂C)β

δλ = (2D + i
2
/∂M1 + 1

2γ5/∂M2 + i
2γ5γ

ν /∂Vν)β
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This transformation laws agree with those in (11.29-11.37) after imposing the reality cons-
traints (11.40). This is just a check for the correctness of derived formulae.

The real multiplet consisting of the scalars C,M1, D, the pseudoscalar M2, the vector Vµ
and the Majorana spinors φ, λ is not an irreducible representation of the supersymmetry
algebra as follows from the general theory about representations of the N = 1 supersym-
metry algebra and the following considerations.

11.3.3 Sub-multiplets

It is not difficult to see that the fields

D̃ = 2D + 1
22C , Fµν = ∂µVν − ∂νVµ and χ = λ− i

2
/∂φ

transform entirely among themselves and thus form a submultiplet dV with components

dV = (χ, Fµν , D̃).

This multiplet is called curl multiplet and it is irreducible, contrary to V itself. The
transformation laws are

δχ = (D̃ − i
2γ

µνFµνγ5)β, δFµν = β̄γ5(γµ∂ν − γν∂µ)χ, δD̃ = iβ̄ /∂χ.

This is (almost) the transformation for the gauge multiplet we have studied in section
(9.1.1). Hence we may take the corresponding calculations for the commutators of two
supersymmetry transformations. The algebra closes, provided F[αβ,µ] = 0:

[δ1, δ2]D̃ = 2i(β̄2γ
ββ1)(∂βD̃ + ∂α ∗Fαβ) = 2i(β̄2γ

ββ1)∂βD̃

[δ1, δ2]χ = 2i(β̄2γ
ββ1)∂βχ

[δ1, δ2]Fµν = 2i(β̄2γ
ββ1)(∂νFµβ + ∂µFβν) = 2i(β̄2γ

ββ1)∂βFµν .

A different invariant submultiplet of V is the chiral multiplet

∂V = (M1,M2; χ = λ+ i
2
/∂φ; ∂µV

µ; D̃ = 2D − 1
22C)

with the transformation laws

δM1 = β̄χ , δM2 = iβ̄γ5χ

δ(∂µV
µ) = −β̄γ5/∂χ

δχ = (D̃ + i/∂M1 + γ5/∂M2 + iγ5∂µV
µ)β

δD̃ = iβ̄ /∂χ

Both dV and ∂V are submultiplets of V , but their complements are not. Hence V is
reducible but not fully reducible and this property is quit common in supersymmetry. To
construct further multiplets it is useful to impose constraints on the superfield which are
compatible with supersymmetry.
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11.3.4 Covariant spinor derivatives

The problem we shall address here is to find conditions on the superfield Φ to reduce the
number of degrees of freedom which they describe. The most interesting conditions involve
covariant spinor derivatives which can be introduced in an elegant way. The associativity
of group multiplication

(g1 ◦ g2) ◦ g3 = g1 ◦ (g2 ◦ g3) (11.47)

has consequences for the infinitesimal left and right action of the group: Let

g1 ◦ g2 ∼ g2 +OL1 g2 and g2 ◦ g3 ∼ g2 +OR3 g2.

Then the associative law (11.47) implies

(g2 +OL1 g2) ◦ g3 = g1 ◦ (g2 +OR3 g2) =⇒
g2 +OR3 g2 +OL1 g2 +OR3 O

L
1 g2 = g2 +OL1 g2 +OR3 g2 +OL1O

R
3 g2,

or that left and right-’derivatives’ commute,

[OL1 , O
R
3 ] = 0. (11.48)

So far we have introduced the left action of one element of the supergroup on another

U(aµ, β)U(xµ, α) = U(aµ + xµ − iβ̄γµα, β + α)

∼
(
1 + ibµr(Pµ) + iβαr(Qα)

)
U(x, α)

Now we introduce the right action which has the form

U(xµ, α)U(aµ, β) = U(xµ + aµ + iβ̄γµα, β̄ + α)

∼ (1 + aµDµ + β̄αDα)U(x, α)

It is easy to calculate the derivative operators D :

Dµ = ∂µ, Dα = ∂ᾱ + i(γµα)∂µ. (11.49)

In terms of Weyl spinors these differential operators read

β̄αDα = ζαDα + ζ̄α̇D̄α̇ =⇒
Dα = ∂α + iσµαα̇θ̄

α̇∂µ , D̄α̇ = ∂̄α̇ + iσ̃µα̇αθα∂µ (11.50)

Dα = −∂α − iθ̄α̇σ̃µα̇α∂µ , D̄α̇ = −∂̄α̇ − iθασµαα̇∂µ.

From our general discussion we know already that

[β̄αr(Qα), β̄′αDα] = 0

from which follows that the r(Qα) must anticommute with the Dα

{D, r(Q)} = {D̄, r(Q)} = {D, r(Q̄)} = {D̄, r(Q̄)} = 0. (11.51)
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Since the operators D are invariant under supersymmetry transformations they are called
covariant derivatives. The (anti)commutators of the D’s with each other are found to be

{D,D} = {D̄, D̄} = [D, ∂µ] = [D̄, ∂µ] = [∂µ, ∂ν ] = 0 (11.52)

and

{Dα, D̄β̇} = −2i(σµ)αβ̇∂µ. (11.53)

It follows that the (fermionic) derivative operators D commute with the covariant deri-
vatives and satisfy the same anti-commutation relations as the supercharges. I leave the
proof of these simple (anti)commutators to you. It is really very simple.

11.3.5 Projection operators

In subsequent sections we will consider superfields which satisfy certain constraints. The
corresponding fields can be obtained from the most general superfield by projections. It is
convenient to study the properties of these projection operators before applying them to
superfields.

We begin by proving the following set of relations which all follow from the anticommu-
tation relations derived above. We shall study properties of the covariant derivatives and
of

D2 = DαDα and D̄2 = D̄α̇D̄
α̇. (11.54)

Note that

DαD2 = D̄D̄2 = 0.

The formulae will shall need later are:

[Dα, D̄
2] = −4iσµαα̇D̄

α̇∂µ (11.55)

[Dα, D̄2] = 4iD̄α̇σ̃
µα̇α∂µ (11.56)

[D̄α̇, D
2] = 4iDασµαα̇∂µ (11.57)

[D̄α̇, D̄2] = −4iσ̃µα̇αDα∂µ (11.58)

[D2, D̄2] = −8i(DσµD̄)∂µ + 162 (11.59)

[D̄2, D2] = −8i(D̄σ̃µD)∂µ + 162 (11.60)

D̄σ̃µD = −DσµD̄ − 4i∂µ (11.61)

DαD̄2Dα = D̄α̇D
2D̄α̇ (11.62)

We prove only some of these identities starting with the anticommutation relation (11.53).
We multiply this with D̄α̇ from the right and summing over α̇ one obtains

DαD̄
2 + D̄α̇DαD̄

α̇ = −2iσµαα̇D̄
α̇∂µ (11.63)
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Alternatively, we may multiply (11.53) with εα̇β̇ and find

(DαD̄α̇ + D̄α̇Dα)εα̇β̇ = −(DαD̄
β̇ + D̄β̇Dα) = −2iσµαα̇∂µε

α̇β̇.

From this relation we conclude

D̄β̇DαD̄
β̇ = −D̄2Dα + 2iσµαα̇D̄

α̇∂µ

and this maybe used for the second term on the left in (11.63). This then yields the formula
(11.55). The formula (11.56) follows from this one as follows

[Dα, D̄2] = εαβ[Dβ, D̄
2] = −4iεαβεα̇β̇σµβα̇D̄β̇∂µ = 4iD̄β̇σ

µβ̇α∂µ,

where we used the identities we recall:

σ̃µα̇α = εαβεα̇β̇σ̃µ
ββ̇

, σµαα̇ = εαβεα̇β̇σ̃
µβ̇β . (11.64)

Let us also prove the identity (11.59):

[D2, D̄2] = Dα[Dα, D̄
2] + [Dα, D̄2]Dα = −4iDασµαα̇D̄

α̇∂µ + 4iD̄α̇σ̃
µα̇αDα∂µ

= −4i(DσµD̄)∂µ + 4iσ̃µα̇α({Dα, D̄α̇} −DαD̄α̇)∂µ

= −8i(DσµD̄)∂µ + 8σ̃µα̇ασναα̇∂ν∂µ = −8i(DσµD̄)∂µ + 162

where in the last step we have used that

σ̃µα̇ασναα̇ = Tr(σ̃µσν) = 2ηµν .

Now we are ready to introduce various projection operators. These are

Π+ = − 1

162
D̄2D2, Π− = − 1

162
D2D̄2, ΠT =

1

82
D̄α̇D

2D̄α̇ =
1

82
DαD̄2Dα. (11.65)

First we prove that the sum of these operators is the identity

Π+ + Π− + ΠT = 1. (11.66)

This is shown as follows:

Π+ + Π− + ΠT =
1

162
(D̄α̇D

2D̄α̇ +DαD̄2Dα − D̄2D2 −D2D̄2)

=
1

162
{(D̄α̇D

2 −D2D̄α̇)D̄α̇ + (DαD̄2 − D̄2Dα)Dα}
(11.56,11.57)

=
i

42
(Dασµαα̇∂µD̄

α̇ + D̄α̇σ̃
µα̇α∂µDα)

=
i

42
(DσµD̄ + D̄σ̃µD)∂µ

(11.61)
=

i

42
(− 4i∂µ)∂µ = 1

Now we show that these operators are idempotent:

Π+Π+ =
1

162
D̄2D2 1

162
D̄2D2 = (

1

162
)2D̄2D2D̄2D2

(11.59)
= (

1

162
)2D̄2D2{D2D̄2 + 8iDσµD̄∂µ − 162} =

1

162
D̄2D2 = Π+.
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In the second to last step we used that D3 = D4 = 0. Similarly one proves the same
property for the other two operators, such that

Π2
+ = Π+ , Π2

− = Π− and Π2
T = ΠT . (11.67)

Finally, since D3 = D̄3 = 0 these operators project onto orthogonal subspaces:

Π+Π− = (
1

162
)2D̄2D2D2D̄2 = 0

Π−Π+ = (
1

162
)2D2D̄2D̄2D2 = 0

Π+ΠT = − 1

8 · 1622
D̄2D2DαD̄2Dα = 0

From the very definition of the projection operators we conclude that Π+ projects onto
the kernel of D̄ and Π− projects on the kernel of Π−:

D̄α̇Π+ = 0 and DαΠ− = 0. (11.68)

Fields Φ = Π+Φ and Φ† = Π−Φ† are called (anti)chiral superfields.

11.4 Chiral superfields

Like all covariant derivatives, D and D̄ can be used to impose covariant conditions on
superfields. The most prominent such conditions are those for a chiral superfield Φ which
we already discussed in the last subsection,

D̄α̇Φ = 0 (11.69)

and an anti-chiral superfield Φ̄ with

DαΦ† = 0. (11.70)

Since {D, D̄} ∼ ∂µ a superfield cannot be both chiral and anti-chiral except if it is a
constant field. These conditions are first-order differential equations and can easily be
solved:

Φ(x, θ, θ̄) = exp(iθ/σθ̄)Φ(x, θ) and Φ†(x, θ, θ̄) = exp(−iθ/σθ̄)Φ†(x, θ̄), /σ = σµ∂µ.(11.71)

That these are the general solutions follows at once from

D̄α̇ exp(iθ/σθ̄) = exp(iθ/σθ̄)∂̄α̇ and Dα exp(−iθ/σθ̄) = exp(−iθ/σθ̄)∂α. (11.72)

The exponentials in (11.71) just shift the x-coordinate of the superfield and the explicit
form of a chiral and anti-chiral superfield reads

Φ = Φ(xµ + iθσµθ̄, θ) and Φ† = Φ(xµ − iθσµθ̄, θ̄). (11.73)

The Taylor expansion of the fields Φ(x, θ) and Φ̄(x, θ̄) in (11.71) is particularly simple

Φ(x, θ) = A+
√

2θψ + θ2F and Φ†(x, θ̄) = A† +
√

2ψ̄θ̄ + θ̄ 2F †. (11.74)

Actually when dealing with chiral superfields it is more convenient to pass to a different
parametrization of superfields.
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11.4.1 Alternative parametrizations of superfields

First we introduce different parametrizations for the elements of the supergroup as com-
pared to (11.8), namely

U1(a, θ, θ̄) = exp (− i(a, P ) + iθQ) exp (iθ̄Q̄)

U2(a, θ, θ̄) = exp (− i(a, P ) + iθ̄Q̄) exp (iθQ), (11.75)

where we made use of the conventions in (11.8). Using the group multiplication law (11.11)
we can relate U and U1, U2:

U1(x, θ, θ̄) = U(xµ − iθσµθ̄, θ, θ̄)⇐⇒ U(x, θ, θ̄) = U1(xµ + iθσµθ̄, θ, θ̄)

U2(x, θ, θ̄) = U(xµ + iθσµθ̄, θ, θ̄)⇐⇒ U(x, θ, θ̄) = U2(xµ − iθσµθ̄, θ, θ̄) (11.76)

and correspondingly the associated superfields (11.15)

Φ1(x, θ, θ̄) = Φ(xµ − iθσµθ̄, θ, θ̄) , Φ(x, θ, θ̄) = Φ1(xµ + iθσµθ̄, θ, θ̄)

Φ2(x, θ, θ̄) = Φ(xµ + iθσµθ̄, θ, θ̄) , Φ(x, θ, θ̄) = Φ2(xµ − iθσµθ̄, θ, θ̄) (11.77)

Let us calculate how U(a, ζ, ζ̄) acts on Φ1 and Φ2, repectively:

U(a, ζ, ζ̄) Φ1(x, θ, θ̄)U−1(a, ζ, ζ̄) = U(a, ζ, ζ̄) Φ(x− iθσθ̄, θ, θ̄)U−1(a, ζ, ζ̄)

(11.11)
= Φ(a+ x− iθσθ̄ − iζσθ̄ − iζ̄σ̃θ, θ + ζ, θ̄ + ζ̄)

(11.77)
= Φ1(a+ x+ 2iθσζ̄ + iζσζ̄, θ + ζ, θ̄ + ζ̄)

and similarly

U(a, ζ, ζ̄) Φ2(x, θ, θ̄)U−1(a, ζ, ζ̄) = Φ2(a+ x− 2iζσθ̄ − iζσζ̄, θ + ζ, θ̄ + ζ̄).

The infinitesimal transformation of Φ1 and Φ2 read

δΦ1 = aµ∂µΦ2 +
(
ζ̄α̇(∂̄α̇ − 2iσ̃µα̇αθα∂µ) + ζα∂α

)
Φ2

δΦ2 = aµ∂µΦ2 +
(
ζα(∂α − 2iσµαα̇θ̄

α̇∂µ) + ζ̄α̇∂
α̇
)

Φ2 (11.78)

from which we read off how the supercharges act on these superfields:

Φ1 : r1(Qα) = −i∂α, r1(Q̄α̇) = −i∂̄α̇ − 2(σ̃µθ)α̇∂µ, r1(Q̄α̇) = i∂̄α̇ + 2(θσµ)α̇∂µ

Φ2 : r2(Qα) = −i∂α − 2(σµθ̄)α∂µ, r2(Q̄α̇) = −i∂̄α̇, r2(Q̄α̇) = i∂̄α̇. (11.79)

Of course, these transformed supercharges fulfil the correct anticommutation relations

{r(Qα), r(Q̄α̇)} = −2iσµαα̇∂µ.

Along with these transformed supercharges we obtain transformed covariant derivatives:

D(1)
α = ∂α + 2i(σµθ̄)α∂µ , D̄

(1)
α̇ = −∂̄α̇

D(2)
α = ∂α , D̄

(2)
α̇ = −∂̄α̇ − 2i(θσµ)α̇∂µ. (11.80)
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As one may guess from the relations (11.72) the operators in the 3 parametrisations for
the superfield are related as

O(1) = e−iθ/σθ̄ O eiθ/σθ̄ and O(2) = eiθ/σθ̄ O e−iθ/σθ̄.

In the parametrization (1) a chiral superfield fulfils the simple condition

Dα̇Φ1 = −∂α̇Φ1 = 0

and hence has the simple expansion (11.74), namely

Φ1(x, θ) = A(x) +
√

2θψ(x) + θ2F (x) =⇒
Φ(x, θ, θ̄) = A(x+ iθσθ̄) +

√
2θψ(x+ iθσθ̄) + θ2F (x+ θσθ̄). (11.81)

The last expansion can be simplified:

Φ(x, θ, θ̄) = A(x) + i(θσµθ̄)∂µA(x)− 1
2(θσµθ̄)(θσν θ̄)∂µ∂νA(x)

+
√

2θψ(x) + i
√

2(θσµθ̄)(θ∂µψ(x)) + θ2F (x)

(4.88)
=

(
A+ i(θσµθ̄)∂µA− 1

4θ
2θ̄22A+

√
2θψ + i

√
2(θσµθ̄)(θ∂µψ) + θ2F

)
(x).

The second to last term can be rewritten by using

(θσµθ̄)(θ∂µψ) = θβθασµαα̇θ̄
α̇∂µψβ = 1

2ε
αβθ2σµαα̇θ̄

α̇∂µψβ = −1
2θ

2(∂µψσ
µθ̄)

so that the chiral superfield has the following representation

Φ =
(
A+
√

2θψ + θ2F + i(θσµθ̄)∂µA+
i√
2
θ2(θ̄σ̃µ∂µψ)− 1

4θ
2θ̄22A

)
(x). (11.82)

Now we may compare this expansion with the expansion (11.25) for a general superfield
to make the following identifications:

C → A, M → F, N → 0, D → −1
42A, Vµ → i∂µA

φα →
√

2ψα, χ̄→ 0, λ̄α̇ → i√
2

(σ̃µ∂µψ)α̇, ψ(x)→ 0

We may use this identification in the supersymmetry transformations (11.29-11.37) for the
general N = 1 superfield and end up with

δA =
√

2 ζψ, δψα =
√

2 ζαF + i
√

2 (σµζ̄)α∂µA, δF = i
√

2 ζ̄σ̃µ∂µψ. (11.83)

It is evident from these transformations that the fields (A,ψ, F ) constitute an irreduci-
ble representation of the supersymmetry algebra. The supersymmetry algebra is realized
linearly and offshell. If we would eliminate F , then supersymmetry would be realized non-
linearly and on-shell, as we have discussed previously. The transformations (11.83) are just
the supersymmetry transformation of the fields in the Wess-Zumino model (in the chiral
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basis). For later use we note, that for a chiral superfield the F -term transforms into a total
derivative. The commutator of two transformations are

[δ1, δ2] . . . = 2i(ᾱ2γ
µα1)∂µ . . . ,

as expected. The αi are Majorana spinors parameter with (1/2, 0) component ζi.

We could repeat the same reasoning for antichiral fields fulfilling DαΦ† = 0. We would
find

Φ† = A∗(z) +
√

2θ̄ψ̄(z) + θ̄2F ∗(z), z = x− iθσµθ̄ (11.84)

instead of

Φ = A(y) +
√

2θψ(y) + θ2F (y), y = x+ iθσµθ̄, (11.85)

as we have found for a chiral field.

11.5 Invariant action for scalar superfields

There cannot exist a supersymmetric Lagrangian density since δL = 0 would imply that

[δ1, δ2]L ∼ ∂L = 0,

or that L must be constant. Even if L is not supersymmetric, the action is still supersym-
metric if δL is a derivative which would not contribute to δS. In general L can be written
as a sum of terms, each of which is some component of a superfield that is constructed out
of elementary superfields and their covariant derivatives. The transformation rules (11.29-
11.37) show that for a general N = 1 superfield the only component whose variation is a
derivative is the D-component, since only the last two terms of the supercharges

r(Qα) = −i∂α − (σµθ̄)α∂µ and r(Q̄α̇) = i∂̄α̇ + (θσµ)α∂µ

contribute to the variation of the D-terms. For D to be a scalar, the superfield itself must
be a scalar. Thus for a general scalar superfield only the integral of the D-term is a good
candidate for an invariant action

S =

∫
d4xΦ|D. (11.86)

But no satisfactory action can be gotten this way without special conditions on the su-
perfield. For a general superfield Φ the only sort of kinematic action S0 that is bilinear in
Φ and Φ† and involves no more than two derivatives is of the form

S0 ∼
∫
d4x[Φ†Φ]D. (11.87)

Earlier we have seen, that for a (anti)chiral superfield the F -term transforms into a total
derivative,

δF = i
√

2ζ̄σ̃µ∂µψ,
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so that this term is another good candidate for an invariant action

S =

∫
d4xΦchiral|F , S =

∫
d4xΦ†

antichiral|F (11.88)

For a renormalizable theory the chiral field in (11.88) will be the product of elementary
chiral fields. Hence to make further progress we need to study the product of superfields.

11.5.1 Products of superfields

Let Φ1 and Φ2 be two superfields, that is two field on superspace which transform as
in (11.16). Then Φ = Φ1Φ2 transforms the same way as Φ1 and Φ2 do and hence is a
superfield as well. This follows from

UΦ(x, α)U−1 = UΦ1(x, α)U−1UΦ2(x, α)U−1 = Φ1(x′, α′)Φ2(x′, α′) = Φ(x′, α′),

where U = U(b, β), x′ = x+ b− iβ̄γα, α′ = α+ β.

Equivalently, the infinitesimal supersymmetry transformation of the product field is

δΦ = i[(β̄Q),Φ1Φ2] = δΦ1Φ2 + Φ1δΦ2.

Clearly, the product of chiral superfields is a chiral superfield and the product of anti-chiral
superfields is a anti-chiral superfield. For example, let

Φi = Ai(y) +
√

2θψi(y) + θ2Fi(y), yµ = xµ + iθσµθ̄

Φ†i = A∗i (z) +
√

2θ̄ψ̄i(z) + θ̄2F ∗i (z), zµ = xµ − iθσµθ̄ (11.89)

be a collection of chiral and antichiral superfields. Then

(ΦiΦj)(x, θ, θ̄) = (AiAj)(y) +
√

2θ(Aiψj +Ajψi)(y) + θ2(AiFj +AjFi − ψiψj)(y),

(Φ†iΦ
†
j)(x, θ, θ̄) = (A∗iA

∗
j )(z) +

√
2θ̄(A∗i ψ̄j +A∗j ψ̄i)(z) + θ̄2(A∗iF

∗
j +A∗jF

∗
i − ψ̄iψ̄j)(z),(11.90)

where we made use of the Fierz identity (4.88). More interesting for our purpose is the
product of a chiral and antichiral superfield:

Φ†i (z)Φj(y) = A∗iAj +
√

2A∗i θψj +
√

2θ̄ψ̄iAj + θ2A∗iFj + θ̄2F ∗i Aj

+2(θ̄ψ̄i)(θψj) +
√

2θ̄2θψjF
∗
i +
√

2θ2θ̄ψ̄iFj + θ2θ̄2F ∗i Fj , (11.91)

where the argument of (A,ψ, F ) is y and that of (A∗, ψ̄, F ∗) is z. Not all terms in this
expansion are or interest to us. Since Φ†Φ ia a general superfield we concentrate on the D
term which is a good candidate for the Lagrangian density of an invariant action. We use
(see 11.81):

A(y) = A(x) + i(θσµθ̄)∂µA(x)− 1
4θ

2θ̄22A(x)

A∗(z) = A∗(x)− i(θσµθ̄)∂µA∗(x)− 1
4θ

2θ̄22A∗(x)

θψ(y) = θψ(x) + i(θσµθ̄)(θ∂µψ(x)) (11.92)

θ̄ψ̄(z) = θ̄ψ̄(x)− i(θσµθ̄)(θ̄∂µψ̄(x))

θ2F (y) = θ2F (x)

θ̄2F ∗(z) = θ̄2F ∗(x)
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To calculate the D-term we only need consider terms in (11.91) which contain as many
powers of θ as of θ̄. Hence the only non-vanishing D-terms come from

A∗i (z)Aj(y)|D = 1
2(∂µA

∗
i ∂

µAj − 1
2A
∗
i2Aj − 1

22A
∗
iAj) = ∂µA

∗
i ∂

µAj − 1
42(A∗iAj)

(θ̄ψ̄i(z))(θψj(y)) = iθσµθ̄{(θ̄ψ̄i)(θ∂µψj)− (θψj)(θ̄∂µψ̄i)} = i
4(∂µψjσ

µψ̄i)− i
4(ψjσ

µ∂µψ̄i)

θ2θ̄2Fi(z)
∗Fj(y) = θ2θ̄2Fi(x)F ∗j (x).

and we end up with

Φ†i (z)Φj(y)|D = ∂µA
∗
i ∂

µAj − 1
42(A∗iAj) + i

2(∂µψjσ
µψ̄i)− i

2(ψjσ
µ∂µψ̄i) + Fi(x)F ∗j (x).(11.93)

For i = j this can be rewritten as

Φ†i (z)Φi(y)|D = ∂µA
∗
i ∂

µAi − i
2 ψ̄i/∂ψi + |Fi(x)|2 + surface term, (11.94)

where ψi is the Majorana spinor with (1/2, 0)-componennt ψi. Summing over i this just
becomes the Lagrangian density for the well-studied free Wess-Zumino model2. Let us
finally calculate the D-terms of the product of 3 chiral or 3 antichiral fields

(ΦiΦjΦk)(y) = (AiAjAk +
√

2(AiAjθψk + cycl) + θ2((AiAjFk −Akψiψj) + cycl))(y)

(Φ†iΦ
†
jΦ
†
k)(z) = (A∗iA

∗
jA
∗
k +
√

2(A∗iA
∗
j θ̄ψ̄k + cycl) + θ̄2((A∗iA

∗
jF
∗
k −A∗kψ̄iψ̄j) + cycl))(z).(11.95)

The D-terms of these composite chiral fields will enter the Lagrangian densities for scalar
superfields.

11.5.2 Invariant actions

The most general supersymmetric, renormalizable Lagrangian, involving only N scalar
superfields is given by

L = Φ†iΦi|D +W |F +W †|F , where

W (Φ) = giΦi + 1
2mijΦiΦj + 1

3λijkΦiΦjΦk (11.96)

is called the superpotential. The mass matrix mij and the λijk are symmetric in their
indices. We have already argued that the corresponding action is invariant under super-
symmetry transformations. Let us see what are the dimensions of the various fields and
coupling constants. We shall see that the polynomial W (Φ) may not contain quartic or
higher powers of the superfield in order for the corresponding model to be perturbatively
renormalizable. From the explicit form of the supercharges we take

[θ] = [θ̄] = L1/2.

A spinorfield has dimensions L−3/2 and hence

[Φ] = [Φ†] = L−1 =⇒ [Φ†Φ] = L−2, [Φ†Φ|D] = L−4

[Φn] = L−n =⇒ [Φn|F ] = [Φ†
n|F ] = L−n−1. (11.97)

2The different sign for the Dirac term originates in the different signs of [δ1, δ2] here and in earlier
chapters.
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We read off the following dimensions of the coupling constant and component fields

[m] = L−2, [λ] = L0, [A] = L−1 and [F ] = L−1.

If we would allow for powers of Φ higher than the third in the above Lagrangian density,
then the supersymmetry model would not be perturbatively renormalizable.

Now we collect our previous results to express L in (11.96) in component fields:

L = ∂µA
∗
i ∂

µAi − i
2 ψ̄i/∂ψi + |Fi(x)|2

+
(
giFi +mij(AiFj − 1

2ψiψj) + λijk(AiAjFk −Akψiψj)
)

+
(

h.c.
)

(11.98)

In the first line ψ is regarded as Majorana spinor and in the second line as Weyl spinor.
This is just the action of the Wess-Zumino model which we have studied in detail in
chapter 5. As we have seen there, we could eliminate the auxiliary fields Fi to arrive at
the more familiar action for the on-shell model containing N complex fields Fi and N
Majorana spinors ψi.

11.5.3 Superspace integration

There in an elegant way to extract the D and F terms from a superfield which is based
on an integration calculus on superspace. We begin with the Berezin integral for a single
Grassmann parameter θ:∫

dθ θ = 1 ,

∫
dθ = 0 ,

∫
dθ f(θ) = f1 (11.99)

where we have used the fact that an arbitrary function of a single Grassmann parameter
θ has the Taylor series expansion f(θ) = f0 + θf1. We demand that the dθ anticommute,

{dθ, dθ} = {dθ, θ} = 0.

We note three facts which follow from the definitions in (11.99).

• The Berezin integration is translationally invariant:∫
d(θ + ξ) f(θ + ξ) =

∫
dθ f(θ) ,

∫
dθ

d

dθ
f(θ) = 0. (11.100)

• The Berezin integration is equivalent to differentiation:

d

dθ
f(θ) = f1 =

∫
dθ f(θ) (11.101)

• We can define a Grassmann delta function by∫
dθf(θ)δ(θ) = f(0) =⇒ δ(θ) ≡ θ (11.102)
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These results are easily generalized to the case of the N=1 superspace coordinates θα, θα̇:
All θα, θα, dθ̄

α̇, θ̄α̇ anticommute so that for example∫
dθ1

∫
dθ2θ1θ2 = −

∫
dθ1(

∫
dθ2θ2)θ1 = −

∫
dθ1θ1 = −1

and the integral of an arbitary function

f = f (0) + θ1f
(1) + θ2f

(2) + θ1θ2f
(3)

is equal to ∫
dθ1dθ2f = −f (3).

The volume elements in superspace are given by

d2θ = −1
4dθ

αdθβεαβ , d2θ̄ = −1
4dθ̄α̇dθ̄β̇ε

α̇β̇ , d4θ = d2θ d2θ̄. (11.103)

Using this notation and the spinor summation convention, we have the following identities:∫
d2θ θθ = 1 ,

∫
d2θ̄ θ̄θ̄ = 1. (11.104)

We prove the second to last identity:∫
d2θ θθ = −1

4

∫
dθαdθβεαβ θθ = 1

2

∫
dθαdθβεαβθ

1θ2 = −
∫
dθ1dθ2θ1θ2 = 1.

The delta-function is defined by∫
d2θf(θ)δ2(θ) = f(0) =⇒ δ2(θ) = θθ and similarly δ2(θ̄) = θ̄θ̄.

Now we consider a general superfield with component expansion given by (11.25). If we
integrate Φ with d4θ we just obtain the D-component of the superfield,∫

d4θΦ(x, θ, θ̄) =

∫
d4θ
(
f(x) + θφ(x) + θ̄χ̄(x) + θθm(x) + θ̄θ̄n(x) + (θσµθ̄)Vµ(x)

+(θθ)(θ̄λ̄(x)) + (θ̄θ̄)(θψ(x)) + (θθ)(θ̄θ̄)D(x)
)

=

∫
d2θd2θ̄(θθ)(θ̄θ̄)D(x) = d(x).

Analogouly, for a chiral field (11.85) we may project onto the F component as follows:∫
d4θΦ(y, θ)δ(θ̄) =

∫
d2θΦ(x, θ) = F (x).

This shows, that the action of a chiral field giving rise to a renormalizable model can be
written as follows

S =

∫
d4x d4θΦ†iΦi +

∫
d4x d4θδ2(θ̄)

(
giΦi + 1

2mijΦiΦj + 1
3λijkΦiΦjΦk + h.c.

)
(11.105)
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11.6 Vector-superfields and susy-gauge transformations

After having constructed the supersymmetric Lagrangian describing spin-0 and spin-1/2
particles we want to construct models containing spin-1 particles. Ultimately we are inte-
rested in supersymmetric Yang-Mills theories in the superfield formulation. In component
fields we have already investigated these theories earlier on.

We start with a real superfield V satisfying the reality condition

V (x, θ, θ̄) = V †(x, θ, θ̄) (11.106)

Earlier we have shown that such a field has the expansion (11.42). It is convenient to make
the replacements

λ −→ λ+ i
2
/∂φ and D −→ D − 1

42C

in that formula, such that

V (x, α) = C + ᾱφ+ 1
2 ᾱαM1 + i

2 ᾱγ5αM2 + 1
2(ᾱγµγ5α)Vµ

+(ᾱα)ᾱ(λ+ i
2
/∂φ) + 1

2(ᾱα)2(D − 1
42C) (11.107)

with real C,D,M1,M2 and Vµ and Majorana spinors φ and λ. The component Vµ lends
its name to the entire multiplet. Again the D term of V transforms into a spacetime
derivative, see (11.43),

δD = i
2 β̄ /∂λ

which makes it a good candidate for the Lagrangian density giving rise to an invariant
action. Examples of vector-superfields are

V = Φ†Φ, V = Φ + Φ†,

where Φ is a chiral superfield. For Φ in (11.82) we find

Φ + Φ† = A1 +
√

2ᾱψ + 1
2 ᾱαF1 + i

2 ᾱγ5αF2 + 1
2(ᾱγµγ5α)∂µA2

+
i√
2

(ᾱα)(ᾱ/∂ψ)− 1
8(ᾱα)22A1 (11.108)

where we introduced the real fields

A1 = A+A∗, A2 = i(A−A∗), F1 = F + F ∗ and F2 = i(F − F ∗).

If we now transform the real superfield as

V (x, α) −→ V ′(x, α) = V (x, α) + Φ(x, α) + Φ†(x, α) (11.109)

then the component field Vµ is gauge tansformed with gauge parameter A2:

V ′µ = Vµ + ∂µA2. (11.110)
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Following Wess and Zumino [55] one therefore calls the transformation (11.109) the super-
symmetric extension of a gauge transformation. Under this transformation the components
of V transform as

C ′ = C +A1, M ′1 = M1 + F1, M ′2 = M2 + F2, D′ = D

V ′µ = Vµ + ∂µA2, φ′ = φ+
√

2ψ, λ′ = λ (11.111)

We see that the λ and D components of V are super-gauge invariant, that is they are
invariant under the transformation (11.109). As we already mentioned above, the field Vµ
transforms as an abelian gauge potential so that the corresponding field strength

Fµν = ∂µVν − ∂νVµ

is also super-gauge invariant. The important conclusion is the following: the D term of a
real superfield transforms into a spacetime derivative under supersymmetry transformati-
ons and at the same time is super-gauge invariant. Thus this term is a good candidate for
a supersymmetric Lagrangian which is super-gauge invariant.

11.6.1 The Wess-Zumino gauge

To achieve the socalled Wess-Zumino gauge one chooses the chiral superfield in (11.109)
such that

C ′ = M ′1 = M ′2 = φ′ = 0.

This gauge can always be attained as is easily seen from the transformation rules (11.111)
for the component fields. This is not a complete gauge fixing, since we do not fix A2

wich causes the gauge transformation of Vµ. In this gauge the real superfield simplifies
considerably,

VWZ(x, α) = 1
2(ᾱγµγ5α)Vµ + (ᾱα)(ᾱλ) + 1

2(ᾱα)2D

= (θσµθ̄)Vµ + (θθ)(θ̄λ̄) + (θ̄θ̄)(θλ) + (θθ)(θ̄θ̄)D (11.112)

and contains the gauge potentail Vµ, its supersymmetric partner λ and an auxiliary field
D. After this partial gauge fixing the number of degrees of freedom reduces from 8 + 8
to 4 + 4. Recalling the supersymmetry transformations (11.43) of the components of a
real superfield we see immediately that the Wess-Zumino gauge breaks supersymmetry.
For example, Mi = 0 is not left invariant under susy transformations. When one chooses
the Wess-Zumino gauge and performes a supersymmetry transformation then one needs
a compensating gauge transformation to bring the superfield back into the Wess-Zumino
gauge.

For constructing sensible actions out of V we need the exponential of VWZ . Due to the
anticommuting character of α the only non-vanishing power (bigger one) is two,

V 2
WZ = 1

4(ᾱγµγ5α)(ᾱγνγ5α)VµVν = 1
4(ᾱα)2VµV

µ.
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Then we have

exp (VWZ) = 1 + 1
2(ᾱγµγ5α)Vµ + (ᾱα)(ᾱλ) + 1

2(ᾱα)2(D + 1
4VµV

µ)

= 1 + (θσµθ̄)Vµ + (θθ)(θ̄λ̄) + (θ̄θ̄)(θλ) + (θθ)(θ̄θ̄)(D + 1
4VµV

µ)(11.113)

We continue by defining the analog of a field strength for a general real superfield by

Wα = −1
4(D̄D̄)DαV and W̄α̇ = −1

4(DD)D̄α̇V, (11.114)

where we switched to the Weyl basis. Since D3 = D̄3 = 0 these fields are chiral or
antichiral. More precisely, Wα is a chiral (1/2, 0) field and W̄α̇ is a antichiral (0, 1/2) field.
Less obvious is the susy-gauge invariance of these field strengths. Since DαΦ† = 0 we have

W ′α ≡ −1
4(D̄D̄)DαV

′ = −1
4(D̄D̄)DαV − 1

4(D̄D̄)DαΦ.

Since Φ is chiral, D̄α̇Φ = 0, the last term vanishes,

D̄α̇D̄
α̇DαΦ = D̄α̇{D̄α̇, Dα}Φ = −2iεα̇β̇(σµ)αβ̇D̄α̇∂µΦ = −2iεα̇β̇(σµ)αβ̇∂µD̄α̇Φ = 0.

We used the anticommutation relation (11.53,11.52). This proves that Wα is susy-gauge
invariant. The invariance of W̄α̇ is proven very similarly.

The explicit expression for these field strength is rather involved. I refer to [49] for a
detailed derviation. One finds

Wα = λα(y) + 2D(y)θα + i
2(σµνθ)αFµν(y)− i(θθ)(σµ∂µλ̄(y))α

W̄ α̇ = λ̄α̇(z) + 2D(z)θ̄α + i
2(σ̃µν θ̄)α̇Fµν(z)− i(θ̄θ̄)(σ̃µ∂µλ(z))α̇, (11.115)

where the σµν and σ̃µν have been defined in (8.2). Note that these (anti)chiral superfields
only contain the gauge invariant component fields D,λ and Fµν . Furthermore, with (11.62)
if follows immediately, that

D̄αWα = D̄α̇W̄
α̇ (11.116)

holds true.

11.6.2 Invariant actions

We have seen that the field strengths Wα and W̄ α̇ are (anti) chiral and gauge invariant
spinorial superfields which are linear in the field strength tensor Fµν . Then WαWα and
W̄α̇W̄

α̇ are (anti)chiral and gauge invariant scalar superfields which are quadratic in Fµν .
Hence, their F terms are good candidates for gauge and Lorentz invariant Lagrangian
densities for a supersymmetric gauge theory. First observe that

WαWα = θθ(4D2 − 2iλσµ∂µλ̄) + 2iθσµνθFµνD − 1
4(σµνθ)σ(σαβθ)σFµνFαβ + . . .

W̄α̇W̄
α̇ = θ̄θ̄(4D2 − 2iλ̄σ̃µ∂µλ) + 2iθ̄σ̃µν θ̄FµνD − 1

4(σ̃µν θ̄)σ̇(σ̃αβ θ̄)σ̇FµνFαβ + . . . ,
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where . . . stands for terms which do not contribute to the F -terms. Now we use that

θσµνθ + θ̄σ̃µν θ̄ = ᾱγµνα = 0

(σµνθ)(σαβθ) + (σ̃µν θ̄)(σ̃αβ θ̄) = α†γµνγ0γαβα = −ᾱγµνγαβα
= θ(ηµαηνβ−ηµβηνα+ iεµναβ)θ + θ̄(ηµαηνβ−ηµβηνα− iεµναβ)θ̄

For the sum of the F -terms we obtain

WαWα|F + W̄α̇W̄
α̇|F = 8D2 − 2iλσµ∂µλ̄− 2iλ̄σ̃µ∂µλ− FµνFµν

= 8D2 − 2iλ̄γµ∂µλ− FµνFµν (11.117)

This is the action for a pure supersymmetric abelian gauge theory with an uncharged
gaugino spinor λ. The field D(x) is an auxiliary field which can be eliminated with the
help of the equations of motion, see section 8.

We may rewrite the action belonging to (11.114) as superspace integral as follows

S = 1
4

∫
d4x

∫
d4θ
(
WαWαδ

2(θ̄) + W̄α̇W̄
α̇δ2(θ)

)
=

∫
d4x(2D2 − i

2 λ̄γ
µ∂µλ− 1

4FµνF
µν). (11.118)

11.6.3 Minimal coupling

We study the simple gauge group U(1). The gauge transformation of a scalar superfield
under global U(1) transformations is

Φ′i = eiqiΛΦi, (11.119)

where qi is the U(1)-charge of the superfield Φi. Clearly, the kinetic term Φ†iΦi|D is inva-
riant under these global phase transformations. However, a general superpotential W (Φ)
in (11.96) will not be invariant. For W to be invariant we must demand

gi = 0 if qi 6= 0

mij = 0 if qi + qj 6= 0 (11.120)

λijk = 0 if qi + qj + qk 6= 0.

Next we wish to make this global symmetry local in which case the gauge parameter λ
in (11.119) will depend on spacetime. But then the transformed Φ will in general not be
a chiral superfield. For Φ′ to be chiral if Φ is chiral we must demand that λ is a chiral
superfield, so that

Φ′i = eiqiΛΦi, D̄α̇Λ = 0 =⇒ Φ′ †i = Φ†ie
−iqiΛ† , DαΛ† = 0. (11.121)

The kinetic term is not invariant under these transformations of the chiral and antichiral
superfields. But we have already argued that the transformations

V (x, θ, θ̄) −→ V ′(x, θ, θ̄)− i(Λ(x, θ, θ̄)− Λ†(x, θ, θ̄))
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are generalizations of the gauge transformation and are called susy gauge transformations,
see (11.109) with λ = iΦ. One sees at once that

Lkin = Φ†ie
qiV Φi|D (11.122)

is gauge invariant. The coupling (11.122) of the matter superfield Φ to the gauge potential
V is the supersymmetric extension of the principle of minimal coupling in ordinary gauge
theories as we shall demonstrate now. This is most easily done in the Wess-Zumino gauge.
With (11.113) we obtain

Φ†eqV Φ|D = Φ†Φ|D + q(θσµθ̄VµΦ†Φ)|D + q(θθθ̄λ̄(x)Φ†Φ)|D
+ q(θ̄θ̄θλ(x)Φ†Φ)|D + q{θθθ̄θ̄(D(x) + q

4Vµ(x)V µ(x))Φ†Φ}|D,(11.123)

where Φ = Φ(y, θ) and Φ† = Φ†(z, θ̄) are the chiral and antichiral fields in (11.89). The
first term on the right is the kinetic term without coupling to the gauge field and has
been calculated in (11.93). To calculate the remaining terms we use (11.91) and the Fierz
identies (4.88). The second term can be rewritten as

q(θσµθ̄VµΦ†Φ)|D = q(θσµθ̄Vµ)(iA∗θ̄σνθ∂νA− iθσν θ̄∂νA∗A+ 2θ̄ψ̄θψ)|D
= 1

2q{i(A∗∂µA− ∂µA∗A)− ψ̄σ̃µψ}Vµ.
The third term on the right becomes

q(θθ θ̄λ̄(x) Φ†Φ)|D = q
√

2θθ θ̄λ̄ θ̄ψ̄A|D = − q√
2

(λ̄ψ̄)A

and analogously the fourth term

q(θ̄θ̄ θλ(x) Φ†Φ)|D = q
√

2θ̄θ̄ θλ θψA∗|D = − q√
2

(λψ)A∗.

Finally, the last term in (11.123) is simply

q{θθθ̄θ̄(D + q
4VµV

µ)Φ†Φ}|D = q(D + q
4VµV

µ)A∗A.

Adding up the various terms we obtain the following gauge invariant kinetic term (in the
WZ-gauge):

Φ†eqV Φ|D = ∂µA
∗∂µA− 1

42(A∗A) + i
2q(A

∗∂µA− ∂µA∗A)Vµ +
q2

4
VµV

µA∗A

+ i
2∂µψσ

µψ̄ − i
2ψσ

µ∂µψ̄ − 1
2qψ̄σ̃

µψVµ + |F |2 − q√
2

(λ̄ψ̄A+ λψA∗) + qD|A|2

After introducing the covariant derivatives

DµA = (∂µ − i
2qVµ)A and Dµψ = (∂µ − i

2qVµ)ψ (11.124)

the gauge invariant kinetic term reads

Φ†eqV Φ|D = (DµA)∗DµA− iψσµD∗µψ̄ + |F |2 + q|A|2D − q√
2

(λ̄ψ̄A+ λψA∗).(11.125)

The minimal coupling not only couples the charged field A and its superpartner ψ to the
gauge field, it also couples these fields to the gaugino λ which is the superpartner of Vµ.
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11.6.4 Super-QED

Here we extend ordinary electrodynamics to a supersymmetric theory. We need at least a
photon field and an electron field. Off shell the photon is accompanied by the photino and
an auxiliary field and each chirality of the electron by a scalar and an auxiliary field. Hence,
besides the gauge multiplett we need two scalar superfields Φ1 and Φ2 which transform
under U(1) gauge transformations as

Φ′1 = eieΛΦ1 and Φ′2 = e−ieΛΦ2. (11.126)

Later on the two spin-1
2 components of these chiral superfields will be identified with the

electron. Gauge invariance requires the condition (11.120) on the constants, which in the
present case read

g1 = g2 = 0, m11 = m22 = 0, λijk = 0 and m12 = m21 ≡ m 6= 0.

By using this contraints we obtain the following supersymmetric and U(1)-invariant action

SSED =

∫
d4x

∫
d4θ
(

1
4W

αWαδ
2(θ̄) + W̄α̇W̄

α̇δ2(θ) + Φ†1e
eV Φ1 + Φ†2e

−eV Φ2

−mΦ1Φ2δ
2(θ̄)−mΦ†1Φ†2δ

2(θ)
)

(11.127)

Note that each term is separately supersymmetric and gauge invariant. Using the previous
results (11.118,11.125,11.93) we may rewrite this action in terms of the component fields
and obtain

SSED =

∫
d4x
(
− 1

4FµνF
µν − i

2 λ̄γ
µ∂µλ+ 2D2 + |F1|2 + |F2|2 + |DµA1|2 + |DµA2|2

−iψ1σ
µD∗µψ̄1 − iψ2σ

µD∗µψ̄2 + eD{|A1|2 − |A2|2}
−2−1/2e{λ̄(ψ̄1A1 − ψ̄2A2) + λ(ψ1A

∗
1 − ψ2A

∗
2)} (11.128)

−m{A1F2 +A∗1F
∗
2 +A2F1 +A∗2F

∗
1 − ψ1ψ2 − ψ̄1ψ̄2}

)
Note that the covariant derivative act differently on the different fields, since the fields in
Φ2 have opposite charge to those in Φ1. We may eliminate the auxiliary fields by their
purely algebraic equations of motions

F1 : F ∗1 −mA2 = 0

F2 : F ∗2 −mA1 = 0 (11.129)

D : 4D + e(|A1|2 − |A2|2) = 0.

After eliminating the auxiliary fields in S we obtain

SSED =

∫
d4x
(
− 1

4FµνF
µν − i

2 λ̄γ
µ∂µλ+ |DµA1|2 + |DµA2|2 −m2(|A1|2 + |A2|2)

−iψ1σ
µD∗µψ̄1 − iψ2σ

µD∗µψ̄2 +m(ψ1ψ2 + ψ̄1ψ̄2) (11.130)

− e√
2
{λ̄(ψ̄1A1 − ψ̄2A2) + λ(ψ1A

∗
1 − ψ2A

∗
2)} − e2

8
(|A1|2 − |A2|2)2

)
.
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To compare this model with QED it is convenient to introduce the Dirac spinor

ψ =

(
ψ1α

ψ̄α̇2

)
=⇒ ψ† = ( ψ̄1α̇, ψ

α
2 ) and ψ̄ = (ψα2 , ψ̄1α̇ ) .

Up to surface terms in S the terms containing derivatives of the ψi can be rewritten as

ψ1σ
µD∗µψ̄1 + ψσµD∗µψ̄2 = −D∗µψ̄1α̇σ̃

µα̇αψ1α + ψα2 σ
µ
αα̇D

∗
µψ̄

α̇
2

= ψ̄1σ̃
µDµψ1 + ψ2σ

µD∗µψ̄2 = ψ̄ /Dψ,

where we have used that ψ1 and ψ2 have opposite charge,

Dµψ1 = (∂µ − i e2Vµ)ψ1 and D∗µψ̄2 = (∂µ − i e2Vµ)ψ̄2.

We conclude that the second line in (11.130) may be written as

−ψ̄(i /D −m)ψ (11.131)

which is just the Lagrangian for a massive electron field of mass m and charge −e, mini-
mally coupled to the abelian gauge potential Vµ.

11.6.5 Fayet-Ilioopulos term

We could add the supersymmetric and gauge invariant Fayet-Iliopoulos term [56]

SFI = κ

∫
d4xd4 θV = κ

∫
D (11.132)

to the action SSED in (11.127) with the result that it induces spontaneous supersymmetry
breaking. The whole construction has been generalized to the non-Abelian case in [57].
Adding SFI to SSED changes the third equation for the auxiliary field D in (11.129) into

4D + κ+ e(|A1|2 + |A2|2) = 0.

After eliminating the auxiliary fields we again obtain the action (11.130), wherein the last
term is replaced by

−e
2

8
(|A1|2 − |A2|2)2 −→ −1

8
(e|A1|2 − e|A2|2 + κ)2.

Let us have a closer look at the scalar potential of this socalled Fayet-Iliopoulos model. It
is

V (A1, A2) = m2(|A1|2 + |A2|2) +
1

8
(e|A1|2 − e|A2|2 + κ)2)

=
κ2

8
+ (m2 + 1

4eκ)|A1|2 + (m2 − 1
4eκ)|A2|2 +

e2

8
(|A1|2 − |A2|2)2.

Now we must distinguish between two cases.

————————————
A. Wipf, Supersymmetry



11. Superspaces 11.7. Non-Abelian Gauge Theories 190

• 4m2 > eκ:

In this case all coefficients of the quadratic and quartic terms are positive and the absolute
minimum of V is attained at

A1 = A2 = 0⇒ Vmin =
κ

8
> 0, D = −κ

4
, Fi = 0,

indicating that supersymmetry is broken. Both scalar fields have real masses and vanis-
hing vacuum expectation values which shows that (at the classical level) the U(1)-gauge
symmetry is unbroken. The model contains the following particles

A1 : M2
1 = m2 + 1

4eκ, A2 : M2
2 = m2 − 1

4eκ

ψ = (ψ1, ψ2) : M = m

λ, Vµ : massless.

The mass splitting inside the matter multiplett establishes that supersymmetry has been
broken. Note that only the mass of the scalars is splitted by the supersymmetry brea-
king. The massless photino field λ is just the Goldstino field appearing in the process of
supersymmetry breaking

• 4m2 < eκ:

Now the minimum of the potential is at a finite value of the matter fields,

|A1| = 0 and |A2|2 ≡ v2 =
eκ− 4m2

e2
=⇒ V (0, v) =

m2

e2
(eκ− 2m2) > 0.

This indicates that both supersymmetry and gauge symmetry are spontaneously broken.
To study the mass spectrum we expand the Lagrangian about the minimum. For that we
shift

A2(x) −→ v +A2(x).

We insert this into the Lagrangian and expand up to second order... (comes later).

11.7 Non-Abelian Gauge Theories

To be written

11.8 Spontaneous Symmetrybreaking

To be written

————————————
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Kapitel 12

KK-Reduction of Wess-Zumino
model to 2 dimensions

As an exercise in getting familiar with the Kaluza-Klein reduction, I shall show how
the 4 dimensionsional Wess-Zumino-model is reduced to an two-dimensional model with
extended supersymmetry.

12.1 Reduction to the N = 2 Lorentzian model

In 4 dimension a Majorana spinor has 4 real components which are two times the 2 real
components of Majorana spinor in 2 dimensions (which exist for both signatures (+,−)
and (+,+)).

We start with the Dirac matrices γµ in 2-dimensional Minkowski space and give an explicit
realization for the matrices Γm,m = 0, . . . , 3 in 4 dimensions: We make the ansatz

Γµ = ∆⊗ γµ, Γ1+a = ∆a ⊗ γ∗, µ = 0, 1, a = 1, 2, γ∗ = −γ0γ1

The condition on the ∆-factors such that

{Γm,Γn} = 2ηmn, η = diag(1,−1,−1,−1) (12.1)

is easily seen to read

∆2 = 12, [∆,∆a] = 0, {∆a,∆b} = −2δab12.

Since Γ0 must be hermitean and the Γm>0 antihermitean and since Γ5 = −iγ0γ1γ2γ3 is
hermitean it also follows that

∆† = ∆, ∆†a = −∆a.

Since ∆ commutes with all matrices we may choose it to be the identity,

∆ = 12.
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Note that the hermitean i∆a generate the Euclidean Clifford algebra in 2 dimensions and
that the [∆a,∆b] generate the group spin(2). Earlier we have shown that in 2 dimensions
there is a Majorana representation. Hence we may choose ∆a to be imaginary and hence
symmetric. To construct this Majorana representation we take

∆1 = iτ1 and ∆2 = iτ3,

With our earlier convention the hermitean Γ5 takes the form

Γ5 = −iΓ0Γ1Γ2Γ3 = −i∆1∆2 ⊗ γ0γ1 = −τ2 ⊗ γ∗. (12.2)

We choose a Majorana representation for the 2-dimensional γµ such that they are imagi-
nary (see section 3.5) and γ∗ = −γ0γ1 is real. Since the ∆a are imaginary it follows that
the Γm are purely imaginary as well and that C4 = −Γ0 = −12⊗ γ0. Hence we are lead to
take the following relation between the conjugation matrices in 4 and 2 dimensions,

C4 = −Γ0 = 12 ⊗ C2, (12.3)

where C2 = −γ0 is the antisymmetric charge conjugation matrix in 2 dimensions. We have

C−1
4 ΓmC4 = −ΓTm, C−1

2 γµC2 = −γTµ . (12.4)

Now its easy to reduce a Majorana spinor, since the Majorana condition reads

Ψ = ξ ⊗ χ = Ψc = Ψ∗ ⇐⇒ ξ ∈ R2, χ = χc = χ∗, (12.5)

and an arbitrary Majorana spinor in 4 space-time dimensions has the expansion

Ψ =
2∑
r=1

er ⊗ χr, (12.6)

where the χr are Majorana spinors in 2 dimensions and the er form a (real) base in R2.

12.1.1 Reduction of the 4d action

In 4 and 2 dimensions a spinor field has the dimension

[Ψ] = L−3/2 and [χ] = L−1/2,

respectively. We start with the expansion (12.6) for a Majorana spinor and its adjoint in
4 dimensions. We rescale the spinors such that the χr in

Ψ =
1√
V2

2∑
r=1

er ⊗ χr, Ψ̄ =
1√
V2

2∑
r=1

eTr ⊗ χ̄r

————————————
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have the dimension of a spinorfield in 2-dimensional Minkowski spacetime. The spinor
should be independent of the internal coordinates which are the coordinates x2 and x3.
We obtain for the fermionic bilinears∫

d4x Ψ̄Γm∂mΨ =
∑
r

∫
d2x χ̄r /∂χr∫

d4x Ψ̄Ψ =
∑
r

∫
d2x χ̄rχr∫

d4x Ψ̄Γ5Ψ = −
∫
d2x (τ2)rs χ̄rγ∗χs

Now we are ready to reduce the Wess-Zumino model with Lagrangian

L4 = 1
2∂mA∂

mA+ 1
2∂mB∂

mB − 1
2m

2(A2 +B2) + i
2Ψ̄Γm∂mΨ− 1

2mΨ̄Ψ

−mgA(A2 +B2)− 1
2g

2(A2 +B2)2 − gΨ̄(A− iΓ5B)Ψ (12.7)

to two dimensions. For that we observe that a scalar field in d = 4 has dimension L−1,
whereas in d = 2 it has no dimension. Hence we make the replacements

A −→ 1√
V2
A and B −→ 1√

V2
B.

If we finally relate the coupling constants in 4 and 2 dimensions as

g2 =
g4√
V2
,

then the action of the 2 dimensional model, given by

S4 =

∫
d4xL4 = S2 =

∫
d2xL2

reads

L2 = 1
2∂µA∂

µA+ 1
2∂µB∂

µB − 1
2m

2(A2 +B2) + i
2 χ̄/∂χ− 1

2mχ̄χ

−mgA(A2 +B2)− 1
2g

2(A2 +B2)2 − gχ̄(A+ iτ2 ⊗ γ∗B)χ. (12.8)

Here χ is a Majorana spinor with the two components χ1 and χ2. These two flavours
maybe combined to a Dirac spinor. The first factor in τ2 ⊗ γ∗ affects the flavour indices.

The Hamiltonian density is

H2 = 1
2

(
π2
A + π2

B + (∇A)2 + (∇B)2 +m2A2 +m2B2
)
− i

2χ
†γ0γi∂iχ+ 1

2mχ̄χ

+mgA(A2 +B2) + 1
2g

2(A2 +B2)2 + gχ̄(A+ iτ2 ⊗ γ∗B)χ. (12.9)
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12.1.2 R-symmetry

In 4 dimensions a scalar- and spinorfield transform under Lorentz transformations as

A(x) −→ A(Λ−1
4 x) and Ψ(x) −→ S4Ψ(Λ−1

4 x), Ψ̄(x) −→ Ψ̄(Λ−1
4 x)S−1

4 ,

where

S4 = exp (1
2ωmnΓmn) and (Λ4)mn = (eω)mn, Γmn = 1

2 [Γm,Γn]

are the spinrotation and Lorentz transformation with parameter ωmn in 4-dimensional
spacetime. They are related via

S−1
4 ΓmS4 = (Λ4)mnΓn.

The Lagrangian density is as scalar field. When we reduce the theory to R2 we must require
that the fields do not depend on the internal coordinates. Clearly this condition is not
compatible with the 4 dimensional Lorentz invariance. Only those Lorentz transformations
survive which do not mix the coordinates on R4 with those in the internal space, hence

SO(1, 3) −→ SO(1, 1)× SO(2) or Λ4 −→
(

Λ 0
0 R

)
,

where Λ is a 2-dimensional Lorentz transformation and R ∈ O(2)1. With our choice for
the Γm the generators of the corresponding spin transformations in 4 dimensions read

Γµν = 12 ⊗ γµν , Γ1+a,1+b = ∆ab ⊗ 12 and Γµ,1+a = 2∆a ⊗ γµγ∗ (12.10)

The ∆ab generate the spin(2) subalgebra of spin(1, 3) and the γµν the spin(1, 1) subalgebra.
Since the Γµν act trivially on the first factor in the decomposition Ψ = ξ ⊗ χ, and the
Γ1+a,1+b trivially on the second one, the spin rotations compatible with the dimensional
reduction decompose as follows:

S4 = S2 ⊗ S, SΨ =
∑
r

S2er ⊗ Sχr, S−1
2 ∆aS2 = Rab∆

b, S−1γµS = Λµνγ
ν ,

where S is a spin rotation acting on spinors in 2-dimensional Minkowski spacetime. To
summarize, the remaining Lorentz transformations reduce to Lorentz transformations on
the two dimensional spacetime,

S : χa(x) −→ Sχa(Λ
−1x) , A(x)→ A(Λ−1x), B(x)→ B(Λ−1x),

and to a symmetry which does not act on the coordinates of R2:

S2 : er −→ S2er , A(x)→ A(x), B(x)→ B(x)

1actually, only det Λ · detR = 1 is required.
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We see that the spin rotations S2 reduce to internal symmetries which rotate the Majorana
fields without changing the coordinates (on R2). With our choice for the ∆a we have
∆12 = iτ2 such that

S2 = eω∆12 = e iωτ2 =

(
cosω sinω
− sinω cosω

)
⊗ 12 ≡ R,

where we have set ω23 = ω. Hence, spinors transform under the R transformations as

Ψ −→
∑
r

Rer ⊗ χr =
∑
rs

Rsres ⊗ χr =
∑
s

es ⊗ (Rχ)s.

Hence we may interpret the R-symmetry to act on the Majorana spinors. We conclude,
that the reduced model has the following U(1) invariance,

χ −→ Rχ = eiατ2χ.

12.1.3 Chiral rotations

To investigate the behaviour under chiral rotations we rewrite the Lagrangian density in
terms of the Dirac spinor

ψ =
1√
2

(χ1 + iχ2).

With the identities

ψ̄ψ = 1
2 χ̄χ, ψ̄ /∂ψ = 1

2 χ̄/∂χ+ i
2∂µ(χ̄1γ

µχ2), ψ̄γ∗ψ = −1
2 χ̄τ2 ⊗ γ∗χ,

where we made use of (13.3), the density for the massless model takes the following simple
form,

L2 = 1
2∂µA∂

µA+ 1
2∂µB∂

µB + iψ̄ /∂ψ − 1
2g

2(A2 +B2)2 − 2gψ̄(A− iγ∗B)ψ.

It is hermitean and possesses the following U(1) chiral symmetry,

ψ −→ eiαγ∗ψ, ψ̄ −→ ψ̄eiαγ∗ and

(
A
B

)
−→

(
cos 2α − sin 2α
sin 2α cos 2α

)(
A
B

)
.

12.1.4 Supersymmetry transformations

To find the susy transformations we dimensionally reduce (6.12) by expanding

Ψ =
∑

er ⊗ χr and α =
∑

er ⊗ βr

with two dimensional real supersymmetry parameters βr. We easily obtain

δA =
∑

β̄rχr, δB = −i
∑

(τ2)rs β̄rγ∗χs

δχr = −(i/∂A+ g(A2 −B2)βr − (τ2)rsγ
µγ∗βs∂µB + 2igAB (τ2)rsγ∗βs.

————————————
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Again we introduce the Dirac field and α = (β1 + iβ2)/
√

2 and obtain

δA = ᾱψ + ᾱcψc , δB = i(ᾱγ∗ψ − ᾱcγ∗ψc)
δψ = −{i/∂(A+ iγ∗B) + g(A+ iγ∗B)2}α.

To reduce the susy algebra of the supercharges, we insert

Q =
∑

er ⊗ qr, α =
∑

er ⊗ βr

into the 4-dimensional algebra

[Q̄α1, ᾱ2Q] = −2i(ᾱ2Γmα1)∂m −→ −2i(ᾱ2γ
µα1)∂µ, µ = 0, 1. (12.11)

Then the susy algebra reduces to the following N = 2 algebra for the Majorana super-
charges q1 and q2:

{qiα, q̄ βj } = 2iδij(γ
µ) β
α ∂µ

Rewritten in terms of the Dirac-charges

Qα =
1√
2

(q1 + iq2)

this reads

{Qα, Q̄β} = 2i(γµ) β
α ∂µ.

12.2 Reduction to the 2d Euclidean model

We reduce the model on 4-dimensional Minkowki spacetime (Γm) to a model on 2-dimensional
Euclidean space with Euclidean γ-matrices γµ and γ∗ = −iγ0γ1. We make the ansatz

Γ0 = ∆0 ⊗ 12, Γ1 = i∆1 ⊗ 12, Γ2+µ = i∆∗ ⊗ γµ, µ = 0, 1, ∆∗ = −i∆0∆1,

where the hermitean γµ and hermitean ∆a generate the 2-dimensional Euclidean Clifford
algebras,

{γµ, γν} = 2δµν12 and {∆a,∆b} = 2δab12.

With our earlier convention the hermitean Γ5 reads

Γ5 = −iΓ0Γ1Γ2Γ3 = −∆0∆1 ⊗ γ0γ1 = ∆∗ ⊗ γ∗. (12.12)

A 4-dimensional Majorana spinor has the expansion

Ψ =
1√
2

2∑
r=1

er ⊗ χr, (12.13)

where the χr are spinors in 2 Euclidean dimensions and the er form a (real) base in R2.
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12.2.1 The Majorana conditions

We write the 4-dimensial charge conjugation matrix as

C4 = a⊗ C2, C−1ΓmC = −ΓTm.

Because of the particular form of Γ0 and Γ1 the last condition implies for m = 0, 1

a−1∆aa = −∆T
a =⇒ a−1∆∗a = −∆T

∗ .

With the last identity the factor C2 must then fulfil

C−1
2 γµC2 = γTµ ,

which just means, that it is a charge conjugation matrix in an Euclidean spacetime with
signature (+,+). In such a spacetime there are real and symmetric γµ giving rise to an
imaginary and antisymmetric γ∗. In this representation we have C2 = 12. To obtain purely
imaginary Γm in which case C4 = −Γ0 and the 4-dimensional Majorana spinors become
real, we could take

∆0 = τ2 and ∆1 = τ3 =⇒ ∆∗ = τ1. (12.14)

To summarize we may choose a representation such that all Γm are imaginary and

C4 = −Γ0 = −τ2 ⊗ 12. (12.15)

It follows, that Majorana spinors Ψ in 4d Minkowski spacetime and Majora spinors χ in
2d Euclidean space are both real. The last statement comes from

χ = χc = C2(χ†)T = χ∗.

The choosen representation is very convenient, since in the expansion (12.13) all spinors
happen to be real Majoran spinors. For the 2-dimensional Majorana spinors we have the
identities listed above and below (13.4).

12.2.2 Reduction of 4d Wess-Zumino Lagrangian

Again we start with the expansion (12.13) for a Majorana spinor and its Dirac conjugate

Ψ̄ =
1√
V2

2∑
r=1

eTr ∆0 ⊗ χ†r

The spinor should be independent of the internal coordinates which are the coordinates
x0 and x1. We obtain for the fermionic bilinears∫

d4x Ψ̄Γm∂mΨ = −
∫
d2x (∆1)rsχ

†
r /∂χs∫

d4x Ψ̄Ψ =

∫
d2x (∆0)rsχ

†
rχs∫

d4x Ψ̄Γ5Ψ = −i
∫
d2x (∆1)rs χ

†
rγ∗χs
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Now we are ready to reduce the Wess-Zumino model with Lagrangian (12.7) to two Eucli-
dean dimensions,

−L2 = LB + LF (12.16)

with

LB = 1
2

(
∂µA∂

µA+ ∂µB∂
µB +m2(A2 +B2) + 2mgA(A2 +B2) + g2(A2 +B2)2

)
.(12.17)

and

LF = i
2(∆1)rsχ

†
r /∂χs + 1

2m(∆0)rsχ
†
rχs + gA(∆0)rsχ

†
rχs − gB(∆1)rsχ

†
rγ∗χs, (12.18)

where we choose the representation ∆0 = τ2 and ∆1 = τ1. With the hermiticity properties
worked out in section (13.2), above (13.20) one shows that this gives rise to a hermitean
action. For that one uses that ∆0 is imaginary and ∆1 real.

To reduce the susy transformations (6.12) we expand the Majorana susy parameter in 4
dimensions similarly as the Majorana spinor field Ψ as follows,

α =
∑

er ⊗ βr and ᾱ =
∑

eTr ∆0 ⊗ β†r
In terms of these Majorana parameters in 2 Euclidean dimensions we obtain

δA = β†τ2χ , δB = β†τ3γ∗χ

δχ = {iγ∗/∂B −mA− g(A2 −B2)}β + i{i/∂A− (mB + 2gAB)γ∗}τ1β. (12.19)

The summations convention used is evident. Later we shall combine the two flavours χ1

and χ2 to a Dirac spinor.

12.2.3 R-symmetry

We reduce the theory to R2 by requireing that the fields do not depend on the internal
coordinates which we choose to be x0 and x1.

SO(1, 3) −→ SO(1, 1)× SO(2) or Λ4 −→
(

Λ 0
0 R

)
,

where Λ is now considered as internal symmetry and and R ∈ O(2) as Lorentz trans-
formation in the Euclidean 2-space. With our choice for the Γm the generators of the
corresponding spin transformations in 4 dimensions read

Γ01 = −∆∗ ⊗ 12, Γ23 = −12 ⊗ γ01 = −i12 ⊗ γ∗. (12.20)

They yield the noncompact internal transformations R = exp(ω01∆∗)⊗12 and the compact
spinor transformations S2 = 12 ⊗ exp(−iω23γ∗). The internal symmetry is (ω = ω01)

χ −→ eω∆∗χ , χ† −→ χ†eω∆∗ where χ =

(
χ1

χ2

)
. (12.21)

The invariance of the action under this R-symmetry is evident, since both ∆0 and ∆1

anticommute with ∆∗. With the choice (12.14) the R-symmetry is given by

eω∆∗ = eωτ1 =

(
coshω sinhω
sinhω coshω

)
.
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12.2.4 Chiral symmetry

The model (12.18) seems not to be chirally invariant under a compact transformation.
That is not true! It is actually invariant under the rotations

χ −→ eiα∆∗⊗γ∗χ and

(
A
B

)
−→

(
cos 2α sin 2α
sin 2α cos 2α

)(
A
B

)
.

To prove the invariance one uses

e−iα∆∗⊗γ∗(∆0 ⊗ 12)eiα∆∗⊗γ∗ = ∆0 ⊗ 12 cos 2α+ ∆1 ⊗ γ∗ sin 2α

e−iα∆∗⊗γ∗(∆1 ⊗ γ∗)eiα∆∗⊗γ∗ = ∆1 ⊗ γ∗ cos 2α−∆0 ⊗ 12 sin 2α.

For the choice ∆∗ = τ1 the transformation reads(
χ1

iγ∗χ2

)
−→

(
cosα sinα
− sinα cosα

)(
χ1

iγ∗χ2

)
or equivalently

χ1 + χ2 −→ eiαγ∗(χ1 + χ2)

χ1 − χ2 −→ e−iαγ∗(χ1 − χ2).

It follows that

ψ =
1√
2

(χ1 + iχ2) and ψc =
1√
2

(χ1 − iχ2) (12.22)

transforms as follows under chiral rotations,(
ψ
ψc

)
−→

(
cosα −γ∗ sinα

sinαγ∗ cosα

)(
ψ
ψc

)
.

12.2.5 Rewriting the 2d model in a Dirac basis

The chiral symmetry and supersymmetry is more transparent if we use the Dirac spinors
(12.22). With the help of the relations above (13.20) one shows, that the bilinears are
related as follows:

ψ†ψ = −ψ†cψc = −1
2χ
†τ2χ , ψ†ψc = −ψ†cψ = − i

2χ
†τ1χ

ψ†γ∗ψc = 1
2χ
†τ3γ∗χ− i

2χ
†γ∗χ , ψ†cγ∗ψ = 1

2χ
†τ3γ∗χ+ i

2χ
†γ∗χ (12.23)

ψ†/∂ψc = 1
2χ
†τ3/∂χ− i

2χ
†τ1/∂χ , ψ†c /∂ψ = 1

2χ
†τ3/∂χ+ i

2χ
†τ1/∂χ.

Hence we may rewrite the fermionic Lagrangian as

LF = i
2(ψ†/∂ψc + ψ†c /∂ψ)−mψ†ψ − 2gAψ†ψ − gB(ψ†γ∗ψc + ψ†cγ∗ψ). (12.24)

————————————
A. Wipf, Supersymmetry



12. KK-Reduction of WZ model to 2d 12.2. Reduction to the 2d Euclidean model 200

To rewrite the susy transformations (12.19) in terms of Dirac spinors we introduce the
complex supersymmetry parameter

α =
1√
2

(β1 + iβ2) and αc =
1√
2

(β1 − iβ2),

and which should be distinguished from the 4-dimensional parameters, for which we used
the same symbol. With the identities

2α†ψ = β†χ− β†τ2χ , 2α†cψc = β†χ+ β†τ2χ

2α†γ∗ψc = β†τ3γ∗χ− iβ†τ1γ∗χ , 2α†cψ = β†τ3γ∗χ+ iβ†τ1γ∗χ

the susy transformations become

δA = α†cψc − α†ψ , δB = α†γ∗ψc + α†cγ∗ψ

δψ = {iγ∗/∂B −mA− g(A2 −B2)}α − {i/∂A− (mB + 2gAB)γ∗}αc
δψc = {iγ∗/∂B −mA− g(A2 −B2)}αc + {i/∂A− (mB + 2gAB)γ∗}α

To construct the susy algebra, we again decompose the 4-supercharges as

Q =
∑

er ⊗ qr, Q̄ =
∑

eTr ∆0 ⊗ q†r

with Majorana supercharges q1, q2 in 2 Euclidean dimensions. We correspondingly expand
the 4-dimensional supersymmetry parametes as

α =
∑

er ⊗ βr and α̃ =
∑

er ⊗ β̃r

such that

Q̄α̃ = q†τ2β̃ and ᾱQ = β†τ2q.

Now we introduce the two dimensional Dirac spinors

ε =
1√
2

(β1 + iβ2), ε̃ =
1√
2

(β̃1 + iβ̃2) and q =
1√
2

(q1 + iq2)

such that

Q̄α̃ = q†c ε̃c − q†ε̃ and ᾱQ = ε†cqc − ε†q.

Inserting this into

[Q̄α̃, ᾱQ] = −2i(ᾱΓmα̃)∂m −→ −2(ᾱ∆∗ ⊗ γµα)∂µ = 2iβ†τ3γ
µβ̃∂µ.

With

ε†γµε̃c = 1
2β
†(τ3 − iτ1)γµε̃ and ε†cγ

µε̃ = 1
2β
†(τ3 + iτ1)γµε̃

————————————
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we obtain

[q†c ε̃c − q†ε̃, ε†cqc − ε†q] = 2i(ε†γµε̃c + ε†cγ
µε̃)∂µ.

{qiα, q†βj } = −2i(τ3)ij(γ
µ) β
α ∂µ.

For the Dirac supercharges

Q =
1√
2

(q1 + iq2) and Q† =
1√
2

(q1 − iq2)

we obtain

{Qα, Q†β} = 2(γµ) β
α ∂µ and {Qα, Qβ} = −2(γµ) β

α ∂µ.

(There must be an error here)!!!!!

————————————
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Kapitel 13

WZ-models in 2 Dimensions

The purpose of this section is to present again the ideas of supersymmetry and to elaborate
upon them using the simpler examples of two dimensional SUSY-models. Also we shall
investigate the Euclidean models and the relation between the Minkowski and Euclidean
formulation in some detail. On the way the Ward-identities are discussed and are checked
explicitly for some simple models.

In two dimensions the Lorentz group is Abelian. It is the twofold covering of

SO(1, 1) and SO(2)

in Minkowski spacetime and Euclidean spacetime, respectively. According to our general
analysis in chapter 2 there are Majorana or Weyl spinors in two dimensions for any choice
of signature. In addition, in two-dimensional Minkowki spacetime there are Majorana
-Weyl fermions.

13.1 Models in 2d-Minkowski space

When discussing supersymmetric models it is always useful to recall the relevant proper-
ties of spinors which are relevant for the model under consideration. Although we have
discussed these properties for fermions in spaces of arbitrary dimensions and signatures, it
is useful to recall and further extend these results for the probably simplest case, namely
2-dimensional Minkowski space.

The general Fierz identity (4.83) simplifies to

2ψχ̄ = −(χ̄ψ)− γµ(χ̄γµψ) + 1
2γµν(χ̄γµνψ) = −(χ̄ψ)− γµ(χ̄γµψ)− γ∗(χ̄γ∗ψ). (13.1)

In two spacetime dimensions there are Majorana spinors. I the Majorana representation
(4.39)

γ0 = σ2, γ1 = iσ1, such that γ∗ = −γ0γ1 = σ3 (13.2)

the antisymmetric charge conjugation matrix reads C = −γ0. For Majorana spinors the
symmetry properties (4.75) read

ψ̄χ = χ̄ψ, ψ̄γµχ = −χ̄γµψ and ψ̄γ∗χ = −χ̄γ∗ψ. (13.3)
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Some further Fierz identities are easily derived from these properties: For Majorana
spinors we find

(ᾱψ)(ᾱψ) = (ψ̄α)(ᾱψ) = ψ̄(αᾱ)ψ = −1
2(ᾱα)(ψ̄ψ)

(ψ̄γµα)ψ = (ψψ̄)γµα = −1
2(ψ̄ψ)γµα.

In addition

ψ̄χ, ψ̄γ∗χ are hermitean and ψ̄γµχ is antihermitean. (13.4)

To construct the Wess-Zumino model in 1 + 1 dimensions we need a real superfield φ(x, α)
which has the following expansion

Φ(x, α) = A(x) + ᾱψ(x) + 1
2 ᾱαF (x) (13.5)

with real (pseudo)scalar fields A,F and Majorana spinor ψ. Its supersymmetry variation
is generated by the supercharge,

δβΦ = iβ̄QΦ, Q = −i ∂
∂ᾱ
− (γµα)∂µ. (13.6)

The supersymmetry variation of the component fields follows from

δβΦ = (β̄
∂

∂ᾱ
− i(β̄γµα)∂µ)Φ = β̄ψ + β̄αF − i(β̄γµα)∂µA− i(β̄γµα)ᾱ∂µψ

= δA+ ᾱδψ + 1
2 ᾱαδF.

We read off the following transformations of the component fields

δA = β̄ψ, δψ = (F + i/∂A)β ⇒ δψ̄ = β̄(F − i/∂A), δF = iβ̄ /∂ψ. (13.7)

Calculating the commutator of two susy transformations is considerably simpler as in four
dimensions:

[δ1, δ2]A = 2i(β̄2γ
µβ1)∂µA

[δ1, δ2]ψ = i(β2β̄1 − β1β̄2)/∂ψ + iγµ(β2β̄1 − β1β̄2)∂µψ = 2i(β̄2γ
µβ1)∂µψ

[δ1, δ2]F = 2i(β̄2γ
µβ1)∂µF.

The corresponding anticommutator of two supercharges are

{Qα, Q̄β} = 2(γµ) β
α Pµ. (13.8)

Multiplying with γ0 and summing over the spinor indices yields∑
α=1,2

{Qα, Q†α} = 4P0 ≥ 0.

The supercovariant derivatives read

D =
∂

∂ᾱ
+ i(γµα)∂µ and D̄ = − ∂

∂α
− i(ᾱγµ)∂µ, (13.9)

————————————
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and they anticommute with the supercharges.

To construct an invariant action we take the ᾱα term of D̄ΦDΦ. We need the covariant
derivatives of the superfield, which are found to be

DΦ = ψ + αF + i/∂Aα− i
2(ᾱα)/∂ψ and D̄Φ = ψ̄ + ᾱF − iᾱ/∂A+ i

2(ᾱα)∂µψ̄γ
µ.

Hence we obtain

1
2D̄ΦDΦ = 1

2 ψ̄ψ + (ᾱψ)F − iᾱγµψ∂µA+ ᾱαL0

L0 = 1
2∂µA∂

µA− i
4 ψ̄ /∂ψ + i

4∂µψ̄γ
µψ + 1

2F
2.

In (13.7) we have calulculated the variations of the components for an arbitrary real
superfield (13.5). We read off, that

δβL0 = ∂µ(β̄V µ
0 ), V µ

0 = 1
2(iγµψF + γµγνψ∂νA).

As expected, the Lagrangean density L0 transforms into a spacetime derivative, and the
action for the free and massless theory,

S0 =

∫
d2xL0,

is invariant under the supersymmetry transformations (13.7). The equations of motion are
simply

2A = 0, /∂ψ = 0 and F = 0. (13.10)

Since ∑
φ

∂L0

∂µφ
δβφ = ∂µAδβA+ i

2δβψ̄γ
µψ = β̄(∂µAψ + i

2Fγ
µψ + 1

2γ
νγµ∂νAψ)

we obtain the following conserved Noether current for the free massless model

Jµ0 = (ηµν + γ∗εµν)∂νAψ, ε01 = −ε01 = 1. (13.11)

By using the Klein-Gordon equation for A and the free Dirac equation for ψ one sees
at once that Jµ is a conserved spinorial supercurrent.

Now we can add an interaction of the form

S1 =

∫
d2xd2αW (Φ), (13.12)

which has the component expansion

W (Φ) = W (A) + ᾱψW ′(A) + 1
2 ᾱαL1, L1 = FW ′(A)− 1

2W
′′(A)ψ̄ψ.

The variation of L1 is found to be

δβL1 = ∂µ(β̄V µ
1 ), V µ

1 = iW ′(A)γµψ

————————————
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such that the Noether current of the interacting model with action

S =

∫
L, L = L0 + L1 (13.13)

becomes

Jµ = (ηµν + γ∗εµν)∂νAψ − iW ′(A)γµψ.

Again F is a nonpropagating auxiliary field, which satisfies the algebraic equation of
motion F = −W ′(A). After its elimination the Lagrangean density aquires the by now
familiar form

L = 1
2(∂A)2 − i

2 ψ̄ /∂ψ − 1
2W

′ 2(A)− 1
2W

′′(A)ψ̄ψ. (13.14)

The Hamiltonian density is found to be

H = 1
2π

2
A + 1

2A
′2 + i

2 ψ̄γ
1ψ′ + 1

2W
′(A) + 1

2W
′′(A)ψ̄ψ, πA = Ȧ, πψ = − i

2 ψ̄γ
0.(13.15)

The (anti)commutation relations for the field read

[πA(x), A(y)] = iδ(x− y) and {ψα(x), ψβ(y)} = −(γ0C)αβδ(x− y).

One can check, that the equations of motion are correctly gotten from1

Ȯ = i[O,H].

Consider the following superpotential

W (Φ) = gΦ + 1
2mΦ2 + 1

3λΦ3

which leads to the Langrangian density

L = L0 + L1, L1 = −1
2(g +mA+ λA2)2 − m

2 ψ̄ψ − λAψ̄ψ.

To simplify the following discussion let us assume that m = 0. Then the quartic potential
has a minimum at A = 0 and at A2 = −g/λ, provided that g/λ is negativ.

• For g/λ > 0 we have

〈A〉 = 0, 〈F 〉 = −g, V (〈A〉) > 0 and mA =
√

2gλ, mψ = 0

such that supersymmetry is broken at the classical level. The vanishing ψ−mass signals
a Nambu-Goldstone fermion sometimes also called goldstino, associated with the spon-
taneous supersymmetry breaking at the tree level.

• For g/λ < 0 we have

〈A〉 =
√
−g/λ, 〈F 〉 = 0, V (〈A〉) = 0 and mA = mψ = 2

√
−gλ.

The fields A and ψ have equal masses, supersymmetry is exact at the tree level but the
reflection symmetry A→ −A is broken.

1we had to change the conventions used in section (6), since the kinetic term for the Dirac fermions have
changed signs and since {ψ†, ψ} must be positive. The matrix −γ0C leads to {ψ†α(x), ψβ(y)} = δαβδ(x−y).

————————————
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g/λ > 0 g/λ < 0

V V

A A

Abbildung 13.1: Potentials for the Wess-Zumino model with and without susy breaking.

13.1.1 Two-point functions

Here I follow the book of Bogoliubov and Shirkov, suitable generalized. The positive
frequency part of the Pauli-Jordan function in d space-dimensions is

∆+(ξ) =
1

i(2π)d−1

∫
e−ipξθ(p0)δ(p2 −m2)dp =

1

i(2π)d−1

∫
1

2ω
e−i(ωξ

0+piξ
i) dp.

Here dx, dp and denote integrals over time and space coordinates, whereas dp denotes the
integral over the spatial components only. The corresponding Wightman function i∆+

defines a positive inner product, as it must be,

〈A(f)A(g)〉 = i

∫
dxdy f(x)∆+(x, y)g(y)

=
1

(2π)d−1

∫
dp dx dy f(x)e−ipxθ(p0)δ(p2 −m2)eipyg(y)

=

∫
dp θ(p0)δ(p2 −m2)f̃∗(p)g(p) =

∫
dp

1

2ω
f̃∗(ω,p)g(ω,p),

where we made use of the Fourier transform

f̃(p) =
1√
2π

∫
eipxf(x).

Note that only the on-shell values of the test function enters. Let us find the explicit form
of the Wightman function in two spacetime dimensions. First we change variables,

ω =
√

p2 +m2 = m coshφ and p = m sinhφ

which results in

∆+(ξ) =
1

4πi

∫ ∞
−∞

e−im(coshφξ0+sinhφξ1)dφ

Fortunately, this integral has been evaluated in the book cited. We take the result

∆+(ξ) =


1
4

(
iN0

(
m
√
ξ2
)
− ε(ξ0)J0

(
m
√
ξ2
))

for ξ2 > 0

1
2πiK0

(
m
√
−ξ2

)
for ξ2 < 0

(13.16)

————————————
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The Pauli-Jordan function becomes

∆(ξ) = ∆+(ξ)−∆+(−ξ) = −1
2ε(x

0) θ(ξ2) J0(m
√
ξ2),

and gives rise to the commutator

[A(x), A(y)] = i∆(ξ) = − i
2ε(ξ

0)θ(ξ2) J0(m
√
ξ2)

with support for timelike separated points, ξ = x− y. If we would quantize the free model
on the cylinder

(x0, x1) ∈ R× S1,

where the circumference of S1 is L, then for spacelice x the function would has the form

∆+(x) =
1

2πi

∑
n

K0

(
m
√

(Ln+ x1)2 − x2
0

)
. (13.17)

Furthermore, the time derivative at x0 = 0 is

(∂0∆+)(0, x1) = − 1

4π

∫
e−ipx

1
dp = −1

2δ(x
1) =⇒ (∂0∆)(0, x1) = −δ(x1).

1
2πiK0

1
2πiK0

−1
4H

(2)
0

1
4H

(1)
0

time

wave

exponentially

damped

spa
e

Abbildung 13.2: The Wightman function ∆+ in two dimensions.

To obtain the Wightman funtion for the fermions we calculate

S = (i/∂ −m)(i∆+) =
1

(2π)d−1

∫
(/p−m)θ(p0)δ(p2 −m2)e−ipξdp

=
1

(2π)d−1

∫
1

2ω
(/p−m)e−ipξdp,

————————————
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where in the last formula p0 = ω(p). Note that

S = (i/∂ −m)(i∆+) =

(
−m ∂0 − ∂1

−∂0 − ∂1 −m

)(
i∆+ 0

0 i∆+

)
.

The inner product induced by the Wightman function is∫
dx dy g∗α(Sγ0)αβ(x−y)fβ(y) =

1

(2π)d−1

∫
dp
2ω
g̃∗(ω,p)(ω−hf )f̃(ω,p),

where we introduced the hermitean Dirac Hamiltonian

hf = αipi +mγ0

which contains the hermitean matrices αi = γ0γi. Since

h2
f = (p 2 +m2)1 = ω2

1,

the eigenvalues of hf are ±ω. Hence the inner product of f with itself vanishes if and only
if f is on shell. To proceed we need

(i∂1∆+)(0, x1) = −m
2π

∑
K1(mLn+ nx1)

which finally yiels

〈ψ(0, x1)ψ̄(0, y1)〉 = S(0, ξ1) = 1
2δ(ξ

1)σ2 +
m

2π
(K1(ξ1)σ1 −K0(ξ1)σ0).

The two point function of two fermion fields are

〈ψα(0, x1)ψβ(0, y1)〉 = 1
2δ(ξ

1)δαβ +
m

2π
(iK1(ξ1)σ3 −K0(ξ1)σ2)αβ.

After smearing with real testfunctions f : R2 → R2 we obtain

〈ψ(0, f)ψ(0, f)〉 = 1
2

∫
dx1fα(x1)fα(x1).

13.2 Model in 2d-Euclidean spacetime

Instead to analytically continue the Minkowski model to the Euclidean one, we construct
the Euclidean model starting from the known facts about the Clifford algebra on E2 with
metric diag(1, 1). The Dirac conjugation is just

ψ̄ = ψ†. (13.18)

and there is a charge conjugation matrix C satifying

γTµ = C−1γµC and CT = C. (13.19)

————————————
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For example, for the real representation

γ0 = σ1, γ1 = σ3 we have C = 1, γ∗ = iγ0γ1 = σ2

a Majorana spinor is just real. For Majorana spinors the symmetry properties are

ψ̄χ = −χ̄ψ, ψ̄γµχ = −χ̄γµψ and ψ̄γ∗χ = χ̄γ∗ψ, where ψ̄ ≡ ψ†,

and the hermiticity poperties become

ψ̄χ, ψ̄γµχ are antihermitean and ψ̄γ∗χ is hermitean.

Finally, the Fierz identity reads

ψχ̄ = −1
2 χ̄ψ − 1

2γµ(χ̄γµψ)− 1
2γ∗(χ̄γ∗ψ). (13.20)

Some further Fierz identities are easily derived from these properties: For Majorana
spinors we have

(ᾱψ)(ᾱψ) = −(ψ̄α)(ᾱψ) = −ψ̄(αᾱ)ψ = 1
2(ᾱγ∗α)(ψ̄γ∗ψ)

(ψ̄γµα)ψ = (ψψ̄)γµα = −1
2(ψ̄γ∗ψ)γ∗γµα

A hermitean superfield has the following component expansion,

Φ(x, α) = A(x) + ᾱγ∗ψ(x) + 1
2(ᾱγ∗α)F (x)

with real fields A,F and Majorana spinorfield ψ. As supercharges we may take

Q = −i ∂
∂ᾱ
− γµα∂µ = and Q̄ = −i ∂

∂α
− ᾱγµ∂µ = QTσ1.

One finds the following nontrivial anticommutation relations

{Qα, Q̄β} = 2i(γµ∂µ)αβ. (13.21)

Thus we have recovered the correct anticommutation relations for the supercharges. The
superderivatives are

D =
∂

∂ᾱ
+ i(γµα)∂µ , D̄ = − ∂

∂α
− i(ᾱγµ)∂µ = −DTσ1.

Up to a sign they satisfy the same anticommutation relations as the supercharges. The
supersymmetry variation of the superfield is

β̄(
∂

∂ᾱ
− iγµα∂µ)Φ = β̄(γ∗ψ + γ∗αF − i/∂Aα+ i

2(ᾱγ∗α)/∂ψ)

= δA(x) + ᾱγ∗δψ(x) + 1
2(ᾱγ∗α)δF (x),

from which we read off the following transformation rules for the component fields

δA = β̄γ∗ψ, δψ = (F + iγ∗/∂A)β =⇒ δψ̄ = β̄(F − i/∂Aγ∗), δF = iβ̄ /∂ψ. (13.22)

————————————
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Now we are ready to calculate the action of the free model. First we need the covariant
derivatives of the superfield

DΦ = γ∗ψ + γ∗αF + i/∂Aα− i
2(ᾱγ∗α)/∂ψ

D̄Φ = ψ̄γ∗ + ᾱγ∗F − iᾱ/∂A+ i
2(ᾱγ∗α)∂µψ̄γ

µ

Since γ∗DΦ is a Majorana field we obtain

1
2D̄ΦDΦ = − i

4(ᾱγ∗α)∂µ(ψ̄γ∗γµψ) = 0,

and this can be checked by a direct calculation using the Fierz identities in Euclidean
spacetime. The supersymmetric and Lorentz-invariant action is derived from the density

1
2D̄Φγ∗DΦ = = 1

2 ψ̄γ∗ψ + (ᾱγ∗ψ)F − iᾱγµψ∂µA− ᾱγ∗αL0

L0 = 1
2∂µA∂

µA+ i
4 ψ̄ /∂ψ − i

4∂µψ̄γ
µψ − 1

2F
2.

The variation of the Lagrangean density L0 with respect to supersymmetry transformati-
ons is

δL0 = ∂µ(β̄V µ
0 ), V µ

0 = 1
2(γ∗γµγν ∂νA− iγµF )ψ.

Note that L0 gives rise to an action which is unbounded below and above. Again we switch
on an interaction by adding a superpotential W (Φ) with component expansion,

W (Φ) = W (A) + ᾱγ∗ψW ′(A) + 1
2 ᾱγ∗α(W ′(A)F − 1

2W
′′ψ†γ∗ψ),

and which gives rise to the Lagrangean density

L1 = 1
2W

′′(A)ψ†γ∗ψ −W ′(A)F.

The total Lagrangean is L = L0 +L1 and from the superfield formulation we read off that

δL = ∂µ(β̄V µ), V µ = V µ
0 − iW ′(A)γµψ. (13.23)

This can be checked directly by using the explicit form for the tranformations of the
component fields A,ψ and F . The auxiliary field fulfils the algebraic equation

F = −W ′(A).

Eliminating F we obtain

L = 1
2(∂A)2 + i

2 ψ̄ /∂ψ + 1
2W

′ 2(A) + 1
2W

′′(A) ψ̄γ∗ψ. (13.24)

This density is invariant under the on-shell supersymmetry transformations

δA = β̄γ∗ψ and δψ = (iγ∗/∂A−W ′(A))β, δψ̄ = β̄(iγ∗/∂A−W ′(A)). (13.25)

Hence, on the classical level we have constructed an N = 1 supersymmetric and stable
Euclidean Wess-Zumino model. Already for the simple Euclidean Wess-Zumino model we

————————————
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have the strange result that off-shell the action is unbounded from below. Only after
eliminating the auxiliary field does the theory become stable. In theories with extended
supersymmetry the models are unstable even on-shell.

The equations of motion read

4A = (W ′W ′′)(A) + 1
2W

′′′(A)ψ̄γ∗ψ
i
2
/∂ψ = −1

2W
′′(A)γ∗ψ.

The solutions are integral curves to the hamiltonian vectorfield generated by

H = πAȦ+ πψψ̇ − L = 1
2π

2
A − 1

2(A′)2 − i
2 ψ̄γ

1∂1ψ − 1
2W

′ 2(A)− 1
2W

′′ψ̄γ∗ψ,

where

πA = Ȧ and πψ = i
2 ψ̄γ

0 = i
2ψ

T (C−1)Tγ0

are the momentum field conjugate to A and ψ. The (anti)commutation relations read

[A(x), πA(y)] = iδ(x− y) and {ψα(x), πβψ(y)} ∼ δ βα δ(x− y).

Indeed one finds

Ȧ(x) = i[H,A(x)] = πA(x)

π̇A(x) = i[H,πA(x)] = −(∂xA)2 + (W ′W ′′)(A) + 1
2W

′′′(A)ψ̄γ∗ψ

which imply the correct equations of motion for the scalar field. To continue we choose
the following Majorana representation,

γ0 = σ1, γ1 = σ3 =⇒ γ∗ = σ2.

The charge conjugation matrix is the identity and

πψ = i
2(ψ2, ψ1).

The anticommutation relations read2

{ψ1(x), ψ2(y)} = δ(x− y), {ψ1, ψ1} = {ψ2, ψ2} = 0.

The fermionic part of the Hamiltonian density reads

HF = − i
2(ψ1ψ

′
1 − ψ2ψ

′
2) + i

2W
′′(A)(ψ1ψ2 − ψ2ψ1).

With [AB,C] = A{B,C} − {A,C}B we obtain

ψ̇1 = i[H,ψ1] = +ψ′2 −W ′′ψ1

ψ̇2 = i[H,ψ2] = −ψ′1 +W ′′ψ2,

which yields the above Dirac equation in the given representation.

2I choose the normalization such, that the I get the correct equations of state
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13.2.1 Noether currents

With

∂L
∂∂µφ

δφ = β̄(∂µAγ∗ − i
2Fγ

µ − 1
2
/∂Aγ∗γµ)ψ,

the Noether current reads

β̄Jµ = β̄(∂µγ∗ + iεµν∂νA+ iW ′(A)γµ)ψ, ε01 = 1,

and gives rise to the Noether charge

Q =

∫
dx
(
πAγ∗ + iA′ + iW ′(A)γ0

)
ψ.

In our Majorana representation

β̄Q =

∫
dxβ̄

(
πAσ2 + iA′ + iW ′(A)σ1

)
ψ.

It is easy to calculate

δA = i[β̄Q,A] = β̄γ∗ψ.

To compute the commutator of the supercharge with the fermionic field, we use∫
dy[β̄αAαβ(y)ψβ(y), ψσ(x)] =

∫
dyβ̄αAαβ(y){ψβ(y), ψσ(x)} = β̄α(Aσ1)ασ(x).

With this formula one finds

δψ = iβ̄(πAσ2 + iA′ + iW ′σ1)σ1 = (iσ2(σ1∂0 + σ3∂1)A−W ′)β.

Hence we recover the transformation law for the scalar field A and the Majorana spinor
ψ.

In components (and the Majorana representation) we find

Q1 = i

∫
dx1 ((W ′ − πA)ψ2 +A′ψ1)

Q2 = i

∫
dx1 ((W ′ + πA)ψ1 +A′ψ2).

13.3 Euclidean path integral for free model

Here we recall the quantisation of the free massive N = 1 model. The main emphasis is put
on the correct quantisation of Majorana fermions in the path integral formulation. Since
all functional integrals are Gaussian, the generating functional and hence all correlations
functions, can be calculated explicitely.
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First, to get the free massive model we choose a linear superpotential

W = m
2 Φ2 = m

2 A
2 +m(ᾱγ∗ψ)A+ m

2 ᾱγ∗α(AF − 1
2 ψ̄γ∗ψ),

giving rise to a quadratic Langrangian density,

L = 1
2∂µA∂

µA+ i
4 ψ̄ /∂ψ − i

4∂µψ̄γ
µψ − 1

2F
2 −mAF + m

2 ψ̄γ∗ψ.

We have seen that this density is invariant under the following susy transformations

δA = β̄γ∗ψ and δψ = (F + iγ∗/∂A)ψ,

and that the density is invariant up to a divergence,

δL = ∂µ(β̄V µ), V µ = V µ
0 − imAγµψ.

After eliminating the auxiliary field via its equation of motion, F = −mA, we end up with
the massive free theory for a real scalar field and a Majorana spinor,

L = 1
2∂µA∂

µA+ m
2 A

2 + i
2 ψ̄ /∂ψ + m

2 ψ̄γ∗ψ. (13.26)

Next we wish to study the Gaussion functional integral for the generating functional of
the Euclidean correlation functions

Z(j, η) =

∫
DADψ e−S+i

∫
(jA+η̄ψ) ≡ ZB(j)ZF (η) (13.27)

in detail. Note that the bosonic source term is imaginary, whereas the fermionic source term
is hermitean. Clearly the functional factorizes into bosonic and fermionic parts. We shall
work on the two-dimensional torus such that the relevant differential operators possess
discrete spectra. Hence we identify x0 with x0 + β and x1 with x1 + L. The functional
integral over the scalar field is simply

ZB(j) =
1

det1/2(−4+m2)
exp

{
− ( j,

1

−4+m2
j)
}
.

The integral over the Majorana fermions is more subtle and hence we shall be a bit more
explicit. The eigenvalue equation for the Euclidean Dirac equation,

(i/∂ +mγ∗)ψ = λψ,

reads in the Majorana representation

i

(
∂1 ∂0 −m

∂0 +m −∂1

)
ψ = λψ.

On the space of real Majorana spinors this euclidean Dirac equation has no solution. But
we can solve

(i/∂ +mγ∗)χλ = iλφλ and (i/∂ +mγ∗)φλ = −iλχλ =⇒ (−4+m2)χλ = λ2χλ.
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on real modes. The possible eigenvalues are

λrs = ±
√
p2 +m2, p0 =

2πr

β
, p1 =

2πs

L
.

To construct these solutions one starts with a (necessarily) complex and normalized eigen-
function ψλ of the Dirac operator with eigenvalue λ. We assume that λ is positive. Then
ψ∗λ is an eigenfunction as well with eigenvalue −λ. Now we may take

χλ =
1√
2

(ψλ + ψ∗λ) and φλ =
1

i
√

2
(ψλ − ψ∗λ), λ > 0.

Since the ψλ form an orthonormal set of (complex) eigenfunctions, we have

(χλ, χλ) = (φλ, φλ) = 1 and (χλ, φλ) = 0.

Now we expand the Majorana field and source in the functional integral as

ψ =
∑
λ

(bλχλ + cλφλ), η̄ =
∑
λ

(uλχ
T
λ + vλφ

T
λ ),

where the sum extends over all positive eigenvalues λ of the Dirac operator. It follows that

1
2(ψ̄, (i/∂ +mγ∗)ψ) = i

2

∑
λ(bλcλ − cλbλ) and (η̄, ψ) =

∑
(uλbλ + vλcλ).

Next we take linear combinations of the real Grassmannian parameters and introduce the
complex objects

a =
1√
2

(b+ ic), , s =
1√
2

(u+ iv)

such that

a†a = i
2(bc− cb), s†a+ sa† = ub+ vc.

Now we may rewrite the path integral in terms of complex Grassmann variables as follows,

ZF (η) =

∫
daλda

†
λ exp

(∑
{ − λa†λaλ + is†λaλ + isλa

†
λ}
)
.

The remaining manipulations are wellknown. First we shift variables

−λa†a+ i(s†a+ sa†) = λã†ã+
1

λ
s†s, ã = a+

i

λ
s, ã† = a† − 1

λ
s†,

such that the path integral simplifies to

ZF (η) = exp (−
∑ 1

λ
s†λsλ)

∫
dãλdã

†
λ exp (−

∑
λã†λãλ) = (

∏
λ) exp (− 1

λ
s†λsλ),

where the product and sum extends over the positive eigenvalues of the Dirac operator.
Notice the difference as compared to the path integral for Dirac fermions. The eigenvalues
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of −/∂2
are at least double degenerate (the γ∗-doubling). When we quantize Dirac fermi-

ons, then the two eigenvalues are both included in the above formula. But for Majorana
fermions we combined two eigenfunction in the subspace with fixed λ2 to one complex
eigenfunction. Hence we only must include one of the eigenvalues of the pair of eigenvalues
±λ of i/∂. Hence the product is∏

λ = det1/2(i/∂ + γ∗m) = det1/2(−4+m2).

In the last step we used /∂
2

= 412. This way we arrive at the intermediate result

ZF (η) = det1/2(−4+m2) exp (− i
∑ uλvλ

λ
).

To rewrite the last term we use the spectral decomposition of the Greensfunction of the
Dirac operator,

S(x, y) ≡ 〈x| 1

i/∂ +mγ∗
|y〉 = i

∑
λ>0

1

λ
(φλ(x)χTλ (y)− χλ(x)φTλ (x)) =

∑
allλ

1

λ
ψλψ

†
λ.

This Greensfunction is purely imaginary and antisymmetric

Sαβ(x, y) = −Sβα(y, x).

Using the eigenmode expansion of the source and the orthogonality of the eigenmodes one
proves that

(η̄,
1

i/∂ +mγ∗
η) = −2i

∑ uλvλ
λ

.

This finally proves the following nice formula for the path integral

Z(j, η) = exp
(
− 1

2

∫
j(x)G(x, y)j(y) + 1

2

∫
η̄(x)S(x, y)η(y)

)
. (13.28)

Notice that the (UV-singular) functional determinants have exactly canceled in the final
result. This (partial) cancellation of divergences is one of the most attractive features of
supersymmetric theories.

13.4 Do we get a sensible susy field theory?

After having computed the generating functional it is a easy exercise to derive the two-
point function and hence all n-point function for the free N = 1 model. The bosonic
2-point function is

〈A(x)A(y)〉 =
1

i2
δ2

δj(x)j(y)
logZ(j, η)|j=0 = G(x, y). (13.29)

It is positive in the following sense,

(f,Gf) ≥ 0 and = 0 only for f = 0,

implying that the in the bosonic sector of the corresponding Minkowski theory the Hil-
bertspace has positive norm.
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13.4.1 The requirements on the Euclidean Theory

Let us recall the relations between Minkowski and Euklidean 2-point functions: In Min-
kowski spacetime one defines the two-point Wightman funtion

〈Ω|Â(x)Â(y)|Ω〉 = 〈Ω|eix0HÂ(0, x )e−ix
0Heiy

0HÂ(0,y )e−iy
0H |Ω〉

= 〈Ω|Â(0, x )e−i(x
0−y0)HÂ(0,y )|Ω〉 = W (x, y) = W (ξ),

where ξ = x − y. This Poincaré invariant distribution must be positive, that is for non-
vanishing test functions f we have (f,Wf) > 0. From H ≥ 0 it may be inferred that
W (ξ) admits an analytic continuation with respect to x0. Writing S(z, ξ) for the analytic
function with z = ξ0

E + iξ0 restricted to the halfplane ξ0
E > 0,

S(z, ξ ) = 〈Ω|Â(0, x )e−zHÂ(0,y )|Ω〉, z = ξ0
E + iξ,

we have

W (ξ0, ξ ) = lim
ξ0E↓0

S(ξ0
E + iξ0, x ).

As a rule the boundary values only exist in the sense of distributions. Else there are no
singularities for ξ0

E > 0, and this is the domain where the Euclidean two-point function is
evaluated:

S(ξ) = S(ξ0
E , ξ ).

Now let us recall the basic axioms of Euclidean field theory such that it gives rise to a
interpretable field theory in Minkowski space.

The starting point is the normalized generating functional

Z(f) =

∫
dµ(A) eiA(f), dµ(A) ∼ DAe−S[A], A(f) =

∫
f(x)A(x), f ∈ S.(13.30)

We have changed the notation. Here and below f (and not j) denotes the external source.
The space S is a suitable real test function space, usually one takes the Schwartz space3.
Obvious properties are

|Z(f)| ≤ Z[0] = 1

Z[ f1 + tf2] is continuous function of t ∈ R for all fi ∈ S (13.31)

aij = Z[fi − fj ] is positive definite.

Next we introduce the space Sc of all complex f = f1 + if2, where fi ∈ S. Then we assume

Analyticity: The Schwinger functional Z[f ] admits an extension to complex f ∈ Sc with
the extension being analytic.

3The Schwartz space consists of all C∞-functions f : Rd → R, such that f and all its derivatives
decrease faster than any inverse power of |x| as |x| → ∞. The dual S ′ of S consists of all R-linear
functionals φ : S → R.
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This means that for f =
∑n

1 zifi with zi ∈ C and fi ∈ Sc the mapping (z1, . . . , zn)→ Z[f ]
is entirely analytic in Cn. Then Z admits a power series expansion which represents the
functional. The next property we require is

Regularity: There exists constants c1 and c2 such that for all f ∈ Sc

|Z[f ]| ≤ exp

∫
dx
(
c1|f(x)|+ c2|f(x)|2. (13.32)

Moreover, the two point function 〈A(x)A(y)〉 is assumed to be locally integrable.

This postulate may physically not be as well founded as the postulate of

Invariance: The functional Z(f) is invariant under all symmetries of the Euclidean space.

We shall use the Hilbert space E = L2(S ′, dµ(A)) of square integrable functions F : S ′ → C
with respect to the functional measure µ. The scalar product is given by

(F,G) =

∫
dµ(A)F (A)G(A). (13.33)

Let us explain the rather important lat axiom in more detail: The action of the Euclidean
group on the test functions is described by

(a,R)f(x) = f(R−1(x− a)), a ∈ Rd, R ∈ O(d). (13.34)

A unitary representation U(a,R) : E → E is then given by

U(a,R)F (A) =
∑
k

ck exp {iA((a,R)fk))}, F (A) =

n∑
k=1

ck exp (iA(fk)). (13.35)

Particular elements of the Euclidean group are

• Time reversal: This is the element θ = (0, R), where R is a time reflection. The corre-
sponding unitary operator Θ is an involution, Θ2 = 1.

• Time shifts: These are the elements (a,1), where a = (t,~0) shifts the time coordinate.
We obtain a one-parameter unitary group U(t) = exp(itB). But B is not to be confused
with the Hamiltonian. Since

ΘU(t) = U(−t)Θ (13.36)

the spectrum of B is symmetric about zero.

The last property we require is

Reflection positivity: The matrix with elements aij = Z(fi − θfj), i, j = 1, . . . , n with
arbitrary n, is poitive for all test functions fi ∈ S that vanish in the halfplane x0 < 0, i.e.
f(x) = 0 for negative x0.

On may rephrase this crucial property in terms of the Schwinger functions, that is the
moments of the Schwinger functional, as follows:

For each finite sequence (f0, . . . , fn) of test functions f0 ∈ C and fk ∈ S(Rkd) with

fk(x1, . . . , xk) = 0 except for 0 ≥ x0
1 ≥ . . . ≥ x0

k
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on has ∑
n,m

Sn+m( θfn ⊗ fm) ≥ 0. (13.37)

Test functions with this property form a subspace S+ of S. There is a corresponding
subspace E+ ⊂ E , which we define as the closed complex-linear hull of all vectors of the
form F (A) = exp (iA(f)) with f ∈ S+. Reflection positivity implies that (ΘF,G) ≥ 0 for
all F,G ∈ E+. Thus we introduce a second scalar product

〈F,G〉 ≡ (ΘF,G) (13.38)

under the provision that we factor out the null space

E0 = {F ∈ E+|〈F, F 〉 = 0}. (13.39)

This then gives rise to the (physical) Hilbert space

H = E+/E0. (13.40)

Two vectors F and G in E+ give rise to the same vector in H if they differ by some vector
in E0. Thus one considers the equivalence class F• associated with each F ∈ E+ and treat
F• as some vector in H so that the scalar product becomes

(F•, G•) = 〈F,G〉.

The Hamiltonian: It is remarkable that one may construct the Hamiltonian of the model
within the Euclidian formulation of the model. First we observe that if a test function
vanishes for negative euclidean times f(x0 < 0, x ) = 0, so does the function

ft(x
0, x ) = f(x0 − t, x )

for all t > 0. This time shifts with positive t define a semigroup which maps S+ into itself.
Hence

U(t) : E+ −→ E+.

One can show that E+ is left invariant under U(t) such that the U(t) maybe viewed as
linear bounded operator U• on the quotient space E+/E0 which is then extended to H,

U(t)•F• = (U(t)F )•.

One can prove

0 ≤ U †•(t) = U•(t) ≤ 1 =⇒ U•(t) = e−tH , t ≥ 0, H ≥ 0. (13.41)

The operator H is then just the selfadjoint and positive Hamiltonian of the theory under
consideration.
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13.4.2 The fermionic subspace

When we differentiate (13.27) with respect to the Grassman-valued fermionic sources we
get

δ2

δη̄β(y)δηα(x)
ZF (η)|η=0 = ZF · 〈ψα(x)ψ̄β(y)〉,

where in the Majorana representation there is no difference between ψ̄α and ψα. When we
differentiate (13.28) we obtain

δ2

δη̄β(y)δηα(x)
ZF (η)|η=0 = ZFSαβ(x, y).

Not unexpectedly this proves that

〈ψα(x)ψ̄β(y)〉 =
δ2

δη̄β(y)δηα(x)
logZF (η)|η=0 = Sαβ(x, y). (13.42)

This does not define a positive form on the set of functions R2 → R2,∫
fα(x)Sαβ(x, y)fα(y) = 0.

However, this is not a serious problem. Only the positivity of the state space of the
Minkowski theory is really required.

13.4.3 Supersymmetric Ward identities:

In (13.26) we change variables (A,ψ)→ (A′, ψ′), where the mapping is a supersymmetry
transformation. We shall assume that the measure respects the supersymmetry. Then

Z(j, η) =

∫
DADψ exp(−S) exp

(
i

∫
jA′ + η̄ψ′

)
=

∫
DADψ exp(−S) exp

(
i

∫
j ′A+ η̄ ′ψ

)
= Z(j ′, η′).

When calculate the transformations of the sources on needs some partial integrations and
Fierz identities. The partial integrations are justified on the torus. It follows in particular,
that

0 =

∫
DADψ exp(−S) exp

(
i

∫
jA+ η̄ψ

)
·
(∫

jδA+ η̄δψ
)
. (13.43)

where we have set A′ = A + δA and ψ′ = ψ + δψ. The Ward identities are gotten by
differentiating (13.43) several times with respect to the sources j and η and setting them
to zero after the differentiation has been performed. We give some examples:
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Operator Ward identity
δ

δj(x) 〈δA(x)〉 = 0
δ2

δj(y)δj(x) 〈A(x)δA(y)−A(y)δA(x)〉 = 0
δ

δη̄α(x) 〈δψα(x)〉 = 0
δ2

δη̄β(y)δη̄α(x) 〈ψα(x)δψβ(y)− ψβ(y)δψα(x)〉 = 0
δ2

δη̄β(y)δj(x) 〈A(x)δψβ(y) + ψβ(y)δA(x)〉 = 0

For the free model only the last Ward identity yields a nontrivial relations between the
two-point functions,

(i/∂ + γ∗m)x〈A(x)A(y)〉 = 〈ψ(x)ψ̄(y)〉

which is indeed fulfilled, since

(i/∂ + γ∗m)xG(x, y) = S(x, y)

holds true. Next we investigate the Ward identities when we perform two successive
supersymmetry transformations with parameters α and β:

A −→ A+ δαA+ δβA+ δαδβA+O(α2, β2) = A+ δαβA+O(α2, β2).

ψ −→ ψ + δαψ + δβψ + δαδβψ +O(α2, β2) = ψ + δαβψ +O(α2, β2).

Clearly, we get the identity

0 =

∫
exp

(
− S + i

∫
(jA+ η̄ψ)

) (
i

∫
(j δαβA+ η̄δαβψ)

−1
2

{∫
j(δα + δβ)A+ η̄(δα + δβ)ψ)

}2
)

+O(α2, β2).

Now exchange α and β and subtract the corresponding equation which results in

0 =

∫
exp

(
− S + i

∫
(jA+ η̄ψ)

) ∫ (
j [δα, δβ]A+ η̄[δα, δβ]ψ

)
= 2iβ̄γµα

∫
exp

(
− S + i

∫
(jA+ η̄ψ)

) ∫ (
j∂µA+ η̄∂µψ

)
. (13.44)

But this is just the Ward identity for the translations in Euclidean spacetime. For exam-
ple, it follows that the two-point functions only depend on the difference x − y, and not
on x and y separately. We see, that on the level of Ward identities the supersymmetry
transformations indeed close on spacetime translations.

13.4.4 Changing the representation:

If we would have started with the following definition of the Dirac conjugate in Euclidean
space,

ψ̄ = ψ†A, A = γ0γ1
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then Majorana spinors would have η = ε = 1, so that

CT = −C and γTµ = −C−1γµC.

A possible representation is

γ0 = σ1, γ1 = σ2 =⇒ C = σ2, γ∗ = iγ0γ1 = σ3, A = iσ3, B = −σ1.

Now the Majorana condition reads

ψc = Bψ∗ = ψ =⇒ ψ2 = −ψ∗1, or ψ =

(
ψ1

−ψ∗1

)
, ψ̄ = (iψ∗1, iψ1).

For Majorana spinors the symmetry properties are

ψ̄χ = χ̄ψ, ψ̄γµχ = −χ̄γµψ and ψ̄γ∗χ = −χ̄γ∗ψ

and the hermiticity poperties become

ψ̄χ is hermitean and ψ̄γ∗χ, ψ̄γ∗χ are antihermitean.

Finally, the Fierz identity reads

ψχ̄ = −1
2 χ̄ψ − 1

2γµ(χ̄γµψ)− 1
2γ∗(χ̄γ∗ψ).

For Majorana spinors further Fierz identities are easily derived from these properties:

(ᾱψ)(ᾱψ) = (ψ̄α)(ᾱψ) = −1
2(ᾱα)(ψ̄ψ) , (ψ̄γµα)ψ = −1

2(ψ̄ψ)γµα.

A hermitean superfield has the form

Φ(x, α) = A(x) + iᾱψ(x) + i
2(ᾱα)F (x)

with real fields A,F and Majorana spinorfield ψ. As supercharges we may take

Q = −i ∂
∂ᾱ
− γµα∂µ and Q̄ = i

∂

∂α
+ ᾱγµ∂µ = QTσ1.

One finds the following nontrivial anticommutation relations

{Q, Q̄} = −2i(γµ∂µ).

The superderivatives are

D = −i ∂
∂ᾱ

+ (γµα)∂µ , D̄ = i
∂

∂α
− (ᾱγµ)∂µ.

From the supersymmetry variation of the superfield we read off the following transforma-
tion rules for the component fields

δA = iβ̄ψ, δψ = (F + /∂A)β δF = iβ̄ /∂ψ.
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The supersymmetric, lorentzinvariant and unstable Euclidean action is gotten from the
density

i
2D̄ΦDΦ = = i

4 ψ̄ψ + i
2(ᾱψ)F − i

2 ᾱγ
µψ∂µA+ i

2 ᾱαL0

L0 = −1
2∂µA∂

µA− i
4 ψ̄ /∂ψ + i

4∂µψ̄γ
µψ + 1

2F
2.

Again we switch on an interaction by adding a superpotential

W (Φ) = gΦ + 1
3λΦ3,

which has the component expansion

W (Φ) = W (A) + iᾱψW ′(A) + i
2 ᾱαL1 with L1 = gF + λ(A2F − iAψ̄ψ).

The interacting theory has density L = L0 + L1.

The auxiliary field fulfils the algebraic equation

F = −g − λA2.

Eliminating it we obtain

−L = 1
2(∂A)2 + i

2 ψ̄ /∂ψ + 1
2(g + λA2)2 + iλAψ̄ψ.

Hence, on the classical level we have constructed a N = 1 supersymmetric and stable
Wess-Zumino model. Recall that here ψ̄ is not ψ† but rather ψ†A. Again we conclude that
in the off-shell formulation the Euclidean model is unstable. It becomes stable only after
the elimination of the auxiliary field F .

————————————
A. Wipf, Supersymmetry
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Wess-Zumino-models in 3
Dimensions

The general Fierz identity (4.83) simplifies to

2ψχ̄ = −(χ̄ψ)− γµ(χ̄γµψ) (14.1)

There is a charge conjugation matrix with

η = ε = 1

and when we choose the Majorana representation

γ0 = σ2, γ1 = iσ3, γ2 = iσ1 (14.2)

then a antisymmetric charge conjugation matrix reads C = −γ0 and in this representation
Majorana spinors are real. For Majorana spinors the general symmetry property

ψ̄Cγ
(n)χC = ε(−)n(n+1)/2ηtχ̄γ(n)ψ

reads

ψ̄χ = χ̄ψ, ψ̄γµχ = −χ̄γµψ. (14.3)

Some further Fierz identities are easily derived from these properties: For Majorana spinors
we find

(ᾱψ)(ᾱψ) = (ψ̄α)(ᾱψ) = ψ̄(αᾱ)ψ = −1
2(ᾱα)(ψ̄ψ)

(ψ̄γµα)ψ = (ψψ̄)γµα = −1
2(ψ̄ψ)γµα.

In addition

ψ̄χ is hermitean and ψ̄γµχ antihermitean. (14.4)
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14.1 N = 1 Models

To construct the Wess-Zumino model in 2 + 1 dimensions we need a real superfield φ(x, α)
which has the following expansion

Φ(x, α) = A(x) + ᾱψ(x) + 1
2 ᾱαF (x) (14.5)

with real (pseudo)scalar fields A,F and Majorana spinor ψ. Its supersymmetry variation
is generated by the supercharge,

δβΦ = iβ̄QΦ, Q = −i ∂
∂ᾱ
− (γµα)∂µ. (14.6)

The supersymmetry variation of the component fields follows from

δβΦ = (β̄
∂

∂ᾱ
− i(β̄γµα)∂µ)Φ = β̄ψ + β̄αF − i(β̄γµα)∂µA− i(β̄γµα)ᾱ∂µψ

= δA+ ᾱδψ + 1
2 ᾱαδF.

We read off the following transformations of the component fields

δA = β̄ψ, δψ = (F + i/∂A)β ⇒ δψ̄ = β̄(F − i/∂A), δF = iβ̄ /∂ψ. (14.7)

Calculating the commutator of two susy transformations is considerably simpler as in four
dimensions:

[δ1, δ2]A = 2i(β̄2γ
µβ1)∂µA

[δ1, δ2]ψ = i(β2β̄1 − β1β̄2)/∂ψ + iγµ(β2β̄1 − β1β̄2)∂µψ = 2i(β̄2γ
µβ1)∂µψ

[δ1, δ2]F = 2i(β̄2γ
µβ1)∂µF.

The corresponding anticommutator of two supercharges are

{Qα, Q̄β} = 2(γµ) β
α Pµ. (14.8)

Multiplying with γ0 and summing over the spinor indices yields∑
α=1,2

{Qα, Q†α} = 4P0 ≥ 0.

The supercovariant derivatives read

D =
∂

∂ᾱ
+ i(γµα)∂µ and D̄ = − ∂

∂α
− i(ᾱγµ)∂µ, (14.9)

and they anticommute with the supercharges.

To construct an invariant action we take the ᾱα term of D̄ΦDΦ. We need the covariant
derivatives of the superfield, which are found to be

DΦ = ψ + αF + i/∂Aα− i
2(ᾱα)/∂ψ and D̄Φ = ψ̄ + ᾱF − iᾱ/∂A+ i

2(ᾱα)∂µψ̄γ
µ.

————————————
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Hence we obtain

1
2D̄ΦDΦ = 1

2 ψ̄ψ + (ᾱψ)F − iᾱγµψ∂µA+ ᾱαL0

L0 = 1
2∂µA∂

µA− i
4 ψ̄ /∂ψ + i

4∂µψ̄γ
µψ + 1

2F
2.

In (13.7) we have calulculated the variations of the components for an arbitrary real
superfield (13.5). We read off, that

δβL0 = ∂µ(β̄V µ
0 ), V µ

0 = 1
2(iγµψF + γµγνψ∂νA).

As expected, the Langrangian density L0 transforms into a spacetime derivative, and the
action for the free and massless theory,

S0 =

∫
d2xL0,

is invariant under the supersymmetry transformations (13.7). The equations of motion are
simply

2A = 0, /∂ψ = 0 and F = 0. (14.10)

Since∑
φ

∂L0

∂(∂µφ)
δβφ = ∂µAδβA+ i

2δβψ̄γ
µψ = β̄(∂µAψ + i

2Fγ
µψ + 1

2γ
νγµ∂νAψ)

we obtain the following conserved Noether current for the free massless model

Jµ0 = (ηµν − γµν)ψ ∂νA. (14.11)

By using the Klein-Gordon equation for A and the free Dirac equation for ψ one sees at
once that Jµ is a conserved spinorial supercurrent.

Now we can add an interaction of the form

S1 =

∫
d2xd2αW (Φ), (14.12)

which has the component expansion

W (Φ) = W (A) + ᾱψW ′(A) + 1
2 ᾱαL1, L1 = FW ′(A)− 1

2W
′′(A)ψ̄ψ.

The variation of L1 is found to be

δβL1 = ∂µ(β̄V µ
1 ), V µ

1 = iW ′(A)γµψ

such that the Noether current of the interacting model with action Lagrangian

L = L0 + L1 = 1
2∂µA∂

µA− i
4 ψ̄ /∂ψ + i

4∂µψ̄γ
µψ + 1

2F
2 + FW ′(A)− 1

2W
′′(A)ψ̄ψ (14.13)

becomes

Jµ = (ηµν − γµν)∂νAψ − iW ′(A)γµψ.

Again F is a nonpropagating auxiliary field, which satisfies the algebraic equation of
motion F = −W ′(A). After its elimination the Lagrangian density aquires the familiar
form

L = 1
2(∂A)2 − i

2 ψ̄ /∂ψ − 1
2W

′ 2(A)− 1
2W

′′(A)ψ̄ψ. (14.14)

————————————
A. Wipf, Supersymmetry



14. Wess-Zumino-models in 3 Dimensions 14.2. Reduction to N = 2-models 226

14.2 Reduction to N = 2-models

We construct the N = 2 model by dimensional reduction of the 4d model. For that purpose
we write

Γµ = ∆⊗ γµ, µ = 0, 1, 2 and Γ3 = ∆̃⊗ 12, (14.15)

Note that we cannot choose ∆ = σ0 since then we could not find a solution of {Γµ,Γ3} = 0.
The Dirac algebra for ΓM and γµ imply

∆2 = 12, ∆̃2 = −12 and {∆, ∆̃} = 0. (14.16)

The product of the γµ is antihermitean and proportional to the identity and we choose

γ0γ1γ2 = γ0γ1γ2 = i12. (14.17)

With this choice

Γ5 = −iΓ0Γ1Γ2Γ3 = −i∆∆̃⊗ γ0γ1γ1 = ∆∆̃⊗ 12. (14.18)

Sometimes it is convenient to choose Majorana representations in both 4 and 3 dimensions,
e.g.

γ0 = σ2, γ1 = iσ3, γ2 = iσ1, ∆ real, ∆̃ imaginary. (14.19)

For the reduction we write the spinor in 4 dimensions as linear combination of spinors in
3 dimensions

Ψ =
1√
L

∑
r

er ⊗ χr with (er, es) = δrs. (14.20)

The Dirac-conjugate spinor has the form

Ψ̄ = Ψ†Γ0 =
1√
L

∑
r

(eTr ⊗ χ†r)(∆⊗ γ0) =
1√
L

∑
eTr ∆⊗ χ̄r. (14.21)

Because of (16.1) we choose a hermitean ∆ and an antihermitean ∆̃. In a Majorana
representation the real ∆ and the imaginary ∆̃ are both symmetric1. Then it follows∫

d4xΨ̄ΓM∂MΨ =
∑
r,s

∫
d3x(eTr ∆⊗ χ̄r)(∆⊗ γµ)(es ⊗ ∂µχs) =

∑
r

∫
d3xχ̄r /∂χr∫

d4xΨ̄Ψ =
∑
r,s

∫
d3x(eTr ∆⊗ χ̄r)(es ⊗ χs) =

∑
r,s

∫
d3x∆rsχ̄rχs, (14.22)∫

d4xΨ̄Γ5Ψ =
∑
r,s

∫
d3x(eTr ∆⊗ χ̄r)(∆∆̃⊗ 12)(es ⊗ χs) =

∑
r,s

∫
d3x ∆̃rsχ̄rχs,

1For example, ∆ = σ3 and ∆̃ = iσ1.

————————————
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where we have introduced the matrix elements ∆rs = (er,∆es) and ∆̃rs = (er, ∆̃es). Fi-
nally we rescale the scalar fields according to their mass-dimensions in 4 and 3 dimensions:

A −→ 1√
L
A and B −→ 1√

L
B. (14.23)

Now we are ready to dimensionally reduce the Wess-Zumino model with 4d-Lagrangian

L4 =
1

2
∂mA∂

mA+
1

2
∂mB∂

mB +
i

2
Ψ̄Γm∂mΨ +

1

2
(F2 + G2)

+ m
[
FA+ GB − 1

2
Ψ̄Ψ
]

+ g[F(A2 −B2) + 2GAB − Ψ̄(A− iΓ5B)Ψ
]
(14.24)

if we in addition relate the coupling constants in 4 and 2 dimensions according to

g3 =
g4√
L
.

The reduced in 3 dimensions is give by

S4 =

∫
d4xL4 = S3 =

∫
d3xL3

with 3-dimensional Lagrangian density

L3 =
1

2
∂µA∂

µA+
1

2
∂µB∂

µB +
i

2
χ̄/∂χ+

1

2
(F2 + G2)

+ m
[
FA+ GB − 1

2
χ̄∆χ

]
+ g
[
F(A2 −B2) + 2GAB − χ̄(A∆− i∆̃B)χ

]
,(14.25)

where for example χ̄/∂χ =
∑
χ̄r /∂χr and χ̄∆χ =

∑
χ̄r∆rsχs with ∆rs = eTr ∆es.

Lorentz invariance: In the four dimensions the spin transformations are

Ψ −→ S4Ψ, S4 = exp

(
1

4
ωmnΓmn

)
, Γmn =

1

2
(ΓmΓn − ΓnΓm). (14.26)

Since Γµν = 12 ⊗ γµν they reduce to the Lorentz transformations

χ −→ S2χ, S3 = exp

(
1

4
ωµνγ

µν

)
χ, (14.27)

Supersymmetry transformations: The off-shell supersymmetry transformations in 4
dimensions have the form

δαA = ᾱΨ, δαB = iᾱΓ5Ψ

δαΨ = −iΓm∂m(A+ iΓ5B)α+ (F + iΓ5G)α (14.28)

δαF = −iᾱΓm∂mΨ, δαG = ᾱΓ5Γm∂mψ.

————————————
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We decompose

α =
∑

er ⊗ αr, δΨ
∑

er ⊗ δχr

and similarly

ᾱ =
∑

eTr ∆⊗ ᾱr, δΨ̄ =
∑

eTr ∆⊗ δχ̄r

and end up with the reduced transformation laws

δαA = ᾱ∆χ

δαB = iᾱ∆̃χ

δαχ = −i/∂A∆α+ /∂B∆̃α (14.29)

δαF = −iᾱ/∂χ
δαG = ᾱ∆̃∆/∂χ

The transformations rules can be simplified a bit, if we replace χ by ∆χ Let us have a
closer look at the fermionic part of the Lagrangian,

LF =
1

2
χ̄Dχ, D = i12 ⊗ /∂ −m∆⊗ 12 − gA∆⊗ 12 + igB ∆̃⊗ 12. (14.30)

Thus we are led to calculate the Pfaffian of

(12 ⊗ γ0)D = i12 ⊗ γ0/∂ −m∆⊗ γ0 − gA∆⊗ γ0 + igB ∆̃⊗ γ0. (14.31)

This defines a purely imaginary ’matrix’. The first factors are symmetric and the second
factors are antisymmetric, such that γ0D is a antisymmetric and imaginary ’matrix’.

————————————
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Kapitel 15

Susy sigma-Models in 2 dimensions

The non-linear sigma models have been introduced at the end of the sixties [59] to describe
the infrared properties in d > 2 spacetime dimensions of systems with sponteneously
broken symmetry. This lead to the study of models the fields of which take their values in
coset spaces. Later on sigma models have been discussed in d = 2 dimensions to investigate
the propagation of strings in curved target spaces [60]. In this case the target space may
be a more general Riemannian manifold.

From the point of view of perturbation theory, d = 2 is particularly interesting, since non-
linear sigma models are power-counting renormalizable. Some particular models based on
coset spaces, as e.g. the Heisenberg model, have been proved to be really renormalizable
in 2 dimensions [61].

A purely bosonic model contains a scalar field φ mapping ordinary Minkowski spacetime
M into a target manifold X. If the target space X is a linear space, then a theory with the
field φ is called a linear σ-model; if the target space is curved, it is a nonlinear σ-model.
In susy models there are of course additional spinor fields.

In this section we study supersymmetric nonlinear σ-models with target space metric gij .
As a preparation we collect some useful formulae for nonlinear σ-model calculations in
curved space time.

15.1 Geometric preliminaries

We consider a (pseudo)Riemannian manifold X with line element

ds2 = gijdφ
idφj .

We recall the definition of the Christoffel symbols,

Γpij = gpqΓqij , Γpij = 1
2(gpi,j + gpj,i − gij,p) = Γpji

⇒ ∇iV i = ∂iV
i + ΓjijV

j =
1√
g
∂i(
√
g V i). (15.1)

which are needed to calculate covariant derivatives,

∇iV j = ∂iV
j + ΓjikV

k and ∇iVj = ∂iVj − ΓkijVk.
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and the curvature tensor, Ricci tensor and Ricci scalar:

Rijpq = Γiqj,p − Γipj,q + ΓiprΓ
r
qj − ΓiqrΓ

r
pj , Rjq = Rijiq and R = gjqRjq.

By using that the connection is metric, gpq;m = 0, it follows

Rijpq = Γiqj,p − Γipj,q + ΓriqΓ
r
pj − ΓripΓ

r
qj

= −1
2(gip,jq + gjq,ip − giq,jp − gjp,iq)− ΓripΓ

r
jq + ΓriqΓ

r
jp (15.2)

The symmetry properties of this tensor are

Rijpq = −Rijqp, Rijpq = −Rjipq, Rijpq = Rpqij ,

and the Bianchi identity reads

Rijpq +Riqjp +Ripqj = 0.

In a conformally flat target space we may (locally) introduce isothermal coordinates

gij = e2σδij (15.3)

such that the Christoffel symbols have the simple form

Γpij = ∂jσδpi + ∂iσδpj − ∂pσδij (15.4)

and the components of the curvature tensor read

Rijpq = δip

(
∂qσ∂jσ − ∂j∂qσ −

1

2
δqj(∂σ)2

)
− δiq

(
∂pσ∂jσ − ∂j∂pσ −

1

2
δpj(∂σ)2

)
+ δjq

(
∂pσ∂iσ − ∂i∂pσ −

1

2
δip(∂σ)2

)
− δjp

(
∂iσ∂qσ − ∂i∂qσ −

1

2
δiq(∂σ)2

)
.(15.5)

In a 2-dimensional target space with conformally flat metric the curvature tensor takes th
simpler form

R1212 = −e2σ∂2σ, R11 = R22 = −∂2σ, R12 = 0, R = −2e−2σ∂2σ. (15.6)

Next we consider a geodesic on a compact n-dimensional Riemannian manifold X, para-
metrized by φi(s) and satisfying the differential equation

d2φi

ds2
+ Γijk(φ(s))

dφj

ds

dφk

ds
= 0, φ(0) = φ0, φ̇(0) = ξ, (15.7)

where s is the arc length and Γijk denotes the Christoffel symbol for the Levi-Civita
connection. Any integral curve of (15.7) is completely determined by a point φ0 and a
direction defined by the tangent vector ξi = φ̇i(φ0). The power series solution of (15.7) is:

φi(s) = φi0 +
∞∑
a=1

1

a!
(
daφi

dsa
)ps

a, (
dφi

ds
)(0) = ξi. (15.8)

————————————
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Inserting this expansion into the differential equation (15.7) yields

∞∑
a=2

sa−2

(a−2)!

daφi

dsa
+ Γijk

(
φ0 +

∞∑
b=1

sb

b!

dbφ

dsb

) ∞∑
c,d=1

sc+d−2

(c−1)! (d−1)!

dcφj

dsc
ddφk

dsd
= 0,

where all derivatives are to be evaluated at the point p. In the lowest orders we obtain

s0 : (
d2φi

ds2
)p = −Γijk(p) ξ

jξk

s1 : (
d3φi

ds3
)p = −Γijk(p) · (φ̈jξk + ξjφ̈k)p + Γijk,l(p) ξ

lξjξj

= (2ΓikjΓ
j
mn − Γikm,n)p ξ

mξnξk.

This infinite set of equations define the generalized Christoffel symbols

φi = φi0 + sξi − s2

2
Γijk(p) ξ

iξk −
∞∑
n=3

1

n!
Γii1i2...in(p) ξi1ξi2 · · · ξinsn, (15.9)

which are found to be

Γii1...in = ∇̃(i1... ∇̃in−2Γiin−1in), e.g.

Γii1i2i3 = Γi(i2i3,i1) − 2Γij(i1Γji2i3) = ∇̃(i1Γii2i3) (15.10)

where ∇̃ indicates that the covariant derivative is to be taken with respect to the lower
indices only. The domain of convergence depends on the metric and the values of ξi.
However, for sufficiently small values of s it defines an integral curve of (15.7).

15.1.1 Background field expansion

Now we are ready to expand

L = 1
2gij(φ)∂µφ

i∂µφj

about a background field φ0:

L = 1
2gij(φ

k
0 + ξk− 1

2Γkmnξ
mξn) ∂µ(φi0 + ξi− 1

2Γipqξ
pξq)∂µ(φj0 + ξj− 1

2Γjrsξ
rξs) +O(ξ3).

When using

gmn,p = Γmnp + Γnmp

one finds

L(φ) = L(φ0) + gij∂
µφi0∇µξj

+1
2gij∂µξ

i∂µξj − 1
2gijΓ

j
mn,k∂µφ

i
0∂

µφk0ξ
mξn − Γjmn∂µφ

j
0∂

µξmξn

+gij,k∂µφ
i
0∂

µξjξk + 1
4(gij,kl − gij,sΓlkl)∂µφi0 ∂µφj0 ξkξl,

————————————
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where the metric, Christoffel symbols and their derivatives are to be evaluated at the
background field φ0. We have introduced the covariant derivative

∇µξi = ∂µξ
i + Γijk∂µφ

j
0 ξ

k (15.11)

of the vectorfield ξi. To rearrange these rather complicated terms into covariant ones we
use

gij∂
µξi∂µξ

j = gij∇µξi∇µξj − 2Γimn∂
µφm0 ∂µξ

iξn − ΓipqΓ
i
mn∂µφ

p
0 ∂

µφm0 ξ
qξn

and

(1
2gpm,qn − 1

2gpm,sΓ
s
qn − gpsΓsqn,m − ΓipqΓimn)∂µφ

p
0∂

µφm0 ξ
qξn = Rpqnm∂µφ

p
0∂

µφm0 ξ
qξn.

This way we end up with the following covariant expansion in ξ:

L(φ) = L(φ0) + gij∂
µφi0∇µξj + 1

2gij∇µξi∇µξj − 1
2Rpqmn∂µφ

p
0 ∂

µφm0 ξqξn +O(ξ3).(15.12)

We read off the field equation for the background field

∇µ∂µφi0 = 0 (15.13)

and the fluctuation operator for the vector fluctuations

(S′′ξ)i = gij∇µ∇µξj −Rp(in)m∂µφ
p
0 ∂

µφm0 ξn. (15.14)

15.1.2 Riemann normal coordinates

Now let us simplify the calculation by choosing Riemann normal coordinates. In Riemann
normal coordinates (RNC) the geodesics through p are straight lines defined by:

φ̄i = ξi s. (15.15)

This coordinates cover a neighbourhood of the point p. Substituting (15.15) into (15.8)
one has

φi = φi0 + φ̄i − 1
2Γijkφ̄

iφ̄j −
∞∑
n=3

1

n!
(Γii1...in)pφ̄

i1 · · · φ̄in . (15.16)

The Jacobian

|∂φ
i

∂φ̄j
] 6= 0

and thus the series (15.16) can be inverted. For this local system of coordinates the geodesic
eqation can be written as

d2

ds2
φ̄i + Γ̄ijk(φ̄)

dφ̄j

ds

dφ̄k

ds
= Γ̄ijk(φ̄)

dφ̄j

ds

φ̄k

ds
= 0,

————————————
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where Γ̄ are the Christoffel symbols in Riemann normal coordinates. Since φ̄ = ξs, the
Taylor expansion in s implies that all symmetric derivatives of the affine connection vanish
at the origin in RNC:

Γ̄i(i1i2 , j3...in)(p) = 0.

In field theory we employ the background field expansion in terms of normal coordinates.
If φi is close to φi0, there is a unique geodesic which connects φi0 to φi and reaches φi in unit
proper time. If ξi represents the tangent vector to the geodesic at φi0 we can parametrize φ
in terms of ξ. Since ξ is a vector under coordinate changes the covariance of the expansion
is ensured.

I particular, an arbitary second rank tensor field (e.g. gij) can be expanded according to

T̄ij(φ̄) = T̄ij(sξ) =

∞∑
n=0

sn

n!
T̄ij , i1...in(p) ξi1 · · · ξin . (15.17)

The coefficients are tensors and can be expressed in terms of the components Rijpq of the

Riemann tensor and the covariant derivatives ∇iTjk and ∇iRjkpq. To find the explicit form
for these coefficients we first express the symmetric derivatives of the Christoffel symbols,

Γ̄ij(j1 , j2...jn),

in terms of the Riemannian curvature tensor and its covariant derivatives. For example,

R̄i(pq)j = 1
2(R̄ipqj + R̄iqpj) = 1

2(R̄ipqj + R̄iqpj) + 3Γ̄i(pq , j) = 3Γ̄ij(p,q)

or

∇̄(pR̄
i
qr)j = ∂(pR̄

i
qr)j = Γ̄ij(p,qr) − Γ̄i(pq,r)j = Γ̄ij(p,qr) − Γ̄i(pr,q)r − 1

2 Γ̄i(jp,qr) = −2Γ̄i(pq,r)j .

For the identities containing higher order derivatives of the connection in RNC I refer to
[58].

Now we may use these results to find the covariant form of the expansion coefficients in
(15.17). For example, in RNC we have

∇̄i1 T̄ij = T̄ij,i1

∇̄(i1∇̄i2)T̄ij = T̄ij,(i1i2) − Γ̄ki(i2,i1)T̄kj − Γ̄kj(i2,i1)T̄ik

= T̄ij,(i1i2) − 1
3R̄

k
(i1i2)iT̄kj − 1

3R̄
k
(i1i2)j T̄ik,

and hence (for s = 1)

Tij(φ̄) = T̄ij + ∇̄i1 T̄ijξi1
+1

2(∇̄(i1∇̄i2)T̄ij + 1
3R̄

k
(i1i2)iT̄kj + 1

3R̄
k
(i1i2)j T̄ik)ξ

i1ξi2 + . . . . (15.18)

All quantities on the right are to be evaluated at the point p with coordinates φ̄0. Since
this is an identity between tensors (recall that the ξ transform as a vector) it holds in any
coordinate system. For example, we obtain

gij(φ) = gij(φ0) + 1
3Ri(i1i2)j(φ0) ξi1ξi2 +O(ξ3). (15.19)
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15.1.3 An alternative background field expansion

In the following exposition of an efficient method to arrive at a covariant background field
expansion we follow Mukhi [62]. We begin by recalling that

∇kgij = 0, [∇p,∇q]f = 0, [∇p,∇q]V i = RijpqV
j (15.20)

for a scalar field f and a vector field V i. As earlier we define an interpolating field with

φi(0) = φi0,
dφi

ds
|s=0 = ξi and φi(1) = φi (15.21)

that satisfies the geodesic equation. Now we study the s-dependency of the Lagrangian
along the geodesic

L(s) = 1
2gij(φ(s))∂µφ

i(s) ∂µφj(s), (15.22)

so that

L(φ) = L(1) = L(0) +

∞∑
n=1

1

n!

dnL(s)

dsn

∣∣∣
s=0

= L(0) +

∞∑
n=1

1

n!
(∇s)nL(s)

∣∣∣
s=0

, (15.23)

where

∇s = φ̇i(s)∇i (15.24)

is the covariant derivative along the curve φ(s). From (15.20) it follows that

∇sgij = 0, ∇sφ̇i(s) = 0

∇s∂µφi = φ̇k(∂k∂µφ
i + Γijk∂µφ

j) = ∂µφ̇
i + Γijk∂µφ

jφ̇k ≡ ∇µ∇sφi (15.25)

[∇s,∇µ]V i = RijpqV
jφ̇p∂µφ

q.

Now we are ready to calculate the leading term in the series (15.22):

L(φ) = L(φ0) + gij(φ0)∇µξi∂µφj0 + 1
2

(
gij∇µξi∇µξj + gij∇s∇µφ̇i∂µφj0

)
= L(φ0) + gij(φ0)∇µξi∂µφj0 + 1

2gij∇µξi∇µξj − 1
2Rjipq∂

µφi0∂µφ
p
0ξ
jξq.

15.2 Susy sigma models

As in section (13.1) we start with a real superfield, but now with several components,

Φi = Ai + ᾱψi + 1
2 ᾱαF

i.

The real Ai, F i take their values in the curved target space. We calculate

D̄ΦiDΦj = ψ̄iψj + ᾱ(ψiF j + ψjF i)− iᾱγµψj∂µAi − iᾱγµψi∂µAj
+ᾱα(∂µA

i∂µAj − i
2 ψ̄

i/∂ψj + i
2∂µψ̄

iγµψj + F iF j).
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This bilinear form is contracted with the metric gij evaluated at Φk which has the following
component expansion:

gij(Φ
k) = gij + gij,kᾱψ

k + 1
2 ᾱα(gij,kF

k − 1
2gij,klψ̄

kψl),

where the argument of the metric and its derivatives on the right is the body A of the
superfield.

After using the identities

gij,kψ̄
kγµψj∂µA

i = 1
2(gij,k − gjk,j)ψ̄kγµψj∂µAi = −Γkijψ̄

kγµψi∂µA
i

and

(gij,k + gji,k − gki,j)ψ̄kψiF j = (gij,k + gjk,i − gki,j)ψ̄kψiF j = 2Γjkiψ̄
kψiF j

we find the following result in superspace

1
2gij(Φ)D̄ΦiDΦj = 1

2gijψ̄
iψj + ᾱ(gij(ψ

iF j − i/∂Aiψj) + 1
2gij,kψ

k(ψ̄iψj)) + ᾱαL

giving rise to the Langrangian density

L = 1
2gij

(
∂µA

i∂µAj − i
2 ψ̄

i/∂ψj + i
2∂µψ̄

iγµψj + F iF j
)

− i
2Γkijψ̄

kγµψj∂µA
i − 1

2Γjkiψ̄
kψiF j − 1

8gij,kl(ψ̄
kψl)(ψ̄iψj). (15.26)

We may elminiate the auxiliary field by its algebraic equation of motion

F i = 1
2Γipqψ̄

pψq

which leads to the following density for the dynamical fields

1
2gij(Φ)D̄ΦiDΦj = 1

2gijψ̄
iψj + 1

2 ᾱ(gip,q + giq,p + gpq,i)ψ
i ψ̄pψq − igijᾱγµψj∂µAi + ᾱαL

with Lagrangian density

L = 1
2gij(∂µA

i∂µAj − iψ̄iγµ(Dµψ)j)− 1
8(ΓrmnΓrpq + gpq,mn)(ψ̄mψn)(ψ̄pψq), (15.27)

where we have introduced the covariant derivative

(Dµψ)j = ∂µψ
j + Γjpq∂µA

pψq,

which takes into account that ψj transforms in the tangent space of X. We have used,
that

∂µgijψ̄
iγµψj = 0,

on account of the antisymmetry of the fermionic bilinear, so that the terms containing
derivatives of the Majorana spinors are equal, up to a total derivative. To make further
progress we need the symmetry properties of the four-fermi term (ψ̄mψn)(ψ̄pψq). Clearly,
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this term is symmetric in (m,n) and symmetric in (p, q). We can also prove the following
property for the cyclic sum of three indices:

(ψ̄mψn)(ψ̄pψq) + (ψ̄mψq)(ψ̄nψp) + (ψ̄mψp)(ψ̄qψn) = 0. (15.28)

This is shown with the help of the Fierz identity (13.1):

... = (ψ̄mψn)(ψ̄pψq) + (ψ̄nψp)(ψ̄qψm) + (ψ̄mψp)(ψ̄qψn)

= (ψ̄mψn)(ψ̄pψq)− 1
2 ψ̄

n(ψ̄qψp + γµψ̄
qγµψp + γ∗ψ̄qγ∗ψp)ψm

−1
2 ψ̄

m(ψ̄qψp + γµψ̄
qγµψp + γ∗ψ̄qγ∗ψp)ψn = 0.

In the last step we used the symmetry properties of the bilinears in the Majorana fields.
Now we are ready to prove that the last term in (15.27) is proportional to

Rmpnqψ̄
mψnψ̄pψq = −1

2(gmn,pq + gpq,mn − gmq,pn − gpn,mq) ψ̄mψnψ̄pψq

−(ΓkmnΓkpq − ΓkmqΓ
k
pn) ψ̄mψnψ̄pψq.

Using the symmetry and cyclicity properties of the four fermi term we may rewrite the
terms containig second derivatives of the metric as follows

−1
2(2gmn,pq − gmq,pn − gmp,nq) ψ̄mψnψ̄pψq = −1

2(2gmn,pq + gmn,qp) . . . = −3
2gmn,pq . . . .

Similarly, the terms containing the Christoffel symbols simplifiy as follows,

(ΓkmnΓkpq − ΓkmqΓ
k
pn) ψ̄mψnψ̄pψq = 3

2(2
3ΓkmnΓkpq − 1

3ΓkmqΓ
k
pn − 1

3ΓkmpΓ
k
nq) . . .

= 3
2(2

3ΓkmnΓkpq + 1
3ΓkmnΓkqp) . . . = 3

2ΓkmnΓkpq . . . .

If follows that

Rmpnqψ̄
mψnψ̄pψq = −3

2

(
gmn,pq + ΓkmnΓkpq

)
ψ̄mψnψ̄pψq (15.29)

so that the density aquires the following rather simple form

1
2gij(Φ)D̄ΦiDΦj = 1

2gijψ̄
iψj − igijᾱγµψj∂µAi + ᾱαL

with Lagrangian density

L = 1
2gij(∂µA

i∂µAj − iψ̄iγµ(Dµψ)j) + 1
12Rmpnq (ψ̄mψn)(ψ̄pψq). (15.30)

Clearly, the objects ∂µA
i and ψi must transform as target space vectors. In addition, ∂µA

i

is a spacetime vector.

To find the susy transformation of L we note that gij(Φ)D̄ΦiΦj is a real superfield, similarly
as Φ in (13.5). From (13.7) we read off, that under the (on-shell) susy transformations

δAi = β̄ψi and δψi = (1
2Γipqψ̄

pψq + i/∂Ai)β
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the Lagrangian transforms into a derivative, as it must be,

δL = ∂µ(β̄V µ), V µ = 1
2gijγ

µγνψi∂νA
j .

The Noether current is gotten from∑ δL
δ∂µφ

δφ = gij(∂
µAiδAj − i

2 ψ̄
iγµψlΓjklδA

k − i
2 ψ̄

iγµδψj)

= β̄gij(
3
2∂

µAiψj + 1
2γ∗ψ

iεµν∂νA
j),

where we made use of γµγν = ηµν−εµνγ∗. This then leads to the following Noether current,

Jµ = gij(η
µν + γ∗εµν)∂νA

iψj , (15.31)

which is almost identical to the one of the supersymmetric Wess-Zumino model (13.11).

15.3 Supersymmetric 0(3)-model

If the target manifold is S2 = SO(3)/SO(2), then the model possesses a global SO(3)-
invariance and is called O(3) model. The model maybe reformulated in terms of fields
propagating on CP 1 and in this formulation it is called CP 1-model.

We use the following conformally flat metric on S2:

gij =
1

N2
δij with e2σ =

1

N2
=

1

(1 + uiui)2
, ui ∈ R2 (15.32)

With σ = − log(1 + ~u~u) we may immediately apply the formulae (15.3-15.6) which yield

Γpij = − 2

N
(ujδpi + uiδpj − upδij) and ∂2σ = − 1

N2

which leads to the following supersymmetric Lagrangian

L = 1
2

1

(1 + ~u~u)2

(
∂µu

i∂µui − iψ̄i/∂ψi +
2i

N
ψ̄iγµψj(uj∂µu

i − ui∂µuj)
)

+1
2

1

(1 + ~u~u)4
ψ̄1ψ1ψ̄2ψ2.

The Lagrangian further simlifies if we introduce complex coordinates on S2 and combine
the two Majorana spinor to a Dirac spinor,

u = u1 + iu2 and ψ = ψ1 + iψ2, ψ̄ = ψ̄1 − iψ̄2.

Then

∂µu
i∂µui = ∂µū∂

µu

ψ̄i/∂ψi = ψ̄ /∂ψ − i∂µ(ψ̄1γµψ2), ∂µψ̄
iγµψi = ∂µψ̄γ

µψ − i∂µ(ψ̄1γµψ2)

ψ̄iγµψj(uj∂µu
i − ui∂µuj) = 1

2 ψ̄γ
µψ(ū∂µu− u∂µū)
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and the Lagrangian density now takes the simple form

L = 1
2

1

(1 + ūu)2

(
∂µū∂

µu− i
2 ψ̄

i/∂ψi + i
2∂µψ̄γ

µψ +
i

N
ψ̄γµψ(ū∂µu− u∂µū)

)
+1

4

1

(1 + ūu)4
(ψ̄ψ)2.

The supersymmetry transformation of u and ψ are

δu = β̄ψ and δψ =
2

N
ū(β̄ψ)ψ + i/∂uβ,

where β is a Majorana spinor (contrary to ψ). Actually, this model admits an extended
N = 2 supersymmetry.

————————————
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Kapitel 16

SYM in d = 2 dimensions

In the chapter we consider various two-dimensional supersymmetric gauge theories, cha-
racterized by the number of supercharges.

16.1 Dimensional Reduction from 10 dimensions

The N = (8, 8) supersymmetric Yang-Mills theory in 2 dimension is obtained from N = 1
supersymmetric Yang-Mills theory in 10 dimensions by a Kaluza-Klein reduction on a 8-
dimensional torus. After compactification eight components of the vector potential become
scalar fields. A Weyl-Majorana Dirac spinor in 10 dimensions has 16 real or 8 complex
components which branch into eight Majorana spinors or equivalently into four Dirac
spinors in 2 dimensions. Thus we expect that the on-shell N = (8, 8) model has one gauge
potential, 8 real scalars in the adjoint representation and 8 Majorana spinors in the adjoint
representation.

16.1.1 First choice of Γ matrices

We start with the Dirac matrices γµ in 2-dimensional Minkowski space and give an explicit
realization for the matrices Γm,m = 0, . . . , 9 in 10 dimensions: We make the ansatz

Γµ = ∆⊗ γµ, Γ1+a = ∆a ⊗ γ∗, µ = 0, 1, a = 1, . . . , 8

with 16×16 matrices ∆ and ∆a. To see what are the condition on the ∆-factors such that

{Γm,Γn} = 2ηmn, η = diag(1,−1, . . . ,−1) (16.1)

holds, one uses that for [A,B] = 0 on has

{A⊗ C,B ⊗D} = AB ⊗ {C,D} and {C ⊗A,D ⊗B} = {C,D} ⊗AB. (16.2)

and for {A,B} = 0 one has

{A⊗ C,B ⊗D} = AB ⊗ [C,D] and {C ⊗A,D ⊗B} = [C,D]⊗AB. (16.3)
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Now it is easy to see that we must demand

∆2 = 116, [∆,∆a] = 0, {∆a,∆b} = −2δab116.

for (16.1) to hold true. Since Γ0 is hermitean and the Γm>0 antihermitean and since
γ5 = γ0γ1 is hermitean it also follows from

(A⊗B)† = A† ⊗B†.

that

∆† = ∆, ∆†a = −∆a.

Other useful identities which we shall sometimes need are

(A⊗B)T = AT ⊗BT and for vectors (x⊗ y, u⊗ v) = (x, u)(y, v). (16.4)

Since ∆ commutes with all matrices and squares to 116 we may choose it to be the identity,

∆ = 116.

Note that the hermitean i∆a generate the Euclidean Clifford algebra in 8 dimensions and
that the [∆a,∆b] generate the group spin(8). Earlier we have shown that in 8 Euclidean
dimensions there is a Majorana-Weyl representation. Hence we may choose ∆a to be real
and antisymmetric. With our earlier convention the hermitean Γ11 = Γ0 · · ·Γ9 takes the
form

Γ11 = Γ∗ ⊗ γ0γ1 = Γ∗ ⊗ γ∗, Γ∗ = Γ†∗ = ∆1 · · ·∆8, γ†∗ = γ∗. (16.5)

If we would choose a Majorana representation with imaginary γµ, for example {γ0, γ1} =
{σ2, iσ1} then γ∗ = γ0γ1 is real. For the given representation γ∗ = σ3.

The eight anti-hermitean matrices ∆a are 16×16 matrices. We take the following imaginary
and symmetric matrices:

∆a =

(
0 ∆̃a

∆̃T
a 0

)
=⇒ ∆̃a∆̃

T
b + ∆̃b∆̃

T
a = −2δab116

where the ∆̃a are imaginary 8× 8 matrices. We may choose

∆̃1 = iσ0 ⊗ 14, ∆̃2 = σ2 ⊗ 14, ∆̃2+i = σ1 ⊗ αi, ∆̃5+i = σ3 ⊗ βi,

with antisymmetric and imaginary matrices

α1 = σ2 ⊗ σ1, α2 = σ0 ⊗ σ2, α3 = σ2 ⊗ σ3

β1 = σ1 ⊗ σ2, β2 = σ2 ⊗ σ0, β3 = σ3 ⊗ σ2.

With this choice we have

Γ∗ = iσ0 ⊗ σ2 ⊗ 14 .

————————————
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Since the ∆a are imaginary it follows that the Γm are imaginary as well such that the
charge conjugation matrix is C10 = −Γ0 = 18 ⊗ (−γ0). Hence we are lead to take the
following symmetric charge conjugation matrix

C10 = 18 ⊗ C2 (16.6)

Indeed, since Γ0 is anti-symmetric and the Γ1,Γ2, . . . are symmetric, it is easily seen that

C10ΓmC−1
10 = Γ0ΓmΓ0 = −ΓTm. (16.7)

Let us first see how Majorana spinors look like. Since

Ψc = C10Γ0TΨ∗ = (−Γ0)Γ0TΨ∗ = Ψ∗

the Majorana condition implies that Ψ is real. For Ψ = ξ ⊗ χ this means

Ψc = Ψ⇐⇒ ξ ∈ R16, χc = C2γ
0Tχ∗ = χ. (16.8)

We conclude that a Majorana spinor in 10 space-time dimensions has the expansion

Ψ =
16∑
r=1

Er ⊗ χr, (16.9)

where the χr are Majorana spinors in 2 dimensions and the Er form a (real) base in R16.
A spinor has positive chirality if

Ψ = Γ11Ψ = (Γ∗ ⊗ γ5)Ψ. (16.10)

16.1.2 A second choice for the Γ-matrices

We begin with a representation of the Euclidean Clifford algebra

{∆I ,∆J} = 2δIJ116, I, J ∈ {1, . . . , 8} (16.11)

in 8 dimensions in terms of real and symmetric matrices ∆I . A convenient choice is

∆1 = σ2 ⊗ σ2 ⊗ σ2 ⊗ σ2 , ∆2 = σ2 ⊗ σ0 ⊗ σ1 ⊗ σ2

∆3 = σ2 ⊗ σ0 ⊗ σ3 ⊗ σ2 , ∆4 = σ2 ⊗ σ1 ⊗ σ2 ⊗ σ0

∆5 = σ2 ⊗ σ3 ⊗ σ2 ⊗ σ0 , ∆6 = σ2 ⊗ σ2 ⊗ σ0 ⊗ σ1 (16.12)

∆7 = σ2 ⊗ σ2 ⊗ σ0 ⊗ σ3 , ∆8 = σ1 ⊗ σ0 ⊗ σ0 ⊗ σ0 ,

and with this choice we have

∆∗ = ∆1∆2 · · ·∆8 =

(
18 0
0 −18

)
. (16.13)

Now we can construct the 32× 32 matrices

Γ0 = γ0 ⊗ 116, Γ1 = γ1 ⊗∆∗, ΓI+1 = γ1 ⊗∆I . (16.14)
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The matrix Γ∗ takes the simple form

Γ∗ = Γ0Γ1 · · ·Γ9 = γ0γ1 ⊗∆2
∗ = γ∗ ⊗ 116 . (16.15)

the matrices Γm are imaginary. The charge conjugation matrices in 10 and 2 dimensions
are related via

C10 = C2 ⊗ 116 with γµT = ±C−1γµC . (16.16)

For the particular choice

γ0 = σ2, γ1 = iσ1 with γ∗ = σ3, C2 = −σ2 (16.17)

the Γm and γµ matrices are all imaginary and the the second equation in (16.16) with a
minu sign applies. Thus with this choice a Majorana spinor obeying

Ψ = Ψc = CΨ̄T (16.18)

is real.

16.1.3 Reduction of Yang-Mills term

In 10 spacetime dimensions a gauge field and gauge coupling constant have the dimensions

[Am] = L−4, [g10] = L3 =⇒ [g10Am] = L−1 . (16.19)

We may absorb the coupling constant in the gauge potential, Am → g10Am such that the
10-dimensional coupling constant appears only in front of the the Yang-Mills action,

SYM = − 1

4g2
10

∫
d10xTrFmnF

mn. (16.20)

Now we do a Kaluza-Kleine reduction of action on R2 × T 8. As internal space we choose
the 8-dimensional torus T 8 with volume V8. We write

Am = (A0, . . . , A9) = (A0, A1,Φ1, . . . ,Φ8) , (16.21)

and assume all fields are independent of the internal coordinates x2, . . . , x9 and only depend
on the coordinates x0 and x1. We find the following decomposition of the field strength,

Fµ,1+a = ∂µΦa − i[Aµ,Φa] , F1+a,1+b = −i[Φa,Φb] . (16.22)

Inserting this into the 10-dimensional Yang-Mills action we find

SYM →
1

4g2

∫
d2x Tr

(
−FµνFµν + 2

∑
a

DµΦaDµΦa +
∑
ab

[Φa,Φb]
2

)
, (16.23)

where we took into account, that Φa = −Φa and where the dimensionful coupling constant
g10 and the dimensionless coupling constant g are related as

g2 = g2
10/V8 =⇒ [g] = L−1 (16.24)
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Now we may rescale the fields with g to obtain after the Kaluza-Klein reduction the
following Lagrangian in 4-dimensional Minkowski spacetime:

LYM → LYMH = Tr

(
−1

4FµνF
µν + 1

2

∑
a

DµΦaDµΦa + 1
4g

2
∑
ab

[Φa,Φb]
2

)
. (16.25)

The covariant derivative is Dµ = ∂µ − ig adAµ. Not unexpectedly we have gotten the
action for a four-dimensional Yang-Mills-Higgs theory with 8 Higgs fields in the adjoint
representation. All fields in (16.25) are dimensionless. The fields in (16.23) have dimension
1/L.

16.1.4 Reduction of Dirac term

In 10 and 2 space-time dimensions a spinor field has the dimension

[Ψ] = L−9/2 and [ψ] = L−1/2,

respectively. We use Majorana representations with imaginary γ-matrices in 10 and 2
dimensions and parameterize a Weyl spinor Γ∗Ψ = Ψ in 10 dimensions as

Ψ =
1√
V8

8∑
a=1

ψa ⊗ ea +
i√
V8

16∑
b=9

γ0ψb ⊗ eb , (16.26)

where the e1, . . . , e16 form the conventional cartesian base in R16, e.g. e1 = (1, 0, . . . , 0)T .
The spinor is right-handed if

Γ∗Ψ = Ψ⇐⇒ γ∗ψa = ψa, γ∗ψb = −ψb , (16.27)

and it is a Majorana in case

Ψ∗ = Ψ⇐⇒ ψ∗a = ψa, ψb = ψ∗b . (16.28)

The corresponding expansion of the Dirac-conjugate spinor reads

Ψ̄ =
1√
V8

∑
a

ψ̄a ⊗ eTa −
i√
V8

∑
b

ψ̄bγ
0 ⊗ eTb . (16.29)

The Dirac term decomposes according to

TrΨ̄ ΓmDmΨ =
1

V8

16∑
p=1

Trψ̄p /Dψp − i
8∑

a=1

Ψ̄ Γa+1[Φa,Ψ] /D = γµDµ . (16.30)

To reduce the last term we insert the decompositions (16.26) and (16.29).
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16.1.5 Reduction of the Dirac term

In 10 and 4 dimensions a spinor field has the dimension

[Ψ] = L−9/2 and [χ] = L−3/2,

respectively. We start with the general expansions (10.13,10.14) for a 10-dimensional
Majorana-Weyl spinor and its adjoint. We rescale the spinors such that the χp in

Ψ =
1√
V6

4∑
p=1

(Fp ⊗ P+χp + F ∗p ⊗ P−χp) , Ψ̄ =
1√
V6

4∑
p=1

(F †p ⊗ χ̄pP− + F Tp ⊗ χ̄pP+)

have the dimension of a spinorfield in 4-dimensional Minkowski spacetime. The spinor
should be independent of the internal coordinates. Again we absorb the 10-dimensional
gauge coupling constant in the gauge potential. We find

DµΨ =
1√
V6

∑
p

(Fp ⊗DµP+χp + F ∗p ⊗DµP−χp), µ = 0, 1, 2, 3

D3+aΨ = − i√
V6

∑
p

(Fp ⊗ [Φa, P+χp] + F ∗p ⊗ [Φa, P−χp]), a = 1, . . . , 6.

Now we may rewrite the Dirac term in 10 dimensions as follows:∫
d10xTrΨ̄ΓmDmΨ =

∫
d4xTrχ̄p /Dχp

− i

∫
d4xTr

{
(∆a

+)pqχ̄pP+[Φa, χq]− (∆a
−Γ∗)pqχ̄pP−[Φa, χq]

}
,

where one should sum over the indices on the right. We have introduced

(∆a
+)pq = (F ∗p ,∆

aFq) and (∆a
−)pq = (Fp,∆

aF ∗q ) with ∆a
+ = (∆a

−)∗. (16.31)

Putting the various terms together we end up with the following N = 4 supersymmetric
gauge theory in 4-dimensional Minkowski spacetime:

L = Tr
(
− 1

4FµνF
µν + 1

2D
µΦaDµΦa + 1

4g
2[Φa,Φb]

2
)

+1
2Tr

(
iχ̄p /Dχp + g(∆a

+)pqχ̄pP+[Φa, χq]− g(∆a
−)pqχ̄pP−[Φa, χq]

)
, (16.32)

where a = 1, . . . , 6 and p = 1, . . . , 4.
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Kapitel 17

Susy sigma models in 4 dimensions

In 4 dimensions a real superfield is not irreducible and therefore we used a chiral superfield
to construct the Wess-Zumino model. The Wess-Zumino model is just a linear σ-model
and we expect that nonlinear σ-models also make use of chiral superfields. This is indeed
the case as we shall demonstrate now.

17.1 Superfield formulation

We start with the simplest sigma models in 4 dimensions, namely the ones for which the
target space is Kähler manifold with one complex dimension.

Let us discress and explain the notion of a Kähler manifold. One conveniently starts with
an almost complex manifold : A 2n-dimensional real manifolds M is called almost complex
manifold if we can assign to each point x ∈M a linear and bijective map

J : TMx −→ TMx

of the tangential space at x with the property

J2 = −1.

Almost complex manifolds are always orientable. A hermitean metric on an almost complex
manifold M is a Riemannian metric with the additional property that

gx(Jv, Jw) = gx(v, w) ∀v, w ∈ TMx

and for all x ∈M . Next one may define a 2-form φ by

φx(v, w) = gx(v, Jw) ∀v, w ∈ TMx, x ∈M.

It is called the fundamental form of the hermitean metric. If this 2-form is closed,

dφ = 0,

the g is called a Kähler metric and M almost Kähler manifold.
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Now let Φ be a chiral superfield, the body of which propagates on a Kähler manifold,

Φ = A(y) +
√

2θψ(y) + θ2F (y)

= A+ iθσµθ̄∂µA− 1
4θ

2θ̄22A+
√

2θψ + i
√

2θσµθ̄θ∂µψ + θ2F = A+ δΦ

such that

Φ† = A∗(z) +
√

2θ̄ψ̄(z) + θ̄2F ∗(z)

= A∗ − iθσµθ̄∂µA∗ − 1
4θ

2θ̄22A∗ +
√

2θ̄ψ̄ − i
√

2θσµθ̄θ̄∂µψ̄ + θ̄2F ∗ ≡ A∗ + δΦ†.

The argument of the component fields in the last two lines of the previous formulae is x.
Now we expand the superfield

K(Φ,Φ†) = K(A+ δΦ, A∗ + δΦ†)

in powers of δΦ and δΦ†. In the course of calculation one needs the Fierz identity

(θσµθ̄)(θψ)(θ̄ψ̄) = 1
4θ

2 θ̄2 (ψσµψ̄).

After some algebra one finds

K(Φ,Φ†) = K +
√

2(KAθψ +KĀθ̄ψ̄)

+ θ2(KAF − 1
2KAAψ

2) + θ̄2(KĀF
∗ − 1

2KĀĀψ̄
2) + iθσµθ̄(KA∂µA−KĀ∂µA

∗ +KAĀψσµψ̄)

+ i
√

2 θσµθ̄
(
∂µ{KAθψ −KĀ θ̄ψ̄}+ 2KAĀ{∂µA θ̄ψ̄ − ∂µA∗θψ}

)
+
√

2 θ2 θ̄ψ̄(KAĀF − 1
2KAAĀψ

2) +
√

2 θ̄2 θψ(KAĀF
∗ − 1

2KĀĀAψ̄
2)

+1
4θ

2θ̄2
(
−2K + 4KAĀ{∂µA∂µA∗ − i

2ψσ
µ∂µψ̄ + i

2∂µψσ
µψ̄ + FF ∗}

+2KAAĀ{iψσµψ̄∂µA− ψ2F ∗} − 2KĀĀA{iψσµψ̄∂µA∗ + ψ̄2F}+KAAĀĀψ
2ψ̄2
)
,

where we have used

∂µ(KAθψ) = KAθ∂µψ +KAA∂µAθψ +KAĀ∂µA
∗θψ

2K = KAA∂µA∂
µA+KĀĀ∂µA

∗∂µA∗ +KA2A+KĀ2A
∗ + 2KAĀ∂µA∂

µA∗

to simplify the terms trilinear and quartic in θ. Now we may read off the D-term

1
2K(Φ,Φ†)|D = −1

82K + 1
2KAĀ(∂µA

∗∂µA+ i
2∂µψσ

µψ̄ − i
2ψσ

µ∂µψ̄ + F ∗F )

+1
4KAAĀ(iψσµψ̄∂µA− ψ2F ∗)− 1

4KAĀĀ(iψσµψ̄∂µA
∗ + ψ̄2F )

+1
8KAAĀĀψ

2ψ̄2,

The corresponding action should be invariant under

δA =
√

2ζψ, δψ =
√

2ζF + i
√

2(σµζ̄)∂µA, δF = i
√

2ζ̄σ̃µ∂µψ.

The algebraic equations of motion for the auxiliary field can easily be solved,

F = 1
2∂A log(KAĀ)ψ2 or F ∗ = 1

2∂Ā log(KAĀ)ψ̄2.
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17.1.1 Example: The O(3)-Model

Let us now have a closer look at the O(3) sigma model with target manifold S2. S2 is a
Kähler manifold with Kähler potential

K = log(1 + ūu),

where the complex scalar field is denoted by u instead of A. We need

Ku =
ū

1 + ūu
, Kuū =

1

(1 + ūu)2
, Kuuū = −2

ū

(1 + ūu)3
, Kuuūū = 2

2ūu− 1

(ūu+ 1)4
.

Clearly, Kū is just the complex conjugate of Ku. Now we can easily solve for the auxiliary
field,

F = − ū

1 + ūu
ψ2

and insert this solution into the supersymmetry transformations and the Lagrangian den-
sity. On shell the susy transformations simplify to

δu =
√

2ζψ, δψ = −
√

2
ūψ2

1 + ūu
ζ + i

√
2(σµζ̄)∂µu,

and the Lagrangian takes the form

L = +1
2

1

(1 + ūu)2

(
∂µu∂

µū+ i
2∂µψσ

µψ̄ − i
2ψσ

µ∂µψ̄
)

+ i
2

ψσµψ̄

(1 + ūu)3
(u∂µū− ū∂µu)− 1

4

1

(1 + uū)4
ψ2ψ̄2.

Similarly as in 2 dimensions we find a 4-Fermi interaction and a coupling of the current
∼ ψσµψ̄ to the bosonic field u.

17.1.2 Chiral superfield revisited

Here I want to rewrite a chiral superfield in terms of Majorana spinors and real fields
for an easier comparison with the lower dimensional cases. Let α denote the Majorana
parameter with corresponding Weyl component θ and recall that

ᾱγµγ5α = 2θσµθ̄, ᾱα = θ2 + θ̄2, ᾱγ5α = θ̄2 − θ2

from which immediately follows that a chiral superfield has the expansion

Φ =
(
A+

1√
2

(ᾱψ − ᾱγ5ψ) + 1
2(ᾱα− ᾱγ5α)F

)
(xµ + i

2 ᾱγ
µγ5α)

= A+ i
2 ᾱγ

µγ5α∂µA− 1
8(ᾱγµγ5α)(ᾱγνγ5α)∂µ∂νA

+
1√
2

(ᾱψ − ᾱγ5ψ) +
i

2
√

2
(ᾱγµγ5α)(ᾱ∂µψ − ᾱγ5∂µψ) + 1

2(ᾱα− ᾱγ5α)F.

————————————
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To continue we use the Fierz identities

3
2 ᾱγ(µγ5α ᾱγν)γ5α = 1

4((ᾱα)2 − (ᾱγ5α)2 + ᾱγσγ5αᾱγσγ5α)ηµν

ᾱγσγ5α ᾱγσγ5α = 2(ᾱα)2 − 2(ᾱγ5α)2 =⇒
ᾱγ(µγ5α ᾱγν)γ5α = 1

2((ᾱα)2 − (ᾱγ5α)2)ηµν

and rewrite the chiral field as follows

Φ = A+ i
2 ᾱγ

µγ5α∂µA− 1
8(ᾱα)22A

+
√

2ᾱP−ψ +
i√
2

(ᾱP−α)(ᾱ/∂P−ψ) + ᾱP−αF

The corresponding representation for a antichiral superfield reads

Φ† = A∗ − i
2 ᾱγ

µγ5α∂µA
∗ − 1

8(ᾱα)22A∗

+
1√
2

(ᾱψ + ᾱγ5ψ)− i

2
√

2
(ᾱγµγ5α)(ᾱ∂µψ + ᾱγ5∂µψ) + 1

2(ᾱα+ ᾱγ5α)F ∗

The sum is a real superfield

Φ + Φ† = A1 − i
2 ᾱγ

µγ5α∂µA
∗ − 1

16((ᾱα)2 − (ᾱγ5α)2)2A∗

+
1√
2

(ᾱψ + ᾱγ5ψ)− i

2
√

2
(ᾱγµγ5α)(ᾱ∂µψ + ᾱγ5∂µψ) + 1

2(ᾱα+ ᾱγ5α)F ∗

17.1.3 Higher derivatives

Let Φ be a chiral superfield. On finds the following results for the supercovariant derivatives
of Φ:

DαΦ = 2i(σµθ̄)α∂µΦ(y) +
√

2ψα(y) + 2θαF (y)

DαΦ = −2i(θ̄σ̃µ)α∂µΦ(y) +
√

2ψα(y) + 2θαF (y).

Similarly, for the nonvanishing supercovariant derviatives of Φ† we obtain

D̄α̇Φ = −2i(θσµ)α̇∂µΦ†(z) +
√

2ψ̄α̇(z) + 2θ̄α̇F̄ (z)

D̄α̇Φ† = 2i(σ̃µθ)α̇∂µΦ†(z) +
√

2ψ̄α̇(z) + 2θ̄α̇F̄ (z).

It follows that

DαΦDαΦ = 2ψ2 + 4
√

2Fθψ + 4θ2F 2

+4
√

2i(ψσµθ̄)∂µΦ + 8i(θσµθ̄)F∂µΦ + 4θ̄2∂µΦ∂µΦ,

D̄α̇Φ†D̄α̇Φ† = 2ψ̄2 + 4
√

2F̄ θ̄ψ̄ + 4θ̄2F̄ 2

−4
√

2i(θσµψ̄)∂µΦ† − 8i(θσµθ̄)F̄ ∂µΦ† + 4θ2∂µΦ†∂µΦ†

where the arguments of the fields in the first and second formula are y and z, respectively.
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17.2 Models with Faddeev-Niemi term

The purely bosonic model has the Lagrangian

L =
m2

2
∂µn ∂µn −

1

4g2
HµνH

µν , where Hµν = n(∂µn ∧ ∂νn) = εabcn
a∂µn

b∂νn
c,

and the target manifold is S2, i.e. n ·n = 1. The constant m has the dimension of a mass
and g is dimensionaless. To proceed, we define the Cho-connection1

Aµ = εabc n
b∂µn

cτa or A = 1
2i [n, dn], n = naτa,

where we took as basis for the Lie algebra the Pauli-matrices, so that

[τa, τb] = 2iεabcτc, Tr(τaτb) = 2δab, Tr(nn) = 2n · n .

We find

∂µAν − ∂νAµ = 2εabc∂µn
b∂νn

cτa and [Aµ, Aν ] = 2in εabcn
a∂µn

b∂νn
c,

so that

Trn(∂µAν − ∂νAµ) = 4εabcna∂µnb∂νnc = −iTrn([Aµ, Aν ]) ≡ 4Hµν

Next we rewrite the potential and field strength in conformally flat coordinates on the
target space S2. To do that we introduce coordinates on C related to n by the stereographic
projection defined by

na =
1

1 + ūu

 2u1

2u2

1− ūu

⇐⇒ n = naτa =
1

1 + ūu

(
1− ūu 2ū

2u ūu− 1

)
, u = u1 + iu2.

The metric on on C reads

ds2 = dnadna = gabdu
adub, gab =

√
g δab,

√
g =

4

(1 + ūu)2

In terms of the u-coordinates the Cho-connection reads

A =
2

i

1

(1 + ūu)2

(
ūdu− udū dū+ ū2du
−du− u2dū udū− ūdu

)
,

so that

dA =
4

i

1

(1 + ūu)3

(
1− ūu 2ū

2u ūu− 1

)
dū ∧ du =

4

i

1

(1 + ūu)2
ndū ∧ du.

1actually, this is only part of the Cho-connection
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The Field strength introduced by Faddeev and Niemi becomes then reads

Tr(ndA) =
8

i

1

(1 + ūu)2
dū ∧ du = 2Hµνdx

µ ∧ dxν

Hµν =
2

i

1

(1 + ūu)2
(∂µu∂ν ū− ∂νu∂µū), H = 1

2Hµνdx
µdxν .

The Faddeev-Niemi term reads

HµνH
µν = − 8

(1 + ūu)4

(
(∂µū ∂

µū)(∂νu∂
νu)− (∂µū∂

µu)2
)
.

For static configurations

HijHij =
8

(1 + ūu)4

(
(∇ū · ∇u)2 − (∇ū)2(∇u)2

)
.

Now we are ready to rewrite the full Lagrangian density in terms of the u field: With

∂µn ∂µn =
4∂µu∂

µū

(1 + uū)2

we obtain

L = 2m
∂µu ∂

µū

(1 + uū)2
− 2

g2

1

(1 + ūu)4

(
(∂µū∂

µū)(∂νu∂
νu)− (∂µū∂

µu)2
)
. (17.1)

The energy density for static configurations is just

E = 2m
∇u∇ū

(1 + uū)2
+

2

g2

1

(1 + ūu)4

(
(∇ū · ∇u)2 − (∇ū)2(∇u)2

)
. (17.2)

17.2.1 Systematic rewriting the invariants

In the derivative expansion of the n-field model the following terms are present in fourth
order

(n∂µ∂µn)(n∂µ∂νna), (n2n)(n2n) and (2n ,2n).

We use the previous parametrization of the n field, such that

∂µn =
2

N

 ∂µu
1

∂µu
2

0

− 4(u, ∂µu)

N2

u1

u2

1

 , N = 1 + (u, u),

where for the moment beeing we switch to the real representation for the u-field, u =
(u1, u2). A straightforward calculation shows that

n ∂µ∂νn = −gab∂µua∂νub

————————————
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holds true. To continue we observe that for a conformally flat metric in 2 dimensional
target space

Γabc =
1

2e
(δab ∂ce+ δac ∂be− δadδbc ∂de), e =

√
g

so that

∇µ∂µua = ∂∂ua + Γabc∂µu
b∂µuc = ∂∂ua + ∂µ log(e) ∂µua − 1

2δ
ad ∂d log(e) (∂u, ∂u).

For the 2-sphere e = 4/N2 and

∂d log e = − 4

N
ud and ∂µ log e = − 4

N
(u, ∂µu),

so that

gab∇2ua∇2ub =
4

N2
(2u,2u) +

16

N3

(
(∂u)2(∂u)2 − 2(2u, ∂µu)(u, ∂µu) + (2u, u)(∂u)2

)
+

16

N4

(
4(u, ∂µu)(u, ∂νu)(∂µu, ∂νu)− (∂u)2(∂u)2 − 4(u, ∂u)2(∂u)2

)
(17.3)

We want to compare with the invariant constructed out of

2n =
( 16

N3
(u, ∂u)2 − 4

N
{(∂u)2 + (u,2u)}+

2

N
2− 8

N2
(u, ∂µu) ∂µ

)u1

u2

1

 .

After a rather lengthy calculation one finds(
2n − (n ,2n)n ,2n − (n ,2n)n

)
= (2n ,2n)− (n ,2n)2 = gab∇2ua∇2ub. (17.4)

Let us summarize our findings: Up to fourth derivatives there are four invariant actions
operators, and their form in the u-variables are

S1 =

∫
(∂n , ∂n) =

∫
gab∂µu

a∂µub

S2 =

∫
(2n ,2n) =

∫
gab∇2ua∇2ub +

∫ (
gab∂µu

a∂µub
)2

S3 =

∫
(n2n ,n2n) =

∫ (
gab∂µu

a∂µub
)2

S4 =

∫
(n∂µ∂νn ,n∂µ∂νn) =

∫
gab∂µu

a∂νu
b gcd∂

µuc∂νud.

The celebrated Faddeev-Niemi term is just the difference S3 − S4:

SFN =

∫
HµνH

µν = S3 − S4 =

∫ (
(gab∂µu

a∂µub)2 − gab∂µua∂νub gcd∂µuc∂νud
)
.
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Not suprisingly these expression find a simpler form in term of the complex field u =
u1 + iu2, since the target space is Kähler. First we rewrite the covariant Laplacian. With

(∇2u)1 + i(∇2u)2 = ∂2u− 4

N
(u, ∂µu)∂µu+

2

N
(∂u, ∂u)u

and

(u, ∂µu) = 1
2∂

µ(uū) and (∂u, ∂u) = ∂µu∂
µū

we obtain

(∇2u)1 + i(∇2u)2 = ∂2u− 2

N
∂µ(uū)∂µu+

2

N
(∂u∂µū)u = ∂2u− 2

N
(∂u)2 ū

(∇2u)1 − i(∇2u)2 = ∂2ū− 2

N
∂µ(uū)∂µū+

2

N
(∂u∂µū)ū = ∂2ū− 2

N
(∂ū)2 u.(17.5)

Hence that the above invariants can be rewritten as

S1 =

∫
e ∂u∂ū S2 − S3 =

∫
e2 |∂2u− 2

N (∂u)2ū| 2

S3 =

∫
e2 (∂u∂ū)2 S4 − 1

2S3 = 1
2

∫
e2 (∂u∂u)(∂ū∂ū). (17.6)

The Faddeev-Niemi term has the simple form

SFN = 1
2

∫
e2
(

(∂u∂ū)(∂u∂ū)− (∂u∂u)(∂ū∂ū)
)
. (17.7)

17.2.2 Equations of motion and fluctuations

We slightly generalize the model and assume that spacetime is curved with metric hµν in
which case

L =
m2

2

√
−hhµνgab∂µua∂νub −

1

4e2

√
−hhµαhνβHµνHαβ = Lσ + LFN

where we have introduced the antisymmetric tensor

Hµν = ηab ∂µu
a∂νu

b.

Actually, the have now changed the sign of Hµν ! We made use of the skewsymmetric
pseudotensor

ηab =
√
g εab, ε12 = 1

which is related to the closed volume form η on the target manifold via

η = 1
2ηabdu

a ∧ dub.

————————————
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We are going to expand the action

S[u+ tv] = S[u] + t(S′, v) + 1
2 t

2(v, S′′v) +O(t3)

to determine the first and second derivative of S. The first derivative yields the equations of
motion and the second derivative is necessary for the stability analysis and the semiclassical
quantisation. First we vary the sigma-model term Sσ:

Sσ[u+ v] =
m2

2

∫ √
−hhµνgab(u+ v)∂µ(ua + va)∂ν(ub + vb)

=
m2

2

∫ √
−h(gab + gab,cv

c + 1
2gab,cdv

cvd){∂µua∂µub + 2∂µv
a∂µub + ∂µv

a∂µvb}

= Sσ[u] +
m2

2

∫ √
−hhµν{2gab ∂µva∂νub + gab,cv

c∂µu
a∂νu

b}

+
m2

2

∫ √
−hhµν{gab∂µva∂νvb + 2gab,cv

c∂µv
a∂νu

b + 1
2gab,cd v

cvd∂µu
a∂νu

b}

Next we replace the fluctuation va by the tangent ξa to the geodesic from u to u+ v (we
set t = 1):

va = ξa − 1
2Γapqξ

pξq +O(ξ3)

Inserting v(ξ) the first order terms partly transforms into the second order terms. With
the identities used in section (15.1.1) we arrive at the following expansion

Sσ[u+ v] = Sσ[u] +
m2

2

∫ √
−hhµν{gab(∂µξa∂νub + ∂µu

a∂νξ
b) + gab,cξ

c∂µu
a∂νu

b}

+
m2

2

∫ √
−hhµν(gab∇µξa∇νξb −Racbd∂µua∂νubξcξd).

We read off the first derivative of Sσ as follows

(S′σ, ξ) = m2

∫ √
−hgab∇µξa∂µub, where ∇µξa = ∂µξ

a + Γabc∂µu
bξc.

Here Γabc are the Christoffel symbols of the target manifold. We need the following formula:
If Aaµ is a vector with respect to spacetime and target space diffeomorphisms, e.g. Aaµ =
∂µu

a, then the following formula holds up to surface terms,∫ √
−h gab∇µξaAbν = −

∫ √
−h gab ξa∇µAbν , ∇µAbν = ∂µA

bµ + γνµαA
bα + Γbcd∂µu

cAdν .

Here γνµα are the Christoffel symbols corresponding to the spacetime metric. I leave the
proof for an exercise in partial integration. Hence we may partially integrate in (S′σ, ξ)
which results in

(S′σ, ξ) = −m2

∫ √
−h gabξa∇µ∂µub = −m2

∫ √
−h gabξa(2ub + Γbcdh

µν∂µu
c∂νu

d).
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Without Faddeev-Niemi term the field equations read

2ua + Γabc ∂µu
b∂µuc = 0. (17.8)

Hence u would be a harmonic map from spacetime to the 2-dimensional target manifold.
Let us see that this equation is covariant: under spacetime diffeomorphism x → y the
equation is covariant since the ∂µu

a are vector fields,

∂ua

∂xµ
= (

∂yν

∂xµ
)
∂ua

∂yν

Under field transformations

ua −→ ua(w1, w2).

the objects ∂µu
a are vectors as well,

∂µu
a = (

∂ua

∂wb
)∂µw

b

and the metric transforms as usual

gab(u)∂µu
a∂νu =

∂ua

∂wc
∂ub

∂wd
gab(u) ∂µw

c∂νw
d = g̃cd(w) ∂µw

c∂νw
d.

Now it is a easy exercise to prove, that

Dµ∂νu
a, Dµv

a
ν = ∂µv

a
ν − γαµνvaα + Γabc∂µu

bvcν ,

where γ are the Christoffel sympols of spacetime and Γ are those of the target space,
transforms as a 2 tensor under spacetime diffeomorphism and as vector under target space
diffeomorphism, provided the target space connection transforms properly,

Γ̃abc = τap(t
p
bt
q
cΓ
p
pq +

∂2up

∂wb∂wc
), τap =

∂wa

∂up
, tpb =

∂up

∂wb
.

It follows that the wave operator compatibel with both set of diffeomorphism is

D2ua = hµνDµ∂νu
a = 2ua + Γabc∂µu

b∂µuc.

Remark: The equations (17.8) should be compared with equation

ẍa + Γabcẋ
bẋc = 0

for the geodesic motion of a particle on a curved target space.

Now we turn to the second derivative of the sigma-model term

(ξ, S′′ξ) = m2

∫ √
−hhµν(gab∇µξa∇νξb −Rcadb∂µuc∂νudξaξb)

= −m2

∫ √
−h ξa(gab∇µ∇µξb +Rcadb∂µu

c∂µudξb).
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We read off the differential equations for fluctuation about a background field ua:

∇µ∇µξa −Racdb ∂µuc ∂µud ξb = λξa. (17.9)

Now we turn to the variation of the Faddeev-Niemi term: We use the elegant method
of Mukhi, see section (15.1.3), to find the expansion of LFN . First we recall that the
antisymmetric pseudo tensor ηab is covariantly conserved. In 2 dimensions the proof is
elementary:

∇cηab = ∂c(
√
g)εab − Γdcaηdb − Γdcbηad =

√
g(Γdcd εab − Γdcaεdb − Γdcbεad).

We only need to check that this vanishes for a = 1, b = 2:

∇cη12 =
√
g(Γdcd − Γ1

c1 − Γ2
c2) = 0.

Again we consider a geodesic u(s) which interpolates between u = u(0) and u(1) = u+ v
and calculate the change of H2(s) = Hµν(s)Hµν(s) along this curve:

H2(s) = H2(u) + s∇sH2(s)|s=0 + 1
2s

2(∇s)2H2(s)|s=0 +O(s3)

= H2(u) + 2sHµν(u)∇sHµν |s=0 + s2(∇sHµν∇sHµν +Hµν(∇s)2Hµν).

Clearly we need the variation of Hµν along the geodesic: The first derivative is

∇sHµν(s) = ηab∇s(∂µua∇νub) = ηab(∇µu̇a∂νub + ∂µu
a∇ν u̇b)

and its value at s = 0 becomes

∇sHµν(0) = ηab(∇µξa∂νub + ∂µu
a∇νξb). (17.10)

The second derivative is found to be

(∇s)2Hµν(s) = ηab∇s(∇µu̇a∂νub + ∂µu
a∇ν u̇b)

= ηab([∇s,∇µ]u̇a∂νu
b + ∂µu

a[∇s,∇ν ]u̇b +∇µu̇a∇ν u̇b +∇µu̇a∇ν u̇b)

so that its value at the origin reads

(∇s)2Hµν(0) = ηab(R
a
cdp∂µu

p∂νu
bξcξd +Rbcdp∂νu

p∂µu
aξcξd + 2∇µξa∇νξb) (17.11)

Now we are ready to calculate the first variation of the Faddeev-Niemi term

(S′FN , ξ) = − 1

e2

∫ √
−hHµνηab∇µξa∇νub =

1

e2

∫ √
−h∇µ(ηabH

µν∇νub)ξa.

Together with the previous result we obtain the formula for the first order variations of
the complete action:

(S′, ξ) =

∫ √
−hgbc

(
−m2(2uc + Γcpq∂µu

p∂νu
q) +

1

e2
∇ν(Hµν∂µu

a)η c
a

)
ξb
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and this gives rise to the following equations of motion

m2(2uc + Γcpq∂µu
p∂νu

q) =
1

e2
∇ν(Hµν∂µu

a)η c
a (17.12)

Now we come to the most difficult part, the calculation of the second order terms induced
by the FN-action. We find

∇sHµν∇sHµν + (∇s)2HµνH
µν = 2ηabηpq(∂νu

b∂νuq∇µξp∇µξa + ∂µu
a∂νuq∇µξp∇νξb)

+ 2ηabH
µν(Racdp∂µu

p∂νu
bξcξd +∇µξa∇νξb)

Adding the second variation of the sigma-model term results in

(ξS′′, ξ) = −m2

∫ √
−h ξa(gab∇µ∇µξb +Rcadb∂µu

c∂µudξb)

− 1

e2

∫ √
−h
(
ηabηpq(∂νu

b∂νuq∇µξp∇µξa + ∂µu
a∂νuq∇µξp∇νξb)(17.13)

+ ηabH
µν(Racdp∂µu

p∂νu
bξcξd +∇µξa∇νξb)

)
or after partial integration

(ξS′′, ξ) = −m2

∫ √
−h ξa(gab∇µ∇µξb +Rcadb∂µu

c∂µudξb)

+
1

e2

∫ √
−hξaηabηcd∇µ

(
∂µu

c∂νub∇νξd − ∂νub∂νuc∇µξd
)

(17.14)

+
1

e2

∫ √
−hξa

(
ηab∇µ(Hµν∂νξ

b)− ηbcHµνRbadp∂µu
p∂νu

cξd
)
,

where we used that the covariant derivative of the pseudotensor ηab vanishes. This then
yields the following equations for the fluctuations

−m2∇2ξa +m2Rabcd∂µu
b∂µucξd

+
1

e2
ηabηcd∇µ

(
∂µu

c∂νub∇νξd − ∂νub∂νuc∇µξd
)

(17.15)

+
1

e2
ηab∇µ(Hµν∂νξ

b)− 1

e2
η b
c H

µνRabdp∂µu
p∂νu

cξd = λ2ξa,

17.2.3 Hopfinvariant

In this subsection we are going to express the Hopfinvariant in terms of the u-field. For
that we need a one-form, denoted by a, the differential of which is the abelian field strength
H,

da = H.
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Actually, we may easily write down such an abelian potential,

a = dθ +
1

i

ūdu− udū
1 + ūu

.

Indeed, we find

da =
2

i

1

(1 + ūu)2
dū ∧ du = H.

For the Hopf-density we find

h ∼ a ∧H =
2

i

1

(1 + ūu)2
dθ ∧ dū ∧ du

At this point I do not know what to insert for θ. To understand this apparent ambiguity
we switch to yet another parametrization. We use that the Hopf invariant invariant has a
simple geometric interpretation in terms of g ∈ SU(2) defined (up to a U(1)-factor) by

n = gτ3g
−1, g =

1

(1 + ūu)1/2

(
1 −ū
u 1

)(
eiφ 0
0 e−iφ

)
=

1

(1 + ūu)1/2

(
eiφ −ūe−iφ
ueiφ e−iφ

)
.

The Hopfinvariant is just the winding number of g ∈ SU(2) as function of the spatial
variables. Hence we assume that g is time-independent and tends to a constant element
for large distances from the origin. From

g−1dg = iτ3dφ+ 1
2

1

1 + ūu

(
ūdu− udū −2e−2iφdū

2e2iφdu udū− ūdu

)
we may calculate the density giving rise to the Hopf invariant. The powers of the potential
g−1dg are:

(g−1dg)2 =
2i

1 + ūu

(
0 e−2iφdū

e2iφdu 0

)
∧ dφ+

1

(1 + ūu)2

(
−1 e−2iφū
e2iφu 1

)
dū ∧ du

(g−1dg)3 = − 3i

(1 + ūu)2
1 dū ∧ du ∧ dφ

such that the winding number density is proportional to

Tr(g−1dg)3 = −6i
1

(1 + ūu)2
dū ∧ du ∧ dφ.

To check the normalization we use the standard Hopf map

g = i sin θ

(
e−iφ34 e−iφ12 cot θ

eiφ12 cot θ −eiφ34
)

=

(
x3 + ix2 x1 + ix0

−x1 + ix0 x3 − ix2

)
.

where we introduced the coordinates

x̂µ = ( cos θ cosφ12, cos θ sinφ12, sin θ cosφ34, sin θ sinφ34)

0 ≤ θ < π/2, 0 ≤ φ12, φ34 < 2π
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on the 3-sphere. Comparing with the parametrization of g used above we find the identi-
fications

eiφ = ie−iφ34 , sin−2 θ = 1 + ūu, u = cot θ ei(φ12+φ34),

such that the winding number density is proportional to

Tr(g−1dg)3 = 6 sin 2θdθ ∧ dφ12 ∧ dφ34.

On the other hand, since

1

4π2

∫
S3

sin 2θdθ ∧ dφ12 ∧ dφ34 = 1

the correct normalization for the Hopf-density is

q =
1

24π2
Tr(g−1dg)3 =

1

4iπ2

1

(1 + ūu)2
dū ∧ du ∧ dφ.

There are problems when one tries to find the Hopfinvariant in terms of u. It is nonolocal,
therefore we turn to the

17.3 Alternative formulations

In this section we shall investigate alternative formulations of the models just considered.
We begin with the

17.3.1 CP1 formulation

We introduce

na = z†τaz, z =

(
z0

z1

)
∈ C2, z†z = 1.

More explicitly

n1 − in2 = 2z̄1z0, n3 = z̄0z0 − z̄1z1, u =
z1

z0
, 1 + ūu = 1/|z0|2.

First we rewrite the σ-model term in terms of the CP1 field. Since

∂µu =
1

z2
0

(z0∂µz1 − z1∂µz0)

we find

∂µu∂
µū

(1 + ūu)2
= |z0|2∂µz1∂

µz̄1 + |z1|2∂µz0∂
µz̄0 − z1∂µz̄1z̄0∂

µz0 − z0∂µz̄0z̄1∂
µz1

= ∂µz
†∂µz + (z†∂µz)(z†∂µz),
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where we used that z has length one. Introducing the U(1) gauge potential and covariant
derivative as

Aµ = −iz†∂µz, Dµz = (∂µ − iAµ)z,

this can be rewritten as

∂µu∂
µū

(1 + ūu)2
= (Dµz)

†(Dµz).

The proof is simple,

(Dµz)
†(Dµz) = ∂µz

†∂µz +AµA
µz†z − iAµ∂µz†z + iAµz

†∂µz = ∂µz
†∂µz −AµAµ.

Next we wish to express the Faddeev-Niemi term in terms of the CP1 field. We calculate

∂µū∂νu− ∂ν ū∂µu
(1 + ūu)2

= (z̄0∂µz̄1 − z̄1∂µz̄0)(z0∂νz1 − z1∂νz0)− (µ↔ ν)

= |z0|2∂µz̄1∂νz1 + |z1|2∂µz̄0∂νz0 − z1∂µz̄1z̄0∂νz0 − z0∂µz̄0z̄1∂νz1 − (µ↔ ν)

= {∂µz̄1∂νz1 + ∂µz̄0∂νz0 + (z†∂µz)(z†∂νz)} − {µ↔ ν}
= ∂µz̄1∂νz1 + ∂µz̄0∂νz0 − ∂ν z̄1∂µz1 − ∂ν z̄0∂µz0 = i(∂µAν − ∂νAµ)

Hence we have proven the nice formula

∂µū∂νu− ∂ν ū∂µu
(1 + ūu)2

= iFµν .

Now we proceed to calculate the Faddeev-Niemi density in terms of u. After some algebra
one obtains

d~n ∧ d~n =
8

(1 + ūu)2
~ndu1 ∧ du2 or

(d~n ∧ d~n)a = εabc∂µn
b∂νn

bdxµ ∧ dxν =
8

(1 + ūu)2
na du1 ∧ du2

Since

idū ∧ du = 2du1 ∧ du2 =⇒ du1 ∧ du2 = i
4(∂µū∂νu− ∂ν ū∂µu)dxµ ∧ dxν

we may rewrite

~n(d~n ∧ d~n) = εabcn
a∂µn

b ∧ ∂νncdxµ ∧ dxν

=
8

(1 + ūu)2
i
4(∂µū∂νu− ∂ν ū∂µu)dxµ ∧ dxν = −2Fµνdx

µ ∧ dxν .

As a consequence, the antisymmetric tensor Hµν is proportional to the field strength of
Aµ,

Hµν = εabcn
a(∂µn

b ∧ ∂νnc) = −2Fµν .
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For the standard Hopf map

~n =

 2(x1x3 − x2x4)
2(x1x4 + x2x3)
x2

3 + x2
4 − x2

1 − x2
2

 =

 sin 2θ cos(φ12 + φ34)
sin 2θ sin(φ12 + φ34)

− cos 2θ

 =

 z̄0z1 + z̄1z0

iz̄1z0 − iz̄0z1

z̄0z0 − z̄1z1


we may take

z =

(
sin θ e−iφ12

cos θ eiφ34

)
.

For the gauge potential and field strength we obtain

A = −i2̇dz = cos2 θ dφ34 − sin2 θ dφ12, F = − sin 2θ dθ ∧ (dφ12 + dφ34).

It follows that

A ∧ F = sin 2θ dθ ∧ dφ12 ∧ dφ34 and
1

4π2

∫
S3

A ∧ F = 1.

Let us finally summarize what we have gotten so far. The effective Lagrangian density
takes the form

L =
m2

2
(Dµz)

†Dµz − 1

4e2
FµνF

µν ,

where

A = −iz†dz, Dµ = ∂µ − iAµ, F = dA.

For static fields and in the Weyl gauge we obtain

−L =
m2

2
(Diz)

†Diz +
1

4e2
FijF

ij ,

The properly normalized Hopf invariant reads

H =
1

4π2

∫
d3xA ∧ F =

1

8π2

∫
εijkAiFjk d

3x.

We may write the energy as a square. For that we notice that

z†Diz = z†∂iz − iAi = iAi − iAi = 0 = −(Diz)z
†,

such that with

D̃iz ≡ Diz − iεijk Fjk

we obtain

|D̃iz|2 = (Diz)
†Diz + εijkεipqFjkFpq − iεijkFjk(Diz)

†z + iεipqFpqz
†Diz

= (Diz)
†Diz + 2FijFij .
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17.3.2 Yet another formulation

Assume that z ∈ C2 with z†z = 1 andAµ are independent field and consider the Lagrangian

L = 1
2(Diz)†Diz + 2iθεijkAi(∂jz

†∂kz),

where D is the covariant derivative taken with respect to the apriori independent potential
A. The first term becomes

(∂iz
† + iAiz

†)(∂iz − iAiz) = ∂iz
†∂iz +AiAi + 2iAiZi, where Zi = z†∂iz.

Later Zi will be an induced connection. Its fieldstrength is

Zij = ∂iZj − ∂jZi = ∂iz
†∂jz − ∂jz†∂iz.

Hence we obtain

L = 1
2∂iz

†∂iz + 1
2AiAi + iAiZi + iθεijkAiZjk.

Now we eliminate the field Ai by its algebraic equation of motion, which read

Ai + iZi + iθεijkZjk = 0

which yield

L = 1
2∂iz

†∂iz + 1
2(Zi + θεijkZjk)

2 = 1
2(Diz)

†Diz + θ2ZpqZpq − θεijkZiZjk.

Hence we recover the sigma model term, the Faddeev-Nieme term and the Hopf invariant.

17.3.3 Coadjoint orbit variables

We introduce the hermitean and traceless field

Q = 1
21− zz†, TrQ = 0, detQ = −1

4 ,

such that

∂µQ = −(∂µzz
† − z∂µz†)

and

∂µQ∂
µQ = ∂µzz

†∂µzz† + ∂µz∂
µz† + z∂µz

†∂µzz† + z∂µz
†z∂µz†.

Using Truv† = v†u and introducing Zµ = z†∂µz we obtain

1
2Tr(∂µQ∂

µQ) = ∂µz
†∂µz + ZµZ

µ.

Next we rewrite the Faddeev-Niemi term and the Hopf invariant. With

dQdQ = ZdQ+ dZ(1 + zz†)
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we obtain

Tr(dQ)2 = Tr(dQ)2zz† = 2dZ so that TrQ(dQ)2 = −dZ.

Furthermore, using Z2 = 0 we find

(dQ)4 = dZdZ(1 + zz†)(1 + zz†) + ZdZdQ(1 + zz†) + dZZ(1 + zz†)dQ

so that

Tr(dQ)4 = 4dZdZ + ZdZ(TrdQ+ TrdQzz†) = 4dZdZ

Tr{(dQ)4zz†} = 4dZdZ + 4ZdZTr(dQzz†) = 4dZdZ

and hence

Tr{Q(dQ)4} = −2dZdZ = −2(dz† ∧ dz) ∧ (dz† ∧ dz) = −2d(Z ∧ dZ).

————————————
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[10] W. Pauli, Über das Wasserstoffspektrum vom Standpunkt der neuen Quantenmecha-
nik,
Z. Phys. 36 (1926) 336-363.

[11] K. Chadan and P.C. Sabatier, Inverse Problems in Quantum Scattering Theory,
Springer Verlag (1977)

263



LITERATURVERZEICHNIS Literaturverzeichnis 264

[12] G. Darbaux, C.R. Academy Sc. (Paris) 94 (1882) 1456; A. Khare and U. Sukhatme,
Phase Equivalent Potentials obtained from Supersymmetry,
Jour. Phys. A22 (1989) 2847.

[13] W.Y. Keung, U. Sukhatme, Q. Wang and T. Imbo, Families of Strictly Isospectal
Potentials,
Jour. Phys. A22 (1989) L987.

[14] S.W. Hawking and G.F.R. Ellis, The Large-Scale Structure of Space-Time,
Cambridge University Press, 1973

[15] S.J. Avis, C.J. Isham and D. Storey, Quantum Field Theory in Anti-De Sitter Space-
Time,
Phys. Rev. D18 (1978) 3565.

[16] S. Coleman and J. Mandula, All possible symmetries of the S matrix,
Phys. Rev. 159 (1967) 1251.

[17] E. Witten, Search for a Realistic Kaluza-Klein Theory,
Nucl. Phys. B186 (1981) 412.

[18] A. Van Proeyen, Superconformal tensor calculus in N = 1 and N = 2 supergravity,
in ‘Supersymmetry and Supergravity 1983 ’,
ed. B. Milewski, (World Scientific Publ. Co., 1983), p. 93.

[19] E. Bergshoeff, E. Sezgin and A. Van Proeyen, Superconformal Tensor Calculus and
Matter Couplings in Six Dimensions,
Nucl. Phys. B264 (1986) 653.

[20] J. Scherk, Extended supersymmetry and extended supergravity theories,
in Recent developments in gravitation, ed. M. Lévy and S. Deser (Plenum Press, N.Y.,
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