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Kapitel 1

Introduction

Supersymmetric theories are highly symmetric and beautiful. They unify fermions (matter)
with bosons (carrier of forces), either in flat space (supersymmetry) or in curved space-time
(supergravity). Supergravity unifies the gravitational with other interactions. The energy
at which gravity and quantum effects become of comparable strength can be estimated
from the only expression with the dimension of energy that can be formed from the
constants of nature A, c and G,

Ep| = mpic® = czx/hc/G' ~ 10"9GeV.

The SCHWARZSCHILD radius of a point particle with Planck mass is just twice its COMPTON
wavelength,

2G 2G 2h 2h
= — = — = — = - = 2 .
S =5 mMPI= 3 Vhe/G . /G /he p—— Ac

Supersymmetry transformations relate bosons to fermions,
Q |Boson) ~ |Fermion) and Q |Fermion) ~ |Boson),

and hence relate particles with different spins. The particles fall into multiplets and the
supersymmetry transforms different members of such a super multiplet into each other.
Each supermultiplet must contain at least one boson and one fermion whose spins differ
by 1/2. All states in a multiplet (of unbroken supersymmetry) have the same mass.

So far no experimental observation has revealed particles or forces which manifestly show
such a symmetry. Yet supersymmetry has excited great enthusiasm in large parts of the
community and more recently in the context of superstring theories. It has even be said
of the theory that it

IS SO BEAUTIFUL IT MUST BE TRUE.

Notation:
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symbols range meaning

1,5, k... 1,2,...,d —1 | space indices

wv,p,o,... | 0,1,...,d—1 | space-time indices

a,B,7,0... | 1,...20d/2 Dirac-spinor indices

o, B, B... | 1,...2%21 Weyl-spinor-indices (d even)

AT A* AT A matrix adjoint, complex conjugate and transpose of A

The symmetrization and anti-symmetrization of a tensor A, ,, are

1 1 — .
Apropn) = 3 D Asu)olun)r A = I > sign(0) Ag(u).o(un)-

Reading

The following introductory books and review articles maybe useful:

1. J. Wess and J. Bagger, Supersymmetry and Supergravity,
Princeton University Press, Princeton, 1983

2. Martin F. Sohnius, Introducing Supersymmetry,
Physics Reports 128 (1985) 39

3. S.J. Gates, M.T. Grisaru, M. Rocek and W. Siegel, Superspace: Or One Thousand
and One Lessons in Supersymmetry,
Benjamin/Cummings, London, 1983

4. S. Weinberg, The Quantum Theory of Fields,
Vol.3, Cambridge University Press, Cambridge, 1999

5. P. West, Introduction to Supersymmetry and Supergravity,
Word Scientific, Singapore, 1987

6. M. Jacob, Supersymmetry and Supergravity,
North Holland, Amsterdam, 1987

7. O. Piguet and K. Sibold, Renormalized Supersymmetry,
Birkh&user Boston Inc., 1986

8. M.B. Green, J.H. Schwartz and E. Witten, Superstring Theory,
Cambridge University Press, 1987

9. Peter G.O. Freund, Introduction to Supersymmetry,
Cambridge University Press, Cambridge, 1986

10. H.J.W. Miiller-Kirsten and A. Wiedemann, Supersymmetry: An Introduction with
Conceptual and Calculational Details
World Scientific, Singapore, 1987

A. Wipf, Supersymmetry
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11. Antoine Van Proeyen, Tools for Supersymmetry,
hep-th /9910030

12. Stephen P. Martin, A Supersymmetry Primer,
hep-ph/9709356

13. Joseph D. Lykken, Introduction to Supersymmetry,
hep-th/9612114

14. Manuel Drees, An Introduction to Supersymmetry,
hep-ph/9611409
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Kapitel 2

Supersymmetric Quantum
Mechanics

In this chapter we examine simple toy models of supersymmetric field theories. These are
quantum mechanical systems possessing supersymmetry [1]. Here there are no technical
difficulties hiding the essential structures. Besides, such simple systems are interesting in
their own right, since the dynamics of supersymmetric quantum field theories in finite vo-
lumes reduce to that of supersymmetric quantum mechanics in the infrared limit [3]. This
observation maybe used to better understand non-perturbative features of field theories.
A supersymmetric quantum mechanics with 16 supercharges appear in the matrix theory
description of M theory [2]. In mathematical physics supersymmetric quantum mecha-
nics has proved to be useful in proving index theorems for physically relevant differential
operators [4].

Quantum mechanics can be thought of as quantum field theory in 0 + 1 dimensions. For a
point particle on the line the position £ and momentum p play the role of a real scalar field
¢ and its conjugate momentum field 7. The Poincaré algebra reduces to time translations
generated by the HAMILTONian H. The ground state of quantum mechanics corresponds
to the vacuum state of field theory.

2.1 Supersymmetric harmonic oscillator

Setting 2m=~h=1 the ordinary harmonic oscillator in one dimension has Hamiltonian
Hp = p* + w?2? — w, (2.1)

where we have subtracted the zero-point energy hw. As is well-known one can define
lowering and raising operators,

L (p-iws) , ol = ——(p+iwa) (2:2)
a=—(p—iwzr) , a =-— W )
V2w P V2w P
with commutation relations
[a,a] = [af,a] =0 and [a,a']=1. (2.3)
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These allow us to rewrite the Hamiltonian as follows,
Hp=w (aTa + aa' — 1) — 2wNg, Np=dla. (2.4)

The ground state is annihilated by the lowering operator a and the excited states are
gotten by applying the raising operator a! several times to the ground state,
1

n) = N (a")™0), al0) =0. (2.5)

The number operator counts, how many times a! has been applied to the ground state,
Ng|n) = a'aln) = n|n), (2.6)

and with (2.4) this determines the discrete energies E,, = 2nw of the harmonic oscillator.
Now we ’supersymmetrize’ this construction and consider the super-Hamiltonian

H = Hp + 2wb'b = 2wa’a + 2wb'd, (2.7)

where the new operators b and b are fermionic annihilation and creation operators fulfil-
ling anti-commutation relations,

{b,b} ={bI,b'} =0 and {b,d'} =1. (2.8)

Since a'a and bfb are both non-negative, the state which is annihilated by a and b has
minimal energy and hence is the ground state of H,

al0) = b|0) = 0 <= H|0) = 0. (2.9)

The FocCk space is generated by acting with the creation operators on this state. The
raising operators (af, b') increase the bosonic number operator Ng and fermionic number
operator Ny = bib by one,

[Ng,a']=a' and [Ng,bl] = b (2.10)

Of course, the lowering operators decrease these numbers by one unit. Because of the
PAULI principle the only eigenvalues of Nr are 0 and 1. States with fermion number 0 are
called bosonic and those with fermion number 1 fermionic. All excited states of

H = 2w(Ng + Np) (2.11)

come in pairs: the 'bosonic’ eigenstate (a')"|0) and the *fermionic’ eigenstate bf(a’)?~1|0)
have the same energy F, = 2nw, so that every bosonic state has a fermionic partner with
the same energy.

In analogy with supersymmetric theories in higher dimensions we introduce the nilpotent
supercharge Q and its adjoint,

0 0 0 Af d
QI(A 0) and QT:<0 0>, A= —+wz. (2.12)

A. Wipf, Supersymmetry
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The non-hermitean A is proportional to a and we obtain

{Q, 0} = (AgA A%) = (%B }?F) =H (2.13)

where Hg and Hp are the restriction of the super-Hamiltonian H to the bosonic and
fermionic subspaces, respectively,

HB = H’Np:O and HF = H‘Np:l-
@ is nilpotent and commutes with the super-Hamiltonian
{Q,0} =0 and [Q,H|=0. (2.14)

It generates the supersymmetry of the quantum mechanical system.

2.2 Pairing and ground states for SQM

The supersymmetric harmonic oscillator is the simplest example of a susy quantum mecha-
nics. In general the raising and lowering operators are replaced by first order differential
operators and one introduces the nilpotent supercharges (2.12) with

A d+W() d A d+W() (2.15)

= — r) an =—— x). .
dx dx

For a linear function W (x) the operators A and AT are proportional to the bosonic anni-
hilation and creation operators of the supersymmetric harmonic oscillator. The arbitrary
real function W (x) is called super potential. The super-Hamiltonian as defined in (2.13)
yields

d2

2
Hg = A'A= —1a T W) - W' (x)
2
Hp = AAT= —% + W2(x) + W (). (2.16)

Since Hamiltonians in the bosonic and fermionic subspaces are non-negative, all energies
of the super-Hamiltonian are zero or positive. A bosonic zero-energy state is annihilated
by A and a fermionic zero-energy state is annihilated by AT,

Hgl0) =0<= Al0)=0 , Hp|0)=0<= AT0)=0 (2.17)

The excited modes come always in pairs, similarly as for the supersymmetric harmonic
oscillator. To prove this statement we consider a bosonic eigenfunction with energy F,

Hglyg) = ATAjyg) = E|¢s).

It follows, that Alip) is a fermionic eigenfunction with the same energy,

Hp(Alyg)) = (AAN) Alyp) = A(ATA)|yp) = AHg|yp) = E(Al¢s)).

A. Wipf, Supersymmetry
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The bosonic state |¢)p) and its partner state
1

Alp) (2.18)

have identical norm,

(rlor) = 7 (p14T Aly) = (uplun) (219)

and this proves, that the partner state of any excited state is never the null-vector. Like-
wise, the nontrivial partner state of any fermionic eigenstate |¢p) with positive Energy E
is

— ATfy). (2:20)
VE

This then proves that Hg and Hr have identical spectra, up to possible zero-modes.

[vB) =

We may calculate the ground state(s) of the super-Hamiltonian in position space explicitly.
With (2.17) we must study the first order differential equations

Ain(e) = (44 W@ ) vnla) =0

A%F(x) dx

The solutions of these first order differential equations are

Vp() o exp <— / xW(x’)d:v’) and  p(z) o exp ( / xW(w’)dx’). (2.22)

If one of these two functions is normalizable, then Susy is unbroken. Since ¥ (z) - ¢¥p(x)
is constant, there exists at most one normalizable state with zero energy.

(—d ; W(m)) Yr(x) = 0. (2.21)

As example for a superpotential with unbroken supersymmetry we choose W = \z(z%—a?).
The partner-potentials

VB = MNa2%(2? —a®)? = \(32% — d?)
Ve = XNa2?(2® —a?)? + A(32° — a?) (2.23)

are plotted for A = a = 1 in the following figure.

VB,F

)

A. Wipf, Supersymmetry
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The corresponding partner Hamiltonians have the same positive eigenvalues. There is one
normalizable bosonic state with zero energy,

1 = const. - exp (—)\x2 (%)\1:2 - %aQ)) . (2.24)

This wave function is shown in the above figure.
A long time ago, SCHRODINGER asked the following question [5]: Given a general Hamil-
tonian in position space

2

~ d

Is there always a first order differential operator A, such that Hp = ATA? This is the
co-called factorization-problem. Since the ground state energy Ey of Hp is in general not
zero, in contrast to the ground state energy of ATA, we need to subtract Ey from Hp for
the factorization to work. Hence we set

Hp=Hp—Ey=A'A (2.26)

Comparing with (2.16) this problem leads to the nonlinear differential equation of RI1CAT-
TI,

V(z) — Ey = W%(z) — W'(z). (2.27)
This equation is solved by the following well-known trick: setting
Yo () d
- _ = _—— ] 2.2
W) = — 00 = — g loav(z). (2.28)
the RICATTI equation transforms into the linear SCHRODINGER equation for g,
—g + Viho = Egtbo. (2.29)

Since the ground state ¥y has no node, the superpotential W is real and regular, as
required. Of course, the transformation (2.28) is just the relation (2.22) between the su-

perpotential and the ground state wave function in the bosonic sector.
The pairing of the non-zero energies and

eigenfunctions in supersymmetric quan-
Ep Ep tum mechanics is depicted in the figure
on the left. The supercharge Q maps bo-
sonic eigenfunctions into fermion ones
and Q' maps fermionic eigenfunctions
into bosonic ones. For potentials with
scattering states there is a correspon-
ding relation between the transmissi-

- A, Q - on and reflection coefficients of Hg and
__<\/__ Hp. From the scattering data of Hp
At of one can calculate those of its partner-
Hamiltonian Hy. The explicit formulas

Np =0 Np =1 are given below.

A. Wipf, Supersymmetry
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2.3 SUSY breaking in SQM

Supersymmetry requires the existence of a fermion for every boson, and vice-versa. If
supersymmetry were unbroken, we would expect the super-partners to have equal mass.
However, in a system with broken Susy, this might not be the case, even if the partner
particles did still exist.

The fact that Susy has not been observed in nature so far does not imply that there are no
practical uses for supersymmetric theories. It could be that every occurring supersymmetry
is a broken one. We still would have a supercharge and super-Hamiltonian obeying the
super algebra. But the symmetry could be spontaneously broken, in which case there is
no invariant vacuum state.

In order for supersymmetry to exist and be unbroken, we require a ground state such that
Hg|0) = Hr|0) = 0]0). This requires that the ground state is annihilated by the generators
Q and Qf of supersymmetry. Thus we have

Susy unbroken <= exist normalizable |0) with Q|0) = QT|0) = 0.

The Witten Index: Witten defined an index to determine whether Susy was broken in
supersymmetric field theories. This index is

A =Tr(-1)Nr, (2.30)

where Np is the fermion number. For simplicity we assume that the spectrum of H is
discrete and use the energy eigenfunctions to calculate A. Let us first assume that su-
persymmetry is broken, which means, that there is no normalizable zero-energy state.
Then all eigenstates of H have positive energies and come in pairs: one bosonic state with
Ny = 0 and one fermionic state with Ngp = 1 having the same energy. Their contribution
to A cancel. Since all states with positive energy are paired we obtain A = 0.

Now we assume that there are ground states with zero energy, np bosonic ones and ng
fermionic ones. Their contribution to the Witten index is ng — np. Since the contribution
of the excited states cancel pairwise we obtain

A= np —ng. (231)
This yields a efficient method to determine whether Susy is broken,
A # 0 = supersymmetry is unbroken. (2.32)

The converse need not be true. It could be that Susy is unbroken but the number of zero-
energy states in the bosonic and fermionic sectors are equal so that A vanishes. This does
not happen in one-dimensional SQM, so that

A # 0 <= supersymmetry is unbroken in SQM. (2.33)

Already in SQM the operator (—)"F is not trace class and its trace must be regulated for
the Witten index to be well defined. A natural definition is

A= E% Ala), Aa) = Tr ((-=1)Nre~H). (2.34)

A. Wipf, Supersymmetry



2. Supersymmetric Quantum Mechanics 2.4. Scattering states 15

In SQM with discrete spectrum A(a) does not depend on «, since the contribution of all
super partners cancel in (2.34). The contribution of the zero-energy states is still np —
np. In field theories the exited states should still cancel in A(«) in which case it is a-
independent. Since A(«) is constant, is may be evaluated at small a. But for & — 0 one
may use the asymptotic small-a expansion of the heat kernel of exp(—aH) to actually
calculate the Witten index.

2.4 Scattering states

Let us now see, how supersymmetry relates the transmission and refection coefficients
of Hg and Hy for potentials supporting scattering states [6]. Thus we assume that the
superpotential tends to constant values for large |z|,
. _ . _ . _ 2
xll)l:iloo W(z) = Wy, such that xkrﬂ?oo Va(z) = IEI:EOO Ve(x) = Wi (2.35)

We consider an incoming plane wave from the left. The asymptotic wave function for
scattering from the one-dimensional potential Vg is given by

eika: +RBe—ikw T = —00

Te ik T — +00, (2.36)

wB(k‘, x) — {
where R and Tg are the reflection and transmission coefficient in the bosonic sector. The
properly normalized fermionic partner state has the asymptotic forms

wp(k‘, a:) =

ikx —ikx
A¢B<x)_>{e + Rpe T — —00

ik 4+ W_ Tpe ke T — 400

with the following reflection and transmission coefficients,

W_ — ik W, + ik

Rp=———"p d Tp=+TWpn
FEWoga B e TR Ty B

(2.37)

The scattering data for the supersymmetric partners are not the same but they are related
in this simple way. As example we consider the superpotential

W (z) = atanh(bx) with Wi = +a,
which gives rise to the two partner potentials

a+b

VB(a,b;x) = -
B(a, b;2) a<a cosh? bz

> and  Vi(a,biz) = a (a _ “‘b> (2.38)

cosh? bx

Supersymmetry, together with the socalled shape-invariance [7]

Vi(a,b;z) = Vig(a — b,b; ) + 2ab — b* (2.39)

A. Wipf, Supersymmetry
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allows one to find the scattering data for an infinite tower of POSCHL-TELLER potentials.
Let us assume, that we know the scattering data Rg(a,b) and Tg(a,b) for the parameters
a and b. It follows that

a+ ik

Rp(a—b,b;k) = Rp(a,b;k) = —l— — kRB(a b)
ik
Thla —b,bi k) = Ty(a,bi k) = —a+TkTB(a,b). (2.40)
a—1i
The iteration of this relations yields
N b — ik
R bk) = ——— Rg(a— Nb, b k
B(aa 3 ) l_Ioa—nb—l—lk‘ B(a‘ s Uy )
"a—nb
T(a,b;k) = (=) — Nb,b; k 2.41
B(aaa ) Ha—nb+1k ( s Uy ) ( )

Now we set a = Nb in these relations. Then the coefficients Rp and T3 on the right
hand sides are 0 and 1 and we read off the following scattering coefficients (after setting
N—-—n=m)

Ta(Nb, b; k) W H mb+1k and Rp(Nb,b; k) = 0. (2.42)
for the POSCHL-TELLER potentials,
Vg = b? <N2 - NUV;”) : W = Nb tanh(bx). (2.43)
cosh” bx
The poles k,,, = —mb of the transmission coeflicient yield the energies of the bound states,
En =k2 +*N? =b* (N? —m?) m=1,...,N. (2.44)

Supersymmetry is unbroken, since the ground state has a energy zero.

2.5 Isospectral deformations

Let us assume that Vp supports n bound states. By using supersymmetry one can easily
construct an n-parameter family of potentials V' (A1, ..., A\y; ) for which the Hamiltonian
has the same energies and scattering coefficients as H = —/A + V. The existence of such
families of isospectral potentials has been known for a long time from the inverse scattering
approach [11], but the GELFAND-LEVITAN approach for constructing them is technically
more involved than the supersymmetry approach described here. Here we show how a
one-parameter isospectral family of potentials is obtained by first deleting and then re-
inserting the ground state of Vz using the DARBOUX-procedure [12]. The generalization
to an n-parameter family is described in [13].

A. Wipf, Supersymmetry
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Suppose that |1p) is a normalizable zero-energy ground state of the bosonic Hamiltonian
with potential Vg = W2 — W'. Its explicit form in position space is

() = exp (— / ' W(x’)dm’) : (2.45)

Suppose that the partner potential V& = W2 + W’ is kept fixed. A natural question is
whether there are other superpotentials leading to the same potential Vg. So let us assume
that there exists a second solution W = W + ¢ giving rise to the same potential. This
requirement leads to

0=W2+W)=(W24+W')=¢>+2Wop+ ¢ . (2.46)
The transformation ¢ = (log F')" leads to the linear differential equation for F’
F'+2WF =0 (2.47)

with solution
F'(z) = exp( / W (z')dz') > = Y3 (z). (2.48)

The integration constant is just the lower bound of the integral in the exponent or equi-
valently the norm of the bosonic ground state. A further integration yields F' and hence
¢ = (log F)’ and introduces another integration constant A\ which is identified with the
deformation parameter,

o) = g (@) +X), 1) = [ vha)a (2.49)

In this formula for ¢ we could change the lower integration bound or multiply I with any
non-vanishing constant. This is equivalent to a redefinition of the constant A.

By construction W and W=Ww+ ¢ lead to the same Vr. But the corresponding partner
potentials are different,

R 08 = Vi 4 207 + AW, (2.50)

W2 W' =W?2 W'+ ¢>+2We — ¢
Thus the bosonic Hamilton operators with superpotentials W and W + ¢ are unequal. But
since they have the same partner Hamiltonian Hr they must have the same spectrum,
up to possible zero modes. This then proves that the one-parameter family of Hamilton
operators

d? d?

L2 + V(A ), Ve(\;z) = Va(z) — 2— log (I(x) + \) (2.51)

H —
5 da?

all have the same spectrum, up to possible zero modes. The deformation depends via I(x)
in (2.49) on the ground state wave function of the undeformed operator Hp.

A. Wipf, Supersymmetry
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Deformation of the harmonic oscillator: Let us see how the deformation looks like
for the simple harmonic oscillator with ground state wave function g (z) o< exp(—wz?/2).
We obtain

w e_ng? 2 Y 2
(b(A,l') =2 } W, where erf(y) = ﬁ ) € dt (252)

is the error function, and this leads to the deformation
V(A z) = wia? — w4 4wz dp(\, ) + 202 (N, ) = VB(—\; —x). (2.53)

In the figure on the left we ha-
ve plotted the potential of the
harmonic oscillator and the two
deformed potentials for A = 1.5
and A = 1.1. We have set w =
1. For the deformed potential
to be regular we must assume
|A| > 1. For A\ = %00 the poten-
tial tends to the potential of the
harmonic oscillator. For [A| | 1
the deviation from the oscilla-
tor potential become significant
near the origin.

Deformation of reflectionless P6schl-Teller potentials: We deform the Potential
Vi = b? (1- 2 cosh™2 bx), (2.54)

that is the POSCHL-TELLER potential (2.43) with one bound state. The ground state

b
V() = cosh bx (2.5)
has zero energy. Since [ 1/)]23 = btan bx we obtain
v? 1
o(z) = (2.56)

cosh? bz btanh bz + A

This leads to the deformation

V(A @) = b (1 — 2cosh 2 bz) + 4btanh(ba)g(z) + 2¢%(x) = Vi(=A, —z).  (2.57)

A. Wipf, Supersymmetry
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In the figure on the left
we have plotted the refection-
less POSCHL-TELLER potential
with one bound state and two
1 isospectral potentials for A =
15 1.5 and 1.1. We have set b =
1. For the deformed potential
to be regular we must assume
1 2 |A] > 1. For A — +oo the po-
tential tends to the POSCHL-
TELLER potential. For A | 1 the
minimum of the potential tends
to —oo and for A T —1 to oc.
The potential V3 maybe viewed as soliton with center at the minimum. For A = 1 the
soliton is at £ = —oo and moves to the origin for A — oco. For A = —1 the soliton is
centered at oo and moves with decreasing A to the left. For A = —oo it reaches the origin.
Actually one show that after a change of variables, A = A(t), the function Vi (¢, x) solves
the KORTEWEG-DEVRIES equation.

A=1.1 A=15 A5

2.6 SQM in higher dimensions

Supersymmetric quantum mechanical systems also exist in higher dimensions. The con-
struction is based on the following rewriting of the supercharge (2.12):

Q=yA and Qf =yTAT (2.58)

containing the fermionic operators
0 0 0 1 .
) = (1 0) oyt = <0 o> with {¢, ¢} = {9, 9T} =0, {y,0'} =1 (2.59)
and the operators A, At in (2.15). The super-Hamiltonian (2.13) takes the form

H=p> + W2+ W[, 9. (2.60)

In [8] this construction has been generalized to higher dimensions. In d dimensions one
has d fermionic annihilation operators ?; and d creation operators 1&3 ,

{5} ={w,0l} =0 and {gyvl} =0y i=1,....d (2.61)

For the supercharge we make the ansatz Q = ), v;(0; + W;). It is nilpotent if 0;IW; —
0;W; = 0. Locally this is equivalent to the existence of a potential x with W; = 9;x. Thus
we are lead to the following nilpotent supercharge and its adjoint,

Q=i (9 +0x) and QF =o! (0 +dx). (2.62)
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The super Hamiltonian takes the simple form

H={Q.Q"} = —A+ (Vx, V) + [¥1,%]] 9:9;x (2.63)

and generalizes the operator (2.60) to higher dimensions. It commutes with the number
operator

Np = Z%T@bz’ = [Np, 9] = =,  [Np,0]] =] (2.64)
i
The most direct way to find a representation for the fermionic operators makes use of the
FocCK construction over a 'vacuum’-state |0) which is annihilated by all 9,
P;i]0) =0, i=1,...,d. (2.65)

Acting with the wg on |0) yields states with Np = 1,2,.... When counting these states we
should take into account, that the @ZJJ anticommute such that

[ij ...y = ¢jl - |0) (2.66)

is antisymmetric in i, j,.... The states, the eigenvalues of Ng together with their degene-
racies are listed in the following table:

states: |0) |7) li,g) |- 111,2,...,d)
N 0 1 2 S d
# of states (g) =1 (‘11) =d (g)

Since there are

d
> (5) =
p=0 P

independent states we obtain a 2%-dimensional representation of the fermionic algebra
(2.61). For example, for one-dimensional systems and the orthonormal basis

e1 =10) and ey =1T|0)

the annihilation operator reads

b= <8 é) (2.67)

In 2 dimensions ; and ¥, are 4-dimensional matrices. For the orthonormal basis

{10}, 1), 12),[12)}
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they take the form

0100 001 0
000 0 000 —1

=l o0 1| ™ 251900 o (2.68)
0000 000 0

With the help of (2.61) and (2.65) one may calculate the matrix elements of 1; between
any two FOCK states (2.66) in arbitrary dimensions.

Taking into account the x-dependency of the states, the HILBERT space of SQM in d
dimensions is

H = Ly(R%) @ C2* (2.69)
and decomposes into sectors with different fermion numbers,
H=HoDPH1D...DHy with NF|7—[,p = pl. (2.70)

An arbitrary element in H has the expansion

[9) = F@I0) + )l + 5 iglid) + 3 nlidh) + .. (271)

The supercharge and its adjoint in (2.62) decrease and increase the fermion number by
one,

[Np,Q] = —-Q and [Ny, Q' =Q" (2.72)

Since the super-Hamiltonian commutes with Ny it has block-diagonal form in the basis
adapted to the decomposition (2.70) of the Hilbert space,

07‘[0 Hy
1'H1 H,y
Np = 294, , H= Hy (273)

d% Hy

d

SQM in higher dimensions with a nilpotent supercharge defines a complex of the following
structure:

Q' Q! Q! Q Q'
Ho H1 Ho oo o Ha1 Ha (Q*=0)

Q Q Q Q Q
It is very similar to the DE RHAM complex for differential forms. The nilpotent charge
Q' is the analog of the exterior differential d and @ of the co-differential §. The super
Hamiltonian H = {Q, Q'} corresponds to the LAPLACE-BELTRAMI operator —A = dé-+dd.

A. Wipf, Supersymmetry
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2.7 The supersymmetric hydrogen atom

For the simple function y = —Ar we obtain the following super-Hamiltonian
A 22 f
H = —A+)\2—(d—1)f+7NF_2)\w
roor r
A2) f
= —A+XNH(d-1)=— —NF+2AM, (2.74)
roor r
where we have introduced the operators
(@, ") = "awf, (@)= azay and Np=) ¢ (2.75)

Since all states in Hg are annihilated by the v; and all states in Hg4 by the wg we find the
following Hamilton operators in these subspaces,

Hy = —A+X—(d—1)

Hy = —A+X+(d-1) (2.76)

S>>

Hence, the Schrodinger operators for both the electron-proton and positron-proton systems
are part of the super-Hamiltonian H. In [9] a detailed analysis of the supersymmetric
hydrogen atom has been given. In this paper it is shown that the conserved RUNGE-LENZ
vector of the COULOMB-problem can be supersymmetrized. Together with the angular
momentum vector it generates an SO(4) symmetry. This large dynamical symmetry group
allows for a purely algebraic solution of the supersymmetric hydrogen atom, very similar
to the algebraic solution of the ordinary hydrogen atom by W. PauLr [10].

A. Wipf, Supersymmetry



Kapitel 3

Poincaré groups and algebras

A cornerstone of modern physics is that the fundamental laws are the same in all inertial
frames. The transition between two inertial frames is given by a Poincaré transformation,
depending on the relative spacetime displacement of the two systems, their relative velocity
and orientation. In 4 spacetime dimensions it depends on 44343 = 10 real parameters. The
set of all transformations form a non-compact Lie group — the Poincaré group containing
the Lorentz group as subgroup.

In these lectures we shall consider supersymmetric field theories in various dimensions.
There are good reasons for doing that. For example, superstring theories can consistently
be formulated in 10 spacetime dimensions only. Our 'real world’ emerges after a dimen-
sional reduction. Or one may easily construct theories with extended supersymmetry by a
dimensional reduction of theories with simple supersymmetry.

In these lectures M denotes the d-dimensional Minkowski spacetime with metric coeffi-
cients 1, = diag(1,—1,...,—1). Points in M are events characterized by their coordinates
with respect to some inertial system,

z=(2!), p=0,...,d—1 (3.1)

The bilinear scalar product between two tangential vectors is

Em) =D nuen” = &,
uv

Poincaré transformations are linear transformations
ot — =AY +a” or T=Ax+a, dz = Adx
with ds? = (dx,dr) = (dZ,dZ). They form the Poincaré group,
iL = {(A, a)|a € R% A € LRY), ATpA = n} , (3.2)
also called inhomogeneous Lorentz group, with group multiplication

(Ag, ag)(Al, al) = (A2A1, Aoaq + ag). (33)

23
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The unit element is (1,0) and the inverse of (A, a) reads

(A,a)™t = (A1, A ta). (3.4)
The Poincaré group has dimension

td(d—1)+d=3d(d+1),

which is just the number of independent generators. For example, in 4 dimensions the
Poincaré group has 10 generators and in 5 dimensions it has 15. 10 is also the number of
generators of the anti-deSitter (AdS) group in 4 dimensions and of the conformal group
in 3 dimensions. More generally, the AdS group in d dimensions is isomorphic to the
conformal group in d — 1 dimensions. This equivalence is at the heart of the so-called
AdS-CFT-correspondence.

Note, that 7L is the semi-direct product of space-time translations and Lorentz transfor-
mations. The normal subgroup of translations is Abelian and the subgroup of Lorentz
transformations

L= {A e LR ATpA = 77} (3.5)
form the (non-compact) simple Lie group O(1,d — 1). From (3.5) it follows at once, that
det A = +1.

The transformations A with determinant one form the subgroup SO(1,d — 1) of proper
Lorentz transformations. Every A maps the forward light cone

Vi ={>0,(¢ >0}

into itself or into the past light cone V_. In the second case the time direction is reversed.

forward-
light cone

The Lorentz groups are not (simply) connected, e.g.

7r1(SOe(1,2)) =7 s 7T0(O(1,3)) = 7o X 7o
WO(SOe(l,?))) =272 , Wl(SOe(l,?))) = Zo.
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3.1 Poincaré Algebras

The Lorentz group in d dimensions is generated by d(d — 1)/2 elements M, = —M,,,,
(A,0) = exp (4w M) = exp (4(w, M)) = 1 + £(w, M) + O(w?). (3.6)

In the defining representation each M, is a d-dimensional imaginary matrix. The condi-
tion (3.5) on the Lorentz transformation implies

(w, M)Tn + n(w, M) =0 <= (w, M) g = —(w, M),,

for all w. Hence each M), must be antisymmetric if both its indexes p and p are lower
ones:

(M;w)po = _(M/W)U/J' (3~7)

There are %d(d — 1) independent antisymmetric matrices and as independent ones we
choose

(Mw/)pa = _(Ml/u)pg = —i(Mupvo — Nupllue) = 3(w, M)F, = wh. (3.8)

These generators fulfill the commutation relations

[M,uua Mpo]A{ = (M;w)AT(MpU)Tg - (Mpa))\fr(M,uu)Tg
= i(MupMvo + Mo Myup — e Myp — nl/pM;m))\g-

It is the relativistic generalisation of the well-known angular momentum algebra and is
generated by the infinitesimal rotations M;; and boosts My;.
The subgroup of spacetime translations

(1,a) = exp (ia"P,) = exp (i(a, P)) = 1 +i(a, P) + O(a?) (3.9)
form a normal Abelian subgroup of the Poincaré group with commuting generators
[Py, P)] =0, w,v=0,...,d—1.

The commutation relations of infinitesimal Lorentz transformations and translations follow
from

(A,0)(1,a)(A,0)7 = (1, Aa)

after inserting the infinitesimal transformations (3.6,3.9). The term linear in w and in a
reads

(w, M), (a, P)] = w*(Mua, P).
This holds true for any a,w and with (3.8) we conclude

[M;w: Pp} = (M;w)gppa = i(nuppu - UVpPu)-

A. Wipf, Supersymmetry
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To summarize, the important Poincaré algebra is given by

[M;un Mpa} = i(nupMuc + nVJMup - np,o'Ml/p - nl/pMuJ)
[M;w: Pp} = i(nupPI/ - nupPM) (3.10)
[PM’ PV} = 0

One of the main task will be to extend this Lie algebra to supersymmetric algebras con-
taining commutators and anti-commutators. Now we turn to the particular and most
important cases.

3.2 Lorentz-algebras in low dimensions

In the following we study the Lorentz algebras and groups in two, three and four spacetime
dimensions in more detail. Particular emphasis is put on the four-dimensional case.
3.2.1 Two dimensions

In this simple case the Lorentz group is Abelian and has one independent generator

(Mor) = (? 6) 0. (3.11)

Thus a proper Lorentz transformation has the form

cosha —sinha
—sinha  cosha

A = exp ($w" M) = exp (—aoy) = < ) , where o =w". (3.12)
Since every irreducible representation of an Abelian groups is 1-dimensional, this repre-
sentation should decompose into two irreducible part. Indeed, introducing the light-cone
components

¢r="+¢ and ¢ =¢-¢ (3.13)
of a vector £ we obtain the simple transformation law,
€ —sem¥t & — e, (3.14)

These components transform according to different 1-dimensional irreducible representa-
tions of the 2-dimensional proper Lorentz group SO(1,1). An important point which is
worth making at this stage is that this finite dimensional representation is non-unitary,
since the generator My, is not hermitian. It is generally true that any finite-dimensional
representation of a non-compact (semi-simple) Lie group is non-unitary.
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3.2.2 Three dimensions

In 3 spacetime dimensions the Lorentz group in non-Abelian and has 3 independent gene-
rators,

0 K K
(My)=|-K. 0 J |. (3.15)
~K, -J 0

K, and K> generate boosts in the two spatial directions and J generates rotations in
2-dimensional space. The Lorentz algebra takes the form

[Kl,KQ] =13J s [J, Kl] = —iKQ and [J, KQ] = iKl. (3.16)

The explicit representation (3.8) leads to the following form for these generators,

0 i 0 0 0 i 0 0 0
Ki=|i 00|, Ka=|0 00}, J=|0 0 i]. (3.17)
00 0 i 0 0 0 —i 0

In order to find the Lorentz transformations in (3.6) we need to exponentiate

0 Wl WY 0 o1 oo
HwMy=w=[w) 0 wh]=|la 0 6 |. (3.18)
Wb —wh 0 ag —0 0

Since w? is proportional to w we obtain the following form for the Lorentz transformations

2
Aa,0) =e* = ]l—i—gsinh/ﬂ—l—%(coshﬁ—l), K2 =a? — 62 (3.19)
K K

As expected, for vanishing a they reduce to rotations in SO(2) C SO(1,2) in space,

1 0 0
A(0,0)=| 0 cosf sind
0 —sinf cosf

On the other hand, for vanishing § and ay we obtain a boost in z!-direction,

vy By 0 1 v
A1,0,0)= | By v 0], ~v=coshay = ——, f[B=-. (3.20)
0 0 1 1-p2 ¢

In passing we note, that the the complexified Lorentz algebra is just As. To see that we
set

Kl = iLl, KQ = —iLQ and J = LQ,

and observe, that the hermitian operators L; fulfill the well-known commutation relations
of the angular momentum operators,

[Li, Lj] = i€jn L. (3.21)
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It follows that the finite dimensional (and hence non-unitary) representations of the Lor-
entz group SO(1,2) are classified by an integer number which corresponds to the total
angular momentum in quantum mechanics. If this number is half-integer, we would obtain
a representation of the spin-group which is the double-cover of the Lorentz group. We re-
frain from further study these representations and instead turn to 4 spacetime dimensions.

3.2.3 Four dimensions

In this physically most relevant case there are 6 independent Lorentz generators M. We
denote the infinitesimal boosts by K; and the infinitesimal rotations by J; such that

0 K1 K2 KS
—K; 0 —-Js J

-Ks —Jy Jy 0
The explicit form of the antihermitean boost generators is
01 0 O 0 0 1 0 0 0 0 1
i 0 0 0 00 0 O 00 0 O
Ki=19 0 0 o K2=1i 00 0] %000 o] @3
00 0 O 0 0 0 O i 0 00
and that of the infinitesimal hermitian rotations
00 0 O 0O 0 0O 0O 0 0 O
00 0 O 0 0 0 1 0 0 -1 0
=10 0 0 =i =10 0 00| ®=|oi o o @&
0 0 1 O 0 -1 0 0 0O 0 0 O

These generators fulfill the commutation relations
(i, Jj] = i€ijudi, K, Kj| = =i and  [J;, K] = [K;, Jj] = i€ K. (3.25)
In a next step we introduce the following generators of the complexified Lorentz algebra,
S;=1(J; +1K;) and A; = 1(J; —iK)). (3.26)
They obey the simple commutation relations of the A; x A; Lie algebra
(i, S;] = i€k Sk, [Ai, Aj] = i€ A, and  [S;, A;] = 0. (3.27)
We conclude, that
so(4,C) ~sl(2,C) x sl(2,C),

so that every irreducible representation of so(1,3) is uniquely determined by (n,m), where
the half-integers n and m characterize the si(2,C) representations.
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Note that the two si(2, C) subalgebras are not independent. They can be interchanged by
the parity operation. Parity acts on the rotation - and boost - generators as follows:

Ji — Ji and KZ‘ — —Ki, (3.28)

and this shows that parity transforms S; into 4; and A; into .S;. If the generators J; and K;
are represented by hermitian operators, then parity operation is equivalent to hermitian
conjugation. As examples we consider the smallest representations:

e (0,0): this trivial one-dimensional scalar representation has total spin zero.

o ( %, 0): this two-dimensional spinor representation is called the left-handed represen-
tation. left-handed spinors transform trivial under one subgroup sl/(2) and according

to the spin %—representation with respect to the other subgroup si(2).

e (0, %) this two-dimensional spinor representation is called the right-handed repre-
sentation and spinors transforming according to this representation are called right
handed.

e Since parity exchanges S; and A;, the handed spinors have no fixed parity: parity
transforms the representation (3, 0) into (0, 3) and vice-versa. To obtain a represen-
tation such that parity acts as a linear transformation, one needs to combine the
two spinor representation to

(3,0) @ (0, 3) (3.29)
which yields the Dirac spinor representation.

e Any representation can be generated from the left- and right-handed spinor represen-
tations. For example, the tensor product of the right- and left-handed representations
is

) (3.30)

D=

)

N[ =

(%’0) ® (07%) = (

and yields the 4-dimensional vector-representation, giving the transformations of a
4-vector. Also,

(3.0)® (3,0) = (0,0) @ (1,0) (3.31)

and yields the scalar and spin-one representation, the second given by self-dual an-
tisymmetric second rank tensors.

e More generally, for tensors of rank two we find

™ € (3:3)@(3:3) = (3,080,303 (30
= [(1,0)(0,0)] ® [(0,1) & (0,0)]
= (1,1)® (1,0)® (0,1) & (0,0)
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Every second rank tensor contains a scalar part (0,0), a spin-1 part (1,0) & (0,1)
and a spin-2 part (1,1). This decomposition corresponds to

TH = an” + A™ + " with a = {T%, AW = A", S =S  5f —0.

The antisymmetric part can be further decomposed into its selfdual and anti-selfdual
pieces.

3.3 Representations of 4d Poincaré algebra

There are two cases to be distinguished:

1. There are massive particles. Then the symmetry consists of spacetime translations,
Lorentz transformations and internal symmetries commuting with the spacetime
symmetries.

2. There are only massless particles. Then there is the extra possibility of having con-
formal symmetry.

First we find two CASIMIR operators of the Poincaré algebra. It is not difficult to prove

Lemma 1 P? = P,P" is a Casimir operator for the Poincaré algebra.

Proof: Clearly, [P%, P,] = 0. Using the LEIBNIZ rule and Poincaré algebra (3.10) one has
[P?, Mpo] = Pu[P", Myo + [Py, Mpe| P* = 0

and this proves the lemma. The last equation just states that for any 4-vector V# the
object V2 = VH#V, is a Lorentz scalar.

The second CASIMIR-operator can be constructed from the PAULI-LJUBANSKI polarization
vector, defined by

Wy = S€upe P M, €123 = 1. (3.32)
This 4-vector is orthogonal to the 4-momentum,
WP = 0. (3.33)
In the 1 + 3 split this vector takes the form
Wy =—P'J;, W;=P’J; — e;jxs P K. (3.34)
For a particle at rest P = (m,0) and W = (0, mJ ). Now we shall prove the

Lemma 2 W? = W, WH is a Casimir operator for the Poincaré algebra.
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Proof: Since
(W, Pe) = S€uupe PV [MP7, Pe] = i€pe P PP =0 (3.35)

holds true, W2 commutes with the 4-momentum P,. Since W, is a 4-vector, its square
W? is a Lorentz scalar and hence commutes with the infinitesimal Lorentz transformations
M,,,,. This then proves the lemma.

We conclude that P? and W? are CASIMIR operators of the Poincaré algebra. Since the

Lorentz algebra has rank 2 these are all CASIMIR operators. Thus we have constructed

a maximal set of operators commuting with translations and Lorentz transformations!.

Hence all physical states (fields, particles) in a quantum field theory may be classified by
the eigenvalues of these two CASIMIR operators.

The infinitesimal Lorentz transformations consists of two parts, namely the external orbital
and the internal spin part?:

M, =Ly + 30, Ly =—xuPy+x,P,, [P,2"] =15, (3.36)
Since the cyclic sum of P¥L*? vanishes, the PAULI-LJUBANSKI vector simplifies to

W, = teupe PVEP. (3.37)

3.3.1 Massive particles

A massive particle has a non-vanishing rest mass m,
P =m?>0 (3.38)
and we may transform to its rest frame, in which
P = (m,0). (3.39)
In this frame we have
Wo=0 and W;= —%eijkiljk = m.S;
where the operators
S; = —SeiX*, [Si,S;] = ieijrSk (3.40)
generate the spin rotations. Hence W* is the relativistic generalization of the spin. Since
W2 = _—W? = _m2§2,
we see that the massive representations are labeled by the mass m and the spin s:
PP=m? and W?=-m?s(s+1), s=0,31,.... (3.41)
The representations are characterized by the mass and spin of the particle. Massive partic-
les fall into (2s+1)-dimensional irreducible multiplets the states of which are distinguished

by the third component of the spin and the continuous eigenvalues of P. Examples of mas-
sive states are the electron with spin % and the pion with spin 0.

land which are in the enveloping algebra of then Poincaré algebra
2See section (4.2).
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3.3.2 Massless particles

A massless particle has a vanishing rest mass, P? = 0, and there is no system in which it
is at rest. But we can always transform into a inertial frame in which

P, = (Py,0,0,P;) with Py —Pj=0 (3.42)
holds true. Since P,W# = 0 we conclude that in this system
W, = (APy, W1, W2, APs), such that W?=-W{ - W3 <0.
For W? = 0 the 4-momentum and PAULI-LJUBANSKI vector become linearly dependent,
Wy, = AP,.

This tensor identity holds in any inertial system. The factor A is a Lorentz scalar and must
commute with all generators of the Poincaré group,

(A, P = [\, M"] = 0. (3.43)

Thus A is a CASIMIR operator in the massless case. Since Wy = —P".J; we conclude, that
P-J

A 3.44

5 (3.44)

which is the helicity of the massless particle. It must be half-integer®. Examples of particles
falling into this category are the photon with helicities £1 and a massless neutrino with
helicities :l:%.

The remaining case P2 = 0 and W? < 0 describes a particle with zero rest mass and an
infinite number of polarization states. These representations do not seem to be realized in
nature.

3.4 Appendix: Anti-de Sitter algebra

In d-dimensional Minkowski spacetime the symmetry group has %d(d + 1) generators.
There are only two other spaces with the same maximal number of symmetries, namely
the deSitter and anti-deSitter spaces. An Anti-deSitter space is a consistent backgrounds
for N' = 1 supergravity models. They play a prominent role in recent duality conjectures
and hence it maybe useful to introduce these maximally symmetric spaces. The main
reference on AdS spaces is the book of HAWKING and ELLIS [14].

The Anti-deSitter space maybe embedded as hyperboloid in a d + 1-dimensional flat space
with two time-like directions. The Cartesian coordinates of the embedding space R4t! are
denoted by £™ and the line element reads

ds® = flpnd€™dE™, Tn = (4, =, —, ). (3.45)

3See S. Weinberg, The Quantum Theory of Fields, I, p.90
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The d-dimensional AdSg-submanifold is defined by the SO(2,d — 1)-invariant condition
ﬁmnfmén = R2~ (346)

Note that every point is invariant under rotations around the vector pointing from the
origin to this point. Hence the little group of every point is SO(1,d — 1) and we conclude

SO(2,d—1)
AdSy ~ ———7———=. 3.47
47 80(1,d—1) (347)
Next we choose local coordinates (z#) = (y“, z) on AdSy, where « is less or equal to d — 2,
« 2 « L2 2 _ L« 2
é—OzZRy , é—d*lZR—{_y yOé z and é—d:R yya+27 (348)
z 2z 2z
where the «, 8-indexes are lowered with the Minkowski metric 7,8 = diag(+1,—-1,...,—1)
in d — 1 dimensions. The induced metric reads
R2
ds® = fmnd€™dE" = = (dy*dya — d2*) = g datda” (3.49)
z
and has signature (1,d — 1). Note that it is conformally flat,
g ag R
uv = e? Umz € = > (350)
such that the Christoffel-symbols have the form
I8, = (60,0, +65,0,u —1uwo”) . (3.51)
From these one can read off the RIccI tensor and RiccI scalar,
Rw = (2—4d) (U;W — Ou 0w +77MV(VU)2) — o
R = —(d—1)e? (200 + (d—2)(Vo)?). (3.52)

In particular for the AdS-metric the RICCI tensor is proportional to the metric and the
Ri1ccr scalar is constant,

d—1 dd—1
R,ul/: ?guu and R = (R2)

as one might expect for a hyperboloid. For such Ricci flat space-times the EINSTEIN
tensor is proportional to the metric as well,

(3.53)

(d—1)(d-2)

sz/ = R/},l/ - %g/,u/R = - 2R2 Guv,

such that AdS is as solution of EINSTEIN’ vacuum-equation with negative cosmological
constant

(d—-1)(d-2)

Guu = A.g,uua A=— 2R2

(3.54)

A. Wipf, Supersymmetry



3. Poincaré groups and algebras 3.4. Appendix: Anti-de Sitter algebra 34

By construction AdSy has isometry group SO(2,d — 1) and this group acts linearly in the
embedding space with coordinates £. They transform under infinitesimal transformation
as follows,

g™ =wmEn. (3.55)
Since (wpmy) is antisymmetric this can be written as

66—(1 — wo‘ﬁfﬁJraafd_qubﬁfd
Sl = a0 + wed (3.56)
064 = —bab* +wgdt

For the local coordinates in (3.48) this reads
« a B 1 « B 2 1 a 8 « «
oy = why +ﬁ5 (3/ Yp — % ) - Y opy” —wy™ + Ro“,
1

dz = Régyﬁ z—wz, with 6= (a—b)® o*=2i(a+b)* (3.57)

This transformations are infinitesimal symmetry transformations generated Killing-vectorfields.
To each parameter w,,, there is one vector field. Their explicit form reads

X(w) = - (Zaz + yaaoc)
X(6%) = $yaX(W)+ 55 (yﬁyﬁ - 22) Da
X(6%) = RO, (3.58)

X(waﬂ) = "7/87 (y’yaa - yaa'y)

They form a nonlinear realization of the so(2,d—1) symmetry algebra on the Anti-deSitter
spacetime, as expected. In particular, the last set of vector fields generate an SO(1,d — 2)
subgroup. We leave the proof as an exercise.

Suppose that you only know the metric (3.49). To find the symmetries of space-time, you
should solve the Killing-equation

(Lx9)uw = XPGuvp + 9o X5, + gup X5, = 0. (3.59)

One can prove, that the above vector fields are the only solutions of these equations.

In passing we note that Anti-deSitter spaces are not globally hyperbolic, and hence possess
no Cauchy-hypersurface. The corresponding problems for (quantum)field theories on AdS-
spaces have been discussed by AVIS et.al [15]. In passing we note, that AdSy spaces possess
a boundary which maybe identified with the d — 1-dimensional Minkowski spacetime.
The isometry group SO(d,2) maps points on the boundary into points on the boundary.
Its restriction to the boundary of AdSy is isomorphic to the conformal group of d — 1-
dimensional Minkowski spacetime.
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Kapitel 4
Spinors

In this chapter we study Clifford algebras, spinors and spin transformation in d dimensions.
Most of the time we shall assume the metric to have Lorentzian signature,

(M) = diag(1,—1,...,—1). (4.1)

Sometimes we consider spaces with Euclidean metrics, 1,, = 0,,.

4.1 Gamma matrices in d dimensions

The Clifford algebra is the free algebra generated by the d elements 7, ..., v4—1, modulo
the quadratic relation

VYo T Vo Vu = {'Y;u’)/u} = 2Ny - (4.2)

We give explicit representations of these algebras for spaces with Lorentzian signature in
terms of the Pauli-matrices

0 1 0 —i 1 0
01:<1 0) , 02:<i Ol> and 03:<0 _1>. (4.3)

The relevant properties of these hermitian matrices are
oio; = 0;j00 +i€;,0%, Where o9 = la.
We claim, that the following matrices furnish a representation,

Yo= 01R0ogRogX ... Yo =103R01R00R ... V4 =103Q003R01® ...
Y1 =102 ® 0oy Rog R ... Y3 =103R 02 R0 R ... (44)

To prove this assertion one uses

{A1®...®A4,,B1®..0B}=A41B1®...2 A,B, + B1A1 ® ... ® ByA,
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and that if [4;, B;] = 0 for all ¢ but i = ¢, then
{A1®..®A4,Bi®...®B,} =A1B1®...0{4;,B;} ®...® A,B,. (4.5)

For even dimensions this yields a 2%/2-dimensional representation of the Clifford algebra.
For odd dimensions we may choose the representation in d—1 dimensions, supplemented by
the matrix 741 = i03®- - -®03 (d/2—1 factors). This way we obtain explicit representations
in all spacetime dimensions d and

e GL(2192 ), (4.6)
where [a] is the biggest integer less or equal to a. We have the following hermiticity property

of the y-matrices,

fyg =9 and fyj = —;. (4.7)

The above representation is not unique. Equivalent representations preserving (4.2) are
Yy = Uy U™t (4.8)

To preserve (4.7) the transformation U should be unitary. It is clear, that ++* can also
be used as representations for the Clifford algebra. For even dimensions these are unita-
ry equivalent to the original one. In odd dimensions one finds two unitary inequivalent
representations. For example,

Y =01, 7 =io2 and g = tio3

are two inequivalent representation of the Clifford algebra in 3 dimensions.
For applications the following observations are relevant:

e In cven dimensions a complete set of 2¢/2 x 24/2 matrices is provided by the anti-
symmetrized products of n gamma-matrices, where n =0,1,...,d:

Vigoopin = Vs Yoz - -+ Votn] <Z> matrices for n=0,1,...,d. (4.9)

The exist one matrix with n = d and it is proportional to

i/ 2.

Ve =1 cYd—1 with vy = 1. (4.10)

In the representation (4.4) it is just the d/2-fold tensor product o3 ® 03 ® - -+ ® 03.
In addition, we have

_ 1
Vist oot = 11+d/2m Epn.pug YayHd bl (4.11)

Note that in even dimensions -, anti-commutes with all v, and thus can be viewed
as vq¢ in d + 1 dimensions.

e In odd dimensions the product of all y-matrices is a multiple of the identity. As basis
for the 2(¢=1/2_dimensional matrices we can choose the antisymmetrized products
Yooy With n=0,1,...,(d—1)/2.
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4.2 Spin transformations

In this section we study the transformation of spinors under Spin-transformations. For
that aim we introduce the d(d — 1)/2 matrices

1
S — v 412
577 (4.12)

They possess the following commutators with the ~-matrices and themselves:
[EH,271 = 1" —n"y)
B Zpe] = 1(upZve + MvoXpp — NuoSvp — MpZpe) - (4.13)

Hence, the ¥ furnish a 2[4/2_dimensional representation of the Lorentz algebra. It is the
socalled spin-representation to be analyzed below.
Let S(s) be the following one-parameter family of transformations

S(s) = 3@ with (W, ) = wy, X
and consider the related one-parameter family of matrices
[?(s) = S71(s)7°S(s)
with ’initial value’ S(0) = 1. Making use of (4.13) one obtains the differential equation

L 00(5) = — S (6) (2,991 S(5) = T (5

the solution of which reads

[P(s) = S71(s)717S(s) = (%), 77

p

Recall that for antisymmetric (w,,) the matrix (e*)”

setting s = 1 we conclude

is a Lorentz transformation. Thus,

S714PS = AP 47, where S = e%(w’z), A= ea@M) _ o (4.14)

To find the action of infinitesimal Lorentz transformation on spinors, we recall that a Dirac
spinor transforms as

P(z) — Sh(Atz) = e%(w’z)w (e™x). (4.15)
This should be compared with the transformation of scalar and vector fields,
dp(x) — d(A7'z) and AH(z) — AP A (A ). (4.16)

The components of a scalar field (it could be a doublet as in the electroweak theory)
do not transform at all, the components of a vector field transform with the Lorentz
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transformation A and the components of a spinor field with the spin-transformation S.
The mapping S — A(S) defined in (4.14) is a group homomorphism (a representation)
from the simply connected spin group into the non-simply connected Lorentz group.
The infinitesimal form of the transformation (4.15) reads

(@) = gwp (LM + M) p(x), (4.17)
where the ¥, generate spin rotations and the

1
L, = Y(ZL‘H&, — x,0,)

orbital transformations. L, and ¥, both satisfy the commutation relations of the Lorentz
algebra and so does their sum
qu = Ll,u/ + Euy- (418)

The J,,, generate the spin-transformations of Dirac spinors,

Sih(A~1z) = (ei(w"])¢> () (4.19)
and hence generalize the total angular momentum in non-relativistic quantum mechanics.
To construct tensor fields which are bilinear in the spinor fields we use that 4° = (70)1
conjugates the v and X-matrices into their adjoints,

Yy =9 . AT =3 (4.20)
It follows at once that 4° conjugates the adjoint of S into the inverse of S,
405140 — 7oe—é(w,z)f,yo — 2w g1 (4.21)
Now we are ready to define the Dirac conjugate spinor,
P =Pyt = @7 = Tyr = 40y (4.22)
which enter the expression for the fermionic bilinears. Under spin-transformations it trans-
forms with the inverse spin rotation,

D — (S9)170 = T8ty 42D yia0g=1 = g1, (4.23)

With the help of (4.14) it is now easy to prove that the bilinear objects
Abaebin = qyhtebing, (4.24)

are antisymmetric tensor fields. The transformation of these objects follow from that of 1)
and 1,

A,m...un SN 1; Sfl,yul.,.unsw — Aulz L Augn 1/;71/1..,1/711/]
= AF - AR AV (4.25)
In particular in 4 dimensions there are 5 tensor fields
’IIZ_)/L[} ’ QZ’Y*T/) ’ 1;7“1;[)7 ’ 1Z’YWM¢ ) @Z_WW@Z%

that is a scalar, pseudo-scalar, vector, pseudo-vector and antisymmetric 2-tensor field.
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4.3 Charge conjugation

The best way to see how charge conjugation emerges is to consider the Dirac equation
i Dy(e)y —map =0, D,(e) =0, —ieA, (4.26)
in d dimensions. We multiply this equation from the left with ~°
i°97°D,(€)7" — ma i = iy D, (€)1 — myP1p = 0.
With (4.22) the complex conjugate of this equation takes the form

—i"I Dy (—e)p T —m*ypT = 0. (4.27)
Let us now assume that there exists a charge conjugation matriz C which fulfills
Cy C =yt = n==1, (4.28)
in which case we define the charge conjugated spinor
e =CyT = Crg v, (4.29)
Now we multiply (4.27) with C from the left and obtain
iV Dy (—e)pe + nm™ e = 0. (4.30)

We see that for a real mass the charge conjugated spinor . fulfills the Dirac equation
with reversed electric charge and m — —nm. This justifies the name charge conjugation®.
Since 7 is hermitian and the «; are antihermitian the condition (4.28) is equivalent to
% =nC"%C and A =-nC . (4.31)
Thus, in case there is a representation with only real or only imaginary {v*} then we may
choose C =1,
real 7/ = Al =vy=C n=1, =9
imaginary v = A = -y =C, n=-1, . =1" (4.32)
Such representations are called Majorana representations. For a Majorana representation
charge conjugation becomes complex conjugation. A spinor which is invariant under charge

conjugations is called Majorana spinor —such a spinor is real in a Majorana representation.
Now we are going to prove

Lemma 1 In any dimension there exists a symmetric or antisymmetric matriz C with
Vi =nC'yC,  n==+£L (4.33)

A formal proof (in arbitrary dimensions and for any signature) is found in [20, 21], but
we may as well give explicit solutions in the representation (4.4). If one changes the
representation as in (4.8), then, to preserve (4.33), the charge conjugation matrix must
transform as

c'=uvcuT. (4.34)

Hence C in unitary and (anti)symmetric in any representation.

!The sign of m is irrelevant and thus we may allow for = 1.
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Even dimension: To proceed we use
010101 = alT , 010901 = JQT , 010301 = —03T and 090,09 = —O'Z-T (4.35)
to show that in the representation (4.4) the symmetric or antisymmetric matrices

Cy = 0100R0IR0®... (n=+1)
C. = 02®01®02®01®...OCC+7* (?72—1) (4.36)

are solutions of (4.33) with 7 = £1 in even dimensions. This then proves that there exist
charge conjugation matrices in even dimensions. These particular solutions are hermitian,
unitary and hence square to 1.

Odd dimension: Let vy, ...,74_1 be the v-matrices for even dimension d. As «y-matrices
in d+ 1 dimensions we may take these y-matrices supplemented by 74 = a7y - - - v4—1. The
phase « is chosen such that v4 squares to —1. This last matrix must fulfill

C v c=ml.

The left hand side of this relation can be rewritten as

_ d=1
aC M yam1C = anyd -l "= a (et 0) " = (2) ] (4.37)

which implies 7 = (—)%?2. Hence C, is a charge conjugation matrix in 1 + 4n dimensions
and C_ in 3 4+ 4n dimensions. We conclude that there are two charge conjugation matri-
ces in even dimensions and one charge conjugation matrix in odd dimensions. They are
symmetric or antisymmetric. For example, there is an antisymmetric C_ solution but no
C4-solution in 3 dimensions. Since the results are identical in d and d 4+ 8n dimensions, it
is sufficient to give the results for d = 1,...,8. The various possibilities are summarized
in table 4.3.

d 1234|567
c.|s AlA]A
c_ AlA|A S|s

w2

Tabelle 4.1: In even dimensions there exist two charge conjugation matrices C+ with n =
+1, and in odd dimensions there is only one. These matrices are either symmetric (S)
oder anti-symmetric (A).

4.3.1 Explicit Majorana representations

Sometimes it is useful to have an explicit Majorana representation for the y-matrices at
hand. As will be demonstrated below, such representations only exist in dimensions d for
which

d mod 8 € {0,1,2,3,4}. (4.38)
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We give Majorana representations in 2,3 and 4 spacetime dimensions.
e In 2 dimensions we may choose imaginary y-matrices
W =09, Al =0y with 7, = —y71 =03, C_ = ", (4.39)
or real y-matrices

'yo =03, ’yl = iUQ with Yx = —Y0Y1 = 01, C+ = ,YO (4.40)

e In 3 dimensions there exists the imaginary representation

V=09, Al=io1, A*=io3 with C_ = —~" (4.41)
e In 4 dimensions there is again an imaginary representation

1 . 2 . .
70200®0’2, Y =100 03, 7 =101 071, V¥ =io3 @ oy

with 7% = —iy071723 =02 @01 and C_ = —4°. (4.42)

4.4 Irreducible spinors

We do not know whether the spinor representations (4.15) are irreducible. In general they
are not and there are two types of projections onto invariant subspaces that one can
envisage:

Chiral spinors: They can be defined in even dimensions where one has an anticommu-
ting .. This matrix can be used to define left and right spinors,

Yr=50-m) =P, Yr=35(1+%)Y="Pro. (4.43)

Since v, commutes with the Lorentz generators X, it commutes with the spin rotations
S generated by the ¥, such that a chiral spinor is chiral in any inertial frame,

PLz/J =0= PLS’¢ = SPLIb =0. (4.44)

¢

Majorana spinors: The second projection consists of the

=t =CyT, (4.45)

which defines a Majorana spinor. Let us assume that this condition can be solved in a
fixed inertial frame. Then it holds in any other inertial frame provided

‘reality condition”

SY = (SyY)e = CypT S~
Using (4.45) this condition for the charge conjugation matrix reads

C'SC=5" '8, =-3], (4.46)
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In the last step we used that S is generated by the X,,,. The last conditions are automati-
cally fulfilled, since they follow from (4.28), irrespective of the value of n. Thus, if a spinor
is Majorana in one inertial frame then it is Majorana in any other inertial frame.

It remain to check whether we can solve the Majorana condition in a fixed inertial frame.
Let us take the complex conjugate of the Majorana condition ¢ = CyI1* and use the
Majorana condition to rewrite the resulting expression,

YT = Oyt = CMo = CoCri ¥ = nCCy*
This should hold for any Majorana spinor and thus we conclude that
C'C=n=C"=nC " (4.47)

Since C is unitary this condition is equivalent to CT = nC. This means that only symme-
tric solutions C4 and antisymmetric solutions C_ are admissible. Comparing with table
4.3 shows, that Majorana fermions only exist in dimensions where there exist Majorana
representations, see (4.38). The results are listed in table 4.4.

d 1] 2 [3|4|5] 6 |7
c, S| s
c_ A [A]A

MW SM

Tabelle 4.2: Majorana spinors exist in dimensions where there exist Majorana representa-
tions. In d = 2 + 8n dimensions there exist Majorana fermions which are chiral.

In cases where no Majorana spinors exist, there is still another possibility for theories with
extended supersymmetry. One can define symplectic Majorana spinors

i = Cyg Qg (4.48)
where {2 is some antisymmetric matrix, with Q€Q* = —1. Symplectic Majorana spinors exist
in 6,14, ... dimensions. The existence of symplectic Majorana spinors is marked with SM

in table 4.4.

Having two projections, to chiral spinors and to Majorana spinors, one may ask whether
one can define a reality condition respecting the chiral projection. For the left handed
spinors this means

Pieyl =clPr or yuCyl =cydyr (4.49)
On the other hand, the definition (4.10) of 7, together with (4.45) imply
Cro 7i = —i%nCro
and comparing with (4.49) leads to
d mod 8 € {2,6}

Since there are no Majorana fermions in 6 dimensions the second solutions does not exist.
Hence there are only Majorana-Weyl-spinors in 2,10, 18, ... dimensions.
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4.5 Chiral representations

When dealing with chiral fermions, which exist in all even dimensions, it is convenient to
use a chiral representation for the y-matrices. These are representations for which -, is
diagonal, v, = —o3® 1. Then the chiral projectors onto the left- and right handed spinors
(often called chiral and anti-chiral fermions) are diagonal as well.

1 0 0 0
PL—<O 0> and PR—<O 11). (450)

Left-handed spinors have only upper and right-handed spinors only lower components in
these chiral representations. The left-handed object A, with lower components is called
chiral spinor while the right-handed object A* with upper components is called anti-chiral
spinor. Sometimes one calls them left-handed and right-handed Weyl-spinors.

The following representations in even dimensions are chiral:

(0 1 (0 - . B

with hermitean «; generating an Euclidean Clifford algebra in one dimension less,
{Oéz‘, Ctj} = 2(51']'. (4.52)

Without loss of generality we may assume that the hermitian matrix i'=%2q; - - - ag_q is
the identity matrix. Then we find

' 1 0
4.5.1 4 dimensions

In this physically most relevant case we choose the chiral representation

0 o . —0 0
Vu = (~ O“) s Y5 = —Iomeys = ( OO ) (4.54)

Ou o
with two-dimensional matrices
Op = (00> _Ui)v 5-/1 = (0‘0, Uz’)- (455)

The infinitesimal spinor-rotations are block-diagonal in this representation,

o 0 - - - - -
YV = ( 6‘” ~ ) , Oy = %(aua,, —0,0u), O = %(Uua,j — 0u0y). (4.56)
o
Note that the o,; are hermitian, whereas the o;; are antihermitian, 7, = —O’Ly. It follows
that the spin rotations have the form
S = L _(4 0 ith A= L 4.57
= exp (Zw V) = 0 Af-1 wi = exp (Zw UW) . (4.57)
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The complex 2-dimensional matrix A has determinant one, A € SL(2,C), since the oy,
are traceless. A Dirac spinor consists of a left-handed and a right-handed part,

b= @) (4.58)

The left-handed spinors transform with A and the right-handed with Af~!

Ao —> ALNg o X (AT (4.59)

Next we define the e-tensors
o) =lea) = (§ o) md = = (& 0) oo
which obey the relations,
eape’ = 0], eape” = 010% — 630} (4.61)

Because ATe¢A = ¢ for any matrix A with determinant one, the following bilinears are
Lorentz-invariant,

A = A% and  AY = Aa XS (4.62)

where the raising and lowering of indexes are done with ¢,

Y = EQB )\5, )\a == Eag)\ﬁ and j\d = Edgj\ﬁ', j\d = 60-[6'5\'6. (463)
The condition AT A = ¢ translates into
(AT = %A, 7,5 and (AT, = &% 4%, (4.64)

which means, that A can be conjugated into A”~! and A into AT~!. Using these formulas
one can show that the spin-transformation in (4.59) are equivalent to

AT — (AT*l)ag)\’B y Xa — 14_10.['8.)’(/3-, (4.65)

The components A® transform as the complex conjugate of A* and the components Y4 as
the complex conjugate of the y,. The index structure of the Dirac-conjugate spinor is

¥ = (x* Aa) such that ) =y + Ay. (4.66)

A mass term vanishes for left- or for right-handed spinors. Since o, maps right- into
left-handed spinors and &, left- into right-handed ones they have the index structure

(0u)qs and (5,)%. (4.67)
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The generator o, maps left- into left-handed spinors and &, right- into right-handed
ones and they have the index structure

(o), and (5uu)dﬁ‘- (4.68)

Since spinor components are Grassmann-variables we find the following symmetry proper-
ties,

Ax = )‘aon = _Xoa)\a = Xa)\a = XA

AX = AaX® = =X A = Xa A = XA (4.69)
The vector current can be written as
Py = Xa6" g + x0" Bxﬁ = XG"A + o'y, (4.70)
so that the ’kinetic term’ for fermions reads

Y = X" O + xo"O,X. (4.71)

4.5.2 SL(2,C)-representations

Every finite-dimensional representation of SL(2,C) can be gotten by tensoring the two
fundamental 2-dimensional representations. The knowledge of the representation theory
of SL(2,C) is necessary to construct Lorentz invariant field equations.

The components A, and A4 (with lower indexes) are called covariant. The two inequivalent
fundamental representations of SL(2,C) are

)\a — Aaﬂ)\g and S‘A — Adﬁj\ﬁ'. (4.72)

The transformation of the different components are summarized in the following table:

spinor Aa X = gof A8 N A = 4B\ 3
transforms with | A | ede™! = (AT)"1 | A | ede™! = (A1)~}

The representations AT~! and AT~ are equivalent to the representations A and A. One
uses the following notations

representation D1/2:0) . A— AN

representation D(®1/2) A — A (4.73)

The tensor product of n un-dotted and m dotted spinors yield a spinor of rank n +m with
n un-dotted and m dotted indexes. Such a spinor transforms as follows under SL(2,C)
transformations:

/\a1...ano'z1...écm — Aafl e Aaﬁn“zléfl T “Zléfr:n /\ﬁl-nﬁnﬂlnﬁm'

These representations are reducible if (n,m) # (3,0) or # (0, 3).
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4.6 Composite fields

In this section we collect and partly prove some useful properties and formulas for fermionic
bilinears and other composites. These technical results will later be of use in our study of
supersymmetric field theories.

4.6.1 Bilinears for charge-conjugated fields

The Dirac-conjugate of the charge conjugated spinor 1. = C¢)T has the form
ve=CPT, do =l =9 C o =mwlC! (4.74)
and is used to compute the bilinears for the charge conjugated fields,

bYWy = nyTCTy ey = pttr (-1 D2y Ty (T LT
_ _771+n(_1)n(n—1)/2>—<,7(n)¢‘

In the second last step we used, that the components of fermion fields anticommute.
For Majorana spinors we find

Uy My = ()2 My, (4.75)

In 4 dimensions 7 = —1 and we get for Majorana spinors

VX =XV, YYX = XV VV5VuX = X5V
Vyux = =XV and Yy x = =XVt (4.76)

4.6.2 Hermitean conjugation

We define the hermitian conjugate as if the spinor-components are operators in a Hilbert-
space (which they are in QFT). For example (1/x)" = xT41. It follows, that

7 1T 7% * ok n * —
M) =XM1 = —"M*X" = —npeMoxe, Me=CrgM*gC™"  (4.77)
This formula shows that we can hermitian conjugate by using the C operation. With

CW Yoy 6 € = 1" Vst

we conclude that

(@Z_Wm-..unX)J[ = _771+n &c'Ym...uan- (4.78)
Note that for Majorana spinors the bilinear tensor fields are hermitian or antihermitian.
In four dimensions n = —1 and with v5 = —ivyy172773 we have

Ux, Yy™X, YrsyHx hermitean
VYHx, YysX antihermitean. (4.79)
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4.7 Fierz identities

In d dimensions the v* are A-dimensional matrices, where A = 2/%/2 As orthonormal
basis in the linear space of Mat(A,C) with scalar product (M, N) = TrMTN we may
choose

D=d for even d

1
——{1,,, yee s Yurun b, With 4.80
\/Z{ Yees Vi po 1opip } { D= %(d —1) for odd d, ( :

and we assumed p; < po < .... With 7}: = " we have

Vhiszogn = sV - - V)T = AP o p2gpt = (=) =D)/2ypiapizeiin, (4.81)

Therefore every A x A-matrix M can be expanded as

D
1 1 _
LS L iy, s, (1
n=0
Since the sums extend over all indexes 1, ..., i, and not only the ordered ones we cor-

rected this over counting by the factor n! in the denominator. Now we take two spinors
and x whose components anticommute and choose

M =% or Ma’B = 1o X" such that Tr (yHFn M) = —xyHt-Hrah.

The minus sign originates from the anticommuting nature of the spinor components. The
identity (4.82) implies the following general Fierz-identity

1 1

UX == D (T (), (4.83)

These general identity allows for the expansion of the matrix ¢y as linear combination
of the basis elements v(™. The expansion coefficients are the antisymmetric tensor fields
n)q). For example, in 4 dimensions

4px = —(xX¥) = Y () + 37 A Y) + 5% (X PY) = G Yoo (XVP7). (4.84)
Now we may use (4.11)
V5 = —190717273:  Yurp = t€upo¥5Y”  and  Yuvpo = i€upoYs
to rewrite the Fierz-identity as follows
Apx = —(X¥) = Y (XV*Y) + 37 (M Y) + 176 (X1779) — 15 (X159).  (4.85)

In particular, we find

W = —(V9) = (") + 3 OV ) + 157 (D157 Y) — 15 (P5)
dsPins = — () + Y (V") + 37 (V) — vvu (P57 ) — V5 (Pys1)
Y+ y50Pys = —5(09) + 19w (YY) — 375 (Prs). (4.86)
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For Majorana spinors the second last term vanishes because of (4.76). Multiplying with
1 from the right, we find

Y(rh) + ysab(hysah) = 0, (v» Majorana). (4.87)

More useful Fierz identities for Dirac- and Majorana spinors can be found in [23].

Fierz identities for Weyl-spinors The following table contains a rather useful list of
Fierz-identities for chiral fermions.

ON(x) = —5(00)(\x)
ON)(0x) = —3(A)(00)
Ao X = —XOuA
(0010)(0570) = 31" (06)(60)
(0"0)4(0070) = 277#”9 (06) — i(c"0),(00)

ON(Ox) = 5(00"0)(A\o.X)

B)(0N) = 3(840)(A u) (6A)(0x)
(ON)(x510) = —502(Xa”)\) (4.88)
(6N (xo"8) = —56%(xo"N)
0N (xo"0) = —5(00"0)(Ao,5"x)
6N(x3"0) = 5(6070)(AG,0"x)

(AG"0)(0070) = —16%0(5"0™)
(A"0)(0570) = %920(0 D)

Most of these identities are easily proven by using the explicit representation
AX =A% = A2+ A2 = —dixe + Aoxa, 01 =00, 07 = -0,
A= Aax® = AR = A% = A% - Aoxa, 01 =05, 07 = 05,

together with the anticommutation relations.

4.8 Spinors in Euclidean spaces

“Lorentz transformations” on a d-dimensional space with Euclidean metric are rotations.
They form the compact Lie-group SO(d). The v* are hermitean and so are the generators
¥, of the spin group. It follows that the spin transformation S in

Y(z) — S(A™ ) (4.89)

is unitary. As explicit representation for the Euclidean 4’s we may take the matrices (4.4)
without the factors i. It follows, that the charge conjugation matrices C4 in (4.36) are still
solutions of

vh =nC 'y C with ==+l (4.90)
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Since the y* are hermitian, the charge conjugation of a spinor in Euclidean spaces has a
different form as in Minkowski space times,

Yo = Cy". (4.91)

The Majorana condition 1. = % is again consistent with rotational invariance. Now the
consistency condition ¥** = 1 implies the symmetry of the charge-conjugation matrix,
C = CT. Comparing with table (4.3) yields the following solutions

d|1]23| 4 |5]6]|7 8
Ci|S|S
- (4.92)
C_ S|S| S
SM MW
The existence of Majorana-Weyl fermions in 8,16, 24, ... dimensions can be proved simi-

larly as in Minkowski space times. Symplectic Majorana fermions exist only in 4, 12, 20, ...
dimensions.

Since spin transformations are unitary, the antisymmetric tensor fields in Euclidean spaces
are

Ap,l,u,g...,um = waYHULQ---IJ«nT/}' (493)

Since the hermiticity relations (4.81) hold true for all signatures, the general Fierz-identity
remain unaltered,

1 1 .
ext == ()T (). (4.94)

Note that for the metric d,,, we have y#1#2 =, ., . The identity (4.84) in 4 dimensions
still holds true (of course, after setting ¥ = x'). The definition of 75 is slightly modified
in order to get a hermitian matrix which squares to 1,

Y5 = —Yom Y2y and Ypvp = _E,uupcr’YSPYU and Yuvpo = —€uvpoV5-

Nevertheless, the Fierz-identity (4.85) remains unchanged,

apyt = = (") — 7 (XY Y) + 37 YD) + 57 (FT579) — 5 (X59). (4.95)

When one computes the fermionic bilinears for the charge conjugated fields one obtains
YTy = =y (=) D2 By, (4.96)

since in the relation ¢ = ¢7C~! there is no 7, contrary to the corresponding identity
(4.74) in Minkowski space time.

Let us finally investigate the hermiticity properties of the bilinears. The relation (4.77)
becomes

WTMX)T = XxTMTp = T M*x* = —{Mcxe,  Mc=CM*C™. (4.97)
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In a Majorana representation with real or imaginary +* all «’s are symmetric or antisym-
metric. Then C is proportional to 1 and M. = M*. For Majorana spinors in a Majorana
representation we obtain the simple relation

(TMy)T = —yTMrx. (4.98)

In passing we note that there are no Majorana spinors in 4-dimensional Euclidean space.
Strictly speaking there is no Euclidean version of a theory with Majorana fermions in 4
dimensions. There have been suggestions to overcome this obstacle and there have been
numerical simulations of such Euclidean models on lattices.

4.9 Appendix: Representations of spin and Lorentz groups

The fields furnish a representation of the homogeneous Lorentz groups SO(1,d — 1) or,
strictly speaking, of their universal covering groups spin(1,d — 1). Assuming that they
transform according to a finite dimensional representation of spin(1,d — 1), all these re-
presentation can be obtained from the finite-dimensional unitary representation of the

corresponding orthogonal group spin(d) by setting 7 = 2°.

4.9.1 Young-tableaus of O(n)

Every irreducible representation of O(n) can be obtained from the tensor product of the
defining representation

T, — R]T, R € O(n) defining repr.
Ty — lell .. R;’:Tyl_._w tensor product repr. (4.99)
by suitable symmetrization and anti-symmetrization in groups of indexes. They are in

one-to-one corresponding to admissible Young tableaus. Each tableau T contains at most
[n/2] rows. If ¢; is the number of boxes of the i’th row, then

b >y > > L)

To get all irreducible representations of O(n) we associate a diagram 7" to T as follows:
The length a of the first column in 7" is less or equal to n/2, a < n/2, the length of the first
column in 7" is n — a, and all other columns in 7' and 7" have the same length. Examples

|
SO(4) : T:D:‘ T T : ‘ ‘ T ‘ ‘

| |
SO(5) : T:H T . T: | T :

When n is even and a = n/2, then the diagrams T and T coincide (they transform
differently under improper transformations) and 7' is said to be self-associate. If we re-
strict ourselves to the proper subgroup SO(n) with determinant one, the representations
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corresponding to the associate diagrams T and T’ become equivalent. For even n the
representation corresponding to a selfassociate pattern T splits into two non-equivalent
irreducible representations: the selfdual and antiselfdual antisymmetric tensors of rank
n/2,
1
T

Beebinyz — im 6M1~~~Hn/2V1~~-Vn/2T

l/1...l/n/27

T totally skew symmetric. (4.100)

4.9.2 Roots, weights and all that

Our Lie algebra conventions are as follows: Let Hy, kK = 1,...,r be an orthogonal basis of
the Cartan-subalgebra H, which we diagonalize in a given representation,

Hy|p) = prlp)  and  [Hy, Eo] = apEa. (4.101)
Let
20 2p(; .
Q) 5 M) s a(vi) =20 and M(VZ-) = © , i=1,...,r (4.102)

(@), agy) (@), agy)

be the simple roots, fundamental weights, co-roots and co-weights, respectively:
(@), afy) = Kijs (@, 1)) = (a@y 1) = s (niy, i) = (K Dije (4.103)

We used that the simple roots and fundamental weights are related by the Cartan-matrix,

a(l) = ZKZ']' ,U(j). (4.104)
j=1

The fundamental weight-states (which are the highest weight states of the r fundamental
representations) and states in the adjoint representation obey

aiy  H lug) = dilugy)  and  pgy - H lag) = dilag))- (4.105)

To determine the dimension of the representation with highest weight 1 we may use Weyl’s
dimension formula

5
dimV, =[] W (4.106)
a>0 ’

where the Weyl vector 4 is half the sum over all positive roots or the sum over all funda-
mental weights,

=35> a=> uy (4.107)

a>0

A. Wipf, Supersymmetry



4. Spinors 4.9. Appendix: Representations of spin and Lorentz groups 52

A positive root and highest weight is a linear combination of the simple roots and funda-
mental weights with non-negative integer coefficients, respectively,

o = Zmla(z) and n= Z ki,u(l-), m;, k; € Np. (4.108)

Inserting this into Weyl’s dimension formula and using (p(;), ;) = iy 2/2 yields

1 + k mZ (i )2
dim V,, = H . (4.109)
a>0 Z mic

To find the center elements we find conditions on p - H € H such that exp(27ip - H) is in
the center Z. Center elements are the identity in the adjoint representation. Because of
the second set of equations in (4.105) they must be powers of

zi = exp (27rz',u(vi) . H) — zi|p) = exp (2mi(EK 1)) 1), = Z Kipgy-  (4.110)

In an irreducible representation a center element acts the same way on all states. Hence,
a necessary and sufficient condition for z; # 1 is that

zi |pj)) = exp (27rin_il>\p,(j)) # lpggy), or that Kj_il ¢ 7 (4.111)

for at least one fundamental weight f1(;). Here we have used that the inner products of the
weights with the co-weights yield the inverse Cartan-matrix, see (4.103). The order of the
center group is just det(K).

4.9.3 The spin groups

Let us now turn to the spin groups, i.e. the universal (double) covering groups of the
SO(n)-groups?. In the Cartan classification spin(2n) ~ D,, and spin(2n + 1) ~ By:

group dim | dim. of fund. reps
spin(4) = Dy ~ Ay X Ay 6 2,2
spin(5) = By ~ Co 10 5,4
spin(6) = D3 ~ As 15 6,4,4
spin(7) = B3 21 7,21,8
spin(8) = Dy 28 8,28,8,8
spin(9) = By 36 9,36,84,16
spin(10) = D3 45| 10,45,120, 16,16

The Dynkin-diagrams of the spin groups are depicted in the following figure: The repre-

2we use the conventions as implemented by LIE 2.1
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defining B, spinor  defining D, spinor
SO(2n+1) reps reps  5O(2n) reps n—1o TepPS
»»»»»» —o=>l J)—o—o— SR —C‘D—(‘)
1 2 3 n—1 n 1 2 3 n—2 n

Abbildung 4.1: Dynkin diagrams of the B,, and D,, series. ® is a short root.

sentation with highest weight (1) is always the defining representation of SO(n) and has
dimension n. The representation with highest weight 1, is a spinor representation for all
groups. For the D,, the second last representation belonging to f(,,—1) is the second spinor
representation.

The Cartan-matrices of the B, and D,, groups have the form

-1 2 -1 0 2

The centers and their generators are

group center | generators action of center element(s)
z1lpe)) = +Hg))s j<n—2
2 = e z1liey) = Ik j=>n—1
D,,,n even | Zo X Zo z2|pe)) = (—)j|u(j)>, j<n-—2
2= 0 | 2l 1)) = —(=)" i)
2ol tt(ny) = ()2 1))
zlpgy) = (=) ) j<n-2
D,,,nodd |Z4 2 = 2T ) 2 pn-1)) = =" |f(n-1))
2lpmy) = " 1any)
B, Zs 2= ) = lug)), j<n-1
zlpm)) = —lim)

The group spin(5) ~ By

This group is related to the isometry groups of the 5-dimensional deSitter and anti-deSitter
spaces and to the conformal group of the 4-dimensional flat spaces (with different signa-
tures). Hence it is useful to discuss the corresponding representations in some detail. The
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discussion for the higher spin groups is very similar. The Cartan-matrix of spin(5) and its

inverse are
_ 2 =2 11 2 2
k=(2 ) -2 D) e

The center element z = exp(mipy) is the identity on the defining SO(5)-representation
with highest weight py. It is —1 on the spinor representation with highest weight uo.
Hence, a representation with highest weight p = kipu1 + kopo is a faithful representation
of

SO(5) = spin(b)/Za = Ba/Zs
if and only if
z|p) = |p) <= k2 € 2N,.

The positive roots are

short roots: m = (0,1),(1,1) long roots: m = (1,0),(1,2). (4.113)
Using Weyl’s formula we find that the dimension of the representation with highest weight
s

dimV, = %(1 + k1) (1 + k2)(3+ 2k1 + k2)(2 4+ k1 + k2). (4.114)

The quantum numbers can easily be related to the length (¢1, ¢2) of the rows in the Young-
tableau. We need

| ]:5 and H 210 .
The 5 and 10-dimensional representation have
5: ¢=(1,0), k=(1,0) and 10: ¢=(1,1), k=(0,2).
From this follows that
0y =k +ko/2 and flo =ky/2

In terms of the lengths 1, 5 of the Young-tableau we obtain the following formula for the
dimensions for the faithful SO(5)-representations

dimVy = (01 — £y + 1)(26y + 1)(£1 + €5 + 2)(20, + 3) /6. (4.115)

Examples:

7T s [T o . 35 '+ 105.
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The group spin(6) ~ D3

The simple laced group D3 has Cartan-matrix

2 -1 -1 1 4 2 2
K=[-1 2 0 and K*lzZ 2 31
-1 0 2 2 1 3
The center Z, is generated by
z = exp <2m',u(v3)> with  z|u) = exp (Z;T(le + ka2 + 3]{:3)) ). (4.116)

Since on the defining representation of SO(6) it is —1, a representation of spin(6) is a
faithful representation of

SO(6) = spin(6)/Zs = D3/Zs (4.117)
if z = £1 on this representation. This is equivalent to
2k1 + ko 4+ 3k3 € 2Ng < ko + k3 € 2Ng.
The positive roots are
m = (1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(1,1,1), (4.118)

and Weyl’s formula yields
1
dimV,, = ﬁ(l + k) (1+ k) (1 4+ k3)(24+ k1 + k2) (24 k1 + k3) (3 + k1 + ko + k3)(4.119)

The lowest representations of SO(6) are

G:D 15: and 20:@.

Using LIE it easy to relate the highest weights to these representations (recall, that the
20 splits into 10g @ 104).

dim 4 k
51(1,0,0 1,0,0
( T ) (1,0,0) (4.120)
15 | (1,1,0) (0,1,1)
20 (1,1,1) (0,2,0),(0,0,2)
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The group spin(7) ~ B3

A representation of spin(7) is a faithful representation of SO(7) if k3 is an even integer.
Since Bs has no self-associate diagrams it is easy to relate the lengths of the rows in a
Young-tableau to a highest weight:

klzfl—gg k2:€2—€3 and k3:253.

The dimensions of the various representations and the corresponding results for the smal-
lest spin-groups are listed in the following table

group dimension

spin(4) (k1 +1)(k2 +1)

SO(5) (0 — Ll +1)(200+1)(01 + 2+ 2)(201 + 3)/6

spin(6) (1 4+ k1) (14 k2)(1 + k3) (4.121)

24k +k2) 2+ k1 +k3)(3+ k1 + ko + k3)/12
80(7) (251 + 5)(252 + 3)(253 + 1)(51 + 4oy + 4)(51 — 0y + 1)
~(f1 — {3+ 2)(51 + 43 + 3)(52 + f3 + 2)(52 — {3+ 1)/720
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Kapitel 5

Symmetries

Supersymmetry is an extension of Poincaré symmetry and hence is intimately related
to the geometry of our spacetime. A supersymmetric field theory in flat space time is a
particular theory compatible with the principles of special relativity. Thus it is useful to
review the implications of internal and spacetime symmetries for relativistic field theories.
All fundamental relativistic field equations are Euler-Lagrange equation of an Poincaré
invariant action integral S. In a local field theory the action is the space-time integral of
a local Lagrangean density L£(x),

(x)
S = /ddz L(z) = /dtdmc(t,m), (5.1)

where L is a function of the fields and their first space-time derivatives. Again the space-
time dimension is left open. The volume element of space is denoted by dx.
The action should be invariant under Poincaré transformations,

T=ANAz+a (5.2)
under which the field transforms as
$(&) = S(A)p(z) or ¢(x) — S(A)¢ (A (A)(z —a)), (5.3)

where A — S(A) is a representations of the spin group and A(A) it the Lorentz transfor-
mation corresponding to A.
In addition the action may be invariant under global gauge transformations

6 —Up~odp+iXd=0d+0x0, Xt =X. (5.4)

They are called global since the transformation matrix U it the same for all space-time
points.

5.1 Noether theorem and conserved charges

According to a theorem of EMMY NOETHER, to each parameter of the symmetry group
there corresponds a conserved current. The global gauge transformations (5.4) leave the

o7
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Lagrangean density invariant so that

oL oL oL
0=0xL= 5(0,0) Ou (0x9) + % ox¢ = 0y <(W5X¢> : (5.5)
where we used the Euler-Lagrange equation (field equation, equation of motion)
oL oL
Oyl =—=——)—-——=—=0 5.6
(s09) 55 >0

in the last step. Thus the conserved Noether current for an internal symmetry takes the
form

oL
50,0

Integrating the last equation over the space-time region [tg,t] x R%~! and converting the
volume- into a surface integral, shows that the Noether charges

Sxp,  9uJE =0, (5.7)

Qx = /0 deJS = /0 dx 7(x)dxp(z), (5.8)

are time-independent. Here we introduced the momentum density conjugate to the field
?,

_oc
- 96(x)
To every internal symmetry there is always one conserved Noether charge. The dimension

of the symmetry group equals the number of independent vector fields X in (5.8) and
hence equals the number of independent Noether charges.

m(x) . (5.9)

The fundamental Poisson-bracket between field and conjugated momentum density has
the form

{o(2), m(y) }ao=yo = 6(z — y), (5.10)

and can be used to calculate the Poisson-brackets between the conserved charges and the
field,

(6(2).Qx} = / dy {6(x), 7(y) 5x6(y)} = ox (), (5.11)

where we assumed, that dx¢ contains no time-derivatives of the field. We see that the
conserved Noether charge generates the symmetry from which it has been derived.
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5.1.1 U(1l) gauge transformations

Gauge transformations in non-Abelian gauge theories are generalizations of phase trans-
formations in electrodynamics. As an example consider the Lagrangean of a charged scalar
field,

L=0,6'0"p—m>¢lp — Mg 9)”. (5.12)
It is invariant under the global phase transformations
¢ —> erp~ P+ 0zp, with Grxd=idd, Oxd' = —irg!, (5.13)
and the corresponding Noether current has the form
=N G =i(0u07¢ — 670,9). (5.14)

Using the equation of motion O¢ + m2¢ + 2)\(¢T¢>)¢ one can check that j* is conserved.
The conserved charge is to be identified with the electric charge carried by the field,

Q=i Odm(éw—q%):i/odm (wd,gs—ww). (5.15)
Again the charge generates the symmetry from which it has been derived,
{¢.Q} =i¢ and {¢'.Q} = —i¢'. (5.16)

5.1.2 The energy-momentum as Noether current

Under space-time translations the field transforms as

o(z +a) ~ ¢(z) + " 0ug(x) = ¢(x) + dad(). (5.17)

Since the space-time point is changing the Lagrangean is not invariant. But translations are
symmetries and the action must be invariant. It is invariant since (off-shell) the Lagrangean
only changes by total divergence,

oL oL
0oL = 0,(040) + — 040 = a”0, L. 5.18
5(8u¢) M( ) 5¢ ( )
Using the field equation (5.6) the on-shell identity (5.5) is now modified to
0L =0a"0,L=0 (Ma” (b) or 9,JF=0 (5.19)
RSl ) |

with covariantly conserved canonical energy-momentum tensor as Noether current

JE =a"T¥ T = oL Oy — N L. (5.20)
CT T T geg) O
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The conserved charges are the total energy-momentum of the field,
Pt = / deT™, — Pt=0, (5.21)
20
and for the scalar field with Lagrangean (5.12) the energy and momentum have the form

POEH:/O dz (1 — L) and Piz/o dxmd'¢. (5.22)
These Noether charges generate the infinitesimal spacetime translations,
{¢, P} = 0u0. (5.23)
For the scalar field theory with Lagrangean (5.12) we find
Ty = 04010, + 0,67 040 — npu L (5.24)

which leads to the conserved energy

H= /dw (WTW +VoiIVe +m2eTe+ )\(¢T¢)2> (5.25)

and conserved momentum
P = /dac (Waz'cb + 31’¢T7TT> . (5.26)
In electrodynamics we introduce the field strength tensor F,, = 0,4, — 0,A, which

is derived from the 4-potential A* = (A% A). The entries of the field strength are the
components of the electric and magnetic fields,

0 E B, Fs
| =B, 0 -Bs B,
Fw)=|_E, B 0 -B
~FE3 —-By, By 0

— (E, B). (5.27)

Raising both indexes amount to changing the sign of the electric field, (F*") = (—E, B).
The Lagrangean density in electromagnetism is

L£L=1(E>-B? =-1F"F, =-1F"(0,A, — 0,A,) (5.28)
From the last representation it follows at once that

oL
- = _FHP 5.29
50, A,) (5:29)

holds true, and this result is used when calculating the energy-momentum tensor,

(55 1 o
TMV - m 8}/A,0 - nuuﬁ = _FupaVAﬂ + ZUWFP FPU' (5'30)
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This then leads to the following formula for the conserved energy-momentum in electro-
magnetism,

p, = / dz TY, = / dz (F™ 9,4, — &,L)
z0 0
or written in components
H = / dx (ElAZ — ﬁ) and PZ = / dx (EJ&AJ) . (5.31)
0 20

Although we succeeded in constructing a conserved second rank tensor which is to be inter-
preted as energy-momentum tensor, there is still some improvement necessary. The main
reason for our unhappiness with the tensor (5.30) is its lack of symmetry and invariance. It
is not gauge invariant and hence not observable. Also we would like the energy-momentum
to be a symmetric tensor for several reasons. The most convincing one is that it appears
on the right hand side of Einstein’s field equation and then it must be both symmetric
and conserved [28]

5.1.3 Improving Noether currents

Only for scalar fields is the canonical energy-momentum tensor arising from Noether’s
theorem symmetric. It is possible to correct the non-symmetric ones arising in non-scalar
theories through the Belinfante symmetrization procedure [27]. This way one may arrive
at the socalled metric energy-momentum tensor which is automatically symmetric and
conserved.

Let the Lagrangean be invariant under a symmetry transformation ¢ — ¢ + d¢, up to a
total divergence,

0L =0,V*~ (5.32)
As we have seen, the corresponding conserved Noether current has the form
g _ oL
0(0,9)

It is important to note that the vector field V# in (5.32) is determined only up to terms
0, A" with antisymmetric A, and hence the Noether current J* is not unique,

5p— VH. (5.33)

JH — JH — 0, A", (5.34)
For localised fields the conserved charges are not affected by this ambiguity since
J% = JY—9;A%  and hence Q = / de J° — Q.
20

The possible improvement terms have been studied widely in the literature. For example,
in electrodynamics the conserved momentum P* is gauge invariant, since 0,F Or =0, and
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we expect that there exists an improved gauge invariant energy momentum tensor. Indeed,
we can add an improvement term —0,(F*? A") to T" in (5.30) to obtain a gauge invariant
and symmetric tensor. The improved energy-momentum tensor takes the well-known form

T = %Fuprv + 1 F? Fpg (5.35)

giving rise to
H:;/ dz (E* + B*) and P:/ dz E N B. (5.36)
x0 20

The conserved tensor (5.35) may alternatively be gotten by coupling the Maxwell field
minimally to gravity and varying the resulting Lagrangean with respect to the metric.
5.1.4 The conserved angular momentum

Deriving the conserved quantities belonging to the Lorentz transformations is a bit more
elaborate. Under Lorentz transformation a field transforms as follows,

B(z) —> €3Sy (e79z) ~ ¢(x) + & W T d(a) = ¢(x) + d,0(), (5.37)

where the infinitesimal generators of Lorentz transformations .J,,, are the sum of orbital
and spin terms,

1
JMV = L/“, + S/“/ = T (l’ual, — "Eyaﬂ) + S/“/‘ (538)

The L,, commute with the Sy, and both fulfil the Lorentz algebra (3.10). Again the
Lagrangean is off-shell invariant up to a total divergence,

6wl =% (w,M)L=09,V" with VF=—wz,L. (5.39)
The first term in (5.33) reads

oL i 0L
T Sh=—
50,0 = 20(0,9)

and subtracting V* in (5.39) yields the Noether current

w?? (chr + Spo) o

o

wi” oL oL
w9

m(fﬂpao— — xgap)gzﬁ — (5555’0 — 55$g)[z + ’lm Spg¢>

The spin-independent terms between the brackets are z,T% and —z,T"; and thus we obtain

oL
9(0u)

JB = wpa MFPT, MHPT = LaPTHo — LooTre 4 L SP7¢ = —MH"P (5.40)
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and the corresponding conserved charges
JPT = —JoP = / dz MO, (5.41)
x
The space-time and space-space components
Jo =1 /z dw (z'H — 72°0'¢ — in S )
JI =1 /z dzm (27— 270'¢ +iS7 ). (5.42)
A simple calculation reveals that

{6, J"} = 5(LM + 5", (5.43)

or that the Noether charges J% generate boosts and the charges J% rotations. For example,
for electrodynamics

MHPo — (%nup'xaFQ _ FufoapAg _ FM’AU> _ (,0 o 0’). (5.44)

In passing we note, that for theories with spinor fields things may become tricky. The
canonical energy-momentum tensor is generically not symmetric and must be improved.
For bosonic fields the most efficient way to do this is to couple the fields to gravity and vary
the resulting Lagrangean with respect to the metric. However, when coupling fermions to
gravity one needs to introduce the vielbein. When one varies the action with respect to
the vielbein one gets a conserved but not necessarily symmetric energy momentum tensor.

5.2 Conformal symmetry

Under conformal transformations
zt — Yt =yH(2") (5.45)

the metric tensor is unchanged up to a factor e?,

n v
ds* = N datdz” = ﬁuug:;)gZTdypdy” = e@(y)npadypdyo. (5.46)

These transformation leave the light cone invariant and a spacelike vector can be mapped
into a timelike vector. The apparent problem with causality has been solved by LUSCHER
and MACK [24].

5.2.1 The conformal algebra

Lets look at the infinitesimal conformal transformations,

yt ~at 4+ XH(z) and e¥ ~ 1+ dp (5.47)
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for which
(M + Xy + Xop) (1 + dp)datdx” ~ nydatda”
holds true. The linearision of this equation leads to
0 My + Xy + Xo = 0.
Taking the trace implies that d¢ is proportional to the covariant divergence of the vector
field X, so that X satisfies the conformal Killing-equation
X+ X = 1, X" (5.48)

Hence the conformal coordinate transformations are generated by conformal Killing vector
fields.
In 3 and more dimensions there are 3(d + 1)(d + 2) conformal Killing fields. These are

d translations  y* = 2" + a¥ = XH =at
1
id(d — 1) Lorentztransf.  y* = Ahz” == XH =wh x”
1 dilatation  y* = Az = XH = Azt (5.49)
ah — x?ch 9
d special conf. transf.  y* = e nicsl — XH =2(c-z)at — a=ct.
The corresponding hermitian generators are
iX*9, = {a" Py, 20" Ly, AD, " K, } (5.50)

where
1
P,=1i0,, L= T(x#&, —1,0,), D=ir"9, and K, = 2ir,2d,—iz?d, (5.51)

generate translations, Lorentz transformations, dilatations and special conformal transfor-
mations. The conformal algebra is

[P,u’PV] [KWKV]:[D’D]:O ) [PﬂvD]:iPM ) [KuvD]:_iK#
[Py, K] = 2iLy, + 2in,,D , Ly, D] =0
[Pm LW] = _i(npuPz/ - Upupu) ) [Km LW] = _i(npuKu - nvau) (5.52)
[Lyuws Loo] = i(MupLve + MvoLpp — MuoLvp — MupLpc).-

These are just the commutation relations of the generators of SO(2,d). To see that, one
introduces the coordinates

fm = (6713 Lyy gd)

in a d + 2-dimensional space with signature (2, d):

de? = de?, + ndatda” — dEs = npndE™dE™. (5.53)
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We consider infinitesimal transformations in this space and decompose the generators as
follows,

0 P, D 0 K, D
2 = —2Lpm = | =Py Ly Pu |+ | K, Ln -K,|. (5.54)
-D -P, 0 -D K, 0

The SO(2,d) commutation relations

[me qu] = i(77manq + MngLmp — MmgLnp — nanmq)

are equivalent to commutation relations (5.52) of the conformal algebra. The number of
generators equals the dimension of SO(2,d) which is 3(d + 1)(d + 2).

5.2.2 The conformal group

Th relation between conformal transformations in R? and SO(2, d)-transformations in
(R™2, 1) exists not only on the algebraic level. To see that one introduces the projective
coordinates

"= —x,€" ¢ +x), where & =2pa#,  x=d¢a® and 7§, =0. (5.55)

The nonlinear conformal transformations are then represented by linear SO(2,d) trans-
formations in R%*?2 as follows:

E€m = CATE" ~ AT with  A™ = e € SO(2,d).

The infinitesimal transformations have the form

0 —a, O 0 0 0
Qr = | a* 0 at , Q=10 Wwh 0
a a, 0 0O 0 O
0 0 logA 0 cu 0
QOp = — 0 0 0 , Qg=|c* 0 —c+
logA 0 0 0 —c, O
For completeness we note that
Y’ Y’ V'Y
r=¢1 e (D v = e o

5.2.3 Transformation of fields and conformal weights

Conformal transformations are particular coordinate transformations and tensor fields
transform under small transformations as

d [ Ozt Ox¥

OxToo.. =— | =—=— ... Ty =0 =LxTys. ., .
KTy = 5 (G e+ oo (0(0)) ) oo = LT, (5.56)

A. Wipf, Supersymmetry



5. Symmetries 5.2. Conformal symmetry 66

The infinitesimal transformations of a matter field is given by the Lie derivative Lx.
For example, for a vector field V,, it is

LxV, = X0,V + X/}, Vp. (5.57)
Inserting the corresponding Killing field one finds
transl. iL,V, = a”P,V,
Lorentztrf. iL,V, = %w"’"LpaVu +iw”,V,

dilatation  iL\V, = ADV,, +iA\V,, (5.58)
spez. Trf. iL: V), = K,V + 2i(cpa? —xucl +c-x 8V,

and similarly for tensor fields of higher rank [25].
The algebra of infinitesimal transformations of the fields is the same as that of the gene-
rators of the symmetry since

[Lx,Ly] = Lixy)
The transformations
# — 2+ X* and ¢ — Lx¢ (5.59)

is a symmetry of any diffeomorphism invariant theory if one also maps the metric 7, to
€Ny For a conformally invariant theory the transformation of the metric can be un-done
by a compensating Weyl-transformations [26] such that

2a
5XT;W... = (LX - dapo> T;w...- (560)

The real constant o is the Weyl-weight of T),, ... It can be determined by the following
recipe: If the metric transforms as g, — €¥g,, then the field must transform as ¢ — e*?¢
in order for the action to be invariant. One finds the following weights for scalar-, spinor-
and vector fields in d dimensions:

d—2 d—1
o : —QOL:T, P —ZOLZT, A,ind=4: a=0. (5.61)
In particular, for dilatations
Tyw... — NP0, + 5 = 20) T, (5.62)

where s is the number of covariant minus the number of contravariant indexes of T". The
number Ay = s — 2« is called conformal weight of ¢.
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5.2.4 Noether currents

We assume that the action is invariant under conformal transformations of the fields and
calculate the corresponding Noether currents. For the action to be invariant the Lagran-
gean density must have Weyl-weight o = —d/2 and

oxL = (XHO,L+ 0, X")L =0,VH, VH = XHIL. (5.63)
The Noether current for the conformal symmetry has the form
oL 20
Jy=———|Lx - —
X 0(0u9) < Y

Recalling the form of the canonical energy-momentum tensor (5.20) this can be rewritten
as

8po> ¢ — XIL

oL 2c
b =THXV Lx — XP0,— —0,X" ) ¢. .64
=i+ g (£ - = o) o .
In particular for dilatations
oL
Jr =THz" + Ay,
D 550"

where Ay = s — 2« is the conformal weight of ¢. Note that

d—2 d—1
Ascadar = Ty ADirac = T and APhoton(d = 4) =1

The conserved dilation charge is
Qp :/ dz (T92" + Agd ) :/ dz (2"H + 7(zVe) + Apo ).
0 z0

As expected, this charge generated the infinitesimal dilatations,

{6, Qp} = 240 + Ayo.

For example, for a free neutral scalar field with Lagrangean %(6@2 we find
Ty = 0,$0,¢ — L and Jp = Thz" + (d — 2) ¢ 0"¢.

This current is conserved on shell, as it must be.

5.3 Implementing symmetries in quantised theories

In a quantum field theory for the field ¢ we assign to the classical field the operator (;Aﬁ(a:)
acting on a suitable Hilbert space H. In accordance with Wigner’s theorem we assume
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that the symmetries are represented by unitary representation on H!. For the Poincaré
group this means

U(a, A)p(x)U " (a, A) = S ¢ (A} (z — a)) (5.65)

with unitary U(a, A) for A from the spin group which is the quantum analog of the Lorentz
group. A is the Lorentz transformation belonging to A and S(A) is the representation
according to which the field transforms. For translations we have

Ula) = exp (ia"P,), (5.66)
such the infinitesimal form of (5.65) reads
[P,,d] = P,¢ with P, =id,. (5.67)
For spin transformations we write
U(A) = exp (30" J,) (5.68)
such that
[Jows @] = Juw¢  with  Ju, = Ly + Sy (5.69)

Since (a, A) = U(a, A) is a representation of the quantum mechanical Poincaré group, the
infinitesimal generators (Pm JW) form a Poincaré algebra.
Let us assume, that the vacuum is left invariant by Poincaré transformations,

Ula, A)|0) = |0). (5.70)

It follows at once that a Greenfunction is invariant under a simultaneous shift of its
arguments. For example, the 2-point function

(0lp(z)(y)|0) = (0e " =PIp(0)e P g(0)e™"|0)
= (0l¢(z — 1)$(0)|0) = S(x — y), (5.71)

is just a function of the vector connecting it two arguments. This expresses the homogeneity
of space and time. We have skipped the hats. The Greenfunctions also transform covariant
under Lorentz transformations. For example,

S(w) = (0]6(2)$(0)[0) = (U (A)SH(A™'2) SH(0)U (A)[0) = (0|SH(A™'x) 56(0)|0)5.72)
For the 2-point function of a spin-1 field this means
S () = (04 (2) AL (0)|0) = A LA Spe (A1) . (5.73)

This condition heavily constrains the Lorentz structure of the propagator in momentum
space.

!antilinear and antiunitary implementations would be the only other possibility.
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How does one (formally) construct the infinitesimal generators in the quantum theory?
For that we recall that Poincaré brackets should be replaced by —¢ times the commutator,

{o.7} =0 — [$,7] =10 and {,Qx}=0x¢ — [$,Qx] =ix.
The last relation states, that Q x generates the infinitesimal symmetries,
dx = ilQx, g, (5.74)
and thus is the infinitesimal form of the transformation
b — UpU ™, U = exp (iQ), (5.75)

in (5.65). We conclude, that the symmetry generators @ in quantum field theory are (for-
mally) constructed by replacing the classical field and momentum density in the expression
for the classical Noether charges by the field operator and the momentum field operator.
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The Birth of Supersymmetry

40 years ago the idea came up that perhaps the approximate SU(3) symmetry of strong
interaction is part of a larger SU(6) symmetry. Under this bigger symmetry mesons (or
baryons) with different spins belong to one multiplet. There were various attempts to
generalise the SU(6) symmetry of the non-relativistic quark model to a fully relativistic
quantum field theory. These attempts failed, and several authors proved no-go theorems
showing that in fact this is impossible. Well-known is the Coleman-Mandula theorem which
we shall sketch now.

6.1 Coleman Mandula Theorem

In order to better understand the celebrated Coleman-Mandula theorem we consider the
theory for one free real scalar field and one free vector field of equal mass m,

L= %(Gugb@“gé +0,AP0" A, — m2¢? — mQAPAp) (6.1)
with linear Euler-Lagrange equations
O¢+m?p=0 and OA”+m2AP =0. (6.2)
There is an infinite number of conserved currents. For example, the tensor current
<~
J = 90, A, = $0, A, — 0,0A, (6.3)
is conserved for solutions of the field equations,
M I = ¢0A, — OpA, = —(m? — m?)pA, = 0.

Since the current is conserved for solutions of the equations of motion only one says that
it is conserved on shell. This tensor is one out of an infinity of conserved currents of the
form

< A nd < <>
Jiroin =004, ... 0y (n€2N) and  Jy, =0, ... 0,,A, (nEN). (6.4)
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The corresponding conserved charges obtained from these covariantly conserved currents
are tensorial charges of higher rank.

One may ask whether these conservation laws can be extended to the interacting case.
In d > 2 dimensions the answer to this question is no [16, 17]. In a relativistic quantum
theory with a discrete spectrum of massive (but no massless) one-particle states, and with
some nontrivial scattering amplitudes, the only conserved tensorial charges that are not
Lorentz scalars, are the energy-momentum vector P, and the angular momentum tensor
M,,,, which span the Poincaré algebra. All other conserved charges must be Lorentz scalars.
The total algebra is thus always of the form

iL+G,  [iL,G]=0. (6.5)

In the massless case iL can be extended to the conformal algebra so(2, d). Let us formulate
the theorem more precisely.

Lemma 3 (The Coleman-Mandula-Theorem [16]) Let G be a connected symmetry-
group of the S-matriz, i.e. a group whose generators commute with the S-matriz, and let
the following five assumptions hold:

o (G contains a subgroup locally isomorphic to the Poincaré group.

o All particle types correspond to positive-energy representations of the Poincaré group.
For any finite mass m there is only a finite number of particles with mass less than
m.

e FElastic-scattering amplitudes are analytic functions of center-of-mass energy squared
s and invariant momentum transfer squared t, in some neighbourhood of the physical
region, except at normal thresholds.

o Let |p;), i=1,2 be any two 1-particle states and let |pip2) be the 2-particle state
constructed from these. Then S|pip2) # |pip2) except, perhaps, for certain isolated
values of s.

e The generators of G, considered as integral operators in momentum space, have
distributions for their kernels.

Then G is locally isomorphic to the direct product of an internal symmetry group and the
Poincaré group.

A unitary operator U on the Hilbert space is said to be a symmetry transformation of the
S-matrix if:

e U transforms 1-particle states into 1-particle states.
e U acts on many-particle states as if they were tensor products of one-particle states.

e U commutes with the scattering matrix S.
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The theorem implies that the most general symmetry algebra of the S-matrix contains
the energy momentum operator P,, the Lorentz generators M, and a finite number of
Lorentz scalar operators By, that is:

[P,IM Bl] =0 ) [Muuv Bl] == 07 (66)
where the B; constitute a Lie-algebra with structure constants clnf :
[By, By] = icy, By. (6.7)

It follows at once, that the Casimir-operators of the Poincaré algebra, P? and W?2 commute
not only with the Poincaré group but also with all internal symmetry generators,

[B;,P?]=0 and [B;,W? =0. (6.8)

The first set of commutators implies that all members of an irreducible multiplet of the
internal symmetry group have the same mass. This is known as O’Raifeartaigh’s theorem
[34]. The second set of commutators says that all members have the same spin. For massless
states with discrete helicities we have

W, = AP, ref{0,3,1,..} (6.9)
and no generator B; can change the helicity since [By, A] = 0.
To see the arguments leading to the Coleman-Mandula theorem consider a forbidden
tensorial charge Q,,, which for simplicity we shall assume to be traceless, Q, = 0. Assume
that a scalar particle of mass m, carrying the charge Q,,, appears in the theory and let
Ip) be a corresponding one-particle state with mass m? = p?. Then

2
(p|Quvlp) = (pﬂpu - me> C, C#0. (6.10)

We consider a 2 — 2 scattering process. The incoming particles with momenta pi, p2
scatter and then go out with final momenta p} and p). The conservation law of Q applied
between asymptotic incoming and outgoing states requires

1 1
C (pl,uplu + P22 — 877pw(m2 - m2)> =C (p’mp’lu + PP, — gmw(m2 + m2)> :

If C' # 0, these equations imply that the scattering must proceed either in the forward
or backward direction whereas in all other directions there is no scattering. This conflicts
the analyticity properties of scattering amplitudes in more then 2 dimensions and thus
C = 0. No interacting theory can carry the charge Q,, . Similar arguments can be used
for amplitudes of non-identical particles to prove this 'no-go’ theorem.

The Coleman-Mandula theorem shows the impossibility of nontrivial symmetries that
connect particles of different spins.

A. Wipf, Supersymmetry



6. The Birth of Supersymmetry 6.2. The Wess-Zumino-Model 73

6.2 The Wess-Zumino-Model

We study the simplest supersymmetric model in four spacetime dimensions. It has been
constructed by WESS and ZUMINO [29] when they extended the 2-dimensional supersym-
metric string-model of GERVAIS and SAKITA! [30] to four dimensions. The model contains
a supermultiplet with

e a single Majorana field v
e a pair of real scalar and pseudo-scalar bosonic fields A and B
e a pair of real scalar and pseudoscalar bosonic auxiliary fields F and G.
With (4.79) we have the hermiticity properties
g, Ey*ap, EysyHep o hermitian
Evs1p, EyH1p : antihermitian. (6.11)

Bilinears without =5 are tensor fields and those with 5 are pseudo-tensor fields.

6.2.1 The free Model in the on-shell formulation

The hermitean Lagrangean should give rise to a translational and Lorentz invariant action.
The action is dimensionless in units for which A = 1 and thus £ has dimension

£]=L""* or [£]=m" (6.12)

In a supersymmetric model we expect an equal number of bosonic and fermionic states
and bosons and fermions of equal mass. For example, a spin 1/2-fermion which is its own
antiparticle has 2 polarisation states and should be accompanied by two neutral scalar
particles. Without interaction the Lagrangean of this model takes the form

L=10,4)?—-Im?A* + 1(0,B)* — im?B* + L@ — Imapp = Lo+ Lrp.  (6.13)

where A and B are real scalar fields and 1 a Majorana spinor. Later it will turn out that

B is a real pseudo-scalar field. The unfamiliar factor % multiplying the Dirac-term arises

because v is an uncharged Majorana spinor. The dimensions of the various fields are
[A]=[B]=L' and [¢]=L"%2
The field equations are the Klein-Gordon and Dirac equation

(O+m*)A=0, (Q+m*)B=0 and (if —m)y = 0. (6.14)

'which was based on earlier work of RAMOND [31] and NEVEU and SCHWARTZ [32]
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Besides the well-known space-time symmetries the action S = [ d*z £ admits the following
supersymmetry transformations

5.A = &
§.B = ieysi (6.15)
60 = —(id +m)(A+iysB)e,

where € is an arbitrary constant infinitesimal Majorana fermion c-number parameter with
dimensions [¢] = L'/2. These transformations map bosons into fermions and vice versa.

Note that £y is a hermitean scalar and i€y5% a hermitean pseudo-scalar in accordance with

A and B being hermitean (pseudo)-scalars. With 7%y, = vl’yo and ’yg = 5 the variation

of the Dirac conjugate spinor reads
0ct) = (0:4)17° = € (id(A — ins B) — m(A +ir5B)) . (6.16)

We shall now prove in several steps, that the Lagrangean density is invariant up to a total
divergence which means, that the action is invariant. To prove this property requires some
lengthy calculations. For newcomers to supersymmetry this proof is a very useful exercise.
To prove the invariance of (6.13) we need

15 (0, ADPA + 8,BO"B) = 50"(A + ins B)D,1)
16 (A*+ B%) = &(A+iyB)Y
S (VPp) = 6O + Yy 80 = =0y (60 ep) (6.17)
= &0, (10(A = ins By — m(A + iys B)y") (6.18)
50:(V) = $(690 4+ Pop) = 64ip = & (id(A — 15 B) — m(A + iy B)1))

where we used that for Majorana spinors yy*1) = —iy*y and ¢ = 1y hold true.

6.2.2 The interacting model in the off-shell formulation

The Lagrangean should be hermitean and should give rise to a translational and Lorentz
invariant action. The action is dimensionless in units with # = 1 and thus £ must have
dimension

£]=L"* or [£]=m" (6.19)
The Lagrangean density is
L = 10,A0"A+18,Bo"B + 1oy + 1 (F2+G?)
+m(]—“A +GB— %W)
+ g(}'(A2 — B%) +2GAB — (A — 1753)1/;) (6.20)
= Lo+ Ly + Ly
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Parity invariance of £ demands that A, which couples to the scalar 1), is a scalar field
and B, which couples to the pseudo-scalar 1)y51, is a pseudo-scalar field. The fields F and
G enter only algebraically and play the role as Lagrangean multiplier fields. The terms
AF and BG are parity even if F is a scalar and G a pseudo-scalar field. The dimensions
of the various fields are

[A]=[B]=L7", []=L"? and [F]l=[G]=L"" (6.21)
The field equations are

= —OA+mF+29FA+29GB — ginp

—0OB +mG — 29F B + 29GA + igiys)

F+mA+ g(A? — B?) (6.22)
G+ mB+2gAB

= i —my —29(A — iy B)y

o o o o o
Il

To discover the Fermi-Bose symmetries
d(Boson) = Fermion and d(Fermion) = Boson

we make the following infinitesimal supersymmetry transformations:

0eA = &y, 0:B = igys1
60 = —i@d(A+iysB)e + (F +iv5G)e (6.23)
55f = —ié(?’w, deg = 575(310,

where € is an arbitrary constant infinitesimal Majorana fermion c-number parameter with
dimensions [¢] = L'2. These transformations transform bosons into fermions and vice
versa and do not contain the mass or coupling constants of the model.

Note that for example & is a hermitean scalar and igvys1y a hermitean pseudo-scalar,
as required, since A and B are hermitean (pseudo)-scalars. The variation of the Dirac
conjugate spinor is

8.0 = 691" = i6(A — s B) + &(F + i75). (6.24)

The corresponding action is invariant under the supersymmetry transformation. We shall
now prove in several steps, that the Lagrangean density is invariant up to a total diver-
gence.

To prove the invariance of the first line in (6.20) we need

10.(0"A0, A + 0'BO,B) = 0" (A + iy5B) Oy
0(FP+G%) = —ie(F +iysG)d
6 () = iEP(A—ivsB)P + E(F +ivsG) P
—ie0(A+ivs B)Y — EJ(F —iysG),
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where we used

&) =e, Eysp=Pe, Y =—Uyte and Eysyp = Pyste. (6.25)
The (weighted) sum of these three terms yields the variation of Ly:
0-Lo = 0,(EVY),  V§' = 37" {@(A +ivsB) — i(F — i756) 1. (6.26)

This already shows, that the massless non-interacting model is invariant under susy-
transformations. Actually this simple subsector is invariant not only under susy but under
superconformal transformations. The superconformal group is the generalisation of the
conformal group.

For the variation of the mass-term we need

6:(FA+GB) = &(F+ivsG)y —ie(A+iysB)dp
6 (YY) = 28(F+ivsG)¢ 4 2ied(A—insB)Y
from which follows that
0L = Ou(EVE), VHE = —im(A + iysB)y*. (6.27)
This shows, that the massive non-interacting model is invariant under susy-transformations.
Finally, for the variation of the interaction term we need
6e(FA? — FB?) = e{2F(A—ivsB) — i(A*—~B*) @}y
6:(2ABG) = 2e(ABv5@ + BG + i AGys)v
0c(Aynp) = (E9) () + 246{F + 175G +1d(A — i B) }
b (Vy5¢) = 26{(F +i75G) +id(A — insB) }s1)
de(BYyst) = i(Ev59) (Pys¢) + 2BE((F +i75G) + id(A — iv5B) }51)-
Using (1) (8¢) + (¢¥y5%)(875¢) = 0 which follows from (4.87), we see that the variation
of the interaction term is also a total divergence,

0Ly =0,(EVS),  VI'=—ig(A+iyB)* "y (6.28)

Hence, the Lagrangean density transforms under supersymmetry transformations into a
total divergence,

0L = 0ueVH)

VE = AH{GHA+i%B) - §(F —i73G) — im(A — i3 B) — ig(A — ivsB)*}4(6.29)
This shows, that action (6.13) is invariant under the supersymmetry transformations
(6.23).
The commutator of two successive transformations of a symmetry group must itself be a

symmetry transformation. This way we can identify the algebra of group generators. Let
us see what the commutator of two susy transformations looks like. For example,

[551,(552]14 = (551 (Ezw) — 552 (élw) = —152(?(14 + i")/5B)€1 + Ez(f—i- i"y5g)€1 — (1 > 2)
= —2i§2")/“€18#14. (630)
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Similarly one finds

[5817582]3 == _21527#518/*87
[0c), 0, ) F = —2igpy*e10,F,
[0c,,0e,]G = —2igan"e19,G.

Computing the commutator on the spin—% field is more involved. First,

[0c1,0c,]00 = Ou{ —i(E1)Y" +i(Erysh)v s — i(Ey!' ) + i(Erys Y ) ystea — {1 < 2}
= {—i"M +iytysMys — iMA* + iys MysyH 10,0, (6.31)

where we have introduced
M = 981 — 182 = —37,(817722) + Vpo (1777 €2) (6.32)
such that
[0c, 0c, ]t = —21(E2v"e1) Ot (6.33)

We see that on all fields the commutator of the supersymmetry transformations yield a
translation,

[6517652] = *21(5_27“51)611- (6.34)

Is is not difficult to see, that the supersymmetry transformations commute with the trans-
lations,

[0c,0) =0, 6, = a"d,.

Let us finally calculate the commutator of Lorentz transformations and supersymmetry
transformations. For example, for the A field

[0c, 0] A = 8e{&(w, L)A} — 6,80 = H{(w, L)&y) — &(w, J)th} = —kw,, & S ep,

where J = L 4+ X. Similarly one finds

[0, 0] B = %wwé%ﬁ’“’w
[0:,00]F = —3wunedsiy
[567 5w]g = —%wwé’%@@’wlﬂ

[5575w]¢ = %Wuuzuy(ssw'

The generator Q,, of supersymmetriy transformations is a four component Majorana spi-
nor, which we define by the requirement

5.A=EQA, 6.B=z0B,....
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Consistency with (6.34) requires

[5517552] = [51 Q7§2Q] = [QEl,ETQQ] = (Qﬁﬁﬁnga - @Qa@ﬂglﬁ)
= £1555(Q° Qu + QuQ?) = —2i(Exy"e1)), = 2ie1pS (1) 20, (6.35)

Comparing the last with the third to last expression yields

{Qa. Q%) = 2i(4") 20, = 2(+*) / P (6.36)
Since OF = -9, (C‘l)w and CT = —C we may rewrite this commutation relation as
{Qa, Qs} = —2(+"CapPu- (6.37)

Also, since the susy transformations commute with the translations, we have
[Qav Pu] =0.
Finally, since
[0c, 0] A = %éo‘w‘“’[Qa, Juw|A = —%’w“"sﬂ(ﬁww)a
we conclude, that
[Qm JW]A = _(EWQ)aA'
The same holds true for the other fields, such that
[Ty Qo) = (B Q)a- (6.38)

As expected from a Majorana spinor, the supercharges transform as spin—% fields.

6.2.3 On-shell formulation

The Lagrangean and equations of motion in their present form are not very illuminating.
Notice, however, that the fields F and G are just Lagrangean multiplier fields. These
auxiliary (dummy) fields satisfy the algebraic equations of motion

oL 9 9 oL
O—ﬁ—}"%—mA—i—g(A B*) and O—ag—g—i—mB—i—QgAB

see eq. (6.22), and can be eliminated from the Lagrangean and the equations of motion.
With

YF?+G%) + m(FA+GB) + g{F(A* — B”) + 26 AB}
= —%m2(A2 + B?) — mgA(A2 + B?) — %g2(A2 + B2)2
the 'on-shell’ Lagrangean density reads
L = 10,A0"A+10,Bo"B — Im?(A2 + B?) + Lo — Imipy
—mgA(A? + B%) — 1g%(A% + B%)? — g¢(A — s B)y. (6.39)
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The field equations are

(O+m*)A = —mg(34% + B?) — 2g*A(A* + B?) — g
(O+m?)B = —2mgAB —2¢>B(A? + B?) + igipys¢ (6.40)
(i —m)y = 2g(A—iyB)Y.

The following features of £ are characteristic for supersymmetric theories:

e The scalars and the fermions have equal mass.

e There are quartic and cubic couplings between the scalars and a Yukawa-interaction
between fermions and scalars.

e There are only few parameters: For the Wess-Zumino model m and g.

The relation between boson and fermion masses and couplings is a common feature of
SUSY and it is stable under renormalisation. This has been found to be so, since there
exists a Pauli-Villars regularisation which preserves supersymmetry for the model [33]
Indeed, the Wess-Zumino Model has also some remarkable renormalisation properties.
Despite the presence of scalar fields, there is no renormalisation of the mass and coupling
constant. There is only a wave-function renormalisation. The divergences arising from
boson loops are cancelled by those from fermion loops which have the opposite sign.
These powerful non-renormalisation theorems make SUSY particularly attractive.

The on-shell transformations read

5.A = &y,
5.B = igys1h, (6.41)
6y = —{id+m+ g(A+ivsB)}{A+iysBle,

so that the Dirac-conjugated spinor transforms as
0ctp = e{id(A — i75B) — (m + g(A+ 175 B)) (A + 175 B)}-

Note that these transformations have become nonlinear and model-dependend (they de-
pend on the parameters in £), and there is no part of the Lagrangean which separately
transforms as a density under them. Of course, the action is invariant under these trans-
formation. For example, for m = g = 0 we have

0L = 0,eVH, VH = 24 P(A + s B)ip.

This is just the result for the off-shell formulation in which one replaces the auxiliary fields
by their equation of motion. Now we shall see, that the susy algebra closes only on-shell.
It closes off-shell on the fields A and B, but not on the fermion field,

(021, 0e5)00 = —{id + m + 29(A + iy B)H{M — 5 M5},
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where M = e98] — €1£2 has already been introduced in (6.32). Since

M —ysM~s = —v,(217%e2) and @y, = —v,d — 20,

we can rewrite the commutator of 2 susy-transformations on the Fermi-field as
(0215 0e, )10 = —2(8277€1)0pt) + 7p(E27 e1){id — m — 29(A — in5 B) }¢. (6.42)

Only if we impose the field equation for the spinor field, then the last term vanishes and

[5€1a 552]17Z} = —2(527p€1)8p¢-

We see, that after the elimination of the auxiliary fields the susy algebra closes only if
the equations of motion hold. This could be disastrous for quantum corrections: there the
fields must be taken off-shell, away from their classical paths through configuration space.
However, if there is (as for the WZ-model) some off-shell version, we expect no problems.
But what happens if the theory were intrinsically only on-shell supersymmetric (as N = 4
and N = 8 theories may well be) or if there exist several off-shell versions (as there are
for N = 1 supergravity), is unclear.

Counting degrees of freedom: A heuristic understanding for the necessity of auxi-
liary fields in the off-shell formulation is based on a counting of degrees of freedom. In
a supersymmetric theory the fermionic degrees of freedom must match the bosonic ones.
In 4 dimensions a real field A(z) describes one neutral scalar particle and the Dirac field
¥ (x) has 8 real components, but describes only 4 states of a spin—% particle and its anti-
particle. Correspondingly a Marjoran field describes the 2 states of a spin—% particle which
is its own anti-particle. Thus, in going from fields to states we loose some dimensions of
our representation space, but differently so for different spins. Supersymmetric models
for which the number of fermionic degrees freedom is the number of bosonic degrees of
freedeom somehow take care of this, and they do so by means of auxiliary fields whose

off-shell degrees of freedom disappear completely on-shell. For the Wess-Zumino model

off-shell: (A, B, F,G) «— ¢ =1 , on-shell: (4, B) +— ¢¢ = .

6.2.4 Noether current and supercharge

We proceed as we did in the last chapter. For space-times symmetries the Lagrangean
density is invariant up to a total divergence and the Noether current
oL
JH=—bx0p— V¥
9(0u0)

acquires an additional term —V*#. Here we are mainly interested in the conserved charges
and not so much in the currents. Hence we do not attempt to improve the current. For
example, the conserved energy momentum current

TH = 0" Ad, A+ 0" B8, B + Ly 9,4 — %,
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is not symmetric and not traceless for vanishing mass. But it leads to the conserved
energy-momentum

P, = / dx(r0,A+ 750, B + i, — 8°.L).
20

To construct the supercurrent, i.e. the Noether current associated to supersymmetry, we
must determine

oL
———0:0.
50,9~
Because @) = — #@Z_J'y“w we obtain
8£ _ . _ i -
0n0) o = OMA&Y 410" Bevysy) — 509y

= £{20"(A+ivB) — 37" I(A +insB) — 5(F — 11:G)}¢.
Now we must subtract V* in (6.29) to obtain the conserved current

eIt = H{P(A - 95 B)y"Y +imy (A — 95 B + igy" (A — i B)*
= iy = . (6.43)

In these expressions for the conserved super-current we must replace the velocities by the
momenta. Note, that the auxiliary fields do not appear in the expression for the Noether
current.

To arrive at the symplectic structure we first recall the fundamental equal-time commuta-
tors for the Bose-fields

[A(z), ma(y)] =i6(z —y) , [B(x),7p(y)] =ié(z —y) (6.44)

and equal-time anticommutators for the Majorana fields,

{Ya(2), 0" (y)} = 678(z —y) or {Ya(@).d"(y)} = (1")Jé(z —y). (6.45)

For a Majorana spinor, the last anti-commutator implies

{talz), ¥5(y)} = —(1°Clagd( —y),  (3°C)" =7"C. (6.46)

The Hamiltonian splits into three terms,
H = Ho+H,+H,;, where H,+H;= —/ dr (Lym+ Ly) and
20
H = 1 / da (wi 4 (VA? 1 7%+ (VB)? — iptaldpy — (F2 + 92)) . (6.47)
20

We used the (from the Dirac theory known) hermitian matrices a’ = %%, Using

[AB,C] = A{B,C} — {A,C}B
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in the time-evolution equation

O = i[H, O]

one finds the Hamiltonian equation of motion for the fields and their conjugate momenta.
For example, for the free massless model

A(z) = i[Ho,A(z)]=ma , 74 =i[Ho,mal
Gale) = o ba@)] = 303 [ dy (491000, va(@)} = 7, v} )
= 3@ - 3o [ dyd P, va@) = ~(@00)a.

which are just the Hamiltonian field equations of the free massless Wess-Zumino model.
The supercharge of the interacting model has the form

EQ = 6_/ da (wa +ivsmp — @'9i(A + s B) + im(A + i3 B)y° +ig(A + 5 B)*7°) ¢,
.'L’O

and generates the following transformations

il£Q, Al = &y,
i[eQ,B] = iy
i[EQ vl = —i(3(ma+impys) +7'0i(A+ivsB) + m(A+ivB) + g(A+ i B)?) e,

which are just the on-shell susy-transformations. We used the identities
15C=Cr, (0" =1, (E157°0)" =1 e
(2a'7°C)T = =4 and  (Ga'y57°C)T = 57le.
For the infinitesimal transformation of the momenta one finds
i[EQ,ma] = &) and i[£Q, 7] = iEvs,
where we used the abbreviation

Y = —(a'8; 4+ i7" (m + 2g(A — iv5B))9.

The Hamiltonian equations for the fields and their conjugate momentum fields are equi-
valent to the field equations. The spinorial supercharges of the interacting model are

Q = [ (ma-+im5ma — a'd(A + 95B) +i(m + gl4 + s B)(A + s B) "}
Q = /U_J{WA +iv5mp + &' 0i(A + ivsB) — 1Y% (m + g[A + iv5B]) (A + iv5B)}. (6.48)

To finally calculate the anticommutator of the supercharges we use

{B1Fy, Fy} = Bi{F\, 5} — [B, h)Fy, {Fy,BoFy} = Bo{F\, Fy} + [Fy, Bo]Fy (6.49)
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so that
{B1F1, BoFy} = B1Bo{ F1, Fo} + Bi[F1, Bo|Fy — [By, Bo|Fo Fy — Ba[By, Fb)Fy - (6.50)

holds true. The B; are bosonic and the Fj are fermionic operators. Since Q, Q have the
form

Q. = [ daB(ain(e) and @ = [y W) ()
where the bosonic operator B, commutes with ¢ we obtain

{Qa, Q%) = / dady (B3 (@) {1 (2), 0 )} CF () + 0 (1) [C (), B (@) (@)
A rather involved calculations shows, that
{Qa, Q% =20") [ Py

as expected. Actually, one gets an additional term
~2°0 s [ (8140, - 0,40,8),

but the integrand is a total divergence and hence the integral vanishes. One gets the off-
shell Hamiltonian Py with eliminated auxiliary fields. Also, one automatically obtains a
hermitian expression for the momentum operator. For example, the bosonic contribution
to the momentum is calculated to be

P, = 3(m40; A+ 0;Ar s + 7p0; B + 0;Brp).

6.2.5 The superpotential

To generalise the results it is convenient to work with Weyl spinors. The following calcu-
lations can be done in any representations. For notational simplicity I prefer to choose the
chiral representation introduced in section (4.5). In the van der Waerden notation with
dotted and un-dotted indexes a Dirac spinor has the form

¢:<gﬁ>’ JJ:INOZ(@EA?XA)’YO:(XAMEA), where Q;A:(i/}A)T.-..

A Majorana spinor ¥ can be formed entirely from a lefthanded Weyl spinor,

Y=vr+ Wr)e, ¥=Prp, Pr=3(1-15). (6.51)

In the chiral representation representation introduced in the last chapter we have
(=00 O (0 € (0 1Y\ . (0 o4
V5 = < 0 UO>, B = <_€ 0)3 €= <_1 O> =102, VM_ <6,U« 0 7(652)
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where

T

o, = (00,—0i), 0ou=(00,04) sothat eoue=—37,.

Left and righthanded spinors are simply

Y, = (%4) and Ypr= (XOA>7

and a Majorana spinor has the form

v=vnt o= (_ )= (M) =ve = =0t

The raising and lowering of the indexes are performed with the e-symbols
A =eP g, pa=9Pepa and P =Pt Py = e 507

where we introduced

It follows that

AB A BC A
eepe = =0, €ipe = =0

For fermionic variables we have
Pixa = ePvpxa =P Map = xMa =vx,  Ox =it = vt
Note, however, that
PAxa = eMPypxCeca = —08vpxE = —vpx?, ¥ix* = 0%,

The mass term reads

D = A+ o0t =g+ 90, 9P = (),
and
D5t = — i + .
The vector current can be written as

Pyp = P4 (61) A4 + A (0") 0 = D6 + potip = Pt + hec.,

A. Wipf, Supersymmetry
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so that the ’kinetic term’ for Majorana fermions is

@3?/1 = 1;5'“8;ﬂ/} + TZJU“%&

(6.57)

Now we are ready to rewrite the susy-Lagrangean (6.13) in terms of a single lefthanded

field v, and complex fields ¢ and F for its scalar partners

1
¢p=—(A+iB) and F =

> (F —ig).

x
V2
With

uotote = 1{0,A0"A+0,Bo"B} , F'F=1(F>+G?%

(6.58)

OF + (pF)T = AF+BG , V2{¢*F + (¢°F)'} = F(A? — B?) +24BgG

Vo{ou + o} = (A —isB)y.
we can rewrite (6.13) as

L = 0,0'0"¢+ F'F + 3{i6"9,4 + 2m¢F — my® + h.c.}
+V2g{$*F — ¢ + h.c.}.

Then, using the equation of motion for F', which gives
F' = —m¢ — V299
we can eliminate the auxiliary field so that the Lagrangean density becomes
L =0,0'0") — mo + V29¢°|* + {3061 0up — 39 — V29¢>F + h.c.}.
It is useful to re-express these Lagrangean in terms of an analytic function
W(¢) = gmé” + 3v296°,

known as superpotential, as

ow O*wW
c = £K+FTF+{Fa—¢+%a¢2ww+ he.

(6.59)

(6.60)

(6.61)

(6.62)

For a normalisable theory W can be, at most, a cubic function of ¢. The superpotential is
the only free function in the susy Lagrangean and determines both the potential for the

scalar fields and the masses and couplings of the fermions and bosons.

In general there may be several chiral multiplets. For example, if the lefthanded spinor

fields 1; belongs to a representation of SU(N), we will have supermultiplets

(¢iaxi)7
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where in the fundamental representation i = 1,2,..., N. Now (6.62) is readily generali-
sed to a density that is invariant under the additional symmetry and contains the new
supermultiplets. It is

chlral Z ‘au¢z| +{ Z¢zo' 8u¢z Z a. Z 8<;5 8¢ ¢z¢] + h.c. } (663)

Supersymmetry transformations: we write the Majorana spinor « in terms of its lefthanded
part,

Then it follows at once that

Ep=ax+EY , Eysp=—ayp+ &
Eytap = gatp + aot) ,  EvsyHap = e — aotap,

where we used, that the o, are hermitian. The susy-transformations take now the form

0ed =V2a1p, 6. F =—iV2:5" 0, b.p = V2(Fa —io"0,¢E).

6.2.6 Supersymmetry algebra in Weyl-basis

We may recast the supersymmetry algebra for the Majorana spinor charges Q,, namely

{Qa, @5} = —2(4"C)apPu or {Qa, 0%} =2(+*) 2P,
[Qa,PM] =0 and [JW, Q.| = (EWQ)Q, (6.64)

plus the Poincaré algebra, in terms of the lefthanded charges. For that we expand (6.35)
in the lefthanded supercharges

Qa5 = aB”{Q",Qp) +£"35{Q,, Q') +aafy{Q", Q") +2157(Q;. Op)
= —2{ﬂB (c") Aa + BB((;“) aA}P
Comparing the two expressions yields
{Q4,Qp} =2(0") 43P or {24, QF} =2(6"""P, (6.65)
and
{94,905} = {04,051 =0.
Analogously, when we express the Majorana spinors in

_ c (o 0 - - - - -
(S, €Q] = 2 < 6“/ 5W> Q, Ouw = %(U;AUV —0y0y), O = %(Uuav — 0oL,
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in terms of their lefthanded components, we obtain
[J,uua QA] = %(UMV)ABQB or [JW’ QA} = %(6MV)ABQB7 (6'66)
Hence, an alternative form of the susy algebra (6.64) reads

{Qa, 95} = 2(6") 5P » {Q4,QB}=0
[QAaPu] =0 and [JuquA]:%(g,uu)ABQBa (6'67)

plus the Poincaré algebra.
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Kapitel 7

Supersymmetry algebras

Supersymmetric theories avoid the restriction of the COLEMAN-MANDULA theorem by
relaxing one condition: they generalize the notion of a Lie algebra and include in the de-
fining relation anticommutators in addition to the usual commutators. We shall develop
the form of the susy algebra from first principles, following HAAG, LOPUSZANSKI AND
SOHNIUS [35]. Under the conditions imposed in the COLEMAN-MANDULA theorem the su-
persymmetric structure is almost uniquely fixed by the requirement of Lorentz invariance.
The supermultiplett structure of one-particle states will later be deduced from the susy
algebra.

In 4 dimensions the generalization of the Poincaré algebra to a superalgebra is obtained
in its simplest version by the following procedure: one adds to the Poincaré algebra a
Majorana spinor charge, with components Q,,a = 1,...,4, with the properties

{Qa, @Y =2(1"){Pu;  [Qa,Ful=0 and [Myu, Qa] = (ZQ)a (7.1)

Here P, and M, are the generators of translations and homogeneous Lorentz transfor-
mations of space-time. Since P, has the dimensions L™, the supersymmetry generators
Q. must have dimension L=1/2, The M,,, are dimensionless. We have seen that the Q,
map fermions into bosons and bosons into fermions. The relation [M,,, Qa] = (3, Q)a
expresses the fact, that the 9, transform as a spinor under Lorentz transformations. In
the last section we have explicitly realized this algebraic structure on a Majorana spinor
field and spin-0 fields. Now we shall investigate, how unique this algebraic structure is.

7.1 Graded Lie algebras

Supersymmetry is expressed in terms of symmetry generators t, that form a graded Lie
algebra or Lie superalgebra. We have to deal with two types of elements: Bose and FERMI.
Thus we use a graded vector space such that each of its vectors has a grade defined mod
2. Hence a Zo-graded algebra consists of a vector space S which is the set-theoretic union'

!Superselection rules forbid the linear combination of Bose with Fermi elements [39], and hence S is
the set-theoretic union and not the direct sum of Sp and S;.
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of two subspaces,
S=5USy, (72)

and is equipped with a binary operation which respects this grading. The dimension of S
is Ng and that of & is Ni. We assign to an element t, € S a grade n,. The elements in
So have grade 0 and those in S; have grade 1. Sy consists of even elements and S; of odd
ones. The bilinear product

[,.}: xS —S, [ta,tn} = 1C te, (7.3)
has the following properties

grading:  [So,So} C So, [So,S1} C 81, [S1,81} C So
super-ACR: [ta,tp} = —(=)""[ty, to} (7.4)
super-Jacobi: (=) [ty [ty te} } + (=)™ [te, [ta, to} } + (=) [ty, [te, ta}} = 0.

The even elements in Sy correspond to bosonic generators, the odd elements in S corre-
spond to fermionic generators. Hence, the product of two bosonic or two fermionic ope-
rators is bosonic, and the product of a fermionic with a bosonic operator is fermionic, so
that

Coy =0, unless 7. = (ng +m) mod 2. (7.5)

a

According to the symmetry properties of the product in (7.4) the structure constants in
(7.3) must satisfy the conditions

Cu = —(~1)"C,if (7.6

a

Let us finally see, what are the consequences of the super Jacobi identity for the structure
constants C_,¢ in (7.3):

0 = (=)""™[ta; [to, te}} + (=)™ [te; [tas to} } + (=)™ [to, [te; ta}}
= i)™ Cy tas ta} + (=)™ Cop'lte, ta} +i(=)™" Coy [ty ta}

= - ((_)nanccbcdcade + ()" O Cof + (_)nbnaccadcbde) te -
This means that the structure constants obey the quadratic relations
(=) CytCof + (=) CylCof + (=) C Oy = 0. (7.7)
Introducing the adjoint action
ade, : ty — ady, (tp) = [ta, s} (7.8)
the super-Jacobi identity can be rewritten as

(ady, o ady,)(te) — (=)™ (ady, o ads, )(te) = adp, ¢, (te)-
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Since this holds for any generator ¢, we conclude, that
[ads,, ady, } = ads, oady, — (—)"*™ady, o ads, = adjy, 1) = iCyady, . (7.9)

In applications the t, are realized as linear operators on a Hilbert space and the product
of operators t,t; is defined. In this case

[ta,tn} = taty — (=) P tyt,. (7.10)

The super-Jacobi identity is then automatically fulfilled. If one operator is bosonic we get
the commutator, if both operators are fermionic we get the anticommutator. If the ¢, are
hermitian, then the structure constants satisfy a reality conditions

—iC e = [tas ty}T = tyta — (=)t oty = iCy Cte

which is equivalent to

C.f = —C,°. (7.11)

Note that S is not a Lie algebra, since the product of two elements in & is symmetric and
not antisymmetric,

[ta,tb} = [tb,ta} if t,,tp € Si. (7.12)

In the literature one writes [.,.] instead of [.,.} if the product is antisymmetric, i.e. if at
least one argument is even and {.,,} instead of [,.,} if the product is symmetric, i.e. if
both arguments are odd. The subspace Sy spans an ordinary Lie algebra. The subspace
S; is not even a subalgebra, since S; is not closed under [.,.}.

7.1.1 From a Lie algebra to a super-Lie algebra

We construct a Zs grading of a Lie algebra which is generated by Ny generators T; with
commutation relations

(T3, T}] = z'q.jka, (7.13)

with Lie algebra structure constants C’Z-jk. We denote the generators of S; by Q.. Since
[So,S1] € S1 and {81,851} € Sy we have, in addition to (7.13), the relations

[T}, Qo] = iC,," Qs and  {Qa, Qs} = iC, AT (7.14)
Because of the symmetry properties (7.6) the non-vanishing structure constants obey
Cyf =0, O =0, and Cuf=Cyi. (7.15)

If the generators T; and Q,, are hermitian, then the reality conditions (7.11) and symmetry
properties imply:

Cyj b= Cz’jkv Ciaﬂ = Ciaﬁ and Caﬁi - _Caﬁi' (7.16)
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Let us study the consequences of the super Jacobi identities for two bosonic generators
and one fermionic generator. We just must set a = i,b = j and ¢ = « in (7.7) in which
case all (—)"™ =1 and find

B k 3
0=C,0Cif +C*C 1+ C,lC ).

Now we introduce the Nj-dimensional matrices C; with ¢ = 1,... Ny, with (real) matrix
elements (C,)O”? and using Caf = —C'mﬁ we end up with

[C;,Cj] = —C;*Cy. (7.17)
This proves the

Lemma 4 The Ny matrices C;, whose matriz elements are the structure constants C’ia’g,
form a Ni-dimensional representation of the bosonic Lie algebra Sy.

Now we investigate the super Jacobi identity for one bosonic and two fermionic generators.
Hence we set a =i and b = o,c = 8 in (7.7), so that 7, = 0 and 7, = 7. = 1 and find
koo g k k k k
Ci; Ca/g = O(]CM + CZ-BAYCCw = CM’YC%B + C’i/BVCW.

(2

If we introduce the Ny symmetric Ni-dimensional matrices
C"  with matrix elements (C),5 = C’alg
then these relations can be written as

C;,FC = CiCF + ()T (7.18)

Finally we study the consequences of the super Jacobi identity for three fermionic opera-
tors. Hence we set a = a,b = and ¢ =y in (7.7). This results in

0= CﬁjCaf + Caﬁij-é + 07$C5i5 = (C”‘)Ol/;(C’Z-)A/‘S + cycl.(a, 5,7). (7.19)

Let us now study some graduations of simple and physically relevant Lie algebras.

7.1.2 The grading of SU(2)

Here we study graded Lie algebras with Sy =su(2). The Lie-subalgebra Sy is generated by
the 3 hermitian matrices

T, = 0y, such that C,.k = €ijk- (7.20)

The condition (7.17) for the matrices C; with matrix elements C; aﬁ reads

[CZ',CJ‘] = —eijka, (721)
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and hence the real matrices C; must form a N; dimensional representation of su(2). For
the 2-dimensional representations we have

(CZ)O’? = %(Ui)o’?, so that [Tz, Qa] = —%(Jig)a.

Now we proceed to the constraints (7.18) for the symmetric matrices C*. For the two-
dimensional representation we set C¥ = g1,09. Now one can prove, that (7.18) holds true,

CiC* + (CiCM)T = §(0i0k02 — 090 0] ) = 407, 01]o2 = —eir; C7 = C;f O

T

;=

{Qa; QB} = i(UiUZ)aﬁﬂ-

where we used the identity oq0 —0;09. With this solution we find

Now one can show, that for our choice for C; and C* the third set of constraints in (7.19)
are automatically fulfilled. Hence we have obtained the following grading of su(2) :

(T3, T;] = ieiji T, (T3 Qal = —2(05Q)a  and {Qa, Qs} = i(0:02)asTi- (7.22)

One can write down an explicit matrix representation of the graded SU(2) on a 3-
dimensional graded vector space V' (1]2) over C. We represent a vector in V' as a column
vector with 1+ 2 entries. The Bose element is in the top entry whereas the Fermi elements
are in the bottom 2 entries. Then the matrix representation of the generators {7}, Q,}
takes the form

1

0 ;

0 0 1
and Q=1 0 0]. (7.23)
0 0 O

DO

The superalgebra is then represented by the following matrices

we(r 8 (53

where D = DT a 2-dimensional matrix which maps fermions into fermions and B is a
2-dimensional row vector which maps fermions into bosons, so that

0 0 0 B
(0 D)ES@ and <6BT 0)681. (7.25)

Using eD = —D7”¢ the super-anticommutator of 2 elements can be written as

0 B
[Ml,MQ}: <€BT Dz) s BgZBlDQ—BQDl, D3: [Dl,Dz]—f-é‘(BfBQ-f-BgBl).
3

It turns out, that for the 3-dimensional representation

we cannot satisfy the constraints (7.18,7.19).
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7.1.3 Supertrace and super-Killing form

Guided by the grading of SU(2) we consider a mod 2 graded vector space V(N|M) over
C with N Bose and M Fermi dimensions. A vector in V' can be represented as a column
vector with M + N entries. For Bose (FERMI) elements the top N (bottom M) entries will
be non-zero. Now consider the complex linear transformations on V(N|M). The grading
of V induces an obvious grading of these linear transformations,

M:(é g). (7.26)

In the matrix representation a Bose linear transformation is block diagonal

A 0
MeS: M_<0 D), (7.27)

whereas a Fermi transformation is block off-diagonal

0 B
MeS: M_<C 0>. (7.28)
A and D are square matrices, whereas B and C' are in general rectangular. In the matrix
representation the bracket is the usual commutator in all cases but one, namely when
both bracketed transformations are Fermi in which case it is an anticommutator. The so
obtained Lie superalgebra is gl(N|M) and it is not simple.

Simplicity of a superalgebra is defined as for the ordinary Lie algebra: a Lie superalgebra
S is simple if any sub-superalgebra A of S, such that [A, S} C A, is trivial, i.e. either
A=0or A=S. In ordinary Lie algebras one achieves simplicity by imposing the traceless
condition. However, if M7 and My are traceless, then the bracket

[My, My} = [A1, Ao] + B1C2 + BoCy A1By — AaB1 + B1Day — Ba Dy (7.29)
1,42 ClAQ — CQAl + chg — DQCl [Dl, DQ] + ClBQ + CQBl )

need not be traceless since, it involves anti-commutators. We therefore need a new concept
of trace, called supertrace, such that it vanishes for the bracketing of two matrices. It is
easily checked that the supertrace, given by

STrM =TrA—-"TrD, (7.30)
has the required property,
STr[M;, My} = 0. (7.31)
Recall, that the invariant Killing form of an ordinary Lie algebra is defined as

K(T;,T;) = Tr(adr, o ady;) = — ZC’ilejlk, where [T;,T};] = iC’ijka. (7.32)
k,l
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This bilinear-form is non-degenerate for semi-simple Lie groups and positive definite for
compact Lie groups. The generalized Killing form on § is analogously defined as

K(ta,ty) = STr(ady, oady,) = — > (=)"C,lChff = Ka. (7.33)
c,d
To prove the second equality we introduce an orthogonal basis {t,} in S for which
(ta, tb) =STr (ta, tb) = (—)"Eéab (734)
such that indeed

STr(ady, oady,) = Y (te, [ta, [ts te}}) = —CpfCol(te ta) = —Kap.
(&
It reduces to a multiple of the usual Killing form on the bosonic subspace Sy and hence is
a symmetric bilinear form when acting on the subspace Sy. However, it is antisymmetric
when acting on the fermionic subspace Sy,

This follows from the following symmetry property of the super-Killing form
Kap = (=)™ Kpa, (7.36)

which is easily gotten from (7.9), applied to 2 fermionic generators. Finally, we have
K(T;,Q4) =0, (7.37)

because the structure constants respect the grading. The generalized Killing form is inva-
riant under bracketing,

K ([te,ta}, 1) + (=)™ K (o, [te, tp}) = 0. (7.38)

I leave the proof as exercise.
Let us finally calculate the super Killing form for the graded SU(2) algebra with structure
constants

Cz.jk = €ijks Cif =-C, ﬁ - 5(0—1)(57 caﬁi — cﬁoj = (0i02)ap-

Inserting into (7.33) yields the following super Killing matrix

Kij = - Z Cilejlk + ZCiaBCjﬁo‘ = — Z €ikl€jlk — 7 Z O'z %(5

kl
K.g = ZC ZC’ +(a+ p) = 5 Z 0;09) ay JZ (a ~ fp) = —3i(02)aﬂ-

Writing (a) = (3, a) the matrix (K,p) takes the form

(Ku) = (%3 _‘;€> , (7.39)

where € has been introduced in (7.24). K, is non-degenerated as expected for the simple
graded su(2) algebra.
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7.1.4 Supergroups
An endomorphism M : V(N|M) — V(N|M) can be represented by a graded (N + M )-

dimensional matrix with the following structure

_ (A B n_ (A B
v=(5 p) wd=(g ), (7.40)

where A : Vy — V[ maps bosons into bosons and D : V; — V4 maps fermions into fermions.
A and D are square matrices. The matrices B : Vi — Vj maps fermions into bosons and
C : Vo — V4 maps bosons into fermions. If N # M then B and C' are not square matrices:

B:NxM and C:M x N. (7.41)

Since A, D do not change the grade they are even submatrices with degree n = 0. On the
other hand, B, C change the grade and hence they are odd submatrices. In this subsection
(7.1.4) we only use commutators (no anticommutators) and then we must assume, that
the elements of B and C are anticommuting variables and therefore behave as Grassmann
parameters:

B;ioCpj = —CgjBiq.
From this we obtain the rules
(BC)T = —-CcT"BT and Tr(BC)= —Tr(CB). (7.42)
Next we return to the supertrace which has been defined by
STrM =TrA—TrD = Tr(—)N* M. (7.43)

Here Np is the fermionic number and it is zero on the bosonic subspace and 1 on the
fermionic subspace,

Np = <8 g) ()N = <16V _]?M). (7.44)

On the bosonic subspace the supertrace becomes the ordinary trace.

Lemma 5 The supertrace is a symmetric bilinear-form on L(V') which is cyclic, i.e.
STr(M;My) =STr(MyM;) and STr(MyMyMs) =S Tr(MsM;Ms). (7.45)

The symmetry is shown by explicit calculation:

STr(Mi M) = Tr(A1As + B1Cy) — Tr(C1 B2 + D1Ds)

Tr(A;Ag) 4+ Tr (B1C2) — Tr(Cy1Bs) — Tr(D1D3)
(A2A1) — Tr(C2B1) + Tr(B2Cy) — Tr(D2Dy)

= Tr(AsA; + BoCy) — Tr(CoBy + DaDy) = STr(MaMy).

Il
o
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The cyclic property follows then at once. Having defined the supertrace we introduce the
superdeterminant:
Definition: The determinant of a supermatrix M is the superdeterminant defined by

Sdet M = exp {S Tr log M }. (7.46)

On the bosonic subspace the superdeterminant is just the ordinary determinant. The
superdeterminant shares many properties with the ordinary determinant. In particular we
have the

Lemma 6 Let My, My be two graded matrices. Then we have the product rule
Sdet(MlMg) = Sdet(Ml) . Sdet(Mg). (747)
Proof: We set M; = exp(P;) and use the BAKER-CAMPBELL-HAUSDORFF formula

MMy = el1el2 = 6P1+P2+%[P1,P2]+...

and take the logarithm of both sides
log(MiMs) = P+ Py + 3[P, Po] + ...
Since the supertrace of the commutator of two supermatrices vanish, we immediately find
STrlog(MiMz) = STr Py + STr Py = STr log(M;) + S Tr log(M>).

After exponentiation we find the product rule for the determinant. Now one has the
following

Lemma 7 The superdeterminant can be expressed in terms of ordinary determinants by
the following formulae

det(A — BD~1C)

det M =
Sde det D

= det Adet(D — CA™'B). (7.48)

A corresponding formula holds for det M if all entries of M are c-numbers. Then the deter-
minants in the denominators of these formulae are in the numerator. To prove this lemma
we first calculate the logarithm of particular triangular matrices. When exponentiating
both sides, it is straightforward to prove, that

R:(Jl B) — logR:<O B(D_l)_llogD>

0 D 0 log D
(A0 _ log A 0
L_<C ]l> = IOgL_<C’(A—1)_1logA 0). (7.49)
It follows that
1
STrR=—TrlogD, SdetR = ot D and STrL = Trlog A, SdetL = det A.
e
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Now we decompose the supermatrix M as

Mo A-BD7'C BD'\/1 0 _ 1 0 A B
- 0 1 C D) \CA' D-CcA'B)\0 1)°

Applying the product rule for superdeterminants to these two decomposition immedia-
tely leads to the formulae (7.48). Finally we need the generalization of transposition for
supermatrices.

Definition: The supertransposition of a supermatrix is defined by

ST
A B AT T
MST:<C D) :(—BT DT>' (7.50)

This definition lead to the ordinary transposition law
(M M) 5T = MyT Mt (7.51)

This can be checked by explicitly calculating both sides and using (7.42). Also, one has
the

Lemma 8 The superdeterminant is invariant under supertransposition,
Sdet (MS5T) = Sdet (M). (7.52)
Proof: We use the formula (7.48) for the superdeterminants and find

det (AT + CT(DT)"'BT)  det(A - BD~'C)"
det DT N det D

After we have introduced the supertrace, superdeterminant and super-transposition of
supermatrices we can now proceed and define the supergroups relevant in physics. For
the infinitesimal super-group transformation generated by elements of a super-Lie alge-
bra one prefers to work with bosonic variables only. But then one needs to introduce
anti-commutators in addition to commutators. The transition is similar as that from the
Noether charge @@ to the supercharges Q,. Whereas aQ obeys commutation relations
the supercharges 9, satisfy anti-commutation relations.

S det (M°T) = = Sdet (M).

7.2 Superalgebras

The most important Lie superalgebras are the ones, which have no nontrivial invariant
subalgebra. These simple finite-dimensional superalgebras are fully classified [37]. There
are eight infinite families

s((N|M), osp(N|M), P(N), Q(N), W(N), S(N), S(N), H(N), (7.53)

a continuum of 17-dimensional exceptional superalgebras and one exceptional superalgebra
each in 31 and 40 dimensions,

D(2|1;a), G(3) and F(3). (7.54)
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In passing we note, that a semi-simple superalgebra is in general not the direct sum of
simple superalgebras. A good review on superalgebras is [38].

The superalgebras of main interest in physics are the special linear, orthosymplectic and
unitary ones. We shall now describe the relevant superalgebras in detail.

7.2.1 The special linear superalgebras s{(N|M).

The supergroup GL(N|M) consists of matrices of the form (7.40) with non-zero superde-
terminant. This supergroup is not simple. But the sub-supergroup S¢(N|M) of matrices
with superdeterminant one,

SUN|M) = {U € GL(N|M)| SdetU = 1} = {¢'™ € GL(N|M)| STrM = 0}. (7.55)

is simple. For N # M the super-traceless (N + M) x (N + M) matrices form a simple
((N + M)? — 1)-dimensional subalgebra s¢(N|M). For m = n the unit matrix is super-
traceless and generates a one-dimensional center of s¢(N|N). To achieve simplicity we must
divide out this center and this leads to the superalgebras ps¢(N|N) with has dimension
4N? — 2.

Instead of using anticommuting as well as commuting entries, it is possible to use only
commuting entries. One defines the supertrace of M as in (7.30) or (7.43) but now A, B,C
and D contain only commuting c-numbers. The generators of s¢(N|M) are still defined
by STr(M) = 0, but the composition rule is modified. Instead of a commutator one has
an anticommutator for the bracket of B and C' matrices with themselves and with each
other. As earlier we denote this composition rule by [My, Ms}.

The dimensions of the bosonic and fermionic subspaces for gl, sl and psl superalgebras are
listed in the following table

superalgebra dim(S) No=dim(Sp) | N1=dim(S)
gl(N|M) (N + M)? N2+ M? 2N M
s¢(N|M) | (N+M)?—-1|N?2+M?—-1 2N M
pst(N) (2N)% -2 2N?% -2 2N?

7.2.2 The orthosymplectic superalgebras osp(N|M)

The orthosymplectic supergroup OSp(N|M) can be defined by considering the bilinear
form

a:imjyj + HO‘QagC’B = xTn Y+ HTQC (7.56)

with commuting z° (i = 1,...,N) and 3’ and anticommuting 0 (o = 1,..., M) and (.

The n;; and €23 are symmetric real and antisymmetric real metrics, respectively. Let (z, §)
and (y, () transform linearly under a supermatrix U. Thus

(5) = (& 5) () =0 ()

A. Wipf, Supersymmetry
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The supergroups OSp(N|M) leave the line ’line element’ (7.56) invariant which means

UST<8 g)U:<g g) (7.58)

Writing U = 1+ M this implies the following condition for the infinitesimal transformations

M5T<g g)+<g g)M:(). (7.59)

One may verify that the set of matrices satisfying the condition (7.59) generate a closed
algebraic system: if My and Ms satisfy this condition, so does the ordinary commutator
[My, Ms]. Recall, that the sub-blocks B and C are anticommuting, while A and D are
commuting. Again we make the transition to commuting entries. One defines the transpo-
sition on U as in (7.50) but now A, B,C and D contain only commuting c-numbers. The
generators of OSp(N|M) are still defined by (7.59), but the composition rule is modified.
Instead of a commutator one has an anticommutator for the bracket of B and C' matri-
ces with themselves and with each other. As earlier we denote this composition rule by
[Mi, Ms}. The explicit form of (7.59) reads

ATn4+nA=0, D'Q+QD=0, CTQ+nB=0 and B'p—-QC=0. (7.60)
The solution of the last two relations are
B=-n'C"Q.

Using these relations for the submatrices A;, B;, C; and D; of M;,i = 1,2, one can explicitly
check that [M;, M2} in (7.29) satisfies the condition (7.59). Let us recall that Sp(M,R) is
generated by real matrices D with DTQ + QD = 0 with antisymmetric and real Q. Thus,
D generates Sp(M,R), A generates SO(N,R). The dimension of the bosonic sector is thus
$N(N — 1)+ $M(M + 1), and that of the fermionic sector NM. The total dimension of
the superalgebra is therefore

dim(osp(N|M)) = Z[(N + M)?> + M — N]. (7.61)

1
2
7.2.3 The unitary superalgebras su(N|M)

We consider the line element in superspace
(ds)? = 2Tz + 67Q8. (7.62)

and linear transformations

<;> 7 (é g) (Z) :U(Z>7 (1,67 — (1,07 (_‘gT gi) = (=1,61)UT.63)

A. Wipf, Supersymmetry
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which leave the line element invariant. Writing U = 1 4+ M we see, that the infinitesimal
symmetry transformation obey

eIl
MT<g g>+<g S)Mzo, where 1\4*:(_’319T fﬁ)- (7.64)

Again we take commuting entries, but now complex, and define u(N|M) by those ordinary
complex matrices M which satisfy (7.64). The explicit form of this condition reads

Alp+nA=0, D'Q+QD=0, C'Q+nyB=0 and B'n—QC=0. (7.65)
The solution of the last two relations are
B=-ptctQ, gl=pn a=-Q (7.66)

The superalgebra su(N|M) is obtained by retaining only the generators with vanishing
supertrace. Since STr[Mj, Ms} = 0 always, these matrix form also a closed algebraic
system called su(N|M).

7.2.4 Further superalgebras

The elements of s¢(N + 1|N + 1) defined by matrices of the form (now we work with
commuting entries)

M = (é —iT> with TrA=0, B=BT, ¢=-C7 (7.67)
form a sub-superalgebra denoted by P(N). The dimension of this superalgebra is 2(N +
1) —1.

Q(N) is the 2(N + 1)2 — 1-dimensional sub-superalgebra of s¢(N + 1|N + 1) defined by

M = A B with STrM =0, TrB = 0. (7.68)
B A

Just as for ordinary Lie algebras, there exist superalgebras in some particular dimensions.

They are called exceptional. I refer to the literature for the definition and discussion of the

exceptional superalgebras D(2|1; «), G(3) and F'(4). The dimensions of these superalgebras

are

dim(D(2|1;0)) =948 =17, dim(G(3)) =17+ 14 =31, dim(F(4)) = 30 + 10 = 4(7.69)

Besides there are the superalgebras of CARTAN-type. These are W(N), S(N), S(N) and
H(N).

Note, that in any spacetime dimensions the ordinary Poincaré algebra is not even semi-
simple. So one may ask why one puts so much attention on simple Lie superalgebras. But
similarly as for the bosonic Poincaré algebra one can obtain the super Poincaré algebra as
WIGNER-INONU contraction from the simple anti-deSitter algebra.

A. Wipf, Supersymmetry
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7.3 Superalgebras containing spacetime algebras

The superalgebras of interest contain spacetime algebras. There are four spacetime alge-
bras of interest for supergravity and supersymmetry. These are:

e The Poincaré group which leave the line element ds? = Nuvdxtdx” invariant. The
Poincaré algebra has been discussed in section (3.1).

e The conformal group, the group of transformations of # which leave ds? = 0 inva-
riant. In contains, in addition to the Poincaré transformations the dilatations and
special conformal transformations. The corresponding algebra has been investigated
in section (5.2).

e The anti-deSitter group SO(2,d—1). This is the group of symmetries of a maximally
symmetric spacetime with constant negative curvature. It admits %d(d + 1) Killing
fields which generate a so(2,d — 1) algebra. This group and its algebra has been
discussed in section (3.4).

e The deSitter group SO(1,d). This is the group of a maximally symmetric spacetime,
whose constant curvature is positive. The $d(d + 1) Killing fields generate a so(1, d)
algebra.

The deSitter and Anti-deSitter spacetimes also admit conformal Killing vector fields, and
in both cases the conformal group is SO(2,d), as it is in Minkowski spacetime. At this
point it might be useful to recapitulate the real forms of bosonic algebras of 'classical type’.
That is done in table (7.1) (taken from the review of VAN PROEYEN). The conventions
which has been used for groups is that Sp(2N) = Sp(2N,R) (always even entry) and
USp(2N,2M) =U(N, M,H). S¢(N) is S{(N,R). Furthermore, SU*(2N) = S¢(N,H) and
SO*(2N) = O(N,H). Here it maybe useful to recall the CARTAN classification of the
classical groups:

groups An By Cn Dy
complexified group | S¢(N +1,C) | Spin(2N +1,C) | Sp(2N,C) | Spin(2N,C)
compact form SU(N +1,C) | Spin(2N + 1,R) | U(N,H) | Spin(2N,R)

In these bosonic algebras there are isomorphisms which will be important later. To discuss
these, it is of use to recall the Dynkin diagrams of the classical groups. These are depicted
in figure (7.1).

The isomorphisms one needs in supersymmetry and supergravity are:
By ~A;: SO3)~SU(2), SO(2,1)~SU(1,1) ~ Sp(2,R) ~ Si(2)
Dy~ Ay X Ay SO(4) ~SU(2) x SU(2), SO(2,2)~SU(1,1) x SU(1,1)
By ~Cy:  SO(5)~USp(4), SO(4,1)~USp(2,2), SO(2,3)~ Sp(4,R)
D3~ Az : SO(6) ~ SU(4), SO(1,5) ~ SU*(4)
( (2,2), SO(3,3) ~ St(4)

A. Wipf, Supersymmetry
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Compact | Real Form Maximal compact subalg.
SU(N) SU(p, N —p) SU(p) x SU(N —p) x U(1)
SUN) | Se(N) SO(N)

SU(2N) | SU*(2N) USp(2N)

SO(N) | SO(p,N —p) SO(p) x SO(q)

SO(2N) | SO*(2N) U(N)

USp(2N) | Sp(2N) U(N)

USp(2N) | USp(2p,2N — 2p) | USp(2p) x USp(2N — 2p)
G214 Ga2 SU(2) x SU(2)

Fy,—52 Fy,—20 SO(9)

Fy,_52 Fya USp(6) x SU(2)

Eg,—78 E¢,—26 Fy 52

Es,_73 Es 14 SO(10) x SO(2)

Ee, 78 Eg2 SU(6) x SU(2)

FEg,—7s FEs6 USp(8)

E7 133 E; o5 Es 73 x SO(2)

Br_1ss | Ers SO(12) x SU(2)

E7 133 Erq SU(8)

Eg 248 Eg o4 E7 133 x SU(2)

Eg o4 Egg SO(16)

Tabelle 7.1: Real forms of simple bosonic Lie algebras.

Note that the equality sign is not correct for the groups. For the algebras there are these
isomorphisms, but it is rather the covering group of the orthogonal groups which are listed
at the right hand sides.

It is remarkable that for the Poincaré, conformal, deSitter and anti-deSitter algebras super-
extensions exist. I will not discuss the deSitter superalgebras, because the corresponding
supergravity theories (which do exist) contain ghosts [36]. The anti-deSitter algebras are
free from ghosts. The superalgebras which correspond to supersymmetric theories can now
be found by looking up which superalgebra contains a given spacetime group. According
to the spin-statistic theorem the odd generators (the columns of C' and rows of B) must
transform under the spacetime group as spinors. This means that the spacetime generators
must be in the spinor representations of the SO(p, q) groups. The supergroups containing
the AdS and conformal algebras as spacetime symmetries in 2,4 and 5 dimensions are

A. Wipf, Supersymmetry



7. Supersymmetry algebras 7.4. Physically relevant examples of superalgebras 103

1 2 3 n-1 n 1 n-1

0—o0 B, o

O™
S8}

Abbildung 7.1: Dynkin diagrams of the An, Bn,Cn and Dy series. ® are short roots.

dimensions | spacetime-group supergroup remarks

d=2 adS OSp(N|2)
conformal OSp(N|2) x OSp(N|2)

d=4 adS OSp(N14) Sp(4) ~ SO(3,2) is adS
conformal SU(N|2,2) SU(2,2) ~ 50(4,2)

d=5 adS SU(N|2,2) complex spinors
conformal Fy?

In the appendix to this chapter I give a list of superalgebras of ’classical type’ (taken from
VAN PROEYEN). A superalgebra is of classical type if the representation of Sy, according
to which the fermionic generators transform, is completely reducible. The non-classical
superalgebras are the CARTAN-type superalgebras W(N), S(N),S(N) and H(N).

7.4 Physically relevant examples of superalgebras

Let us see in more detail, how to construct supergroups and superalgebras explicitly. We
shall investigate the important anti-deSitter and Poincaré superalgebras in detail.

7.4.1 Anti-deSitter algebras in 2,4 and 5 dimensions

The Poincaré algebra is not a simple algebra, but a WIGNER-INONU contraction of the
simple anti-deSitter algebra SO(2,d — 1). The anti-deSitter algebra is

[M’rmw Mpq] = Z.(7777110]\4’@ + nonmp - 77mq]\4'n]0 - nanmq)v m,n = 07 R da (770)
where 7),,, = diag(+ — ... — +). Setting
Mgy, = —-M,q=RP,, where p=0,...d—-1 (7.71)

and denoting the remaining components of M,,, by M, , this algebra takes the form

[M,uw Mpo} = i(n,upMuo + nVUMup - nyJMup - 771/pM/,w)
[Ppa M,uu} = _i(npupu - npuPu) (772)
)
[P, P)] = ﬁMuy.

A. Wipf, Supersymmetry
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The WIGNER-INONU contraction is the statement that the SO(2,d — 1) algebra reduces
to the Poincaré algebra when we take the limit R — oo with constant P, in the limit. The
same applies to the corresponding superalgebras as we shall see later.

For the following calculations it is useful to recall the formula

T
(Cfl,y(n)> _ _E(_)[n/Z](_n)ncflfy(n)_ (7.73)

We also need the formulae (4.75) and (4.83). But now ¢ and y are commuting objects, so
that

Uy = (=) Dty Py (7.74)
and
D (—ype-1)/2

T iy, (XY). (7.75)

Remember, that A = 21%/2 and D = d for even d and D = (d — 1)/2 for odd dimensions.
If we choose Majorana spinors, then we take B = CA” = 1 such that Majorana spinors
are real. For an antisymmetric charge conjugation matrix this implies C~! = —A and

g =—yTc.
Two spacetime dimensions

First we consider the anti-deSitter spacetime in 2 spacetime dimensions. The corresponding
supergroup is OSp(N,2). According to (7.55) the generators of sp(2,R) satisfy

pfa+ap=—-@pD)r +ap=o0, of=-q, (7.76)

i.e. the real matrices QD are symmetric. Let us relate sp(2,R) to the isomorphic so(2,1).
Consulting our tables in section 3 we see that there exists a Majorana representation of
SO(2,1). We take C = ypy2 such that Majorana spinors are real. Since e =7 = 1 we have

CT = —C, (Cil’}’m)T = Cil"}/m, (Cil’}/mn)T - Cil’}’mm Ymn = %[’Ymv’}’n]a (777)
where the indices m,n take the values 0,1 and 2. It follows in particular, that
% =% M =-n and 1 =7

From the known hermiticity properties of the gamma-matrices we conclude, that the 7,
and hence the charge conjugation matrix C are all real. The real %%m satisfy the SO(2,1)
algebra (7.70) with ¢ on the right hand side replaced by —1,

[%')’mm %'qu] = _%(nmp')’nq + Mg Ymp — NMmgYnp — nanmq)v n= diag(l, -1, 1)- (7-78)

The following matrices form a Majorana representation of so(2,1):

Yo =01, M =—i02, Y2 =03=>{Vm:;Vn} = 20mnl2, Nmn = diag(l,—1,1)

A. Wipf, Supersymmetry
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In this representation the generators of SO(2, 1) have the form

{101,702, 112} = {03, —i0o2,01},

and the charge conjugation matrix reads
C =072 = —ioa.

Now we compare (7.76) with (7.77) we conclude that we may choose = C~! in which
case D is a linear combination of the SO(2, 1) generators with real coefficients,

D= 1w"y,,  Q=C"! (7.79)

Now we choose n = 1 in (7.55). Then A is real and antisymmetric, that is in the Lie
algebra of SO(N). Hence

ij 02 0
A=« ]Qijv (Qij)kl - 5ik5jl - 5il5jka c.g. 912 = (zSQ 0) . (7.80)

The generators ;; fulfill the so(IN) algebra, that is the algebra (7.70) with ¢ on the right
hand side replaced by —1 and 7 replaced by d. Now we take as generators of the bosonic
sector of the super Lie algebra

(0 0 (5 O
= (0,0 ) w1 (%0 s

Clearly, the M,,, generate the so(2, 1) subalgebra and the T;; the so(/N) subalgebra of Sp.
The generators of so(2,1) commute with those of so(/N) such that Sy = so(2,1) & so(N).

Now we turn to the fermionic generators. According to (7.55) we have B = —CTC™! so
that these generators have the form
0 —-cTc!
M = <C 0 ) € S (7.82)

Here C' is a general rectangular 2 x N matrix and therefore a linear combination of 2NV
basic generators with all but one entries equals zero. We choose as basis elements the
matrices

ea el (7.83)

where the 2-dimensional column-vector e, has entries (e)3 = dop and the N-dimensional
column vector e; has entries (e;); = J;;. and correspondingly the following generators of
the fermionic subspace

, 0 —elf'c 1 ®e; 0 Ea @ €
7 _ «@ ) — o )
Qa — (ea ® eZTv 0 ) f— <ea ® ezﬂ O . (7.84)

We used, that —elC~! = é,. The commutators of the bosonic with these fermionic gene-
rators are

[ana Qza] = %(')’mngi)aa [Tiija Qg} = _(QaQ)i- (785)

A. Wipf, Supersymmetry
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This shows, that the real Q! ..., Q™ transform according to to the spin %—representation
of the so(2,1). These Majorana charges do not mix under spin rotations. On the other
hand, the so(N) transforms the Q' without affecting the spinor index «. They are rotated
into each other with the N-dimensional defining representation. The anticommutator of
two @Q is easily found to be

1 T T

o —C-
% J1 af -
{Qa Qs < 0 5 (ealps + €58
Now it is easy to calculate the anticommutator of two fermionic generators for i # j. One
finds

{90, 94} = —(C VapTs;- (7.87)

To calculate the anticommutator for ¢ = j we use (7.75) which implies for so(1,2) the
FIERZ identity

2eq€5 = €negl + Ym(€ay"ep) = (€a€p + €5€q) = —(C_l'ym)agfym.

Now we use that 7°y!'y? = +1 which implies

Ym = Fempg?? (012 =1) so that  (—C~'9™)ag¥m = 5(C'Y™)apVmn-
This implies the following anticommutator for i = j:
{94, 9B} = (C'Y™)ap Mynn. (7.88)
For contracting the super-AdS algebra to the super-Poincaré algebra, we set
Moy = RPy and My = RP;
so that the anti-deSitter algebra reads
[Mo1, Po] = iPy, [Moy, Pl = —iPy, [Py, P)]=iR *Mjy. (7.89)

For R — oo it contracts to the Poincaré algebra, as discussed above. Now, in addition, we
replace Q, by Q./v/R in which case

{94, 94} = 269{(C"Y*)apPu+ £(C ) asMon} — £(CapTsy
[P Q] = 95(124Qas  [Mor, Qul = 5(101Qa [T, Q] = —(Qaf2i;)(7.90)
Now we perform the limit R — oo in which case (7.89) contracts to the Poincaré algebra as
expected. Using that C~'9? = —4% = —Cy is, up to a sign, the charge conjugation matrix
in 2-dimensional Minkowski space (with n = € = —1), the anticommutation relations in
(7.90) simplify to
{QL, Q) = —209(Coy")apPur  [Pur Q4] =0
[Mo1, Qa) = 5(101Q)a, [Ty, Q8] = —(Qafj)". (7.91)
We have found a superalgebra extending the Poincaré algebra consisting of NV Majorana
charges Q. The Q' are transformed into each other by the internal SO(N) transformati-
on. The so(N) rotate the Majorana supercharges Q°. This automorphism group is called

R-symmetry. In accordance with the COLEMAN-MANDULA theorem the R-symmetry com-
mutes with the Poincaré transformations.

A. Wipf, Supersymmetry
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Four spacetime dimensions

Again we must solve DTQ + QD = 0 with a real 4-dimensional, nondegenerate and anti-
symmetric matrix 2. This condition is equivalent to

QD) = QD = D € sp(4). (7.92)

To relate Sp(4) to SO(2,3) we recall, that SO(2,3) admits a Majorana representation
with e = 1 and n = —1. From (7.73) it follows, that

c=-C, ("Y' =—-Cc'y" and (C" YY) =C'mm, m=0,...,4(7.93)

The Yy satisfy the SO(2,4)-algebra (7.78) with 7,,, =diag(1,—1,—1,—1,1). As charge
conjugation matrix we take

C= Y0Y4 (7.94)
such that Majorana spinors are real. Then
% =0 =

which implies, that the v are imaginary. For example, we may choose the following
explicit Majorana representation

’)/O:Uo®(72, ’)/121'00@03, ’72:i01®(71, 732i03®01 and ’)/4:(TQ®01
in which case C = —ios ® 3. Comparing (7.92) with (7.93) we see, that we can choose
Q=C!' and D= %wm”’ymn, W™ e R.

This identification yields the isomorphism between sp(4) and so(2,3). Choosing n = 1 in
the other constraint in (7.55) we conclude that A € so(N) and hence

A= OcijQij, (Qij)kl == 5ik(5jl — (5il<5jk. (7.95)
As in two dimensions we take the following basis of the bosonic subalgebra
(0 0 (5 O
e ) (5 o
The M, satisfy the so(2, 3) commutation relations whereas the 7T;; generate so(IV). These

two subalgebras commute, in accordance with the Coleman-Mandula theorem. As basis
for the fermionic subsector we again choose

: 0 —elCl®e 0 o ® €

i o 7 — « 1
Qo = <€a®6;r 0 ) - (ea®e;fp 0 ’ (7.97)
where now e, is the 4-dimensional column vector with matrix elements (eq)s = dqp and
we used &, = —eLC~!. The commutator of the bosonic with the fermionic generators are
[ana Qg] = %(’Yani)ou [Tij, Q(’;] = _(Qag)k- (798)

A. Wipf, Supersymmetry
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As expected, the 4-dimensional real column vectors Q',..., QY transform as Majora-
na spinors under the spacetime group SO(2,3) and the N-dimensional real row vectors
Q1, ... Q4 transform as vectors under the group SO(N). As in the 2-dimensional case the
R-symmetry group is SO(N). To calculate the anticommutator of two fermionic charges
we use

4(€aéﬂ + egéa) = 7mn(C‘17m")a5

which follows from (7.75) and the (anti)symmetry properties of the matrices C~1(").
Therefore the anticommutator of two supercharges is given by

{9, QL = 167 (C7 ™) ap Mpnn — (CV)ap Ty (7.99)

Now we perform the 4 + 1-split and rescale the supercharges and Mg, and end up with
the algebra

{Qur @5} = (C719"9")ap0" Pu + 55 (C™ 19" )00 My — £(C1apTyy.  (7.100)

Since C14* = —4Y = ¢, is the antisymmetric charge conjugation matrix in 4-dimensional
Minkowski spacetime we obtain in the limit R — oo the Poincaré algebra plus the following
(anti)commutators:

{94, Q%)
(M, Q0]

(C4y")ap6" Py, [P, QL] =0, [Ty, Q] = —(Qa%j)"
2w ey My, Tyj] = [Py, Tij) = 0. (7.101)

Together with the Poincaré algebra we have derived the (anti)commutation for supersym-
metric theories with N-Majorana supercharges. Later we shall restrict the values of N by
physical arguments. For the simplest N = 1 theories there are no additional generators be-
sides M,,,, P, and Q, and we rediscover the supersymmetry algebra of the corresponding
Noether charges in the Wess-Zumino model.

Five spacetime dimensions: AdSj5

I discuss this case since it plays an important role in recent developments in field theory.
The so-called AdS/CFT-correspondence is base on the relation between supersymmetric
theories on AdSs and conformal field theories on the boundary of AdSs which can be
identified with Minkowski spacetime. The symmetry algebra of AdSs is the same as the
conformal algebra in Minkowski spacetime, namely so(2,4).

There is a Majorana representation of SO(2,4) and it has (¢,n) = (1,—1). Then the
8-dimensional y-matrices and charge conjugation have the following symmetry properties,

C Iy = —(—)M2Ac=1n n=0,...,6. (7.102)
It follows

C " mns C 'y and  C 07172737475 = C M (7.103)

A. Wipf, Supersymmetry
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are symmetric? and the others are antisymmetric. Note that 42 = —1 and v/ = —~,.
Choosing C AT = 1, such that Majorana spinors are real, we find

C=v075=—-C'=-C' =y, % =C"1%C=—. (7.104)

Hence, vy and 75 are antisymmetric, whereas the others ~; are symmetric. All ~,, are
imaginary in this representation.

We want to use the isomorphism SO(2,4) ~ SU(2,2) and construct the superalgebra
su(N|2,2) which contains the anti-deSitter algebra as subalgebra of the bosonic algebra
su(N) x su(2,2) x u(1). If we want to use the 8-dimensional real Majorana representation
then we should use the 8-dimensional real forms of su(2,2) and su(N). For that one notes,
that a unitary matrix U = RU + iQU € U(N) can be represented as

_ Cx
n_ <§RU U

SU RU ) € SO(2N).

To see that we note that UUT = 1 implies

RURDT +3U (SO =1, RUSU)T —SURU)T =0
so that R is orthogonal, RT R = 1. Correspondingly the Lie algebra u(NN) can be repre-
sented by matrices

a —s .
Az( a>:00®a—wg®s, where of = —a, s' =s.

An equivalent way to characterize the real form of the Lie algebra of u(N) is

W(N) ~ {A € Matoy | AT = —A, AQ = QA}, where Q= (110 _§N> . (7.105)
N

Note that €2 itself is element of the subalgebra and commutes with all elements. Hence we
may decompose s(N) = su(N) x U(1) as follows

su(N)={A € u(N)|TrQA =0}, u(l) = {A = a2} (7.106)

In other words, for the generators of su(NN) the symmetric matrix s is traceless. With
similar arguments one shows that there exists a 8-dimensional real form «(2,2). In this
representation the elements have the form

u(2,2) = {D € Matg|(C"*D)T =C7'D, 7.D = Dv.}. (7.107)

Instead of repeating the arguments leading to the real form of u(N) we show, that the infi-
nitesimal generators satisfy the so(2,4) x so(2) ~ u(2,2) commutation relation. According
to (7.103) the matrix D must be a linear combination of

mn . mnp

Y,y and .

2For convenience we have chosen a choice for +. which differs from the choice we made in section 3.
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But the product of three gamma-matrices does not commute with ~, and hence D must
be a linear combination of the real matrices ™" and 7. Since v, commutes with the ™"
and the latter generate so(2,4) this proves (7.107). Now we are ready to define our bosonic
generators. For that we define the following traceless matrices

2
and Sij = 61'6? + eje;fF — —5@- 1n (7.108)

T
€;€ N

T
aij = e;e; — i

J
and the associated generators of su(N):

Ay = <°’0%"“j 8) and  Sj; = (_“’20® %ig 8) (7.109)

As generators of su(2,2) we take

an—<0 0 > (7.110)

0 3%mn

As further generator which commutes with su(N) and with su(2,2) we take

1/ 0 1/0 0
s=1(2 0410 0). -_
In the complex form this would correspond to the u(1) generator with vanishing supertrace.
The real bosonic generators

{Azja Sl]a S? an}

generate the sub Lie algebra su(N) x u(l) x su(2,2). Now we come the the fermionic
generators. Guided by our earlier experience or by rewriting the complex into the real
form one is lead to the following form for these generators:

{ 0 0 —elc 1t ® e
Q! = 0 0 —(xea)TC e | . (7.112)
ea @€l yieq®@el 0

The e; are the usual basis column vectors in RY and the €q the basis column vectors in
RS. When calculating the anticommutator of Q! with QJB one encounters the following
expressions: The w(N) part in the anticommutator is

—(C_l)agag ® aij — i(C_lfy*)agag ® (si5 + %&j]l),
whereas the u(2,2) part reads

—5ij(eaeg + egeg)cfl + (52-]-7*(6&6% + egeg)’y*cfl.
Now one uses the following FIERZ identity for the so(2,4) Clifford algebra:

(6a€g + e/geg)c_l = _an(c_lfymn)aﬁ - %'Ymnp(c_17mnp)a6 - 2'7*(6_17*)045 (7.113)
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to prove, that the U(2,2) part becomes
%5ij{’7mn(c_1’7mn)aﬁ + 27, (C_I'Y*)ocﬁ}-
Collecting our results we end up with the following anticommutator
{Qh, @4} = —(CNapAij + (C'7)asSi + 2(C )apbiyS + 30i5(CT ™) ag Mok 114)
The commutator of the bosonic charges with the supercharges is easily computed to be

A, Q. = (ajn)piQa -+ [Siks Q’ﬁx]’: —(538)pi(Ve)oa Q5
[S’ QZO[] = (% - %)(’V*)ﬁagzﬁ > [an7 sz] = %(an)ﬁaglﬁ (7115)

Note that for N = 4 the U(1) charge S commutes with all other generators. But the
anticommutator of two supercharges still contains S. Hence, for N = 4 the anti-deSitter
superalgebra becomes non-simple. The non-extended N = 1-superalgebra simplifies con-
siderably since in this case the R-symmetry group is just a U(1). The super-CR read

{Qa, 28} =2(C "u)apS + (€™ )apMmpn  and  [S, Qo] = 2(74)apQs. (7.116)

This makes clear, that the U (1)-transformation is just a chiral rotation of the supercharges.
The lefthanded charges have the opposite transformation rule as the righthanded ones.

7.4.2 Appendix: AdS5 in chiral basis

The elements of the superalgebras SU(N|2,2) have the form

—ct
MZ(?‘ %Q> with AT=-4, (QD)' =D, where Qf=-Q. (7.117)

We see, that A € u(N). In addition, since the columns of C transform according to the
4-dimensional complex representation of su(2,2) ~ so(2,4) this can only be a chiral spinor
representation of SO(2,4). To continue we note that

(™) = —(=)rH /240 4 = gy = — AT, (7.118)

Since we want to a chiral representation we can only use those matrices which preserve
chirality. Out of these we have the following hermitian and antihermitian matrices

hermitian: Ay™", iAv, , antihermitian: A4, A~""P9. (7.119)
Thus we may take
Q=PLA=A, where Pp=3(1—%), % =07172737475
and

1, mn i
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since AD is then a general hermitian matrix. Note that now we have chosen a hermitian
%, contrary to our choice in the Majorana basis. Also we have used that on the chiral
sectors 7y, is £1. Next we observe that o,,, is traceless:

Trymyn = 8Mmny,  Trveym¥n = Tryaym 1070 = —Tr70% Ym0 = =Tr ¥ ymyn
from which immediately follows that Troy,, = Tr PrVm, = 0. As a consequence
TrD =z.
In passing we note, that
A= -1, TrA=0, A'=—A, sothat A~ diag(i,i,—i,—i)

which shows, that D € wu(2,2). As bosonic generators of su(N|2,2) we may take the
following supertraceless supermatrices

- 0 0 . o Sij 0 - aij 0
= (30 ) xis = ( ) v= (% ).

where the a;;, s;; have been introduce in the previous subsection. As earlier e; denotes the
N-dimensional column vector with (e;); = ¢;;. This shows that the bosonic subalgebra of
su(N|2,2) is su(N) x su(2]2) x u(1). In particular we have

[X, Myn] = [X, Xi] = [X, Y] = 0.

Note that for N = 4 the U(1) factor is generated by the identity and hence the superalgebra
is not simple in this case. To get a simple superalgebra for N = 4 we must not include X
in the list of generators and then the bosonic subalgebra of su(4]2,2) is su(4) x su(2,2).
Since 1A = 1) we may take as fermionic generators

; 0 —€n ®e; =i 0 18q @ €;
i o 7 P « i
Qo = (ea ®el 0 > and - Q, = (iea ® el 0 ) ' (7.121)

The 4-dimensional column vector e, has entries (eq)s = do3. The bosonic generators M,,,
satisfy the so(2,4) commutation relations. In addition

[Minn, Qfx] = %(%Umn)ﬁaQ% + %(%Umn)ﬁag,i@
(Mo, QZ] = %(%Umn)ﬁag,% - %(%Umn)BaQ,%
Xk, Qul = i(sjp)pQh [V Qul = Qhlaj)pi
Xk Qal = —ilsip)piQh o [V Qal = Qh(ysn)pi-
(X, Q) = G-Q and [X,Q0)=-(} )

The supercharges Q°, i = 1,...,N transform as left handed Weyl-spinors under the
generators M,,. The Q,,a =1...,4 transform under the defining N-dimensional repre-
sentation of su(NN). The anticommutator of the supercharges with i # j yields

i J _ L (Cx . ) — S 0 0 .
{Q0.Q5} = —(RA)asYyy — (SA)ap(Xij +2X0;5) — 5y <0 €als + €sea — ;n<sA>a5>
{94, Q,B} = (RA)ap(Xij + 2X6i5) + (SA)apYij + idi; (0 €als — €3eo + %]l(?RA)aﬁ '
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where we have decomposed
A =RA+iSA, (RA)ap = —(RA)gas  (SA)ag = (SA)sa-

Now we use the FIERZ identities

d(eqs + egen) = —%amn{(éﬁam”ea) + (ea0™eg)} +214(SA)ap

di(ealp — ) = —Somn{(€s0"™"eq) — (Ea0™"es)} — 2i 14(RA)ap
and find
{9, Q) = —(RA)apYyy — (SA)ap(Xij +2X655) + 165{(AT™)ap + (A0™) g0} Minp
{94, 9%} = —(RA)as(Xij +2X0655) + (SA)apYij + 105 {(A0™)ap — (A0™™) g0} Minn.-

The Q fulfill the same anticommutation rules as the Q. In addition, one has
{9,904} = {9, 2}

Again we see, that for N = 4 the U(1) generator commutes with all other generators and
the superalgebra ceases to be simple.

I leave it to an exercise to prove the equivalence of the superalgebras in the Majorana and
the Weyl basis. In any case, once again we see that it is advantageous to the real basis, if
possible.

7.5 Appendix: superalgebras of classical type
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Tabelle 7.2: Lie superalgebras of classical type.

Name Range Bosonic algebra Defining Number of
repres. generators
SU(N|M) | N>2 SU(N)® SU(M) | (N,M)® N2+ M? -1,
N#M aU(1) (N, M) 2N M
N=M no U(1) 2(N? —1),2N?
SO(N|M) SU(N) @ Se(M) ®50(1,1)] ..
SU(N —p,pIM —q,q) | SUN —p,p)®SUM —q,q) U(1) N£M
SU*(2N|2N) SU*(2N) @ SU*(2M) ®S0(1,1)
OSp(N|M) | N >1 SO(N) @ Sp(M) | (N, M) (N2 — N+
M=24,. M?+ M),NM
OSp(N — p,p|M) SO(N —p,p) & Sp(M) M even
OSp(N*|M — q,q) SO*(N)® USp(M — q,q) N, M, q even
| D(2,1,0) [0<a<1 |SOW)&SH2) (2,22 19,8
DP(2,1,a) SO(4—p,p) & S¢(2) p=0,1,2
| F(4) \ SO(M&Se2) | (8,2 | 21, 16
FP(4) SO(7 —p,p) ® SL(2) p=0,1,2,3
| G(3) \ Gy @ SL(2) | (7,2) | 14, 14
G,(3) Gap @ SU(2) p=—14,2
| P(N-1) [N>3 SI(N) | (N@N) | N?—1,N?
[QIN-1) [N>3 SU(N) | Adjoint | N2—1,N2—1
QN -1) SE(N)
QUN —1)7) SU*(N)
UQ(p, N —1—p) SU(p,N —p)
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Kapitel 8

Representations of susy algebras

We want to study representations of the most relevant spacetime superalgebras we have
introduced in the last chapter. Let us start with the algebra in 4 dimensions in the Weyl
basis. I recall our conventions: We take the chiral representation

0 o . —0 0
Y = (% 0M>’ Y5 = =i Y2Y3 = < 00 > ) (8.1)

o)
where we have introduced the matrices
ou = (00,—0i), &= (00,0%).

The infinitesimal spinor-rotations take the form

Y = <06W ~O > with oy =

G (0u6y — 0uoy)

D=

G = 5(5uoy — G,0,). (8.2)

Note that the og; are hermitean, whereas the o;; are antihermitian. A Dirac spinor consists
of a lefthanded and a righthanded part,

o= (&) o-(@ - —ai-al @ -@) 63

The raising and lowering of the indices are done with e:
QY = Qs , Qo= EagQB
Q% = 66“5% , Qs = edeB
where we introduced
C)=lea)= () md = = (& ). s
The index structure of the relevant generators are

; (O-,U«V)aﬁv (6MV)d5‘ (85)

(o) ad (5u)da
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We have discussed that the supercharges should have spin % which fixes their commutation
relations with the Lorentz boosts. They must commute with the translations such that
the extended superalgebra contains the Poincaré algebra plus

s Ol = %(00)a’ Qs Vs @] = £(0)%3,00,
{Q@,Qg} =20(c") 3Py [Q. P = 0. (8.6)

The missing supercommutators will be discussed soon.

8.1 Hamiltonian and Central charges

The sign in the anticommutator of Q and Q is determined by the requirement that the
energy should be a positive definite operator: we get for each value of the index ¢

2
Z{QQ, QZ(J} = 2Tro"P, = 4P, no sum over i. (8.7)
a=1

The left hand side is manifestly positive, since each term is positive,
(W QL Q) = 19401 + (128w > 0,
it follows that

e the spectrum of H = Py in a theory with supersymmetry contains no negative eigenvalues.

We denote the state (or family of states) with the lowest energy by |0) and call it vacuum
state. The vacuum will have zero energy

H|0) =0 (8.8)
if and only if
Q10)=0 and QT|0)=0 Va,i. (8.9)

Any state with positive energy cannot be invariant under supersymmetry transformations.
It follows in particular that every one-particle state |1) must have super partner states
Qi 1) or QY[1). The spin of these partners will differ by 3 from that of |1). Thus

e cach supermultiplett must contain at least one boson and one fermion whose spins differ

by %

The translation invariance of Q implies that Q does not change energy and momentum
Pulp) = pulp) = FuQulp) = puQalp),  FuQullp) = puQdlp),

and therefore

e all states in a multiplet of unbroken supersymmetry have the same mass.
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Supersymmetry is spontaneously broken if the ground state will not be invariant under
all supersymmetry transformations,

Q,10) #0 or QUf0) #0 (8.10)

for same « and 7. We conclude that

o supersymmetry is spontaneously broken if and only if the energy of the lowest lying state
s not exactly zero.

We come back to supersymmetrie-breaking in the next chapter. The supercharge Q° could
be a DIRAC, Majorana or Weyl spinor. In certain dimensions (e.g. 2 and 10) it could even
be a MAJORANA-WEYL spinor.

As we have seen, in extended supersymmetry the Q may carry some representation of the
internal symmetry,

[T, Qla} = (tr)ijggé- (8.11)

Since we assume this so-called R-symmetry to be compact, the representation matrices t
can be chosen Hermitian, ¢, = t,t. Then

[T, Q%) = —QL(t,);" (8.12)

Now let us consider the anticommutator {Q, Q}. It must be a linear combination of the
bosonic operators in the representation (0,0) and (1,0) of the Lorentz group. The only
three-dimensional (1,0) representation in the bosonic sector is the (anti)selfdual part of
Juw. Such a term in {Q, @} would not commute with the 4-momentum, whereas {Q, Q}
does. Thus we are left with

{9, 9%} = 224527, (8.13)

were Z* commutes with the space-time symmetries and hence is some linear combination
of the internal symmetry generators,

79 = "I, (8.14)

We show that the Z% commute with the superalgebra. For this reason they are called
central charges. First we show that the commutator of any 7, with the central charges is
a central charge: First we have

{QL. [Ty, Q) = (t:)),{ QL. Qb } = 2eas(tr) 2.
By using the super-Jacobi identity the left hand side can be rewritten as follows,
{Q?)u [TT7 Qi}]} = [TT7 {Q] ) Q;}] - {Q] ) [TTa Qla]}
= 2epalTy, 2] = (1) {Q), Ok} = 2650 (1T, 27 — (1), 27F)
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If not all €,3 vanish then
[T, 279 = (t,) 2% + (t,), Z27F. (8.15)
With (8.14) we conclude that
(21,2 = T[T, 2] = qrid ((tr)’;Zpl + (t,.)lpzkp) . (8.16)

The last two equations imply that the Z% span an invariant subalgebra of the internal
symmetry algebra. We use once more the super Jacobi identity for {Q, [Q,T]} and with
(8.12) conclude

(9%, Q0. T} + [T, (D), QY = {0 [Th, @} = —{Qh, D5}t

Now we use (8.13) in the commutator of the supercharges with the central charges and
find

25[87[Q'L0[7Z-7k] - [QZO”{QJ7Q,]§}] = _[Qsa{Qlon Jﬂ}] - [ ]57{st Q?x}] - 07

where we have used that {Q, Q} ~ P commutes with the supercharges. Hence, the central
charges commute with the supercharges Q. It follows then, that

0= 10, 7" = —a'¥(t,)/ Q% o a*(t,)} =0
so that the central charges also commute with the remaining supercharges Q
[27F, Q) = a"* (1) Q4 = 0,

and hence among themselves, [Z¥, Z¥] = 0. We see that the invariant subalgebra spanned
by the Z% is ABELIAN. Since the internal symmetry group is assumed to be compact it
follows that the Z% commute with the 7. Thus

[T, Z¥9] = 0. (8.17)

This proves that the Z¥ commute with all elements of the superalgebra and hence are
central.

8.2 Representations

Is maybe useful to collect the (anti)commutation relations of the A/-extended superalgebra
in 4 dimensions. It contains the Poincaré algebra

[J;w; Jpa] = i(nupjuo + nVUJup - 77,ua<]up - nupJuo)
[va J,uu] = _i(npuPV - npupu)a [Pua PV] =0 (818)

as subalgebra. The supercharges commute with the translations,

[Q.,P,] =0, (8.19)

(o'%]
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transform under the spin—% representation of the Lorentz group
s Qal = 55(0)’ Qs+ [, @] = 5:(64)%; Q" (8.20)

and under the R-symmetry group as

(7, Qu) = (0)5Q% . [T Q) = —Ql(tn);" (8.21)
The generators of the R-symmetry fulfill
[T, T5) = iC,. T (8.22)
and commute with the bosonic generators of the Poincaré algebra,
Ty, Ju] = [T, P, = 0. (8.23)
The supercharges fulfill the following anticommutation relations
{Q, O} =260p2" | {04, Q) =237 | {0}, O} =290/ P,  (824)

where Z% is the antisymmetric central charge matrix. It commutes with all other genera-
tors of the super-Poincaré algebra.

Let us now discuss the representation theory of M-extended supersymmetry in four dimen-
sions. In general we can have more than one supersymmetry (extended supersymmetry).
For each conserved Weyl spinor charge we have one supersymmetry. We will first assume
that the central charges are zero.

8.2.1 Massive representations without central charges

For vanishing central charges the supercharges anticommute,
{Q.. Qi) =1{Q. Q) =0. (8.25)

For a massive particle we may choose the rest frame in which P ~ (M, 0). Then the
relations (8.24) simplify as follows:

{9, QL) = 2M 5" (00)aq = 2M8aad". (8.26)
Q is a tensor operator of spin %, as follows from
[Q,J] = 300. (8.27)

Therefore, the result of the action of Q on a state with spin s will be a linear combination
of states with spin s + % and s — %,

Qlm s s3) = ZC;:§3|mS + 3 33) + 208_353|ms — 133).
S3 33
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Now we define the following 2/ fermionic creation and annihilation operators

. 1 . . 1 .
A, = ——= Q) Ay = ——= 94 8.28
VoM V2M ( )
which satisfy the simple algebra
(AL ALY = 65,4, (8.29)

Building the representation is easy. We start with the Clifford vacuum |Q2), which is anni-
hilated by the A%, and generate the representation by acting with the creation operators.
A typical state would be

A A Q). (8.30)

It is totally antisymmetric under interchange of index-pairs (¢, 7) < (8, 7). Since there
are 2 creation operators A’ there are (22/ ) states at the n-th oscillator level. The total
number of states built on one vacuum state is

2N
> <2N> =14+ 1) =4V, (8.31)
n=0 n

half of them being bosonic and half of them fermionic. If the vacuum sector is degenerate,
which happens if the Clifford vacuum |Q2) is a member of a spin multiplet, then the number
of states is

NUMBER OF STATES — 4N- DIMENSION OF VACUUM SECTOR.
The maximal spin Smq, is carried by states like
_il [N _in
Ai Ai 1©2). (8.32)
and their spins is equal to the spin sy of the ground-state plus N'/2,
Smaz = S0 + N /2.

The minimal spin is 0 if N'/2 > s¢ or so — N/2 otherwise.
Since renormalisability requires massive matter to have spin < % We conclude from the
above expression for $,,4, that we must have

e N =1 for renormalizable coupling of massive matter.

We see that in the absence of central charges, the only relevant massive multiplet is that
of the massive Wess-Zumino model which has A/ = 1 and sy = 0. It contains a scalar, a
pseudo-scalar and the two spin states of a massive Majorana spinor

N=1 s*: 0t
states: 1

0-
1

NN

The two spin-zero states correspond to the Clifford vacuum [Q2) and to A; 4,[€).
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8.2.2 Massless representations

In this case we can go to the frame P, = (F,0,0, F). The anticommutation relations have
the form

{Ql, QL) = 2E5" (00 + 03)aa = <4(])E 8) 5. (8.33)

the rest being zero. Since
{04, 01} = Q40 + Qi 0h =0 (8.34)
they are represented by zero in a unitary theory. Thus we have N non-trivial creation and

annihilation operators

AL— i d A'=— 0 8.35
2\/>Q an 2\/>Q ( )

and the representation is 2N _dimensional. It is much shorter than the massive one which
contains 4V states.
The following Lorentz generators commute with P, = (F,0,0, E):

Ji=Jio+Jig, Jo=Jyp+Jog and J3=—Jio. (8.36)

Note that J3 is just the helicity operator A defined in (3.35) for a massless particle moving
in the 3-direction. The J; generate the little group E3 of translations and rotations in the
2-plane,

[Jl, Jg] = iJQ, [JQ, Jg] = *Z'Jl and [Jl, JQ] =0. (8.37)

In any finite dimensional representation J; and Jy are trivially represented. Note that A’
increases the helicity by % and A’ decreases it by %,

A Al=1A" and [N A]=-1A" (8.38)

Now we introduce the Clifford vacuum |2) with maximal helicity A. It is annihilated by
all A%, A’|Q2 = 0). The states in an irreducible representation are gotten by acting with
the creation operators on this state. For example,

At A Q) (8.39)
has helicity A — n/2. This way we get the following states

helicity: A A=1/2 .0 A=N/2
multiplicities: 1 (/Y) (%)

The total number of states in an irreducible massless representation is

S ()= (.40

k=0
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According to the CPT theorem a physical massless state contains both helicities A and
—\. A single supermultiplett can contain all massless states for A = N /4. Otherwise the
states must be doubled starting with a second Clifford vacuum with helicity ' = N'/2— \.
Here we will describe some important examples with helicities up to one.

1. N =1 supersymmetry: The number of CLIFFORD-states in an irreducible multi-
plet is just 1 + 1 and we need at least two Clifford vacua to built a CPT invariant
model.

e For the chiral multiplet A = % and M = 0 and we have the following states

helicity 1/2 1 Majorana spinor
0 1 complex scalar
—1/2 1 Majorana spinor

These are the fields of the massless Wess-Zumino model.

e The vector multiplet with A =1 and X' = —1/2 consists of

helicity 1 1 gauge field
1/2 1 Majorana spinor
—1/2 1 Majorana spinor

—1 1 gauge field

2. N' = 2 supersymmetry: A irreducible representation of the N/ = 2-exteded su-
peralgebra contains 3 helicities and 1 + 2 + 1 ’states’.

e The simplest multiplet is the hyper-multiplet A = 1/2 with the following con-
tent:
helicity 1/2 1 Majorana spinor
0 1 complex scalar
—1/2 1 Majorana spinor

e To built a vector multiplet we need two Clifford vacua with A = 1 and X' = 0
so that it contains
helicity 1 1 gauge field
1/2 2 Majorana spinors
0 1 complex scalar
—1/2 2 Majorana spinors
—1 1 gauge field

The two Majorana spinors can be combined to a Dirac spinor. This multiplet
is considered in the Seiberg- Witten solution to N = 2 supersymmetric gauge
theories.

3. N = 4 supersymmetry:
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e A irreducible supermultiplet consists of 1 +4 + 6 +4 + 1 = 16 states. The
unique multiplet giving rise to a renormalizable field theory in flat spacetime is
the vector multiplet. It has A = 1 and contains

helicity 1 1 gauge field
1/2 4 Majorana spinors

0 6 real scalars
—1/2 4 Majorana spinors

—1 1 gauge field

This multiplet enters in the celebrated AdS/CFT correspondence.

8.2.3 Non-zero central charges

In this case massive supermultipletts can be as short as massless ones. Under a U(N)
transformation of the super charges,

Q! — ULQ) and QO — QL(UN)]
the antisymmetric central charge matrix Z = (Z%) transforms as
Z—UzUT, Z—UZU.
In [40] it was shown that there exists a unitary U such that Z becomes block diagonal®,

0 Z 0 0

—Z1 0 0 0
0 0 0 79 ...
0 0 —Z 0 . . (8.41)
0 ZNj2
—Znjp 0

We have labeled the real positive eigenvalues by Z,,, m = 1,2,..., N/2. We will split the
index ¢ — (a,m): a = 1,2 labels positions inside the 2 x 2 blocks while m labels the blocks.
Then

{ng’ Ql&n} — 2M5ad6ab6mn ’ {ng7 Q%n — 2Zn5a65ab5mn ) (842)
Now we define the following fermionic oscillators

A7 = IOV +eas@™ L BY =
and similarly for the conjugate operators. The anticommutators become
{Ad, A5y = {Ad Bsr = {By, B5t =0,
(A7 A} = 20,50 (M + Zy,) (8.44)
(B B'} = 20050™(M — Zpy,).

(O™ — €as Q™ (8.43)

LConsider even N.
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Unitarity requires that the right-hand sides in (8.44) to be non-negative. This in turn
implies the celebrated BOGOMOL’'NYI BOUND

M > max[Z,] . (8.45)

Consider for example the N = 4 theory with 2 - 4 creation opreators A% and BL" and
assume that M = Z; > Z5. Then

{BY.BY'} =0 (8.46)

implies that the B} vanish identically and we are left with the following 6 creation and
annihilation operators

AL, ALm, m=1,2, and B2, BE.

They generate a representation with 26 states instead of 2% states. More generally, consider
0 <r <N/2of the Z,,’s to be equal to M. Then 2r of the B-oscillators vanish identically
and we are left with 2\ — 2r creation and annihilation operators. The representation has
22N =21 gtates.

The maximal case r = N /2 gives rise to the short BPS multiplet which has the same
number of states as the massless multiplet. The other multiplets with 0 < r < N /2 are
known as intermediate BPS multiplets.

BPS states are important probes of non-perturbative physics in theories with extended
(N > 2) supersymmetry. The BPS states are special for the following reasons:

e Due to their relation with central charges, and although they are massive, they form
multiplets under extended SUSY which are shorter than the generic massive multi-
plet. Their mass is given in terms of their charges and Higgs (moduli) expectation
values.

e They are the only states that can become massless when we vary coupling constants
and Higgs expectation values.

e When they are at rest they exert no force on each other.

e Their mass-formula is supposed to be exact if one uses renormalized values for the
charges and moduli. The argument is that if quantum corrections would spoil the
relation of mass and charges, and if we assume unbroken SUSY at the quantum level
then there would be incompatibilities with the dimension of their representations.

We will come back to these remarks later in this lecture.

A. Wipf, Supersymmetry



Kapitel 9

Supersymmetric Gauge Theories

In this chapter we introduce and study supersymmetric gauge gauge theories in flat 4-
dimensional space time. For the simplest gauge theory, namely the NV = 1 Abelian gauge
theory containing a photon and a massless Majorana spinor, we explicitly show the inva-
riance of the action, the closing of the supersymmetry algebra on the gauge invariant fields
and ’construct’ the supercharges. Then we repeat the same for N’ = 1 non-Abelian gauge
theories. It follows a discussion of the N = 2 and N/ = 4 gauge theories. There has been
much progress on N/ = 2-gauge theories due to the seminal work by Witten and Seiberg
[41]. The N = 4 gauge theories emerge as conformal field theories on the boundary of AdS
in the celebrated AdS/CFT-correspondence [44]

9.1 N =1 Abelian gauge theories

We have seen, that the A/ = 1 vector multiplet consists of a gauge field and a Majorana
spinor. First we consider the simplest of all gauge theories, namely a U(1) gauge theory.
In an off-shell version and the Wess-Zumino gauge (see below) we need in addition to the
vector and Majorana fields an uncharged pseudo-scalar field which later may be eliminated.
Since a Majorana spinor is uncharged the Lagrangean density takes the simple form

L=—1F, F" 4+ 3pdp + 162, Fu=0,A, —0,A,, @=~"0,. (9.1)
The dimensions of the fields are
(A =L7Y =172 (g =17 (9.2)
and the supersymmetry parameter has dimension [a] = L'/2. Also recall that
avp, ay*y, avysyHp are hermitean and aysy, ay*i) are antihermitean.

We shall need the formulae in (4.76) in which we calculated whether ay™1) changes sign
when one interchanges the Majorana spinors o and

av, a5y, aysyuy are symmetric  and - vy, a1 are antisymmetric
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Taking the dimensions and hermiticity properties of the various fields into account we
could guess the following supersymmetry transformations

0o A, = iay
S0 = ipF"E, a4+ i¢Gysa (9.3)
0aG = raysd.

As earlier, the supersymmetry parameter « is a constant Majorana spinor which anti-
commutes with itself and with ¢. We will fix the real parameters p,q,r such that the
action is invariant. We shall need

o = oypTA0 = —ipF“”aTELV’yO —igGalysy = —ipF* ax,, +igGavs, (9.4)

where we used ZL,/yO = 'yOZW.

Next we show that the Lagrangean is, up to surface terms, invariant under the above
supersymmetry transformation. The variations of the bosonic terms in the Lagrangean
density are

— 100 (FuF") = —iF"™ay,0,  and  364(G?) = rGaysdy. (9.5)
Using that ay”ys1 is symmetric under exchange of o and 1 and that
PYPE e = aX, Py, (9.6)
yields for the variation of the fermionic term in the Lagrangean
300 (V) = £ 0, (aGy57° ) — 5 0, (@S FH'yPY) — qGarysd + p F*aX,,dip. (9.7)

Collecting the various terms it follows that one must choose ¢ = r such that the volume
terms depending on the auxiliary field in (9.5) and (9.7) cancel, and this choice leads to

0oL = —iF" ary, 0,0 + pF“”o‘zZW@LZJ + divergence.
With the help of
Ve = 3Mupv — 3Mp Vi — S€upey" s, €123 = 1, (9.8)
the second term on the right hand side can be recast into the form
FMay,,dp = iaF" ,0,4) — %em,ng“”d’y"%apw. (9.9)
Clearly, we must take p = 1 in which case
0oL = —%e#,,ng“”o_ry"%@pw + divergence.

Using the BIANCHI identity €, """ = 0, the first term on the right is seen to be a
divergence as well,

— 3 €upo F1 07500 = —50° (€pwpo FM 6y y51)) (9.10)

A. Wipf, Supersymmetry
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so that under the transformations (9.3) the complete Lagrangean density (9.1) transforms
into a divergence,

5a£ = _%dap (F#V (Euupa'ya’% + E,uzfyp) W + %dap (g'75’7p¢) :
Now we use (9.8) and
’szm/ = _%T]up’YV + %nup’)/u - %ijpofyo’y5 (911)
to further simplify this result. Using these identities finally yields the following rather
simple expression for the variation of the Lagrangean density
V' Epe BP0 + §G57" 1
(FM s —iF") 1) + 4G5y (9.12)

ol =ag, Ve, VF =

NI N[

under the supersymmetry transformations
0o Ay = iayy
Sty = MY 0+ igGys0 (9.13)
5o¢g = qd’}/Saqvb‘

Note that the real parameter ¢ is not fixed. Only later, when we want to recover the known
superalgebra are we forced to choose ¢ € {1, —1}.
9.1.1 The closing of the algebra

Now we are going to repeat what we have done for the Wess-Zumino model and calculate
the commutators of two supersymmetry transformations. The commutator acting on the
bosonic fields is easily computed. Using (9.6) we calculate

[504175@2]AM = —F" (@Z’YMEpaal - @I’Yuzpaoﬂ)
= Fpadg[ng, 'yu]al = 2id2'y”a1FW (9.14)
= —=2i (dg’y”al) 8pA/L -+ 218# (Apdg’ypal) .

The first term is the expected infinitesimal translation of the vector field generated by the
momentum operator. The second one we did not encounter in the Wess-Zumino model. It
is just a field dependent gauge transformation with gauge parameter

A= QiApO_éQ’y’DOél. (915)
Similarly, using (9.11), one finds
[5C¥1 ’ 6a2]g = _21q2d2’7palapg + iqeuypo'aQ/yaalapFuy.

The second term vanishes because of the BIANCHI identity. If we take ¢ € {—1,1} then we
find the by now familiar commutator

[5111 ) 6ag]g = —2i (@2’}/,)051) 8pg (916)

A. Wipf, Supersymmetry
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To calculate the commutator of two transformations on the fermion field is a bit more
tricky. First one obtains (¢? = 1)

(a1 s 0]t = (=2 (17" 0"9) Tz +1 (1757 9p1) 1502) — (a1 < ).
With the help of (6.32) one arrives at the following intermediate result
[50&176&2]1/] = (_%’Ypaw - EuV'Yp'YVa#Tb) <@27p061)
+ (2Zyl/7paf)/uauw - i’)/paaw) (0_427p0041>-

A lengthy but straightforward calculation where one uses the Clifford algebra, the Lorentz
algebra (3.10) and the relation (9.8) one ends up with the expected result

[5(117 5a2]¢ = _2i(5¢27pa1) apl/} (917)
As we did for the chiral multiplet we introduce the supercharges
da(..) = aQ(..).

Then the superalgebra reads
{Qa, Q" =21 (") 9, — G (4), (9.18)
where G is the gauge transformation Ay — Ay + 0\ with A = Qi(A)aﬁ

9.1.2 Noether charge

To find the Noether charge we must first calculate

oL oL —
00 Ay + 0¥ = —FM" 6, A, — 5007"). 1

Using the above expressions for the supersymmetry transformations this can be written
as (we take ¢ = 1)
oL oL

méaAy + mw = — P ayap + 5 F* ar sy + 3Garsy . (9.20)
Subtracting V* in (9.12) we find the conserved Noether current and Noether charge
= = (F" s +1iFY) i
Q = —/d% (*F%y5 — iFY) v (9.21)
Inserting the explicit form of the field strength tensor and its dual,
0 —-Ey —-Ey —Ij 0 By By B3

E, 0 —Bs B, Py = B 0 —E; F
Ey By 0 —B | ° By E; 0 -F
Es -By By 0 -By —E, E 0

the gauge invariant Noether charge take the form

Q= /d?’x (im; —v5B;i) vy, where m; =E;

is the momentum field conjugate to A;.

(Fhv) = (9.22)

A. Wipf, Supersymmetry
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9.2 N =1 Non-Abelian gauge theories

We consider SU(N) gauge theories with a massless vector field A, a massless Majorana
spinor ¥ and an auxiliary field G. All field transform according to the adjoint representation
of the gauge group SU(N),

A, = AZTa, =97, and G=GT,. (9.23)
The real structure constants in
[Ta, Tp] = if,5Te (9.24)

are totally antisymmetric. We normalize the generators by TrT,Tp = dgp.
The gauge and matter fields transform under gauge transformations as follows

A = gAg_l—i-igdg_1

v = gy (9.25)
G — gGg'

the infinitesimal versions of which read with g ~ 1 4 ¢\
A, =D,N, oY =i[\y] and 06G =i\ G]. (9.26)
The covariant derivative of the spinor field is
Dytp = 0t — i[Ay, ] (9.27)
and the gauge covariant field strength
F =0,A,—-0,A, —i[A, A, (9.28)

both transform according to the adjoint represention. Note that the field strength is qua-
dratic in the potential. The Lagrangean density reads

L=—3TeFu " + §Te (b)) + 5 Tr G (9.29)

The supersymmetry transformations are gotten from those of the Abelian model if we only
replace ordinary derivatives by covariant ones,

0o A, = iay
St = IFMYE 0+ iGys0 (9.30)
5ag = 65’75w¢

Note that for a Majorana spinor « the objects

i¥,a, ipa, yyHa and Yo (9.31)
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are Majorana spinors as well. To calculate the variation of the bosonic part of the Lagran-
gean density we use

0F, =ia ('YVD,u - ’Y,uDz/) (0
and obtain
— 160 Tr (B F'™) = —iTr (F™ay, D) and  364(G%) = Tr(GaysPy).  (9.32)
To calcuate the variation of the Dirac term we need the two formulae

So = —iaF*™y,, +iaGys
(D) = Duoyy —i[0A,, | =iD,FEpa +iD,Gysa + [ay,p, ). (9.33)

The variation of the Dirac term can be calculated similarly as in the Abelian case with
the result

30T (VDY) = 39,Tr (Gaysy ) — Tr (Gans Py)
10,Tr (F"aX,,0 ) + Tr (F™aX,, Bg) + 5Tr (Yy[ay, ¢))
Using the BIANCHI identity D(,F),,) = 0 we find
—ATr (F*™ &y, D) + Tr (FPaS,, DY) = —ieupeTr(F*ay ysDPy)
= Lo Te (FH o y50).
and end up with

dal = _%dap Tr {Fuy(equ070’75 + Zuu’pr)} + %@apTr (Gvs7°Y)
+3Tr (Py#[aruy, ¢) - (9.34)

If we can show that the last term vanishes, then we have proved that the variation of £
is a total divergence. It is not straightforward to show this, so let me give the proof. First
we expand ¢ = YT, ¢ = Y*T, and calculate

+3Tr (9 [aru, ¥]) = 5 fae (0 "9°) (@7,0°). (9.35)
Now we may insert the FIERZ relation (4.85)
APt = —(P ) = Y, (P YY) + 5750 (VIYPTUE) + 157 (0 57PYC) — 5 (9 59°)(9.36)
in the right hand side of the identity
(M) (@) = a9 )y, (9-37)

Next we use the relations

Ty Y = (2—=d)y,
7#7/)07“ = (d - 4)7;)0 (9.38)
Yy = (2= d)vps
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and arrive at the useful identity
@) (@) = —(@")(P*9°) + 3(@nu") ($* 9y v)
— 2 (@50 (P 57 0°) + (@) (P y59°).  (9.39)
Note that all but the second term on the right hand side are symmetric in a and ¢. Hence
Fabe (@YY (@7,0°) = 3 fabe (W V) (@7,0") = —3 Fabe (D 1#9°) (@7,1°)

which implies, that the expression on the left vanishes. Actually, the in ¢ and ¢ antisym-
metric part of (9.39) can be rewritten as

() (@) + (P e) @y ™) + (Dt ) (@) =0 if % =% (9.40)

Hence the last term in (9.34) is absent and using (9.8) and (9.13) the result (9.34) further
simplifies

6oL =ad, V", VF=1Tr {(F"vy; —iF"™) v} + $Tr (GysyHep) . (9.41)

To calculate the Noether current we need

oL oL
7504Aau 76@4 a
50 Ay "o T 5 g0 00V
= —3Te (F"ay, ) + 5 Tr (F™ av, 1) + 5 Tr(Gaysy"y) (9.42)
so that the conserved current and the supercharge have the simple forms

JE = =Tr ("F*~s +1F*) v,
Q = / d3z Tr {(im; — Biys)yitb} - (9.43)
The commutator of two supersymmetry transformations on the gauge potential is
[0, Oas) Ay = 210 (Fun”) on = —2i (Y ) 0 Ay + Dy, X = 2i(avy”an)A,. (9.44)

Similarly as in the Abelian case the commutator of two supersymmetry transformations
yields a translation plus an infinitesimal gauge transformation. The gauge parameter A
depends on the gauge field A, and the susy parameters «;.

To calculate the commutator on the dummy field G one needs the relations

@757[)2/“/9& = J}EHV’Y{)’YE)O‘ and  ivys [7#7 71/] + e,ul/pa')’p’)/a =0,

where we used the definition v5 = —iy9y1727y3 and the identity (6.32). After some lengthy
but straightforward manipulations one obtains

[0a,00,]G = —2i(a2y 1) (DpG — Dy *F7,) = —2i (@27 1) ,G +i[A, G, (9.45)

A. Wipf, Supersymmetry
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where once more we used the BIANCHI identity. Here A it the field dependent gauge
parameter introduced above. The commutator on the fermionic field reads

[5a1a6a2]¢ = —QEWM”V”D% + i'Y5M’75]p¢a (9-46)

where M has been introduced in (6.32). Using the relations (4.13,9.8,6.32) and 2iX,,v" =
37, one ends up with the expected result

(B Baa)th = —2i(@2y o) Dytp = —2i(@2y o) 9ptb + I[N, ). (9.47)

As in the Abelian case the superalgebra closes only on gauge invariant fields.

9.3 N =2 Supersymmetric Gauge Theory

In this section we will be considering theories with N' = 2 spacetime supersymmetries.
Realistic (i.e. chiral) models of particle interactions have only N' = 1 supersymmetry.
However, there are good reasons for discussing A/ = 2, the main being that the dynamics
of this theory is under much better control and this allows one to make statements about
the spectrum which are valid non-perturbatively. This model may possess a non-vanishing
central charge and, as we have seen, the Bogomol’nyi bound applies. Magnetic monopoles
in /' = 2 supersymmetric theories were first discussed in [42].

The rather simple N' = 2 model has played in important role in recent developments about
confinement in 4 dimensional asymptotically free gauge theories. SEIBERG and Witten have
got an analytic expression for the low energy effective action (the leading two terms in a
derivative expansion) of this theory [41]. On shell this model contains a vector field A,
two Majorana spinors X1, x2, which can be combined to a Dirac spinor v, a scalar field A
and a pseudo-scalar field B. All fields transform according to the adjoint representation
of a gauge group.

Note that a Dirac spinor can always be written as a linear combination of two Majorana
spinors,

= \g(xl Fixe)  te= \}Em ~ixa) (9.48)

or the sum and difference of a Dirac spinor and its charge conjugate define Majorana
spinors,

(d} + Q;Z)c) W - djc) (9'49)

1 1
1= —= ) 2= 7=
ARV A
Of course, a similar decomposition exists for the supersymmetry parameter

1
a=—(€ +ieg) and .=

v (9.50)

\}5(61 — ieg).

It follows, that

Wy =35> (viPxi) — 30, (X1v'x2) and @My + a My = > &My;  (9.51)
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hold true for any matrix M. Now we could return to the N = 1 vector multiplet and
obtain the following transformation rule for the gauge potential,

5aAu = iz EYuXi = id’hﬂb + i@c’)/;ﬂpc- (9'52)
By dimensional arguments there are no other terms which are linear combinations of the
i contracted with the supersymmetry parameters.
9.3.1 Action and field equations

We just add the Wess-Zumino Lagrangean (6.39) for massless spin-0 fields, with @ replaced
by I) and A, B in the adjoint representation, to the gauge model Lagrangean (9.29). If
A, B are in the adjoint representation, then the self interaction term in (6.39), namely

—g (A —isB) ) — Lg® (A% + B?)?
should be replaced by something like
—gTr (YA, 9]) +igTr (y5[B, ¢]) + 59° Tr ([A, B) .

Hence we would guess that the on-shell Lagrangean of the N' = 2 vector multiplet has the
form

L = —iTvF,F* + 1Tv(D,A)* + iTr(D,B)* + 1¢° Tr ([A, B]?)
+iTrp Py — gTr (V[A, ¢]) + igTr (V5[ B, ). (9-53)

Up to a surface term, the second line can be rewritten as
Ly =Tr {Ix:Dxi — igxa[A, x2] — gx175[B, x2] } - (9.54)
Expanding every field as A = A®T, such that
Fiy = 0uAL = 0,45 + gf % AL A
(DuA)* = 9,A" + gf%. AL A",
we obtain for the component fields
L = —YELEM 4 YDA (DY A)y + 5(DuB) (D' B)a — hg> 'y fupg( A" AP BOBY)
1" (Outba + 9 are ALYE) + 19 fane A“GPU° + g fane BB 50" (9.55)

The model contains only one coupling constant g: the self-coupling of the scalar fields and
the Yukawa couplings are determined by g. There is a potential term in the Lagrangean but
it has flat directions whenever [A, B] = 0. Classically it is scale invariant. This invariance
will be spontaneously broken by a non-zero expectation value of the scalar fields.

The EULER-LAGRANGE equations are the following set of hyperbolic field equations:

A. Wipf, Supersymmetry
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The variation with respect to the gauge potential yields the YANG-MILLS EQUATIONS
D, F" =ig[A, D" A] +ig[B, D" B] — g[t,y"%], where [, M)] = if% )" Myp°T,(9.56)

The variations with respect to the scalar and pseudo-scalar field implies the KLEIN-
GORDON-type equations,

D,D"A = —gl, 9] + ¢*[B,[B, A]
DN‘DuB = _19[¢,75¢] +92[A7 [AaB]]v (957)
and the variation of the Dirac field yields the Dirac equation:

iy = g[A — iy B, ). (9.58)
A particular class of solutions is obtained if we set
Yv=0 and B =0,
in which case the field equations for the remaining fields reduce to
D,F" =ig[A,D"A] and D,DMA=0. (9.59)

These reduced equations admit magnetic monopole solutions. The mass of the monopoles
are proportional to the asymptotic value of |A| and inversely proportional to the gauge
coupling constant g. These monopoles are relevant for a field theoretic understanding of
the central charge of the N' = 2 gauge theory.

If we now further set A = 0 then we get the pure Yang-Mills field equations

D,F™ =0 (9.60)

which in the EucCLIDean sector possess (anti)selfdual Instanton solutions. Later we shall
see, that instantons break half of the supersymmetry: the instanton background is left
invariant by a subset of the N' = 2 supersymmetry transformations which generate a
N =1 supersymmetry.

To calculate the Hamiltonian density we note that the momenta conjugate to the vector,
scalar and fermion fields are

ﬂi:—FOi:EZ' a4 = DyA, 7w = DyB and ﬂ¢=i¢T.

When discussing the Hamiltonian structure of gauge theories it is advantageous to choose
the Weyl gauge Ag = 0 for which

ﬂ'iZAZ', 7TA=A, WB:B and 7r¢=i1/JT.

The Hamiltonian density is gotten as LEGENDRE transform from the Lagrangean density
and it reads

Ho= T{} (7% + 7%+ 73) + 1B + J(DAP? + L(DB)? — i)’y Dy

2
+90lA,¥] — ighsB,v] - L[4, B2}, (9.61)

This density is (formally) hermitean and the bosonic part is bounded below.
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9.3.2 Supersymmetry transformations and invariance of S

Now we shall fix the variations of the remaining fields A, B and ) such that £ is invariant
up to surface terms. The calculations are very similar as in the Abelian case and I need
not give many details here. We start from the general formulae

0D,A=D,0A—ig[0A,, 4] , 0D,B=D,0B—ig[dA,,B]
§F,, = D,5A, — D64, , 6Dy = P&y —ig[6A,, v
and deduce the following transformation rules for the various terms in the Lagrangean
density:
10Ty (F,, F*
15Tr(D ADFA
15T1r(D BD"B

) = Tr(F™D,iA,)
)
)
T ([A, B]?)
)
)
)

Tr {D, A(D,SA — ig[sA,., A])}
Tv{D,B(D,8B — ig[sA,, B])}

2Tr{[A, B]([0A, B] + [A,0B])}

sTe{ioxDx + ixIox + gx[6Au, v*X]}

= Tr{dox1[4, xa] + X1[A, dx2] + X1[0 4, x2]}

= Tr{ox175[B, xa| + X175[B, dx2] + X175[0 B, x2]}

15Tr(x],DX
dTr(x1[A4, x2

0Tr (X175[B, X2

]
]
To fix the transformation properties of the scalar fields we first study the terms in 6L
which are trilinear in the Dirac field:

9T {SX[0 A, v xi] — iX1[6A, x2] — X175[6B, x2]}
Using the explicit form of §A,, and that Tr(x[€y.x,7"x]) = 0 we obtain
= g fae{ 5 (XTVXD) (€270x5) + 3 (X37*X3) (E17:xT) — (XX3)0A° +i(XT75x3)6 B}
We rearrange the first two terms with the help of the FIERZ identities

(E1757uxD) (03717x8) = —(xix3)(€x5) + (Xisx3) (€175x5)
(E2757uX3) (X17x5) = —(xix3)(€xi) + (Xirsx3) (€275x5)

(E17x %) (X5 x5) —

1
2
1/= b

5 (E27ux2) (XTI XT) —

1
2
1
2

The second terms on the left hand sides do not contribute, since they are symmetric in
b,c or a,c, respectively. Now we can read off how the scalar fields must transform such
that the terms trilinear in 6L chancel:

IoA = —(é1x2 — é2x1) = i(ay) — acthe)
daB = i(€175x2 — €275X1) = QY5Y — QY5 (9.62)

Again, the variations of A and B can only be linear combinations of the y; contracted with
the supersymmetry parameters. Let us see, whether we can arrange for a transformation
of the Majorana spinors such the terms trilinear in the bosonic fields A, B chancel in §L.
Such term can only arise from

QTI"{Q[AaB](WA’ B] +[A,B]) —idx1[A, x2] — iX1[A4, dx2] — 0x175[B, x2] — 2175[375X2]}‘
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So let us assume, that
oxi = glA, Blysei +...,  0Xi = g&s5A, Bl + ...
Then the last four terms in the second to last equation read
gTr{[A, B]( —i[A, &1v5x2 — €275X1] + [€1x2 — €2x1, B])} (9.63)

and exactly cancel the first two terms. From our experience with the Wess-Zumino model
we also expect terms

oxi = —iP(A—ivsB)ki+ ..., 0Xi = iR P(A+ iy B) + ... (9.64)

which are fixed by considering the contributions which are quadratic in the scalar fields.
These contributions can only come from

6L = —igTr{D,A[6A,, Al + D,B[5A,, B} + sTr{6x:Dxi + X:Pox:}
—igTr{6x1[A, x2] + X1[A, dx2]} — gTr{0x175[B, x2] + X175[B,dx2]} + ...

In the first two terms we insert the variation of the gauge potential, in the next two terms
the result (9.63) and in the last two terms the expected results (9.64). This then leads to

= 59{[A, BID,(&v57"xi) — DulA, Bl(&v57"x4)}

+9{[A, D A] + [B, D, B]}Héav" xi — (v xe — Ry x1)}
+ig{[A, D, B] + [D,A, B]}{R1v57"x2 — Raysyx1)} + ...,

where ... indicates the terms which are not quadratic in A, B. Clearly, we must choose
kK1 = €3 and kg = —e1 such that the second line vanishes and this becomes a total
divergence

éaﬂTr{[A, BléysyH xi}-
Collecting the various contribution we conclude, that

Sap = iFMY,a—D(A—iyB)a+ g[A, Blysa
So = —iaF*™x,, —alp(A+ivsB) + gavs[A, B. (9.65)

Let us summarize our findings (what has not been proven here, we leave as an exercise).
The action (9.53) is invariant with respect to the following supersymmetry transformati-
ons:

baAy = (Y + acyute)

5aA = 1(0711) - 07&%)

0B = oyt — acY5Pe (9'66)
datp = IFMY0— D (A—iysB)a+g[A, Blysa.
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Note that a constant A-field background is left invariant by an arbitrary supersymmetry
transformation. It does not 'break supersymmetry’.

We have already done most of the calculation in order to show that S is invariant. The
explicit result reads

5L = 0, (GV" + &Vl
VI = Tr {(ig[A, Blysy" + 2Dy, (A — iBrys) 2"+ F* 57, )1}
Vi = —iTr {(DH(A —iB~vs) + F*y,)¢c}

[

To construct the Noether current we need to calculate

_ 9L s+ = Tr{ — FM"§A, +ipy"51h + D*ASA + D'BSB)}
9(0,4A,)

and subtract aV* + a.V¥. The result is the following hermitean Noether current:
T = a{F" s — iFMy +iD(A+ iBys)y" +iglA, Blyys ) o
+ O {TFM s+ 1IFy, — (A — iBys) + ig[4, By} o

The corresponding Noether charge reads

Q = Oé/d3x(R+S)1/)+/d3x1/J(R—S)a with

R = ~Bys+ ifyofyiDi(A — iBs) + iy0s [A, B]
S = i’yiﬂ'i-i-iﬂ'A +7TB’)/5

Here m; = F; is the momentum conjugate to A;, 14 = DyA the momentum conjugate to
A and mg = DoB the momentum conjugate to B. One should compare the charge of the
N = 2 vector multiplet with the one in (6.48) of the Wess-Zumino model and the charge
after (9.22) of the N/ =1 vector multiplet.

Exercise: Check, that the commutator of two supersymmetry transformations is

s = aPOptp +i[A, Y]
wn) B = a?0,B + i), B]

[0, 0as] Ay = aP0,A, + Dy A [0y s
[50417 5042]"4 = a’papA =+ i[)\, A] [50417

S

where
a? = =2i(agyPa1 — a1yPae)

is the parameter for the infinitesimal translation generated by the commutator of two susy
transformations and

A= 2i{(d2’ypa1 — 641’}/’0042)Ap — 5[2(14 — i"}/5B)a1 + 6{1(14 — i’}’5B)OéQ}

the field dependent gauge parameter.
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9.3.3 Chiral basis

We rewrite the previous results in terms of Weyl fermions

Aa b= (x%, A an = i
o= (31) F=0he) wd o= (asiB)VE

Using the conventions in the appendix we see that

VDY = X*0uaaDFX* + e Dyda = x(0 D)X+ A(GD)A
CGAY] = XA ]+ A4 X = X[4 X+ A4, X]
¢75[B7¢] = _Xa[Ba)‘a] + )\d[Bvxa] = _X[Ba)‘] + )‘[B>>_<]
[6,¢'] = —il4, B].
In terms of these Weyl spinors the action takes the form
L = —TrF,F" +Tr(DuéD"') - 34° Tr([6,6'])
Ty {ix(aD))‘g +iNGD)N — vV20x[0, A — V2g Ao, ;z]} . (9.67)

To rewrite the susy-transformations we also change from Dirac- to Weyl spinors for the
supersymmetry parameters,

o= () a=0rdn).

In the chiral representation we may choose as charge conjugation matrix

0.2 —’iO’g 0 . (8(1[3) 0
€=y —< 0 m) _< 0 (%) (5:68)
such that
e = CoT = (§> L Pe=(00a), ac= (gz) Lae=(0"7).  (969)
Now we can rewrite the fermionic bilinears in the chiral basis

ayy — ache = ﬁA+§X*9X*ﬁ5\
st — acysthe = —nA+OX +Ox — A
av ) + acybe = mouX + 0o, A+ 0oy X+ Noux
Inserting these relations into (9.66) yields

§A, = i(noux + 05, + 0o, +05,X)
5¢ = iV2(0x —7N), d¢f =iv2(nA - 0x)
SN = 1F"™o5,,0 —V2(0,D"e") i —igle, 4]0
OX = $F"6,,0—V2(5,D"6)0 +igl¢, ¢
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9.3.4 Bogomol’nyi bound, Monopoles and Jackiw-Rebbi modes

Let us come back to the monopole and instanton solutions in this model. Assume that we
have constructed a solution with B = 0 and ¥ = 0. Such a solution is left invariant by the
supersymmetry transformations if

0 =0 iF"Y,a= DAa or %F“”%,,a = DA (9.70)
which in a chiral basis reads
3F (0)a” 05 = DuA(0™),5n°  and 5™ (5,,)% 0" = D, AE")* 0.

Let us see what second order equation is implied by the condition (9.70). For that we act
with I) on this equation which leads to

%%WVDPFWOZ = D*Aa — %VW[FPM Ala.
Now we use (9.11) and the BIANCHI identity to simplify the left hand side,
YWD F* o = D*Aa — %7”“[}'})#, Ala = D*Aa — igy"[D,A, Ala,

where in the last step we used the invariance condition (9.70). This finally yields the second
order equation

(D, F" —ig[A, D" A])ya = (D*A)a. (9.71)

Next we argue that both sides must vanish separately if « is arbitrary. This way one
arrives at the field equations for the scalar field and the gauge potential in cases where
the pseudoscalar and Dirac field vanish. To see this we note that @y« is imaginary and
ao is real for a Majorana parameter . Hence if we multiply (9.71) with & from the left
and assume that o is MAJORANA, then the left hand side becomes antihermitean, whereas
the right hand side becomes hermitean. It follows that both sides must vanish. This then
proves that the first order equation (9.70) implies the second order field equations (9.59).
Let us now assume, that (4,, A) is a (static) magnetic monopole solution. Then the first
order equation (9.70) reduces to

0= 60— i Bty  —1D;A _(iT-BO0—-T1-DAq
o =t 7.D; A B;T; @ = iB’Tﬁ‘FT'DAH '

This system of equations is satisfied if
0o = (00) 45 776 and B = DA (9.72)

hold true. The first condition means that only a A/ = 1 supersymmetry is left intact and
the second condition is the BocOMOL’NYI bound. To make this more clear, consider the
energy or mass (9.61) for a static background (A4;, A)

M:%/d?’mTr (B%+ (DA)?) :;/d%Tr (BiDA)2¢/Tr (B-DA).
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Clearly we have the bound
M > ‘/Tr(B~DA)

which is just the celebrated BOGOMOL'NYI bound. The BIANCHI identity for the ’chromo-
magnetic’ field reads

D -B=0= VTr(BA)=Tr(B DA).

Inserting this into the BOGOMOL'NYI bound and using the GAUSS theorem yields
M > ’ ?{’H(B A)dS ‘ (9.73)
To continue we assume that the gauge group is SU(2) with generators

T, = Ta, such that fupe = €qpe-

V2
If v denotes the length of A at infinity, then the last surface integral is just the magnetic
fluz of the U(1)-magnetic field in the direction of A times v such that

M > v®.

Since |DA| tends to zero at spatial infinity it follows that

Al = —%eabcAbaiAc + A°C;
gu

)

holds true with Cj; arbitrary. If we now compute the leading order behaviour of the non-
Abelian gauge fields we find

1
Fj ~ ;Aafijy

where we introduced

1
fij = _WeabcA“@AbajAc +0iC; = 0;Ci

and the equation of motion imply ;¥ = 8;*f¥ ~ 0. Outside the core of the monopole
the non-Abelian field points in the direction of the HiGaGs field, that is, in the direction of
the unbroken U(1). The magnetic charge of this field configuration is given by the flux of
the magnetic field B; = %Eijk fjkr through a sphere at infininty,

2 , , 4N
o= 7{ BdS = lim R—S f €ijkCabc AT APOF A1 dQ = ”7 (9.74)

R—o0 2gV

with N the winding number of the HicGs field, i.e. the winding of the map

S§? 54— A(#) = lim A(ri) € S2.

T—00
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Thus we obtain the celebrated Dirac quantitation condition
g® =4nN (9.75)

relating the gauge coupling to the magnetic charge of the monopoles. The corresponding
BocoMOL'NYI bound

4N
g

M > v (9.76)
saturates for B; = £D;A, that is for BPS-monopoles. The solutions to (9.72) are well-
known. In the BPS limit monopoles neither attract nor repel each other. This must be the
case, since the lower bound is attained independent of the distance between the monopoles.
When one changes the collective coordinates the energy does not change and hence the
monopole cannot increase or decrease the energy if they move relative to each other. This
behaviour is typical for BPS states which saturate a BOGOMOL'NYI type bound.

Now we shall see that supersymmetry automatically generates the so-called Jackiw-Rebbi
modes. Note that the Dirac equation in the gauge Ay = 0 reads

i) = —ia'Diyp + ¢7°[A 9], o' =107

For the static monopole background (A;, A) we may separate off the energy dependence
and arrive at the time-independent Dirac equation

Ep = —ia' Dy + g7 [A, ¢] = Hy.

Now we shall prove that d1 is a zero-mode of H if (A4;, A) satisfy the BOGOMOL'NYI
equation. For B = D A the supersymmetry variation of the Dirac spinor simplifies to

it K

i K

5w:DiA< >, where k= 0+ i7n.

It follows that

VDo = DjDiA< e ) = 3[Dj, Di]A (leﬁw)

=ik €jik K
ZinM<gf>=M%&M<ﬁ:>=4MJM,

where we used D?A = 0 in the second step. This is just the equation
Hép =0

for a zero mode. Thus we have found an explicit expression for the JACKIW-REBBI zero-
modes about a magnetic monopoles. Supersymmetry opens up an elegant way to charac-
terize and construct BPS-monopoles, it also gives the associated JACKIW-REBBI modes.
For the physical consequences of these modes I refer to [43].
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9.3.5 N =2-SYM in Euclidean spacetime
In EucLiDean spacetime the gamma matrices must be hermitean so that we choose
(0, vi)m = (0, =13 E- (9.77)
From
Ly ~ $Tr(Fy)? — 1Tr(Fyj)* + . ..

we see, that the Lagrangean becomes negative definite, irrespective whether we multiply
the time coordinate or the space coordinates with 7. Because

ﬁ]\/[ = %TI‘ (D()A)2 — %TI‘ (DZA)2

we conclude that we should continue the time coordinate for these terms to become nega-
tive definite. Hence we should choose

(0o, 03)ar = (00, 0i)E, such that (Ao, Ai, Foi, Fij)m = (iAo, AiyiFoi, Fij)p.  (9.78)
With this choices we have
Dy =ilp.

In EucLiDean spacetime the Dirac term must have the form

iyt Py
in order to be hermitean and SO(4) invariant. This tells us, that
(. P)ar = (,i")p such that (W PY)u = —i( Py)p. (9.79)
For
Ay =Agp and By = Bg (9.80)

the Yukawa interaction term

—gTr (P[A, ¥]) = —igTr (y1[A4,¢))

becomes antihermitean in EUCLIDean spacetime,

{—igTr (AW = (9factr™ AT = (gfapepT AP)%) = igTr (v1[A, v)).

More generally, one can show that there are no consistent transformation rules of the
coordinates, y-matrices and fields such the resulting EUCLIDean action is hermitean and
bounded from below.

This is not as bad as it seems, since in EUCLIDean spacetime the mass term in 9 (i) +im)y
is not hermitean either. But although the eigenvalues of iI) + im are not real, they come
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in pairs £\ + im and the partition function stays real, since (A + im)(—\ + im) is real.
Since after spontaneous symmetry breaking the Yukawa terms may lead to mass terms for
the fermions we even expect an antihermitean Yukawa interaction. Hence we may accept
the transformation rules (9.77-9.80) in which case

Ly = YTvF,F*™ 4+ iTr(D,A)* + 1Tv(D,B)* — L1¢* Tr ([A, B]?)
HTrp Dy +igTr (WI[A, ¢]) + gTr (15[ B, ), (9.81)

where the indices are raised and lowered with the EUCLIDean metric d,,. This seems to
be a completely consistent EucLiDean model. In the chiral representation the hermitean
matrices y-matrices and the hermitean -5 take the form

(0 7 o 0 i7; and _ ) 0
Y0 = w 0)° Vi = i, 0 Y5 = 0717273 = 0 -7 /)"

Also note that
o (-im 0 . . 0
Yoi = ( 0 1TZ> and Yij = 1€k ( 0 Tk) )

_fow O
(5 )

is anti-selfdual and &, selfdual.

so that oy, in

The gauge- and general covariant derivative of the fields are
D,® =0,% —i[A,, ?].
If there is a supersymmetry, then the symmetry transformations should have the form
da Ay = i(aT*yM@ZJ - ¢T7uoz), baA =—alp+9Ta, 6,B=i(alys —Tysa). (9.82)

Now we have got a serious problem. The second formula shows that A should be antiher-
mitean. But with an antihermitean A the terms Tr(DA)? and the potential term quartic
in the scalar fields become unbounded from below. The corresponding model in unsta-
ble and probably not consistent. Note however, that for an antihermitean A also D, A is
antihermitean.

The remaining transformation of the Dirac spinor field reads

bap = —iF"Y,,a—ip(A—iysB)a+ g[A, Blysa
Satbt = ialF"%,, —ial (A +ivsB) + gal [A, Blys. (9.83)

The invariance of S is proven as follows. The terms in 0L containing the scalar fields is
easy to calculate and leads to 9, Tr (K*) with

K" = —ig[A, B](a'y"y5¢)) + a' D*(A — insB)Y + T D*(A — iys B)a — aly* D(A — iys B)y.
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As always, the term containing only the fermions is the hard one.
To continue our calculation we note, that (4.85) holds with our conventions in EUCLIDean
spacetime, i.e.

4+ix" = —(x"0) = 7 (xX YY) + 37 TV ) + 157, (X577 Y) — 15 (X Ts). (9.84)
But the formulae (9.8) and (9.11) now read
22#1/'7;1 = Z.(S,up'}’u - Z.(Sup’)/,u + ieuup07075
292 = _i(syp'YV + 'L'(sup’y,u + ieyuparYU'yS (9-85)

where €g103 = 1. Using the last set of relations together with the BIANCHI identity one
arrives at the intermediate result

—id), Tr (Ff“’l/ﬂfyya) — 10, Tr ( *F‘WozT’yy’ym/J)
+g el (I n) (@) — (haps) (aTpe) + (Blvsn) (@51} (9.86)
—gfare{ (Wi by) (Wivpa) — (i) (Wla) + (lyses) (Wivsa)}

Now we apply the FIERZ-identity (9.84) and find

Yy, = =) + 29T + 2. (T srx) + 75 (0T X)
VT —vsxvTys = —Lv.(Tvx) + 257, (T sr#x)
which yield
VX v — x0T+ vxvTvs = 1.0 Tx) — @Tx) + (T X). (9.87)

With this result the terms in (9.86) containing the 1/3-terms can be rewritten as

+9 fare{ (i vube) (ol yahy) — (i) (alihy) + (blysee) (aysen)}
—g faved (W 00) (bl yue) — (le) (W) + ($ivsoe) (Yirsa)}

It follows that the terms in curly brackets are symmetric in (b, c¢) and (a, ¢), respectively.
Because of the antisymmetry of the structure constants the contribution of the 3-fermion
terms to the variation of the Lagrangean vanishes. Thus we remain with the following
result for the variation of £ under supersymmetry transformations:

oL = 8MTr VH*  where
VE = —ig[A, Bl(a"y59) + ol DH(A — iy B)y + ¢TDH(A — s B)a (9.88)
—aly " P(A — iys B)y — iF™ iy, — i F aly, 59

Now it is easy to construct the Noether current. One finds

JH = ol {in, (F* s + F*) 4 ig[A, Bly'ys — (A + iBys)y" }o
+ Y iy, (F*ys — F*) +ig[A, Bly*ys + " ID(A — iBys) o (9.89)
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9.3.6 Selfdual instantons and small fluctuations

As previously we are interested in background configurations which preserve part of the
supersymmetry. We assume that all fields with the exception of the gauge potential vanish.
This condition is preserved by a supersymmetry transformations if

§p = —iF"Y,,a=0, a= <g> — F"o,0=F"5,0=0 (9.90)

There are two ways to fulfill these conditions:
=0, F"6,,=0 or =0, F"o,, =0. (9.91)

In the first case only the righthanded supersymmetry survives and F'*” is anti-selfdual, in
the second case the lefthanded supersymmetry survives and F*" is selfdual. As expected
these selfdual and anti-selfdual gauge fields are solutions of the classical field equations
which are the YANG-MILLS, KLEIN-GORDON and Dirac equations

D,F* = ig[A, D"A] +ig[B, D'B] + g[)", v1)]

D*A = ig[p' 4] — *[[A, B], B]]

D?’B = g, sy — ¢*[A, [A, B]] (9.92)
Py = —iglA—iyB, 1.

Similarly to the previously considered monopoles we can interprete the (anti)selfdual in-
stantons as BPS-states which preserve only half of the supersymmetry.

Now we pick a selfdual instanton configuration flﬂ and consider its supersymmetry varia-
tion

0aAy =0, 6,A=0, 6,8B=0, 60 =—-iF"Y 0.
Since fl# is a classical solution we have
S[Au] = S[A,, 6at] ~ S[AL] + (6ot ilP 600))
which should imply that §,1 is a zero-mode of the Dirac operator. This is easily proven:

YFoarh = Y (F" s — Fu)a =
D0t = 19 D,("FP5 — FP)a = —in, D, P —

where we have used the BIANCHI identity and the Yang-Mills equation. This proves that
04 is a zeromode of the Dirac operator. Since

0 0
dath = =3 (o &F) @

this zero mode is right-handed. Actually, from the index theorem we infer that in an
SU (2)-instanton background with charge ¢ the operator iI) possesses

32+ 1G+1)jq (9.93)
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righthanded zero-modes in the spin-j representation. In particular for adjoint fermions
there are 4¢ zero modes.

Now we wish to relate the various fluctuation fields about selfdual instantons [46]. We
start with perturbing an arbitrary background field by small fluctuations

A,=A,+a,, A=A+a B=B-+h. (9.94)
We perform the corresponding Taylor expansion of the (unstable) EUCLIDean action
S=85+5+5+...,

where S; is of order ¢ in the fluctuation fields. In what follows we only work with the
background fields and the perturbation and hence may safely omit the bar for the back-
ground fields. The first term S; leads to the field equations (9.92). The expression for Sy
for general background fields is rather complicated. But for backgrounds with vanishing
A, B and v it becomes rather simple

Sy = /al,{ — D%, + D,D,, — 2ig[F* .|}a, — aD*a — bD*b 4+ i)' Pyp.  (9.95)
We read off the following fluctuation operators
M,, = —D*5,,+ D,D, + 2ig ad(F,,), Ma=—-D? Mp=-D* M, =ilp,(9.96)

where all covariant derivatives are to be taken in the adjoint representation.
In a one-loop approximation to the partition function one needs the eigenvalues of these
fluctuation operators,

Mypa, = Na,, Maa=Na, Mpb=Xb and My = \p. (9.97)
Let us assume that 1 is an eigenmode of the Dirac operator,
iy = \p = iD, iy = — AT (9.98)
The squared Dirac operator,
D? = 9,7 DuDy = (8,40 + Yuw)DuDy = D? + 14,,[D,,, D) = D* + 3,,ad(F,,), (9.99)

simplifies for selfdual gauge fields as follows:

(D)= -D*+ 1 <"a%(F) m?w)) Dy (8 5a(?(F)> . (9.100)
We see that the ’left-handed’ fermions
v = Pri, PL=11+7)= <é 8) (9.101)
fulfill the equation
~D*r =\
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which is identical to the eigenvalue equation for the scalar and pseudoscalar field. Therefore
any eigenmode 1)1, of —I)° with eigenvalue A\? transforms under susy transformations into
eigenmodes

a= —OéEI/JL + wzaL and b= i(aTLwL — 1/120@) (9.102)

of —D? with the same eigenvalue.

The same procedure applies to the eigenvalue equation of the vector fluctuations. We start
with a righthanded eigenmode of —lDQ which fulfills

(— D?+ 25ad (F))r = N?Yr.

Now we multiply this equation with ¢, from the left and use the first of the following two
identities

OpOpuv = OpuOv = OpuOu + €uupoTo 5 OpOuv = Opu0y — OpuOp — €uupo o
which follow from (9.85). This leads to
{ — D*6,y +iad (Fyp + *Fup) Houbr) = XN (0uibR). (9.103)
For a selfdual gauge field this equation becomes

{— D%, +2iad(F,)} o0 = Nyug
{— D%, +2iad(F,,)} ¢he, = Moha, (9.104)

and it implies
—D*(oD)yr = A\*(6 D). (9.105)

Now we take the vector field which is gotten as supersymmetry transformation of a right-
handed eigenmode,

a, = i(fo, v — ¥ha,). (9.106)
For A # 0 this vector field has a non-vanishing divergence,

Dyay, = Malyr +lar). (9.107)
However, out of a, we can construct the following source free vector field

1

buzau—k)\2

D,Dy,a,
which satisfies the so-called background gauge condition

Db, = 0. (9.108)
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The difference between b, and a, is an infinitesimal gauge transformation. The proof is
simple and makes use of (9.105):

1 _ . _
Dyb, = Dya,+ FDQ{aTLl(JD)wR —iD,k 6,01}
= Dya, — {ali(oD)r —iD,¥hG,a1} = Dya, — Dya, =0.

After this preparations we come back to the fluctuation operator M,,, for the gauge bosons
in (9.97). It is just the sum of the the operator on the left in (9.104) plus D, D, which
annihilates b,. Hence b, is eigenmode of the fluctuation operator with eigenvalues A2,

M,uby = Nb,, Db, =0.

Hence we have already diagonalized the fluctuation operator on fluctuations fulfilling the
background gauge condition.

We summarize the main results of this section: the bosonic fluctuation operators and —lDQ
have all the same spectrum and the eigenmodes are related by supersymmetry. Now we
turn to calculating the partition function in the one-loop approximation.

9.3.7 One-loop partition function

After our previous investigations it seems proper to use background gauge fixing. Hence we
add a gauge fixing term %(Duau)2 to the LAGRANGEan, and the first eigenvalue equation
in (9.97) is then modifies to

(M, — D,Dy)a, = Na,.

We use the zeta-function regularization to ’calculate’ the determinant of an selfadjoint and
non-negative operator A:

d
logdet A = ——Ca(s)ls=0, Cals) = Y A"

An>0
The so defined determinant has a simple scaling property,
log det %A =logdet A —log A - C4(0).
Using the fact that the fluctuation operators have the same non-zero eigenvalues
log det’(—lD2) = 4logdet/(—D?) = log det/(M,,,),

where in the last equations we assumed the background gauge condition D,b, = 0. Now
we insert our result in the general formula for the one-loop partition function in the g¢-
instanton sector[47]

Zy(Vg) = M9 = = / D(ay, o, 1, A, B)e~ S+ @inai)
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dn p 1/2 2
= S g )20 H (det .J)1/? det"" (= ") det' My
14 ) {det(—D?)det’ (— D2)det/(— M, } '/
< T T, ) (o m) exp (— / n'G'n).
For the background gauge fixing M), = —D?. Here dy and Vj are the dimensions and

volume of the stability group H which commutes with the su(2)-algebra defined by the
instanton [48]. For G = SU(2) we have dg = 0. The fluctuation operator M,, may
possess p additional zero-modes arising from the variation of the collective parameters
{7r}. J denotes the Jacobian when one converts p expansion parameters (in the expansion
of the gauge field) into the collective parameters.

Now we consider the rescaled theory with

A(\x) = A(x)
to the original one. Again we refer to [47] and take the general result
log A A
WolAV.g] = Wy(V.g) + %2 / Tr (a3 (v) + af () — 208" (2) — af (2) + 03" ()
log A

= Wy(

16 Q/TT —a2 —|—a2 (),

where the second Seeley-deWitt coefficients of the various fluctuation operators appear.
These coefficients are

af;“ (x) = —gngrAF“VFW
ay(z) = %gQTrAF’“’FW (9.109)
ag(x) = —%TrAgQF‘“’FW,

where Tr 4 is the trace in the adjoint representation, we obtain

WoAVigl = Wy(Vin,g

log Ag? ” log Ag” v
- [ tear R = W) - TS [ ()

where T4 is the second-order Casimir of the adjoint representation. This then implies the
following scaling law for the effective action,

log Ag? U a
LOWg) = ¢ 2(1—TA = )/F; Fe..

The effective action is invariant, if we rescale the field and coupling constant according to

2

log A
A, =V ZsA,, P2\ = %3 with Zy=1- -2

472

For example, for G = SU(2) we have T4 = 2 and the S-function and anomalous dimension
of the gauge fields are found to be

B
Bg) = uafug(u) = —4%2

TAg

0 1

3 2

_ log 7+ = = _.
g°(n) and ~a(g) —Mau 0g 43 = 27r29 (), 2
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We see, that the theory is asymptotically free, similarly as QC'D with a not too big number
of fermions. This ends the first part of our discussion of the SEIBERG-WITTEN model.
To make further progress we need the superfield formulation which we shall introduce
soon. The non-perturbative structure of the N/ = 2-SYM can much easier seen in this
formalism. But before we turn to superfields we shall discuss a new technique to construct
supersymmetric theories, namely the dimensional reduction.

9.4 Closing of the algebra on fermions.

We show explicitly that the superalgebra (9.82,9.83) in EucCLIDean spacetime close on
the fermions. This calculation is rather tricky and we skipped it in the main body of the
chapter. When calculating the commutator of two susy transformations on ¢ one obtains
three types of terms. Those which are linear in A, those which are linear in B and those
containing neither the scalar nor the pseudo-scalar field,

[5041’ 502]7:[) = ig[A, XA] + g[B, XB] + R.
One finds
Xa = {(olw) - (6hsan)}rson + {(afr) - @i ar — {ar & a2}

Xp = {(o) - @)}y + {(aly) - @ha)hryser - {ar o as}
and

R= 2{(« 17’1/ D) — (D u¢T7ua1)}2uva2
+i{(alDyw) — (D wtan) It as
—i{(a 175Du¢) (DT ys01) 1y s an

or o o)

Using the FIERZ identity the he terms in R containing ¢ (and not ') can be rewritten as

%( )]Z)@Z’ + i(ai'YMOQ) Dy — (a17pa2)7p¢1/}
i(aT’V a2)%0$¢ 3i(a 175’}’#042)751);11/1
+ 0 (el sy a) sy, D + B (adysan) s Py,

To be done!

A. Wipf, Supersymmetry



Kapitel 10

N = 4 Super-Yang-Mills Theory

The largest supersymmetry that can be represented on a particle multiplet with spins <1
is N = 4. Correspondingly the N = 4 model [51] is called mazimally extended. All N = 4
models must be constructed from gauge multiplets. This makes the particles necessarily
massless and there will be no central charge.

Our interest in the N = 4 SY M is twofold. On the one hand, the theory is believed
to be S-dual, one expects that the complete effective action, including all instanton and
anti-instanton effects organize into an SL(2, Z) invariant expression. On the other hand,
not unrelated to the previous, we are motivated by the AdS/CFT correspondence.
On-shell the theory contains a gauge boson A, 4 Majorana (or equivalently 4 Weyl) fer-
mions which maybe grouped into two Dirac spinors, and 6 scalar fields. All fields transform
according to the adjoint representation of the gauge group.

10.1 Scale invariance in 1 loop

Without knowledge of the precise action we can already calculate the 1 — loop B-function
of this theory. Under scale transformations the Schwinger functional changes as

log A )
WiAVigl = WolVig)+ ooy [ Tr6a (o) - 208" (x) ~ 205 () + " (z)
log A
= WalVag) + ey [ Tr{ded (@) - 205 () + " (),

where the Seeley-deWitt coefficients have been given in [50]. We have used the field content
of the theory that all fields transform under the adjoint representation. One finds, that the
expression between the curly brackets vanishes. Thus the 1-loop action is scale invariant
and the S-function and wave function renormalization vanishes,

B(g) =0 and Z3(g)=0. (10.1)

In [52] it was found that for the N = 4 theory the S-function remained zero up to three
loops and that therefore there were no divergent graphs at all to that order. This led
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everyone to suspect that the theory may be a finite field theoretical model in four space-
time dimensions and arguments were put forward to proof the finiteness to all orders in
perturbation theory [53]. Some arguments are based on the relation between the trace
anomaly in the energy-momentum tensor, the S-function and conformal invariance, other
arguments used the explicit matching of bosonic and fermionic counting in the light-cone
gauge and yet other arguments were based on the non-renormalisation theorem and the
background gauge.

10.2 Kaluza-Klein-Reduction

The relevant models with extended supersymmetry are intimately related to Lagrangian
field theories in more than four space-time dimensions. The idea of employing higher
dimensions to understand the complexities of extended supersymmetry has been pioneered
by J. Scherk [54]. As an exercise in getting familiar with higher dimensions, I shall show
how N = 4 supersymmetric Yang-Mills theories fit into a world in higher dimensions.
We derive this theory by a sort of Kaluza-Klein reduction of a gauge theory in higher
dimensions. After compactification all but four components of the vector potential become
scalar fields. Since the N = 4 SYM theory has 6 scalar fields and the gauge field has 4
components, this implies that we must reduce a gauge theory with a 446 = 10-component
gauge potential, that is a 10-dimensional gauge theory.

10.2.1 Spinors in 10 dimensions

In 10 dimensions a Dirac spinor has 32 complex components which are four times the 4 x 4
real components of the 4 Majorana spinors in the NV = 4 theory in 4 dimensions. Hence we
must assume that the spinors in 10 dimensions are both Weyl and Majorana. Such spinors
do exists as we have discussed in chapter 3.

We start with the Dirac matrices v* in 4-dimensional Minkowski space and give an explicit
realization for the matrices I'"*,m = 0,...,9 in 10 dimensions: We make the ansatz

Iy =A®v, Tsya=As®7, p©=0,1,2,3, a=1,...,6.
To see what are the condition on the A-factors such that
{Th, Tn} = 20mm, n = diag(1,—1,...,-1) (10.2)
holds, one uses that for [4, B] = 0 on has
{AC,B® D} =AB®{C,D} and {C®AD®B}={C,D}® AB. (10.3)
and for {A, B} = 0 one has
{A®C, B D} =AB®[C,D] and {C®A,D® B} =[C,D]® AB. (10.4)
Now it is easy to see that we must demand

A? =13, [AA]=0, {A, Ay} = =264 15.
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for (10.2) to hold true. Since T'® must be hermitean and the I™>? antihermitean and since
v5 = —iY0Y1Y27Y3 is hermitean it also follows from

(Ao B)' = At @ BT
that
AT =A, Al =-A,.
Other useful identities which we shall sometimes need are
(A® B)T = AT @ BT and for vectors (z®y,u®v) = (z,u)(y,v). (10.5)
Since A commutes with all matrices and squares to 1g we may choose it to be the identity,
A = 1s.

Note that the hermitean iA, generate the Euclidean Clifford algebra in 6 dimensions and
that the [A,, Ap] generate the group spin(6). Earlier we have shown that in 6 Euclidean
dimensions there is a Majorana representation. Hence we may choose A, to be real and
hence antisymmetric. To construct this Majorana representation we make for the A, the
following ansatz

A; =im ®«; and A3+i:i7'3®0~é@', 1=1,2,3,
so that
T ~1

{a,-,ozj} = {07“64]} = 257;]'14, [ozi,dj] = 0, Oéi = Oy, Ozi = 071

A possible solution is

a =T2®T, Q=T9RT2, Q3=T2XT3
a1 =TI ®T, Gy=-T3Q®T2, a3=T2®T
These hermitean, imaginary and hence antisymmetric matrices obey
Qo = 51‘]' + ieijkak and &idj = (5@' + ifz’jkdka [Ozi, dj] =0.

They lead to real and antisymmetric A,. With our earlier convention the hermitean I'1; =
—I'g---T'g takes the form

FH = F* X Y5, F* = *’L'Al tee A6, Fi == F* == *F*T, ’y; = 75. (106)

If we would choose a Majorana representation for the 4-dimensional «y, then they would
be purely imaginary (see section 3.5) and so would be 75 = —iypy1727y3. Since the A, are
real it follows that the I',, are purely imaginary as well and that the charge conjugation
matrix is C19g = —['g = —1g ® 7. Hence we are lead to take the following antisymmetric
charge conjugation matrix

Cio =15 ®Cy (10.7)
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where C; = —4 is the antisymmetric charge conjugation matrix in 4 dimensions. Since
the A, are antisymmetric it is easily seen that

C1oTmCpyt = —TL. (10.8)

We see that the constants € and 7 are both 1, similarly as in 4 spacetime dimensions.
Let us first see how Majorana spinors look like. Since

Bio=Ciol'§ = 13 @ Caypy = 13 ® By
the Majorana condition reads
V=(@xy=U,<= R x. =1y, (10.9)
and an arbitrary Majorana spinor in 10 space-time dimensions has the expansion
8
U=> E ®xr (10.10)
r=1

where the y, are Majorana spinors in 4 dimensions and the E, form a (real) base in R%.
A spinor has positive chirality if

U =TV = (70 (10.11)

To parameterize Weyl spinors we expand the factor £ in ¥ = £ ® x in eigenvectors of
I',. First we take the 4 (necessarily complex) eigenvectors F,, of ', with eigenvalue 1. For
convenience we assume that the Fj, are orthonormal. Since I'y is purely imaginary the
vectors Fy have then eigenvalue —1 and together with the F), form a basis. With this
choice a Weyl-spinor with I'1; = 1 has the expansion

4
Z(FP®P+XP+F;®P*X4+IJ)7 (10.12)
p=1

v

where Py = %(]l:l:’yg,) are the projections onto the spinors with fixed chirality. A Majorana-
Weyl (MW) spinor in 10 dimensions must at the same time have the expansion (16.9). By
using

VsBy = —Byys or ByPl =P_By, ByP*=P.B,

one finds that the Weyl-spinor (10.12) fulfills the Majorana conditions in 10 dimensions if
Py xp+ P_X44p is a Majorana spinor in 4 dimensions. We denote this spinor again by x.
This way we arrive at the following expansion for a MW-spinor

4
V=Y (F,@Pixp+F@Px,) , U= (Flax,P-+F ®x,Py), (10.13)
p=1 P
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where the x;, are Majorana-spinors in 4 space-time dimensions and y = xf0 denotes the
Dirac conjugate of y. Indeed, using the real basis

1 .
Ey=—(F,+F;) and Eyy, =

V2

the above expansions can be rewritten as

(Fp — Fp)

Sl

4
1
vo= 7Z{EP®XP+F*EP®75XP}
V2 i~
1 4
U= > {E ®X— EjT. @ %5} (10.14)

V2

p=1

Since iI', is real and ivsy is a Majorana spinor if x has this property, this expansion has
the form (16.9), as required.

10.2.2 Reduction of Yang-Mills term

In 10 spacetime dimensions a gauge field and gauge coupling constant have the dimensions
[Am] = L7, [g10] = L* = [g10Am] = L7".

We may absorb the coupling constant in the gauge potential, A,, — g10A4, such that the
10-dimensional coupling constant appears only in front of the the Yang-Mills action,

1
Sym = ——g / dzTr F,,, F™. (10.15)
4970

Now we perform the Kaluza-Klein reduction of the Yang-Mills action on R* x T6. As
internal space we choose the 6-dimensional torus 7% with volume V. We write

Am = (A, ®,), m=0,...,9 a=1,...,6, (10.16)

and assume all fields are independent of the internal coordinates x*,...,z°. We find the
following decomposition of the field strength,

F,u,3+a = 8H(I)a - i[A/u q)a] ) F3+a,3+b = _i[(I)aa (I)b]

Inserting this into the 10-dimensional Yang-Mills action we find

1
Sy — ~— / d*z Tr (—FWFW +2)  D'0,Dp®a + Y [Pa, w) ,  (10.17)

2
49 ab
where we took into account, that ®, = —®% and where the dimensionful coupling constant
g10 and the dimensionless coupling constant g are related as
9 = g%/ Ve. (10.18)
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Now we may rescale the fields with g to obtain after the Kaluza-Klein reduction the
following Lagrangian in 4-dimensional Minkowski spacetime:

Lyy — Lyyg =Tr <—}1FWF“” +1> DFO.D,D, + 197> [, c1>b]2> . (10.19)
a ab

The covariant derivative is D, = 9, — ig adA,. Not unexpectedly we have gotten the
action for a four-dimensional Yang-Mills-Higgs theory with 6 Higgs fields in the adjoint
representation.

10.2.3 Reduction of the Dirac term
In 10 and 4 dimensions a spinor field has the dimension
W)= L7 and [] = L2,

respectively. We start with the general expansions (10.13,10.14) for a 10-dimensional
Majorana-Weyl spinor and its adjoint. We rescale the spinors such that the x;, in

4 4
1 _ 1
V=" (FoPixp+F@Pyy) . U=—3 (F@xP-+F @x,P)
\/‘76p_1 p +AXp p p /7‘/610_1 P p p p+ +

have the dimension of a spinorfield in 4-dimensional Minkowski spacetime. The spinor
should be independent of the internal coordinates. Again we absorb the 10-dimensional
gauge coupling constant in the gauge potential. We find

1
D,¥ = \/—VZ(FP®DMP+XP+F;®DHP,XP), p=0,1,2,3
6 p
/I: *
D3V = —ﬁpr@[@a,ﬂpoFp®[<I>a,P_xp]), a=1,...,6.
6 p

Now we may rewrite the Dirac term in 10 dimensions as follows:
/lexTr‘iJFmDm‘ll = /d4x TrxpDxp

i [T { (At P i) ~ (AT %P [P 4]},
where one should sum over the indices on the right. We have introduced
(AL )pg = (F,,A%Fy) and (AZ),, = (Fy, A“F;) with A% = (AZ)".  (10.20)

Putting the various terms together we end up with the following N = 4 supersymmetric
gauge theory in 4-dimensional Minkowski spacetime:

L= T~ iFuF™ + 1D 0D, @ + g%, &)

—l—%Tr (iXmep + 9(AD)pgXp Pt [Pas Xg] — 9(AL)pgXp P[P, Xq]>a (10.21)

wherea=1,...,6 and p=1,...,4.
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10.2.4 R-symmetry

In 10 dimensions a vector- and spinor field transform under Lorentz transformations as
A(z) — ApA(Ajgz) and  U(x) — S1o¥ (A ), U(z) — U(A 2)Sy,
where

S10 = exp (%wmnf‘mn) and (A10), = (e¥)7) Lo = %[Fm,Fn]

n’

are the spinrotation and Lorentz transformation with parameter wy,, in 10-dimensional
spacetime. They are related via

S T™S10 = (A1o)",T™.

The Lagrangian density is as scalar field such that the corresponding action is lorentz
invariant. For example,

(BT™ A W) () — (S5 T™ S10(A10)™, Apth) (Ala) = (BT™ A, ¥)(Ajga).

When we reduce the theory to R* we must require that the fields do not depend on the
internal coordinates. Clearly this condition is not compatible with the 10 dimensional
Lorentz invariance. Only those Lorentz transformations survive which do not mix the
coordinates on R* with those in the internal space, hence

SO(1,9) — SO(1,3) x SO(6) or A10—><3 g)

where A is a 4-dimensional Lorentz transformation and R € O(6)!. With our choice for
the I';,, the generators of the corresponding spin transformations in 10 dimensions read

F,ul/ = ]18 @ Y F3-%—@,34-1) = Aab ® 1y (10'22)

The Apqy generate the spin(6) ~ su(4) subalgebra of spin(1,9). Since the I, act trivially
on the first factor in the decomposition ¥ = £ ® y and the other generators in (10.22) act
trivially on the second factor, the remaining spin rotations after the dimensional reduction
decompose as follows:

SIO:SG®S7 SGZéHSGf, SX—>SX
SglASs = RGAP,  STIMG = AF 4,

where S is a spin rotation acting on spinors in 4-dimensional Minkowski spacetime. To
summarize, the remaining Lorentz transformation act on the various fields as follows

S : D,(x) — Rab<1>b(x), U(z) — Se€ ® ¥, Ay(x) = Au(x)
S o) — Bo(A ), U(z) — @ Sx(A'w), Au(z) — AH”A,,(A_IJ:).

Lactually, only det A - det R = 1 is required.
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We see that the spin rotations Sg and the associated O(6)-rotations R have become internal
symmetries which rotate the fields without changing the coordinates (on R*).

In the reduced 4-dimensional theory the first factor in ¥ = £ ® x is absent and we should
reinterpret the transformation ¥ — Sgé ® x as transformation of the 4-dimensional spinor
Xx. To find this transformation we note that the real spin rotations Sg commute with I,
such that

SeFy=UpF, and SgF; =ULF:,  UU* € SU(4).

ap~ q°

These relations between Sg and U or U* are just the isomorphisms spin(6) ~ SU(4).
Therefore, under the R-symmetry the spinors transform as

Pixp — > UpgPixg » Poxp— > U P-xq
q q
and the corresponding transformations of the Dirac conjugates read

XpPy — Zf(qPJr(UT)qp , XpP- — Z)Zqung-

q q
Note that for Majorana spinors x, the linear combinations
> (UpgPrxq + UpyP-xp)
q

are Majorana spinors as well.

Now it is not difficult to prove that the action (16.32) of the N = 4 extended SYM-theory
is invariant under R-symmetry transformations. For the terms in (16.32) containing no
fermions the invariance is manifest. The Diracterm is also invariant: for example

ZXprlDXp — Z)ZqunglDUerr = ZXqulDXq
p q

pgr

is left invariant by SU(4)-rotations of the fermions with positive chirality. To show the
invariance of the Yukawa terms is a bit more difficult. First we calculate

(Ai)quPP-i- [(I)a, XQ] — (UTA?&—U)quPP-i- [Rabq)b’ XQ]
(Ag)pqippf [(I)a» Xq] — (UTAZU*)pquPf [Rabq)ba Xq]-

Now we use SglA“Sg, = R“bAb and the definitions in (16.31) and these give rise to the
following isomorphisms between SO(6) and SU (4):

UTAU = R%A%  and UTAU* = R%,AY.

These relations imply that the Yukawa terms are both invariant under R-transformations.
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10.3 Susy transformations in d = 10

The susy transformations in 10 dimensions are
SaAm = ial, V¥, 5, U =iF"™Y, 0 and 6,V = —iaF ™" S, (10.23)

The calculation parallel those for the N = 1 theory in 4 dimensions. In particular

— 18Tt (B F™) = —iTr(F™al, Dy, ¥) (10.24)
Salpp = A(DPF™)TpSppa +T™((al, ¥, ¥
S Tr(3UP) = 3Tr (F6%,0, [, DPW — (DPF"™) Uy Ear + 19T (0T W), W] ).

Since we have e = = 1 (as we had in 4 dimensions) it follows that
VT, e = @S [V
which implies
S, Tr(30DV) = —10,Tr(F™aXmlpV) + Tr(F™a%,,[,DPV)

+1Tr (UI™ (L, 0), U)). (10.25)

To continue we use
Z:mnI‘p = %nmprn - %nnprm - %anp
The term (10.24) and the second term in (10.25) add up to
Te F""(Emnlp — 50mpln + 50nplm) DPY = — LT (F™ ALy, DY)
= —LOPTr (F™ Al mnpP), (10.27)

where we have used the Bianchi-identity in the last step. To prove that the 10-dimensional
action is invariant we need to show that the last term in (10.25) vanishes. For that we
expand the Majorana field ¥ in terms of an orthonormal base T, of the Lie algebra and
find

ITe (PTGl ), U]) = L fop (T T™T0) (al,, U°) (10.28)
To proceed we need some Fierz relations in 10 dimensions: The relation (4.83) becomes

320 = —xth — T (XT™®) + 5T (T W) + LT (XT"PW) — 1T g (XT™P1T)
— 2T mnpgr (XTI W) — LT11 Dinpg (XD 1 T7P90) — 311 gy (XT 1 TP W)
+ 3011 T (XC11 D7) + Dy Dy (\T 11 T7W) — Tyq (xT11 )

We used (4.11) and

M1..MaP1--Pb — _ 41 p| (5[%31 . 51717}
ny

€my..mgny..np€ n
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Next we use the identities

I, =@2—dl , DLyl =(d =4, Tolpnpl® = (6 — d)Conp
]‘_‘Sanqus = (d - 8)Pmnpq ) Psrmnpqrrs = (10 — d)anW

and

Fsrllr‘mrs = *(2 - d)rllrm 5 I‘srllanFS = *(d - 4)F11an
Fsrllrmnpr\s = _(6 - d)Fllanp ) 115111111mnpql_‘S = _(d - 8)Fllr\mnpq

Taking into account that for Majorana spinors
(T TMee) = (BT for n=0,3,4,7,8
and for Weyl spinors
(Tr™Mee) =0 for n=0,24,6,8,10
we may rewrite (twice) the term on the right hand side of (10.28) as
fabe(DTEV) (AT, 00) = S—gfabc(fs(ameb)(@arm\PC)+8<arnrmwb><@arnrmw0>)
= 3fabe(ATm ") (TTYE) = 3 fope (LT V°) (Gl T°)

which proves that the left hand side vanishes. Hence we end up with

6ol = ady, V'™, VT = LTy (F™'T,0) — LTy (F, [P 0) (10.29)

Since

oL oL

a’a A4\ aAan a7 A T N Q\I/a - —&T an_rn\lf lT F, _qum\I/
8(677114(171)6 * 6(8m111a)5 g Te(F™aln¥) + 3 Tr (Fpg )

the Noether current takes the simple form

J™ = —iTr (F™"T, ) + L Tr (F, [P 0) (10.30)

10.4 Susy transformation of reduced theory

After we have gotten the supersymmetry transformations for the N = 1-model in 10
dimensions we are now in the position to derive the symmetry transformations of the
N = 4 extended SYM-theory in 4 dimensions. To that goal we insert the expansion
(10.13) for a Majorana-Weyl spinor into the supersymmetry transformations (10.23)

0y = (Ig@y)¥ , 6aPq =1i0(Aq ®v5)¥
5oV = (z'FW]lg QT + D, ®o (A" @ yHys) + %.0[% Dp]AY ® 114) o
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as well as the corresponding expansion for the supersymmetry parameter a:
4 4
a=> (F,®Pi0,+F;@P 6} , a=> {F®0,P +F] ®0,P}.
p=1 p=1
Using (10.13) we find for the variations of the vector potential and scalar fields in 4
dimensions

4
Sady =1 Opyuxp and Ga®e =1 (Aa)pglpysxg+1 Y (Aals)pglpxg, (10.31)
p=1 p Pq

where we did not make the rescaling by /Vg explicit. To get the susy variation of the 4
Majorana spinors is a bit trickier. We insert into the above formula for

5a¥ =Y (F, @ Pidaxp + Fy © P_daxy)
p

the expansion for v and compare coefficients. After one introduces
(ADL)pg = (Fp, AF,) and (A, = (Fr, AFF) with A% = (A%)*,
the variations of the 4-dimensional Majorana spinors can be written as

oxp = iFuX"0, + De, Z <(Ai)pqp+9q - (A‘i)qu_Gq)
q
g
+ 2 [ @0 1] Y ((A%)p0 P16, + (A®)p0P-6,).  (1032)
q

The Noether current for the extended YM theory can be gotten from the current (10.30)
by dimensional reduction. The 4 Noether currents are linear in the yx,, the field strength
and its dual but also linear in the covariant derivatives of the scalar fields ®,. Their explicit
form reads

Jy = —Tr (CF* 5 + i FM )y, xp
—iTr{ Da®u ((AD)p P17 xg — (A )P y""xg) | (1033)

_%Tr{q)“’ D] <(Aib)pqp—7u><q + (Aib)quJrVMXq) }

From these 4 currents one can get the 4 supercharges of the N = 4 supersymmetric
Yang-Mills theory. They fulfill the anticommutation relations (7.101) with N = 4.

At the beginning of the section we have argued that N = 4 super-YM is scale invariant
since the S-function vanishes to all orders in perturbation theory. Thus the theory should
be conformally invariant and the supersymmetry algebra maybe extended to the N = 4
superconformal algebra. This enlarged symmetry leads to stringent conditions for the
spectrum of the theory. We would need to discuss the representations of the superconformal
algebras to understand the spectrum of N = 4 super-YM. When one tries to argue in favor
of the AdS-CFT correspondence one needs this spectrum. Unfortunately, at this point I
must refer to the literature, since time is running out and there are other important topics
we must discuss. In the next chapter we turn to the superspace formalism.
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Kapitel 11

Superspaces

There are great advantages to constructing supersymmetric field theories in the super-
space/superfield formalism, just as there are great advantages to constructing relativistic
quantum field theories in a manifestly Lorentz covariant formalism. The following detour
into superspace and superfield constructions pay off nicely when one constructs supersym-
metric actions.

11.1 Minkowski spacetime as coset space

Let g be an arbitrary element of a group G which contains a subgroup H. We define
equivalence classes in G: two elements g and ¢’ are considered equivalent if they can be
connected by a right multiplication with an element h € H:

¢ =goh or g log eH. (11.1)

This equivalence class is called the coset of g with respect to H. The set of all cosets is a
manifold denoted by G/H. This way one obtains a fiber bundle with total space G, base
manifold G/H and typical fiber H. A section L(a), labeled by dim(G/H) parameters,
parameterize the manifold if each coset contains exactly one of the L’s. Once we have
chosen a (local) section L(a), each group element g can be uniquely decomposed into a
product

g = L(a) o h.

A product of g with another group element, and in particular with L(a), will define another
L and h according to

goL(a)=L(a)oh or g=L(a)ohoL (a), (11.2)

where a’ and h are in general functions of both g and a. In particular, every Poincaré
transformation can be uniquely decomposed as product of a translation and a Lorentz
transformation,

(Aya) = (1,a) o (A,0)
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and the Minkowski spacetime can be considered as coset manifold
Minkowski spacetime = Poincaré group / Lorentz group.
Choosing g = (A, b) in (11.2) we find
(Aya) = (1,Ab+a)o (A,0)o (1,—b) suchthat o' =a+Ab and h=A (11.3)
in that equation. In section (5.3) we introduced the representation’
(A,a) — U(A,a) = exp ( — iaP — %wM)

of the Poincaré group. We recall the Poincaré algebra

[Myuw, Mypo] = i(MueMup + MupMuo — nppMue — e Myp)
[Ppa M,LLV} = i(npupu - npupy) (11.4)
[P, P)] = 0.

Since U(a) translates the argument of the quantum field,
U(a)®(x)U"}(a) = ®(z +a),  Ula) = e,
we define
O(z) = U(z)®(0)U (). (11.5)
From the relation (11.3) and representation property it follows that
Ua)U(z) =U(a+2) and U(w)U(z)U Hw) = U(e¥z), U(A) =U(w) = e “M/E11.6)

These composition rules for the unitary operators U(a) and U(w) also follow directly from
the Poincaré algebra (11.4) which in particular implies

Uw)P,U N w) = (e7¥) P,

From these multiplication rules we may now easily extract the transformation properties
of the quantum field (11.5) as follows:

U(@)®(z)U  a) = U(a+2z)®0)U Y a+z)=0(a+x) |
U)®(z)U Hw) = U(e*z)U(w)®0) U Hw)U  (ez) = /20 (e¥x)

where we assumed that

U(w)®(0) U (w) = e“*/28(0). (11.7)

!compared to the previous sections we change the signs of P, and M,,. The (anti)commutators con-
taining these generators must be changed accordingly
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The ¥, form some matrix representation of the algebra of the M, . For example, for
Dirac spinors

ij _ %’Yﬂlﬁ S(e—in/Q) — ¥ - ein/Q,ype—in/Q _ (ew)pa,ya‘

The action of the Poincaré group on the quantum field is uniquely fixed once we knew
how the Lorentz group acted on ®(0), The Poincaré/Lorentz coset is not the most general
example of a coset space. The translations form an invariant subgroup of the Poincaré
group and it follows that the element A in (11.2) is independent of a. The infinitesimal
version of this transformation rule reads

5,® = —iaP, ®] = ialr(P,)®, 0,0 = —%wM,®] = Lwr(M,, )P

_i
2

where we have defined the representations r(P) and (M) of the infinitesimal translations
and Lorentz boosts. One finds

r(Pu) = =10, and  r(Muw) = t(zu,0y — 204) + Xy

11.2 Superspace

Infinitesimal supersymmetry transformations are generated by the supercharges. Indeed
in section 5 we have introduced the supercharges by the requirement that

0oP = i[aq), D]

where ® is any field of the theory. The a@ fulfill commutation relations, contrary to
the supercharges (), which satisfy anti-commutation relations. The spinor parameters
a® anti-commute with everything fermionic (including themselves) and commute with
everything bosonic (including, of course, ordinary c-numbers. Hence with these parameters
the supersymmetry algebra can be integrated to a group G, the super-Poincaré group, with
typical group elements

U(a,o,w) = exp ( —i(a, P) + iaQ — %(w, M)) (11.8)
where we used the conventions
(A,a) = exp {%WWMW + ia“P#} = exp {%(w, M) +i(a, P)} .
Superspace is the coset space
Superspace = super-Poincaré group / Lorentz group.

The most commonly way to parameterize this 'manifold’ is

U(a,a) =U(a,a, A = 1) = exp (—iaP + iaQ) .
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We rewrite this in terms of Weyl spinors. To calculate the product of group elements we
need the Baker-Campbell-Hausdorff formula

eeP = exp (i %C’n(A, B)) (11.9)
n=1""

where the C,, are multi-commutators of A and B:
Ci=A+B, Cy=[AB], Cs=3[[ADB],B]+3A[AD]... (11.10)

We also need the various commutators of the super Poincaré algebra. These are the com-
mutators of the Poincaré algebra plus the supersymmetry algebra

{8Q,aQ} = 2(B1"a) Py
With
[—bP + BQ, —aP + aQ] = 2(y" ) P,
we obtain the following composition rule for two sections in the supergroup
U, B)U(a", ) = UM + a* — iBy"a, B + ) (11.11)
Let us calculate the conjugation of U(a,f,0) with a Lorentz transformation,
U(w)U(a,)U~}(w) = exp (iU(w)( —aP+ aQ)U—l(w)), U(w) = e"%/2_(11.12)

The conjugation of P, with the Lorentz boosts we have calculated above. To calculate the
conjugation of the supercharges we use

[Q7 MMV] = Eum
From the commutators we read find that
U)QU N w) =e“*?Q and U(w)QU Hw) = Qe /2,

The transformations of the operators P, () can be absorbed by the inverse transformations
of the parameters (a,«) in (11.12). This way we find for the conjugation of U(a, o) with
an arbitrary element of the Lorentz group

exp (§wM)U(a,a) = U(d',a') exp (§wM) (11.13)
with transformed coordinates

a* = (e¥) 0", o =e W 2q, (11.14)
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11.3 Representations on superfields

Similarly to ®(z) = U(z)®(0)U ! (x) the action of the supersymmetry transformations on
a superfield is defined via

d(z,0) = U(z,a)®(0,0)U (2, a). (11.15)

For any group element the action on ® is given by the coordinate transformation (11.13,11.14)
in conjunction with

U(w)®(0,0)U  (w) = exp (twX) ©(0,0).
More explicitly, from (11.12) and (11.13,11.7) we obtain

Ub,B)®(z,)U ' (b,8) = @(b+z—ify a,a+B)
Uw)®(z,a)U  (w) = e“d(e¥x, e ™@"/2q), (11.16)

the infinitesimal versions of which read

5@ = ibt'r(P,)® +iBr(Qa)® , 0P = tw'r(M,,)® (11.17)
with
r(Py) = —i0p , 1(Qa)=—i0n — " ad,
r(Mu) = 20y — 2,0,) + S — (Spw) 307 a (11.18)

Using the anticommuting properties of the a® and
0
D0 = %aﬁ =0

one can prove that the last term in (11.18) fulfills the Lorentz algebra. We rewrite the
most relevant relations in terms of Weyl spinors. For that we recall our conventions for
spinors and Dirac conjugate spinors:

a=(0%0;), Q= (gg) , such that aQ = 0°Q, + 05Q°% = 0Q + 6Q.
The representation of the supercharge reads as follows in the Weyl basis:
1(Qa) = —i0a — (6"0)a0, , 1(QY) = —id* — (6"0)*0, (11.19)
for the representation of the generators as differential operators. We have introduced
Do = i, 9% = i, such that 9,0° =02, 9%, = 6¢ (11.20)
00~ 00, BB

hold true. Becauseﬁof the anticommuting property of the f-parameters we must always
anticommute 6 or 6 to immediately behind the differentiation operator. We also insist on

0%=——, Oa= 82‘" to satisfy 0%05 = 03, 5@?6 = 55, (11.21)
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which, for example, implies
0% =05 =eeop = 6a0655(52 = —6a06558096 = —€*70,03,
from which follows, that
0% = —€*?0,. (11.22)

We collect the basic notation and properties of N=1 superspace derivatives.

o* = —8a585, éd = —Edﬂgg, 8a = —&‘algaﬁ, 5@ = —Edgéﬁ
998 = —goB, Do = —€ap, 9498 = —48, 0aly = —245 (11.23)
0a(00) = 20, 0s(00) = =204,  0%(00) = 4 0%(00) = 4

We can rewrite (11.19) as follows: From

020,09 = 55 or O'Zd = €445 o

it follows that
r(Qa) = 45 — 0% — 579764,0°0,) = 10 + (00") 40
Hence we arrive at the following equivalent form for the supercharges,
7(Qa) = —i0n — (6"0)00, , 1(Qa) =104 + (00™)50,, (11.24)
and these representations are mostly used in the literature. It is not difficult to see that
{r(Qa), r(Qa)} = —2ic". 0, = 20" ,7(P,)

holds true, as required.

11.3.1 Component fields

The general scalar superfield ®(z,a) = ®(z,0,0) is just a scalar function in N = 1 rigid
superspace. Its Taylor expansion in powers of 6 and @ is finite owing to the anticommuting
property of these expansion parameters. For example, 0%(06) vanishes. The coefficients
in the expansion are local fields over Minkowski space. The following is already the most
general superfield

®(x,0,0) = C(z)+06(x) + 0x(x) + 0*M(z) + >N (x) + (00+0) V,,(2)
+020X(z) + 020y (x) + 0262 D(x). (11.25)

For example, we have used that 5&“01/“ = —90“0_‘/# is not an independent term. This
superfield contains as coefficient fields:

4 complex (pseudo) scalar fields C,M,N,D
4 spinor fields  ¢,v € (%,O), (x,A) € (0, %)
1 Lorentz 4-vector field Vi
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Altogether there are 16 (bosonic) + 16 (fermionic) field components.
The transformation laws for the components of a general N = 1 superfield under super-
symmetry transformation are calculated by comparing coefficients in the expansion

6®(2,0,0) = 6C(x)+ 05¢(x) + 05X (x) + 6*SM (z) + 025N (2) + (05+0) 6V, (z)
+0% 05X\ (z) + 0% 06¢(x) + 6202 6D (). (11.26)

with

50 = iC*r(Qa)® + iCar(QY)® = 6:® + 6
8¢ = (00 —i(Co"0)0, , bz = (0" —i((5"0)0, (11.27)

Using the Fierz relations (4.88) one arrives after some lengthy but straightforward calcu-
lations at the following formulae for the supersymmetry transformations of the superfield:

5@ = C¢+20CM +0(i5"0,C — "V, + 02 (C + £¢o™0,X)
+(05"0) (Cop + % L, $0,5" ()
+i0206+C0, M + 0%0(2¢D — $5"5"(0,V,) + $020°Catd, N (11.28)
0¢® = (X + 200N +8(i0"8,C + "V, ) + 0*(CA + £(540,0)
+(90u0) (¢5MC - %3u>25u0’”4)
+i0200#C0, N + 0°0(2(D + 55" 0"(0,V,, + $626°C5+ 0,
By comparing the two expressions (11.27) and (11.28) we obtain the following transfor-
mation rules for the component fields

5C = (o+xC (11.29)
§¢ = 2(M + (ic"9,C + a"V,)C ( )
5x = 2N+ (i6"9,C — 6"V,)¢ = 2N + (Cote)(i0,C — V) ( )
M = C(A+56"9,0) = A\ — $0,60"C (11.32)
SN = (Y + Lot dux (11.33)
oV, = CJ,}\ + dmuf—k %Bygﬁou&”g — %&,)25#0”5 ( )
SA = 2D(+ :6"0"C0,V, +ic" (D, M ( )
§¢ = 2D(¢— t0"6"¢0,V, +io* (DN ( )
6D = L(oMOuN\+ L(GH 0. ( )

Note, that D transforms into a total derivative.

11.3.2 Real superfields:

So far we have not imposed any conditions on the superfield ®. As a result the components
of ® form a highly reducible representation of N = 1 supersymmetry. We may easily
half the degrees of freedom by imposing a reality condition on ® which is consistent with
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supersymmetry. So let «, the (1/2,0) component of which is 6, and @ be Majorana spinors,
such that

(@Q)" = (0Q + Q)" = Qf + 0Q

is hermitian and

is unitary. In this case
(%) = 6% and (6,)" = 4. (11.38)
Now we may impose the following reality condition on the superfield,
(®(x,0,0)) = d(x,6,0), (11.39)

and this condition is consistent with supersymmetry: If ® is a real superfield, then the
transformed superfield

(2, 0,0) = U(a,(,O)®(2,0,0)U *(a,(, Q)

is real as well, provided the ( satisfy the same reality conditions (11.38) as the coordinates
6 of superspace. For a real superfield the component fields in (11.25) fulfill the conditions

C=C', D'=D, M'=N, V,=VI, xa=¢, and Xs=1v]. (11.40)

The total number of component fields is now only 8 + 8. The superfield (11.25) the com-
ponents of which fulfill (11.40) is called the real (general) superfield.
We may rewrite a real superfield in the 4-component notation. For Majorana spinors we
have
ayuo=aya =0, ao= 0%+ 62, aysa =62 —6°
ayvsa = 00,0 — 05,0 = 200,0 = —205,,0 (11.41)
(aa)(aysa) = (aa)(aya) = (aa)(aysy a) = 0.
In the 4-component notation a real superfield takes the form
d(z,0) = C+ap+ saalM + saysals + (av"ysa)V, + (aa)(ad) + 5(ae)’D
where M; = M + M, My = i(M — M), (11.42)

() 2= () e ee ()

are Majorana spinors. If 8 is the Majorana spinor whose positive chirality part is ¢, then

and

55D(z, ) = (5% - i(ny“oz)@u><I>. (11.43)
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We may read off the transformation laws for the components of a real superfield from
(11.29-11.37) by imposing the reality constraints (11.40). Alternatively we may directly
compute them by comparing coefficients in the expansion

0P(x,a) = 06C+ adop + %da(?Ml + %@750«5]\42
+3 (@ y50)8V, + (aa)(adN) + L (aa)?sD,

with the d3® in (11.43) where one inserts the explicit parameterization (11.42) for the

superfield. A straightforward calculation yields
(BOa —i(By"2)0,)® = B¢+ BaM + BysaMs + (Byysa)V, — i(By"a)0,C
+ 2(Ba)al + (@)X —i(By*a)ad,é
F(By"a) (@) 0, My + 3 (By*a)(Grys0r) 0 Mo (11.44)
— LBy a) (e ysa)0,V, — i(By*a)(an)ad A + 2(Ba)(ac)D.

To compare this result with (11.42) we use Fierz identities. For that we recall the Fierz
identity (4.85), which for a Majorana spinor « reduces to

daa = —ao + vy, (a7 a) — vs(aysa). (11.45)
The second line in (11.44), i.e. the terms quadratic in «, can be rewritten as
1(aa) (28X +iBde) — L(aysa)(2B75A + iBv5d9) — L(ar"y50) (28757, X — iBY V57400 ).
The last term in the equation maybe recast as follows:
BY V51100 = By dyuys” B-

Again using the Fierz identity for aa and the relations in the last line in (11.41) we obtain
the identities

(Br'a)(@ysa) = (Bysy*a)(aa)
—i(B'y“a)(o?a)(o?BM)\) = % ’04)25(‘3)\
(B a)(ay ysa) = —(aa)(@ysy"vub),

which allow us to recast the cubic and quartic in « terms in (11.44). Now we are ready to
compare the coefficients in (11.42) and (11.44) and extract the following transformation
rules for the coefficient functions:

5C = Bo

D = LBJA

Vi = ByursA — Brs0ud + & Bysyud

My = BA+ LBd

My = ifysA — iysde (11.46)

§¢ = (My+iMays — 57"V, +idC)B
SN = (2D + LIMy + 2vsdMo + L5y @V,)B
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This transformation laws agree with those in (11.29-11.37) after imposing the reality cons-
traints (11.40). This is just a check for the correctness of derived formulae.

The real multiplet consisting of the scalars C, My, D, the pseudoscalar M>, the vector V,
and the Majorana spinors ¢, A is not an irreducible representation of the supersymmetry
algebra as follows from the general theory about representations of the N = 1 supersym-
metry algebra and the following considerations.

11.3.3 Sub-multiplets
It is not difficult to see that the fields
D=2D+3i0C |, F,=0V,-98V, and yx=\-3id¢
transform entirely among themselves and thus form a submultiplet dV with components
dV = (x, Fu, D).

This multiplet is called curl multiplet and it is irreducible, contrary to V itself. The
transformation laws are

ox = (D - %'VWIFMV’VS)Ba 5F,u11 = B’VS(’V;L&/ - ’71/811)30 6D = ZB@X

This is (almost) the transformation for the gauge multiplet we have studied in section
(9.1.1). Hence we may take the corresponding calculations for the commutators of two
supersymmetry transformations. The algebra closes, provided Fl,g ) = 0:

01,02)D = 2i(B2v"51) (0D + 0° *Fup) = 2i(B27"B1)93D
[d1, d2]x 2i(B2v"81)9px
01,82 Fry = 2i(Boy"B1)(00Fup + 0, Fp,) = 2i(B2v"1)0s Fyun-

A different invariant submultiplet of V' is the chiral multiplet
OV = (My, Ma; x = A+ £d¢; 9,V*; D= 2D — 10C)
with the transformation laws

My =Bx , OMsy=ifysx

5(8;1‘/#) = _675(?)(

5x = (D + idMy + 5@ My + iv50, V") B

5D = iBdx
Both dV and 0V are submultiplets of V, but their complements are not. Hence V is
reducible but not fully reducible and this property is quit common in supersymmetry. To

construct further multiplets it is useful to impose constraints on the superfield which are
compatible with supersymmetry.

A. Wipf, Supersymmetry



11. Superspaces 11.3. Representations on superfields 172

11.3.4 Covariant spinor derivatives

The problem we shall address here is to find conditions on the superfield ® to reduce the
number of degrees of freedom which they describe. The most interesting conditions involve
covariant spinor derivatives which can be introduced in an elegant way. The associativity
of group multiplication

(91092)°93=g1°(g20°93) (11.47)
has consequences for the infinitesimal left and right action of the group: Let
g1og2~g2+Orga and gyogs~ ga+ O5gs.
Then the associative law (11.47) implies

(92 +O0fg2)ogs = gio(ga+ Offgs) =
g2 + O?QQ + 01L92 + O;?Ong = g2+ OngQ + O§g2 + OlLOé%g%

or that left and right-’derivatives’ commute,
[Of, 0 =o. (11.48)
So far we have introduced the left action of one element of the supergroup on another
U(a", B)U(z*,a) = Ula" + 2" —iBy"a, B+ )
~ (T (P +i87(Qa) ) U w, 0)
Now we introduce the right action which has the form

Uz, a)U(a",B) = U(z" +a" +ify a, B+ )
~ (14d"D, + F*Da)U(x.a)

It is easy to calculate the derivative operators D :
D, =0, Dq=0a+i(y"a)0,. (11.49)

In terms of Weyl spinors these differential operators read

BDo = (Do + ("D =

Do = 0o +ick 0%, , D%=09%+i5""0,0, (11.50)

D* = -0 — iéd&“d‘o‘ﬁu , Dy = =04 —i0%0",0,.
From our general discussion we know already that

[8°7(Qa), B"*Da] = 0

from which follows that the 7(Q,) must anticommute with the D,

{D,r(@Q)} ={D.r(Q)} ={D,r(Q)} ={D,7(Q)} = 0. (11.51)
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Since the operators D are invariant under supersymmetry transformations they are called
covariant derivatives. The (anti)commutators of the D’s with each other are found to be

{D.D} = {D,D} = D.,] = [D,8,] = [3.04] = 0 (11.52)
and

{Da, Dy} = —2i(a") .50, (11.53)

a
It follows that the (fermionic) derivative operators D commute with the covariant deri-
vatives and satisfy the same anti-commutation relations as the supercharges. I leave the
proof of these simple (anti)commutators to you. It is really very simple.

11.3.5 Projection operators

In subsequent sections we will consider superfields which satisfy certain constraints. The
corresponding fields can be obtained from the most general superfield by projections. It is
convenient to study the properties of these projection operators before applying them to
superfields.

We begin by proving the following set of relations which all follow from the anticommu-
tation relations derived above. We shall study properties of the covariant derivatives and
of

D?=D"D, and D?= D4sD°. (11.54)
Note that
D*D? = DD? = 0.

The formulae will shall need later are:

[Da,D?] = —dic" D%, (11.55)
(D% D? = 4iD45"*0, (11.56)
[Ds, D?] = 4iD“c*.,0, (11.57)
[DY D* = —4i6"°“D,0), (11.58)
[D?, D% = -8i(Do"D)d, + 160 (11.59)
(D%, D% = -8i(D&"D)d, + 160 (11.60)
D&"D = —Do"D — 4io* (11.61)
D°D?*D, = DgD?*D* (11.62)

We prove only some of these identities starting with the anticommutation relation (11.53).
We multiply this with D% from the right and summing over ¢ one obtains

DoD* + Dy D,D* = —2ic" . D0, (11.63)
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Alternatively, we may multiply (11.53) with %8 and find
(DaDg + Ds Do) = —(D,DP + DPD,) = —2i0" . 9,67
From this relation we conclude
DDoDP = —D*Dy, + 2ich, D0,

and this maybe used for the second term on the left in (11.63). This then yields the formula
(11.55). The formula (11.56) follows from this one as follows

[D*, D?] = £*%[Dg, D?] = —4ic®Pe o ba D0 = 4D by,
where we used the identities we recall:
Ghoe = 0B 005 Ghy o ha = EapeysT°. (11.64)
Let us also prove the identity (11.59):
[D?,D* = D%“D,,D? +[D% D*D, = —4iD%*" D", + 4iDs5""* Dy,

= —4i(Do" D)8, + 4i6"**({ Dy, Ds} — Do De)0,
= —8i(Do"D)d, + 85" 0% ,0,0, = —8i(Do*D)d, + 160

where in the last step we have used that
5—“Magd = Tr(cto”) = 2nH".

Now we are ready to introduce various projection operators. These are

I, = —16—DD2D2 .= —16—DD2D2 My = S%DdDQDd‘ = S%DQDQDQ. (11.65)
First we prove that the sum of these operators is the identity
Iy + 11 +IIr = 1. (11.66)
This is shown as follows:
I, +1_ 4TIy = 16D —(DyD*D® + D*D?D,, — D*D* — D*D?)
1

= 160 (DsD? — D?D4)D® + (DD? — D?°D*)D,}

WS L (pagh 9,D% + Dei9,D,)

40
— (Dot D + D&k (1L6Y) o yoomyg _
4D(DU D + Dé" D)o, 4D( 4i0*)0, =1
Now we show that these operators are idempotent:
1 - 1 - _ _
I, 11, —D?*D*—D*D? = (—)21)21)21)21)2
16D 160 160
(1159 (16D) *DEDH{DD? + 8iDo* DO, — 160} = 1 L prp2om,.
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In the second to last step we used that D? = D* = 0. Similarly one proves the same
property for the other two operators, such that

2 =1, , I? =I_ and I} =1y (11.67)
Finally, since D3 = D3 = 0 these operators project onto orthogonal subspaces:
L 222121272
I, m. = (—)"D*D*D*D* =0
+ STl
L 20727212
n_1m, = (—)"D*D*D*D*=0
+ STl
_ 1 A2P2HaPD2n
LIy = 8‘16‘:|2DDDDDOC_O

From the very definition of the projection operators we conclude that Il projects onto
the kernel of D and II_ projects on the kernel of TI_:

DgIll, =0 and D*II_ =0. (11.68)
Fields ® = I1, ® and ®f = II_ &' are called (anti)chiral superfields.

11.4 Chiral superfields

Like all covariant derivatives, D and D can be used to impose covariant conditions on
superfields. The most prominent such conditions are those for a chiral superfield ® which
we already discussed in the last subsection,

Dg® =0 (11.69)
and an anti-chiral superfield ® with
D, ®" = 0. (11.70)

Since {D,D} ~ 9, a superfield cannot be both chiral and anti-chiral except if it is a
constant field. These conditions are first-order differential equations and can easily be
solved:

®(x,0,0) = exp(i0¢0)®(x,0) and @' (z,6,0) = exp(—if40)d'(x,0), ¢ =o"@)1.71)
That these are the general solutions follows at once from
Dy, exp(i0#0) = exp(i0¢0)0s and D, exp(—if#0) = exp(—if¢0)0,. (11.72)

The exponentials in (11.71) just shift the xz-coordinate of the superfield and the explicit
form of a chiral and anti-chiral superfield reads

d = (2" +i000,0) and O = d(z" — 0", 0). (11.73)
The Taylor expansion of the fields ®(z, ) and ®(z,6) in (11.71) is particularly simple
(z,0) = A+V20p +6°F and T (x,0) = AT+ V240 + §2FT. (11.74)

Actually when dealing with chiral superfields it is more convenient to pass to a different
parametrization of superfields.
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11.4.1 Alternative parametrizations of superfields

First we introduce different parametrizations for the elements of the supergroup as com-
pared to (11.8), namely

Ui(a,0,0) = exp(—i(a,P)+i0Q)exp (i0Q)
Us(a,0,0) = exp(—i(a,P)+i0Q)exp (i0Q), (11.75)

where we made use of the conventions in (11.8). Using the group multiplication law (11.11)
we can relate U and Uy, Us:

Ui(z,0,0) = U(z" —i00"0,0,0) <= U(x,0,0) = Uy (2" + i05"0, 0, 0)

Us(z,0,0) = U(a" +i00"0,0,0) <= U(x,0,0) = Us(z* — i05"0,0,0) (11.76)
and correspondingly the associated superfields (11.15)

®1(2,0,0) = (a2t —i0"0,0,0) , ®(z,0,0) = 1(z* + i05"0,0,0)

Oy(2,0,0) = ®(z*+1i00"0,0,0) , &(z,0,0) = ®o(2x* —i05"0,0,0) (11.77)

Let us calculate how Ul(a,(,() acts on ®; and ®5, repectively:

U(a,¢,¢) @1(,0,0) U™ (a, ¢, ¢) = U(a,(,¢) @(x — i006,0,0) U (a, (. ()
LY B0+ 2 — i000 — iCol — (56,0 + (.0 + C)
LT &1 (a + @ + 2i00C +iCoC,0+ ¢, 0+ C)
and similarly
U(a,(,C) @2(2,0,0) U (a,¢,¢) = ®a(a+ 2 — 2i(od — iCo(,0 4 ¢, 0 + Q).

The infinitesimal transformation of ®; and ®5 read

5By = a9,Py+ (Q(éd — 2i51900,0,) + gaaa)cpz

5By = a'd,Py+ (ca(a — 2i0" 090, + Edad)% (11.78)
from which we read off how the supercharges act on these superfields:

(I)l : Tl(Qa> = —iaa, T (Qd) = —iéd — 2(5 Q)dau, T’l(Qd) = iéd + 2(90“)@(9#
(I)Q . TQ(Q ) = —Za — 2(0 9) 6 TQ(Q ) = —260‘ 7"2(@@) = ’iéd. (11.79)

Of course, these transformed supercharges fulfil the correct anticommutation relations

{r(Qa),m(Qa)} = —2ich .0,

Along with these transformed supercharges we obtain transformed covariant derivatives:

DV = 8, + 2i(c"0), O DS) = —04
D? =9, |, DY) = —8; — 2i(00™)40,. (11.80)
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As one may guess from the relations (11.72) the operators in the 3 parametrisations for
the superfield are related as

oM — €—i9¢§06i9¢9 and O® — ei9¢§oe—i9¢§'
In the parametrization (1) a chiral superfield fulfils the simple condition
Ds®1 = —0,91 =0
and hence has the simple expansion (11.74), namely

®i(z,0) = Alz)+V200(x) + 0*F(z) =
®(x,0,0) = A(x+i000) + V200(x + i000) + 60> F (x + 000). (11.81)
The last expansion can be simplified:
®(2,0,0) = A(z) +i(05"0)d,A(x) — (05"0)(05"0)0,.0, A(x)
V200 () + V2 (90“0)(0(9“1/1( z)) + 62F(z)
. (4+i(60"0)0,4 — 106204 + V200 + iV2(00"0) (00,0) + 6°F ) ().

The second to last term can be rewritten by using
(05"0)(00,) = 0°0°01,,0°0,105 = 5°70%04,0°O b5 = —50%(po™D)
so that the chiral superfield has the following representation

- (A + V200 + 02F + i(00+0)0, A + \%92(9&%@ - ie?é?m) (r). (11.82)

Now we may compare this expansion with the expansion (11.25) for a general superfield
to make the following identifications:

C — A, M — F, N — 0, D — —10A, V, —i0,A

6o Vi X0, 3o S(E00), () 0
We may use this identification in the supersymmetry transformations (11.29-11.37) for the
general N = 1 superfield and end up with

SA=V2Ch, o= V2 F +iV2(0"0)aduA, §F =ivV2(5 9.  (11.83)

It is evident from these transformations that the fields (A, 1, F') constitute an irreduci-
ble representation of the supersymmetry algebra. The supersymmetry algebra is realized
linearly and offshell. If we would eliminate F', then supersymmetry would be realized non-
linearly and on-shell, as we have discussed previously. The transformations (11.83) are just
the supersymmetry transformation of the fields in the Wess-Zumino model (in the chiral
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basis). For later use we note, that for a chiral superfield the F-term transforms into a total
derivative. The commutator of two transformations are

[(51,(52] ee.= 21’(6427“041)8M cee

as expected. The «; are Majorana spinors parameter with (1/2,0) component (.

We could repeat the same reasoning for antichiral fields fulfilling D,®T = 0. We would
find

O = A*(2) + V200(2) + °F*(2), 2=z —ifc"d (11.84)
instead of
= A(y) + V20 (y) + 0°F(y),  y=ax+ifc"0, (11.85)

as we have found for a chiral field.

11.5 Invariant action for scalar superfields

There cannot exist a supersymmetric Lagrangian density since £ = 0 would imply that
[01,02]L ~ 0L =0,

or that £ must be constant. Even if £ is not supersymmetric, the action is still supersym-
metric if §L£ is a derivative which would not contribute to §.5. In general £ can be written
as a sum of terms, each of which is some component of a superfield that is constructed out
of elementary superfields and their covariant derivatives. The transformation rules (11.29-
11.37) show that for a general N = 1 superfield the only component whose variation is a
derivative is the D-component, since only the last two terms of the supercharges

T(Qoz) = *iaa - (O-'ug)aau and T(Qd) = ié@ + (eau)aa,u

contribute to the variation of the D-terms. For D to be a scalar, the superfield itself must
be a scalar. Thus for a general scalar superfield only the integral of the D-term is a good
candidate for an invariant action

S = /d4x<I>\D. (11.86)

But no satisfactory action can be gotten this way without special conditions on the su-
perfield. For a general superfield ® the only sort of kinematic action Sy that is bilinear in
® and ® and involves no more than two derivatives is of the form

So ~ /d4m[<I>T<I>]D. (11.87)

Earlier we have seen, that for a (anti)chiral superfield the F-term transforms into a total
derivative,

§F = ivV2(6"0,,
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so that this term is another good candidate for an invariant action
- ichiral
S = / R i P / drp ST (11.88)

For a renormalizable theory the chiral field in (11.88) will be the product of elementary
chiral fields. Hence to make further progress we need to study the product of superfields.

11.5.1 Products of superfields

Let ®; and ®- be two superfields, that is two field on superspace which transform as
n (11.16). Then ® = ®; Py transforms the same way as ®; and ®2 do and hence is a
superfield as well. This follows from

Ud(z,a)U™r  =U®d(z,) U UD(z,0)U = &1 (2, ) Py(2, ') = (', &),
where U=Ub,p), 2=xz+b—ifya, o =a+p.
Equivalently, the infinitesimal supersymmetry transformation of the product field is
0P = Z[(BQ), (131@2] = 0D 1Py + D10Ds.

Clearly, the product of chiral superfields is a chiral superfield and the product of anti-chiral
superfields is a anti-chiral superfield. For example, let

;= Ai(y)+V200(y) + *F(y), " =a"+i00"0
O = AX(2) 4 V200i(2) + PPFF(z), M=zt —ifo"0 (11.89)
be a collection of chiral and antichiral superfields. Then
(D:®;)(2,0,0) = (Aid;)(y) + V20( Ay + Api)(y) + 02 (AiFj + AjF; — i) (y),
(@1®1)(2,60,0) = (A7AD)(2) + V20(A; 5 + A3i) (2) + 0 (AT Ff + AT F — it ((£90)

where we made use of the Fierz identity (4.88). More interesting for our purpose is the
product of a chiral and antichiral superfield:

Of(2);(y) = AA;+ V2A[00; + V20D A; + 0P AT Fy + 02F A,
+2(00:)(005) + V20°00, F; + V2000, F; + 0°0° F; F,  (11.91)
where the argument of (A,v, F) is y and that of (A*, 4, F*) is z. Not all terms in this
expansion are or interest to us. Since ®T® ia a general superfield we concentrate on the D

term which is a good candidate for the Lagrangian density of an invariant action. We use
(see 11.81):

Aly) = Alx)+i(00"8)9,A(z) — L0220 A(x)

A*(z) = A*(z) - i(00"0)0, A" (z) — 10?020 A% (z)

0(y) = Op(x) +i(00"0)(00,(x)) (11.92)
0v(z) = Ov(x) —i(00"0)(00,4(x))

0°F(y) = 6°F(x)
2R (z) = 0°F*(x)
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To calculate the D-term we only need consider terms in (11.91) which contain as many
powers of 8 as of 6. Hence the only non-vanishing D-terms come from

Ai (2)Ai(y)lp = %(GMA?E)“A]- — %A*DA- - lDA*A‘) = 0 A;0"Aj — %D( Aj)
(00i(2))(O;(y)) = 00" 0{(0:)(00,1)5) — (005)(00,hi)} = §(Outbyotihi) — § (0" D)
020°F,(2)*F(y) = 92§2FZ~($)F;‘(33).
and we end up with
Bl (2)@;(y)|p = uATA; — JO(AT A7) + 5(Dutbyorn) — 5 (507 0,thi) + Filw) F (£1.93)
For ¢ = j this can be rewritten as

@}L(z)fbi(y)\[) = 0, ATO" A; — Labdh; + | Fi(x)|? + surface term, (11.94)

where 1); is the Majorana spinor with (1/2,0)-componennt ;. Summing over ¢ this just
becomes the Lagrangian density for the well-studied free Wess-Zumino model®. Let us
finally calculate the D-terms of the product of 3 chiral or 3 antichiral fields

(®i®01)(y) = (Aidj Ay, + V2(A: 400 + cycl) + 07 ((Ai A Fy, — Agtithy) + cyel)) ()
(@] @T0)(2) = (AT ATAL + V2(AT A0y + cyel) + 6 (AT AT FY — Ajdbithy) + cyel)) (E91.95)

The D-terms of these composite chiral fields will enter the Lagrangian densities for scalar
superfields.

11.5.2 Invariant actions

The most general supersymmetric, renormalizable Lagrangian, involving only N scalar
superfields is given by

L = (I);[q)i|D+W’F+WT|F, where
W(®) = gi®i+ 5mi®i®; + 30k PP, Py (11.96)
is called the superpotential. The mass matrix m;; and the A;j; are symmetric in their
indices. We have already argued that the corresponding action is invariant under super-
symmetry transformations. Let us see what are the dimensions of the various fields and
coupling constants. We shall see that the polynomial W (®) may not contain quartic or

higher powers of the superfield in order for the corresponding model to be perturbatively
renormalizable. From the explicit form of the supercharges we take

(0] = [0] = LY?,
A spinorfield has dimensions L=3/2 and hence

@] =[@|=L7! = [@®]=L"2 [®/®|p]=L""
@=L = [@"[p]=[@/"|p]=L""". (11.97)

2The different sign for the Dirac term originates in the different signs of [6;,d2] here and in earlier
chapters.
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We read off the following dimensions of the coupling constant and component fields
m]=L"2% [N=L° [A=L"' and [F]=L""

If we would allow for powers of ® higher than the third in the above Lagrangian density,
then the supersymmetry model would not be perturbatively renormalizable.
Now we collect our previous results to express £ in (11.96) in component fields:

L = AT A; — Ly + |Fi(x)]?
+(giFZ- + m,‘j(AiFj — %1/1{(%) + )\ijk(AiAij — Aklﬁzlﬁj)) + (h.C.) (11.98)

In the first line v is regarded as Majorana spinor and in the second line as Weyl spinor.
This is just the action of the Wess-Zumino model which we have studied in detail in
chapter 5. As we have seen there, we could eliminate the auxiliary fields F; to arrive at
the more familiar action for the on-shell model containing N complex fields F; and N
Majorana spinors ;.

11.5.3 Superspace integration

There in an elegant way to extract the D and F' terms from a superfield which is based
on an integration calculus on superspace. We begin with the Berezin integral for a single
Grassmann parameter 6:

/de9=1 , /dezo , /def(e)zf1 (11.99)

where we have used the fact that an arbitrary function of a single Grassmann parameter
6 has the Taylor series expansion f(0) = fop + 0 f1. We demand that the df anticommute,

{df,d8} = {do,0} = 0.
We note three facts which follow from the definitions in (11.99).

e The Berezin integration is translationally invariant:
d
/d(9+§) fO+¢) = /d@ fo) /d& @f(ﬂ) =0. (11.100)
e The Berezin integration is equivalent to differentiation:
d
S I0) = i = / a8 £(6) (11.101)
e We can define a Grassmann delta function by

/d@f(&)&(e) = f(0) =>46() =6 (11.102)
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These results are easily generalized to the case of the N=1 superspace coordinates 6%, 0:
All 04,0, d0%, 0% anticommute so that for example

/d&l/d029102 = —/d91(/d9292)01 = —/d9191 =-1

and the integral of an arbitary function
F =10+ 001D +021@) 4 616, 1)
is equal to
/ dordbs f = —fO).

The volume elements in superspace are given by

A0 = ~1dg°d0Pcos 4?0 = —1d0;df5e%0 | d'0 = d*0d%. (11.103)
Using this notation and the spinor summation convention, we have the following identities:

/d29 00 =1 /dQH_Q_G_ =1. (11.104)
We prove the second to last identity:
/d29 00 = —1 /deadaﬁgaﬁ 00 = ;/daadaﬁga50192 =- /d01d029102 =1

The delta-function is defined by

/ d*0f(0)6%(0) = f(0) = 6%(0) = 00 and similarly 6%(0) = 6.

Now we consider a general superfield with component expansion given by (11.25). If we
integrate ® with d*f we just obtain the D-component of the superfield,

/ d0D(2,0,0) = / 40(f(2) +06(x) + O5(2) + 00m(2) + 00n(x) + (0"0) V(x)
H(O8)(OA(x)) + (80)(60()) + (69)(80) D))
= / d?0d%6(00)(60)D(z) = d(z).
Analogouly, for a chiral field (11.85) we may project onto the F' component as follows:
/ d0D(y, 0)5(F) / 20D(z,0) = F(x).

This shows, that the action of a chiral field giving rise to a renormalizable model can be
written as follows
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11.6 Vector-superfields and susy-gauge transformations

After having constructed the supersymmetric Lagrangian describing spin-0 and spin-1/2
particles we want to construct models containing spin-1 particles. Ultimately we are inte-
rested in supersymmetric Yang-Mills theories in the superfield formulation. In component
fields we have already investigated these theories earlier on.

We start with a real superfield V satisfying the reality condition

V(x,0,0) =V1(z,0,0) (11.106)

Earlier we have shown that such a field has the expansion (11.42). It is convenient to make
the replacements

A—A+1id¢ and D — D-—1i0C
in that formula, such that

Viz,a) = CHap+ %szMl + %6[75aM2 + %(&7“7504)1/“
+(ac)a(\ + $d¢) + 3(aa)*(D — 100) (11.107)

with real C, D, My, M and V), and Majorana spinors ¢ and A. The component V,, lends
its name to the entire multiplet. Again the D term of V transforms into a spacetime
derivative, see (11.43),

5D = LBJA

which makes it a good candidate for the Lagrangian density giving rise to an invariant
action. Examples of vector-superfields are

V=3ol®, V=>4
where ® is a chiral superfield. For ® in (11.82) we find
d+d" = A+ V2 + %o_zaFl + %6{7504172 + %(o‘ry“%a)@#AQ
+—(aa)(@d) — Laa)?04, (11.108)

V2

where we introduced the real fields
A=A+ A", Ay=i(A-A"), Fi=F+F" and F,=i(F—F").
If we now transform the real superfield as
Viz,a) — V'(z,a) = V(z,a) + ®(z,a) + & (z, ) (11.109)
then the component field V, is gauge tansformed with gauge parameter As:

V=V +0uAs. (11.110)
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Following Wess and Zumino [55] one therefore calls the transformation (11.109) the super-
symmetric extension of a gauge transformation. Under this transformation the components
of V' transform as

C'=C+A, M{=M+F, My=My+F, D =D
Vi=Vi+0u4s, ¢ =0+V2, N=21 (11.111)

We see that the A and D components of V' are super-gauge invariant, that is they are
invariant under the transformation (11.109). As we already mentioned above, the field V,
transforms as an abelian gauge potential so that the corresponding field strength

Fu=90,V, —0,V,

is also super-gauge invariant. The important conclusion is the following: the D term of a
real superfield transforms into a spacetime derivative under supersymmetry transformati-
ons and at the same time is super-gauge invariant. Thus this term is a good candidate for
a supersymmetric Lagrangian which is super-gauge invariant.

11.6.1 The Wess-Zumino gauge

To achieve the socalled Wess-Zumino gauge one chooses the chiral superfield in (11.109)
such that

C'=M|=M,=¢ =0.

This gauge can always be attained as is easily seen from the transformation rules (11.111)
for the component fields. This is not a complete gauge fixing, since we do not fix As
wich causes the gauge transformation of V). In this gauge the real superfield simplifies
considerably,

Vivz(z,) = 3(ay"ysa)V, + (aa)(@r) +
= (90’“9)‘/ + (00)(ON) + (0

+5(@a)’D
)(ON) + (06)(00) D (11.112)
and contains the gauge potentail V,,, its supersymmetric partner A and an auxiliary field
D. After this partial gauge fixing the number of degrees of freedom reduces from 8 + 8
to 4 + 4. Recalling the supersymmetry transformations (11.43) of the components of a
real superfield we see immediately that the Wess-Zumino gauge breaks supersymmetry.
For example, M; = 0 is not left invariant under susy transformations. When one chooses
the Wess-Zumino gauge and performes a supersymmetry transformation then one needs
a compensating gauge transformation to bring the superfield back into the Wess-Zumino
gauge.
For constructing sensible actions out of V' we need the exponential of Viyrz. Due to the
anticommuting character of a the only non-vanishing power (bigger one) is two,

VV%/Z = i(@’y“’yg,a)(&’yl/’%a)‘/uvy = i( ) V V.
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Then we have

exp(Vivz) = 14 3(@7"0)V, + (@) (@) + 5(aa)’(D + 1V, V)

= 14 (05"0)V,, + (00)(ON) + (00)(ON) + (00)(00)(D + 1V, VH)11.113)
We continue by defining the analog of a field strength for a general real superfield by
Wo=—3(DD)D,V and Ws = —1(DD)DsV, (11.114)

where we switched to the Weyl basis. Since D? = D3 =0 these fields are chiral or
antichiral. More precisely, W, is a chiral (1/2,0) field and W, is a antichiral (0,1/2) field.
Less obvious is the susy-gauge invariance of these field strengths. Since D, ®' = 0 we have

W/ = —3(DD)D,V' = —3(DD)D,V — 3(DD)D,®.
Since @ is chiral, D4y® = 0, the last term vanishes,
D D4Do® = De{D%, Do}® = ~2ic(0")  3D50,® = ~2ic% (o), 38, De® = 0.

We used the anticommutation relation (11.53,11.52). This proves that W, is susy-gauge
invariant. The invariance of Wy is proven very similarly.

The explicit expression for these field strength is rather involved. I refer to [49] for a
detailed derviation. One finds

Wa = Xaly) +2D(y)0a + 5(0"0)aFu(y) — i(00)(0*0uA(y))a
W = M(z)+2D(2)0% + £(6"0)*F,.(2) — i(00)(6"0,\(2))*,  (11.115)

where the o/ and ¢*” have been defined in (8.2). Note that these (anti)chiral superfields
only contain the gauge invariant component fields D, A and F),,,. Furthermore, with (11.62)
if follows immediately, that

D°W, = DgW*® (11.116)

holds true.

11.6.2 Invariant actions

We have seen that the field strengths W, and W% are (anti) chiral and gauge invariant
spinorial superfields which are linear in the field strength tensor F},,. Then W*W, and
W4W® are (anti)chiral and gauge invariant scalar superfields which are quadratic in F..
Hence, their F' terms are good candidates for gauge and Lorentz invariant Lagrangian
densities for a supersymmetric gauge theory. First observe that

WeW, = 00(4D? — 2iAd"d,N) + 2i00" 0 F,, D —

WeW® = 00(4D* — 2iA6"9,\) + 205" 0F,,, D —

(6"0)7 (0P 0) 5 Fluyy Fop + . . .
(6"0)5(6°P0)° FlupFop + . . .,

NN
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where ... stands for terms which do not contribute to the F-terms. Now we use that
Ot 0 + O 6 av"a =0
(0"0)(5°%6) + (" 0)(5°8) = alr4"a = —arya
= 9(77“&771/’8—77%77”&4- ieuvaﬁ)g + g(nuanw@_nub’nva_ ieumﬁ)g’

For the sum of the F-terms we obtain
W Wl +WaWer = 8D? —2iAd" I\ — 2N O\ — Fp,, FH
= 8D? — 2iM" O\ — F),, F* (11.117)

This is the action for a pure supersymmetric abelian gauge theory with an uncharged
gaugino spinor A. The field D(x) is an auxiliary field which can be eliminated with the
help of the equations of motion, see section 8.

We may rewrite the action belonging to (11.114) as superspace integral as follows

s = 1 / d'z / a9 (WoWa02(8) + WaW46%(0))

= / d*z(2D* — IO\ — LF,, FM). (11.118)

11.6.3 Minimal coupling

We study the simple gauge group U(1). The gauge transformation of a scalar superfield
under global U(1) transformations is

P = P, (11.119)

where ¢; is the U(1)-charge of the superfield ®;. Clearly, the kinetic term <I>I<I>i| p 1s inva-
riant under these global phase transformations. However, a general superpotential W (®)
in (11.96) will not be invariant. For W to be invariant we must demand

9i=0 if ¢ #0
mi; =0 if ¢+ q; #£0 (11.120)
Aijk =0 if gi+q;+aq #0.

Next we wish to make this global symmetry local in which case the gauge parameter A
in (11.119) will depend on spacetime. But then the transformed & will in general not be
a chiral superfield. For ® to be chiral if ® is chiral we must demand that A is a chiral
superfield, so that

@) = h; Deh=0 = & =dlewr popt—y. (11.121)

The kinetic term is not invariant under these transformations of the chiral and antichiral
superfields. But we have already argued that the transformations

V(x,0,0) — V'(x,0,0) —i(A(z,0,0) — AT(z,6,0))
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are generalizations of the gauge transformation and are called susy gauge transformations,
see (11.109) with A = i®. One sees at once that

Liin = (I);reqivq)i’D (11.122)

is gauge invariant. The coupling (11.122) of the matter superfield ® to the gauge potential
V' is the supersymmetric extension of the principle of minimal coupling in ordinary gauge
theories as we shall demonstrate now. This is most easily done in the Wess-Zumino gauge.
With (11.113) we obtain
T ®|p = @'®|p+ q(00"OV,BT®)|p + q(000N(x)DT®)|p
+ q(000X(2)@1®)|p + ¢{0000(D(x) + V. (z)VH(z)) @ D}|p,(11.123)
where ® = ®(y,0) and ' = ®T(z,0) are the chiral and antichiral fields in (11.89). The
first term on the right is the kinetic term without coupling to the gauge field and has
been calculated in (11.93). To calculate the remaining terms we use (11.91) and the Fierz
identies (4.88). The second term can be rewritten as
q(05"0V, 1) p = q(0c"0V,)(iA*00"00,A — i00" 00, A* A + 200:0)|p
= Lq{i(A*0,A — 9,A*A) — P&}V,
The third term on the right becomes
q(00 ON(z) 1 ®)|p = qv/200 0N 0 A|p = _iz () A

and analogously the fourth term

q(B00X(z) DT®)|p = /200 OX 0 A*|p = —% (M) A*.

Finally, the last term in (11.123) is simply

q{0000(D + 1V, V") &' @} p = q(D + 1V, VH)A*A.
Adding up the various terms we obtain the following gauge invariant kinetic term (in the
WZ-gauge):
oTeVO|p = 9,A0"A— L0(A*A) + Lq(A*0,A — 0, AT AV, + (fVHV“A*A

504001 — §160 0 = 3q05 0V, + | P = Z5 004+ XA") + DA

After introducing the covariant derivatives

D,A=(0,—tqV,)A and Dy = (9, — SqV. )¢ (11.124)

the gauge invariant kinetic term reads

* . * q VWA
o'e?®|p = (D,A)*D'A—ipo" D+ |F|” + q|APD — ﬁ(wA + M ATL.125)

The minimal coupling not only couples the charged field A and its superpartner ¢ to the
gauge field, it also couples these fields to the gaugino A which is the superpartner of V.
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11.6.4 Super-QED

Here we extend ordinary electrodynamics to a supersymmetric theory. We need at least a
photon field and an electron field. Off shell the photon is accompanied by the photino and
an auxiliary field and each chirality of the electron by a scalar and an auxiliary field. Hence,
besides the gauge multiplett we need two scalar superfields ®; and ®5 which transform
under U(1) gauge transformations as

) =erp) and D) = e NP, (11.126)

Later on the two spin—% components of these chiral superfields will be identified with the

electron. Gauge invariance requires the condition (11.120) on the constants, which in the
present case read

g1=92=0, mi1=m2 =0, Njz=0 and miz2=mg =m#0.

By using this contraints we obtain the following supersymmetric and U (1)-invariant action
Sspp = / dz / d49<5wawaa2(é) + WaWe%(0) + eV @1 + eV @,
P ®.0%(8) — mq>1q>§52(0)) (11.127)

Note that each term is separately supersymmetric and gauge invariant. Using the previous
results (11.118,11.125,11.93) we may rewrite this action in terms of the component fields
and obtain

Ssep = /d4””( = 1 Fuw " = GM 0N + 2D + | FiP + [Bof? + [ DA + | Dy Aof?
—ith10" Dihy — ita0# Dby + eD{| A1 |* — | Ao’}
—272e{ A1 A1 — P2 da) + A1 4] — 2 43)} (11.128)
—m{AlFQ + ATFQ* + Aol + A;Fl* — Y119 — 1;11/;2})

Note that the covariant derivative act differently on the different fields, since the fields in
®, have opposite charge to those in ®;. We may eliminate the auxiliary fields by their
purely algebraic equations of motions

I Ff —mAy =0
Fy:  Ff—mA; =0 (11.129)
D: 4D +e(|A1]* —|Ag]?) = 0.

After eliminating the auxiliary fields in S we obtain
Ssep = /d4x< - iFWFW - %5\7”8”)\ + ‘DLLAI‘Q + ‘DMA2’2 - mz(’Al‘Q + ‘AQ,Q)
—itp1 o Dby — ipao Dby + m(1h1ihe + P11a) (11.130)

2
— 5L = F24) £ AWA] 24D} - (AP - 4a)°).
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To compare this model with QFED it is convenient to introduce the Dirac spinor

4= <1f;2> — = (Prants) and D= (95D ).

Up to surface terms in S the terms containing derivatives of the v; can be rewritten as

P17 Dy + ot Dy = —Diiah146"**P1o + Y50l DS

= 116" Dy + 1hp0? Diiiby = IPip,
where we have used that ¥, and 9 have opposite charge,

Dy = (8, —i§V)¢n and  Dithy = (0 — i§V,) o,
We conclude that the second line in (11.130) may be written as
—p(ilp —m) (11.131)

which is just the Lagrangian for a massive electron field of mass m and charge —e, mini-
mally coupled to the abelian gauge potential V).
11.6.5 Fayet-Ilioopulos term

We could add the supersymmetric and gauge invariant Fayet-Iliopoulos term [56]
Spr = /i/d4a;d4 oV = /i/D (11.132)

to the action Sggp in (11.127) with the result that it induces spontaneous supersymmetry
breaking. The whole construction has been generalized to the non-Abelian case in [57].
Adding Sp; to Sspp changes the third equation for the auxiliary field D in (11.129) into

4D + k +e(JA1]? + |Az)*) = 0.
After eliminating the auxiliary fields we again obtain the action (11.130), wherein the last
term is replaced by

2
(&
~S (AP~ 142 — — (el Ar? — el Aol? + R)”

1

8
Let us have a closer look at the scalar potential of this socalled Fayet-Iliopoulos model. It
is

1
V(A1,A2) = m2(|A1!2+\A2l2)+§(6|A1\2—6!A2l2+/€)2)
K2 2,1 2 2 1 2 e? 2 212
= §+( + zer)[A1]* + (m” — jer)| Az +§(\A1I — |A2]%)".

Now we must distinguish between two cases.
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o 4m? > ex:
In this case all coefficients of the quadratic and quartic terms are positive and the absolute

minimum of V is attained at
K

A1:A2:0:>Vmin:g>0, D=-%, F=0,

indicating that supersymmetry is broken. Both scalar fields have real masses and vanis-
hing vacuum expectation values which shows that (at the classical level) the U(1)-gauge
symmetry is unbroken. The model contains the following particles

Ap M12:m2+%e/<;, Asg Mgzmz—%em
¢:(¢1ﬂ/}2)i M=m

A,V : massless.

The mass splitting inside the matter multiplett establishes that supersymmetry has been
broken. Note that only the mass of the scalars is splitted by the supersymmetry brea-
king. The massless photino field A is just the Goldstino field appearing in the process of
supersymmetry breaking

o 4m? < en:

Now the minimum of the potential is at a finite value of the matter fields,

—4 2 2
|A;| =0 and |4y =2?= L 5 mo_ V(0,v) = m—Q(e/@ —2m?) > 0.
e e

This indicates that both supersymmetry and gauge symmetry are spontaneously broken.
To study the mass spectrum we expand the Lagrangian about the minimum. For that we
shift

Ay(z) — v+ Az(z).

We insert this into the Lagrangian and expand up to second order... (comes later).

11.7 Non-Abelian Gauge Theories

To be written

11.8 Spontaneous Symmetrybreaking

To be written

A. Wipf, Supersymmetry



Kapitel 12

KK-Reduction of Wess-Zumino
model to 2 dimensions

As an exercise in getting familiar with the Kaluza-Klein reduction, I shall show how
the 4 dimensionsional Wess-Zumino-model is reduced to an two-dimensional model with
extended supersymmetry.

12.1 Reduction to the N = 2 Lorentzian model

In 4 dimension a Majorana spinor has 4 real components which are two times the 2 real
components of Majorana spinor in 2 dimensions (which exist for both signatures (4, —)

and (4, 4+)).
We start with the Dirac matrices v* in 2-dimensional Minkowski space and give an explicit
realization for the matrices I'"*,m = 0, ..., 3 in 4 dimensions: We make the ansatz

Fp=A%%, Tita=8a®%, p=0,1, a=12 Y« = =01
The condition on the A-factors such that
(T, T} = 20mm, = diag(1l, -1, —1,—1) (12.1)
is easily seen to read
A2 =1, [AA]=0, {Ag, Ay} = =204 15.

Since 'Y must be hermitean and the I'>? antihermitean and since I's = —iygy17273 is
hermitean it also follows that

A=A, Al = —A,.
Since A commutes with all matrices we may choose it to be the identity,

A = 1s.
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Note that the hermitean iA, generate the Euclidean Clifford algebra in 2 dimensions and
that the [A,, A generate the group spin(2). Earlier we have shown that in 2 dimensions
there is a Majorana representation. Hence we may choose A, to be imaginary and hence
symmetric. To construct this Majorana representation we take

Ay =1im and Ag = ir3,
With our earlier convention the hermitean I's takes the form
I's = =il Iel's = A1 A ® YY1 = —T2 @ Y«. (122)

We choose a Majorana representation for the 2-dimensional 7, such that they are imagi-
nary (see section 3.5) and v, = —7071 is real. Since the A, are imaginary it follows that
the T';, are purely imaginary as well and that C4 = —I'g = —12 ® 7p. Hence we are lead to
take the following relation between the conjugation matrices in 4 and 2 dimensions,

Ci=-To=12®C, (12.3)
where Co = —7 is the antisymmetric charge conjugation matrix in 2 dimensions. We have
Ci'llmCi=-TF,  CilyuCa=—.. (12.4)

Now its easy to reduce a Majorana spinor, since the Majorana condition reads
V=£(@y =V, =0 <= £€R%, y=xe =", (12.5)

and an arbitrary Majorana spinor in 4 space-time dimensions has the expansion
2
U=> e ®xr, (12.6)
r=1

where the , are Majorana spinors in 2 dimensions and the e, form a (real) base in R2.

12.1.1 Reduction of the 4d action

In 4 and 2 dimensions a spinor field has the dimension
W= L2 and []=L72,

respectively. We start with the expansion (12.6) for a Majorana spinor and its adjoint in
4 dimensions. We rescale the spinors such that the x, in

2 2
1 - 1
U= — erQxr, VYV=-— eT®)Z
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have the dimension of a spinorfield in 2-dimensional Minkowski spacetime. The spinor
should be independent of the internal coordinates which are the coordinates 2 and z®.
We obtain for the fermionic bilinears

/ d*z U1,V

Z/de)ZraXr
/d%; Ty = Z/dQ:cxrxr
/Cl4x\ifr5‘1/ = —/d2$ (7'2)rs Xr Y« Xs

Now we are ready to reduce the Wess-Zumino model with Lagrangian
Ly = 20,A0™A+ 10,BO™B — sm?*(A* + B?) + LUT"™0,¥ — imIV
—mgA(A* + B?) — 1¢*(A? + B*)? — gU(A — iT5B)¥ (12.7)

to two dimensions. For that we observe that a scalar field in d = 4 has dimension L~!,
whereas in d = 2 it has no dimension. Hence we make the replacements

1 1
A— —A and B — —B.
VVa VVa

If we finally relate the coupling constants in 4 and 2 dimensions as

g4

g2 = )
VVa

then the action of the 2 dimensional model, given by
84 = /d4$£4 = SQ = /d2x£2

reads

Lo = 30,A0"A+ 30,Bo"B — im*(A® + B*) + ixdx — smxx
—mgA(A® + B?) — %gQ(A2 + B2 —gx(A+in ®vB)x. (12.8)

Here x is a Majorana spinor with the two components y; and y2. These two flavours
maybe combined to a Dirac spinor. The first factor in 7 ® 7, affects the flavour indices.
The Hamiltonian density is
Hy = %(7@24 + 7%+ (VA2 + (VB)? + m?A? + m2B2> — x99, x + Imxx
+mgA(A? + B?) + 1¢g%(A% + B?)? + g(A +im2 ® 7. B)x. (12.9)
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12.1.2 R-symmetry

In 4 dimensions a scalar- and spinorfield transform under Lorentz transformations as
A(z) — A(A;'2) and U(z) — SuU(A;'2), U(x) — U(A;'2)S; ),
where
Si = oxp (bwpal™) and (A% = (€)™, Ty = [T, )

are the spinrotation and Lorentz transformation with parameter wy,, in 4-dimensional
spacetime. They are related via

SISy = (Ag)™ T

The Lagrangian density is as scalar field. When we reduce the theory to R? we must require
that the fields do not depend on the internal coordinates. Clearly this condition is not
compatible with the 4 dimensional Lorentz invariance. Only those Lorentz transformations
survive which do not mix the coordinates on R* with those in the internal space, hence

SO(1,3) — SO(1,1) x SO(2) or Ay — (g g)

where A is a 2-dimensional Lorentz transformation and R € O(2)!. With our choice for
the I';,, the generators of the corresponding spin transformations in 4 dimensions read

F,u,u =1® Yuvs Fl—i—a,l—i—b = Ay, ® 1y and F,u,,1+a =2A,® VY (1210)

The Agyp generate the spin(2) subalgebra of spin(1, 3) and the v, the spin(1, 1) subalgebra.
Since the I',, act trivially on the first factor in the decomposition ¥ = { ® x, and the
I'i4a,14 trivially on the second one, the spin rotations compatible with the dimensional
reduction decompose as follows:

Si=5®8, SU=> Se@Sx, S;'A%;=RIA" SIS =AM,
T
where S is a spin rotation acting on spinors in 2-dimensional Minkowski spacetime. To

summarize, the remaining Lorentz transformations reduce to Lorentz transformations on
the two dimensional spacetime,

S: xa(z) — Sxa(A7'z) |, A(x) - A(A'z), B(z) - B(A'x),
and to a symmetry which does not act on the coordinates of R?:

Sy e, — Sse, , A(x) = A(x), B(z)— B(x)

Lactually, only det A - det R = 1 is required.
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We see that the spin rotations Sy reduce to internal symmetries which rotate the Majorana
fields without changing the coordinates (on R?). With our choice for the A, we have
A19 = 919 such that

cosw  sinw

52 — ewAlg — w2 — .
—Sinw Cosw

) ® 1o = R,
where we have set w?® = w. Hence, spinors transform under the R transformations as

)\ —>ZR€r®Xr :ZRST€S®X’F :Z€s®(RX)s-

S

Hence we may interpret the R-symmetry to act on the Majorana spinors. We conclude,
that the reduced model has the following U(1) invariance,

[1e%p)

x — Ry =¢e"%"2x.

12.1.3 Chiral rotations

To investigate the behaviour under chiral rotations we rewrite the Lagrangian density in
terms of the Dirac spinor

Y= —(x1+ixa)

Sl

With the identities
WY = 3% VPP = 3xIx + 50u(ix2), Dt = —3XT2 @ X,

where we made use of (13.3), the density for the massless model takes the following simple
form,

Lo = 10,A0" A + 10,B0" B + ihdy — Lg*(A% + B®)? — 2g90(A — i7. B)y.

It is hermitean and possesses the following U(1) chiral symmetry,

b G aa (4) o (e ) (),

sin2a  cos2a

12.1.4 Supersymmetry transformations

To find the susy transformations we dimensionally reduce (6.12) by expanding

\P:Z(Br@xr and azzer(gﬁr

with two dimensional real supersymmetry parameters 3,.. We easily obtain

0A = Y Bixe,  OB=—iY (Ta)rs Bryexs
6Xr = _(71(?14 + g(A2 - BZ)BT - (7’2)7«5’)/’“"}/*538#3 + QZQAB (72>r57*63-
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Again we introduce the Dirac field and o = (31 + i82)/v/2 and obtain

0A = av+acpe , 0B =i(ay — acvide)
6 = —{id(A+ivB) + g(A+iv.B)*}a.

To reduce the susy algebra of the supercharges, we insert

Q:ZeT®QT7 Oé:zer@ﬁr

into the 4-dimensional algebra
[Qar, a2Q] = —2i(aal™ )0y, — —2i(a2y"a1)0y, p=0,1. (12.11)

Then the susy algebra reduces to the following N = 2 algebra for the Majorana super-
charges ¢q; and g¢o:

(G100} = 2i05(4") 0,
Rewritten in terms of the Dirac-charges
1 ‘
Qa = E((h +iq2)

this reads

{Qa, Q% = 2i(v") 0.

12.2 Reduction to the 2d Euclidean model

We reduce the model on 4-dimensional Minkowki spacetime (I';;,) to a model on 2-dimensional
Euclidean space with Euclidean v-matrices 7, and v« = —i79y1. We make the ansatz

lo=Ag® 1y, TI'i=iA1® 1, F2+M:iA* & Vs w=0,1, A, = —iAgAq,

where the hermitean «,, and hermitean A, generate the 2-dimensional Euclidean Clifford
algebras,

{’}’M,’}/V} = 2(5#”12 and {Aa, Ab} = 25ab]12-
With our earlier convention the hermitean I's reads
I's = -l Ie's = —AgA1 ® Yoyl = A ® Vo (1212)

A 4-dimensional Majorana spinor has the expansion

2
1
UV=—> ¢ ®xr, (12.13)

where the y, are spinors in 2 Euclidean dimensions and the e, form a (real) base in R?.
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12.2.1 The Majorana conditions
We write the 4-dimensial charge conjugation matrix as
Ci=a®Cy, c'r,c=-1rt.
Because of the particular form of I'g and I'; the last condition implies for m = 0, 1
ailAaa = —AaT = o 'A,a = —A*T.
With the last identity the factor Co must then fulfil
Cy ' vuCo =),

which just means, that it is a charge conjugation matrix in an FKuclidean spacetime with
signature (+,+). In such a spacetime there are real and symmetric v, giving rise to an
imaginary and antisymmetric .. In this representation we have Co = 1. To obtain purely
imaginary I';,, in which case C4 = —I'g and the 4-dimensional Majorana spinors become
real, we could take

AOZTQ and A1:7'3:>A*:7‘1. (12.14)
To summarize we may choose a representation such that all I';,, are imaginary and
Cy=—-Tp=—-1®I1,. (1215)

It follows, that Majorana spinors ¥ in 4d Minkowski spacetime and Majora spinors y in
2d Euclidean space are both real. The last statement comes from

X = xe = Co(xHT = x*.

The choosen representation is very convenient, since in the expansion (12.13) all spinors
happen to be real Majoran spinors. For the 2-dimensional Majorana spinors we have the
identities listed above and below (13.4).

12.2.2 Reduction of 4d Wess-Zumino Lagrangian

Again we start with the expansion (12.13) for a Majorana spinor and its Dirac conjugate

2
- 1
U=—2> e/ Ag@x]
VAZ Bl '

The spinor should be independent of the internal coordinates which are the coordinates
2¥ and x!. We obtain for the fermionic bilinears

/d4x Urmo,, v = —/d2x (Al)rsxiaxs
/d4x v = /d2$ (A0>7’SXIX5
/d% Urs¥ = —i/d2$ (A1)rs XJveXs
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Now we are ready to reduce the Wess-Zumino model with Lagrangian (12.7) to two Eucli-
dean dimensions,

—Lo=Lg+LFp (12.16)
with
Lp— %(aMAa“A + 8, BO" B + m2(A2 + B?) + 2mgA(A% + B?) + ¢%(A2 + B2)2)(.12.17)
and

Lp= %(A1)mxl<?9xs + %m(AO)TSXIXs + QA(AO)TSXle - QB(Al)rsX;[’Y*Xs; (12.18)

where we choose the representation Ag = 7o and Ay = 7. With the hermiticity properties
worked out in section (13.2), above (13.20) one shows that this gives rise to a hermitean
action. For that one uses that Ag is imaginary and A; real.

To reduce the susy transformations (6.12) we expand the Majorana susy parameter in 4
dimensions similarly as the Majorana spinor field ¥ as follows,

a :Ze,n@& and a= ZefA()@BI
In terms of these Majorana parameters in 2 Euclidean dimensions we obtain
SA = p'mx , 0B =p"myx
ox = {indB—mA—g(A* - B)}B +i{idA — (mB + 2gAB)y. i 8. (12.19)

The summations convention used is evident. Later we shall combine the two flavours yi
and 2 to a Dirac spinor.

12.2.3 R-symmetry

We reduce the theory to R? by requireing that the fields do not depend on the internal
coordinates which we choose to be z° and z!.

SO(1,3) — SO(1,1) x SO(2) or Ay —> <‘3 %) ,

where A is now considered as internal symmetry and and R € O(2) as Lorentz trans-
formation in the Euclidean 2-space. With our choice for the I',, the generators of the
corresponding spin transformations in 4 dimensions read

Fop = —-A,®@ 12, Tyg=-12®y0 = —ila ® 1. (12.20)

They yield the noncompact internal transformations R = exp(wp1 A4)® 12 and the compact
spinor transformations So = 1o ® exp(—iwas7y«). The internal symmetry is (w = wp1)

y — ey, T — e where y = <§§;> . (12.21)

The invariance of the action under this R-symmetry is evident, since both Ay and A;
anticommute with A,. With the choice (12.14) the R-symmetry is given by

(B _ e _ coshw sinhw
sinhw coshw
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12.2.4 Chiral symmetry

The model (12.18) seems not to be chirally invariant under a compact transformation.
That is not true! It is actually invariant under the rotations

; A cos2a  sin 2« A
0D @Y
X—re X and <B>_><sin2a Cos2a> <B)
To prove the invariance one uses

g AR @ (Ag ® lg)eio‘A*@W* = Ag® l3c082a + A1 ® 74 sin 2
e_iO‘A*@W*(Al ® 7*)eiO‘A*®V* = A1 ® 7y cos2a — Ay ® 15 sin 2a.

For the choice A, = 74 the transformation reads
<.X1 )_}(co.sa sma)(.Xl >
1Y+ X2 —sina  cosa 1Y% X2

X1+x2 — €%(x1+x2)
X1—x2 — € ““7(x1—x2)

or equivalently

It follows that
1/1——1( +ix2) and ——1( —ix2) (12.22)

transforms as follows under chiral rotations,

P cosa  —7Yesina P
<¢C> — (sina'y* cos « ) <¢c>'

12.2.5 Rewriting the 2d model in a Dirac basis

The chiral symmetry and supersymmetry is more transparent if we use the Dirac spinors
(12.22). With the help of the relations above (13.20) one shows, that the bilinears are
related as follows:

Pl = —wcwc =—xInx , vl = —¢lv = —Ixiny
Yivabe = IxTmvex — Sxtrx o Wivad = IxTmsvx + Sxtrex (12.23)

Wi = ITndy — ixTndy , widv = WIndy + ixTndx.

Hence we may rewrite the fermionic Lagrangian as

= LT Pe + L) — myTy — 29 49Ty — gB(Tvabe + Yive). (12.24)

A. Wipf, Supersymmetry
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To rewrite the susy transformations (12.19) in terms of Dirac spinors we introduce the
complex supersymmetry parameter

a:;5&+w@ wdc%=;5&—wm

and which should be distinguished from the 4-dimensional parameters, for which we used
the same symbol. With the identities

20Ty = Blx — Bimx . 2aly. = BTx + Binx
20 vpe = Bimvx — B8 mvex , 2aiw = Bimsyex + i8I my.x

the susy transformations become

§A = alpe—aly | 0B =alvape+alvy
ot = {i7.@B —mA — g(A® — B*)}a — {i)A — (mB + 2gAB)~., }a.
§he = {iv@dB —mA — g(A2 - BQ)}()zC + {iA — (mB + 2gAB)7,

To construct the susy algebra, we again decompose the 4-supercharges as

Q:Z€T®QTa Q:ZQZAO@’QI

with Majorana supercharges g1, g2 in 2 Euclidean dimensions. We correspondingly expand
the 4-dimensional supersymmetry parametes as

a:Zer(X),BT and d:Zer@)Br
such that
Qa=q'nB and aQ = ping.
Now we introduce the two dimensional Dirac spinors

6212(/814-2'52)7 5212(51-1-2'52) and q:\}i(fh%-i(h)

such that
Qa =qlé.—q'é and aQ = elg. —€'q.
Inserting this into
[Qd, aQ] = —2i(al™ )8y, — —2(al, @ Ya)d, = 2i 37" 50,
With

elye. = 3517 —in)y'e and  elye= 87 (rs +im)y"e

A. Wipf, Supersymmetry
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we obtain

[gléc — q'€ elge — €'q] = 2i(eTy"ec + €lr"€) 0.

{Giar 4"} = ~2i(73)i (1) 20
For the Dirac supercharges
Q= —=(q+ig) and QF = —=(q1 —igs)
= — i an =—(q1 —1
5 q1 T g2 /2 q a2

we obtain

{Qa, Q") =2(v"),"9, and  {Qa, Qs} = ~2(+")s"0y.

A. Wipf, Supersymmetry



Kapitel 13

WZ-models in 2 Dimensions

The purpose of this section is to present again the ideas of supersymmetry and to elaborate
upon them using the simpler examples of two dimensional SUSY-models. Also we shall
investigate the Euclidean models and the relation between the Minkowski and Euclidean
formulation in some detail. On the way the Ward-identities are discussed and are checked
explicitly for some simple models.

In two dimensions the Lorentz group is Abelian. It is the twofold covering of

SO(1,1) and SO(2)

in Minkowski spacetime and Euclidean spacetime, respectively. According to our general
analysis in chapter 2 there are Majorana or Weyl spinors in two dimensions for any choice
of signature. In addition, in two-dimensional Minkowki spacetime there are Majorana
-Weyl fermions.

13.1 Models in 2d-Minkowski space

When discussing supersymmetric models it is always useful to recall the relevant proper-
ties of spinors which are relevant for the model under consideration. Although we have
discussed these properties for fermions in spaces of arbitrary dimensions and signatures, it
is useful to recall and further extend these results for the probably simplest case, namely
2-dimensional Minkowski space.

The general FIERZ identity (4.83) simplifies to

20X = —(X¥) = 7 (X"Y) + 57w (V") = —(X¥) = % (X7") = (X)), (13.1)
In two spacetime dimensions there are Majorana spinors. I the Majorana representation
(4.39)

A =09, o' =io1, suchthat ~. = —7yy1 =03 (13.2)
the antisymmetric charge conjugation matrix reads C = —4". For Majorana spinors the
symmetry properties (4.75) read

vx =x¢, vYx=—x7" and Py = =Xy (13.3)

202
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Some further FIERZ identities are easily derived from these properties: For Majorana
spinors we find

(@) (@ay) = (Wa)(@y) =p(aa)yp = —3(aa)(Py)
(P a)y = (WP)y*a = —5(P)y*a.

In addition
Wy, ¥ysx are hermitean and vy is antihermitean. (13.4)

To construct the Wess-Zumino model in 1+ 1 dimensions we need a real superfield ¢(x, )
which has the following expansion

®(z, o) = A(z) + ap(z) + a0k (z) (13.5)

with real (pseudo)scalar fields A, F' and Majorana spinor 1. Its supersymmetry variation
is generated by the supercharge,

_ 0
P = i5QP, Q= —i% — ()0,. (13.6)

The supersymmetry variation of the component fields follows from

o o o
igd = (6% — (B a)0,)® = By + faF —i(fyH )0, A — i(fyH o) ad, )
= 0A+ad+ LaadF.
We read off the following transformations of the component fields
A =By, &= (F+idA)B = 6 =B(F —idA), OF =ipdy. (13.7)

Calculating the commutator of two susy transformations is considerably simpler as in four
dimensions:

[61,02)A = 2i(Boy"B1)0,A

(61,020 = i(Baf1 — B1B2) i + iy (BaBr — B1B2)Outh = 2i(Bay" B1) Ot

[51,52]F = 27;(52’7“51)8uF.
The corresponding anticommutator of two supercharges are

{Qa, Q°} = 2(4")," Py (13.8)
Multiplying with ~y and summing over the spinor indices yields
a=1,2

The supercovariant derivatives read

o . - o . _
D = % +i(y"a)0, and D = 90 i(ay")0,, (13.9)

A. Wipf, Supersymmetry
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and they anticommute with the supercharges.
To construct an invariant action we take the aa term of D®D®. We need the covariant
derivatives of the superfield, which are found to be

D® = ¢ + oF +ifAa — L(aa)dyp and D@ =1 + aF —iadA + L(ae)d Py
Hence we obtain

D®D® = ¢y + (ay)F —iay"pd,A + aaly
Lo = 30,AMA— i+ L0,00" ) + LF.

DO

In (13.7) we have calulculated the variations of the components for an arbitrary real
superfield (13.5). We read off, that

0sLo = 0u(BVY),  V§' = 5(iy"F + """, A).

As expected, the Lagrangean density £y transforms into a spacetime derivative, and the
action for the free and massless theory,

S() = /dQl'/:,o,

is invariant under the supersymmetry transformations (13.7). The equations of motion are
simply

OA=0, Jp=0 and F=0. (13.10)

Since

oL . _ |
3 67255@5 — OMAS3A + 1650 = BOMA Y + LFyMp + Ly¥ a0, Adp)
P 12

we obtain the following conserved Noether current for the free massless model
I ="+ )0, A, e = et =1 (13.11)

By using the KLEIN-GORDON equation for A and the free Dirac equation for v one sees
at once that J* is a conserved spinorial supercurrent.
Now we can add an interaction of the form

Sy = /d%d%W(@), (13.12)
which has the component expansion
W (®) = W(A) +ayp W'(A) + JaaLls, L1 =FW'(A) — sW"(A)yy.
The variation of £ is found to be

(5,8£1 - 8#(8‘/#)7 Vlu = fLW/(A)FYMQ/)

A. Wipf, Supersymmetry
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such that the Noether current of the interacting model with action
S:/E, L=Ly+ Ly (13.13)

becomes
JF = (" 4 7€ )0, Arp — iW' (A)yHep.

Again F' is a nonpropagating auxiliary field, which satisfies the algebraic equation of
motion FF = —W/(A). After its elimination the Lagrangean density aquires the by now
familiar form

L= 5(0A)? — 4 — W' (A) — W (A)poh. (13.14)
The Hamiltonian density is found to be
H=1rd + 347 + Ly + AW/ (A) + AW (A)Pnp, ma=A, my=—5y7°.(13.15)
The (anti)commutation relations for the field read
[ra(z), A(y)] = i6(z —y) and  {ga(2),¥s(y)} = —(Y°Clapd(z — y).

One can check, that the equations of motion are correctly gotten from?

O = 1[0, H].
Consider the following superpotential
W(®) = g + md* + I1r@?
which leads to the Langrangian density
L=Lo+L1,  Li=—3(g+mA+ A% — Dahyp — AAYp.

To simplify the following discussion let us assume that m = 0. Then the quartic potential
has a minimum at A = 0 and at A? = —g/)\, provided that g/\ is negativ.
e For g/A > 0 we have

(A)=0, (F)=-g, V((A)) >0 and ma=+/2g\, my =0

such that supersymmetry is broken at the classical level. The vanishing @)—mass signals
a NAMBU-GOLDSTONE fermion sometimes also called goldstino, associated with the spon-
taneous supersymmetry breaking at the tree level.

e For g/A < 0 we have

(A) =/ —g/\, (F)=0, V((A)=0 and ma =my =2y —gA\.

The fields A and 1 have equal masses, supersymmetry is exact at the tree level but the
reflection symmetry A — —A is broken.

'we had to change the conventions used in section (6), since the kinetic term for the Dirac fermions have
changed signs and since {1, 4} must be positive. The matrix —yoC leads to {9, (), 15 (y)} = dasd(z—1y).

A. Wipf, Supersymmetry
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v
y -
A A

Abbildung 13.1: Potentials for the Wess-Zumino model with and without susy breaking.

13.1.1 Two-point functions
Here I follow the book of BOGOLIUBOV and SHIRKOV, suitable generalized. The positive
frequency part of the PAULI-JORDAN function in d space-dimensions is
1 . 1 1 . i
AL(€) = ——— [ eP0(po)d(p? — m?)d :/e_’(“’g g dp.
(€)= Ty [ 006 — i = s [ 5 p

Here dx, dp and denote integrals over time and space coordinates, whereas dp denotes the
integral over the spatial components only. The corresponding WIGHTMAN function A4
defines a positive inner product, as it must be,

ANA) = i [ dedy )54 0)900)
B (277;“ / dpdz dy f(z)e”P*0(p°)5(p* — m*)e™g(y)

= /dp 0(p°)S(p* — m?) f*(p)g(p) Z/dp F(w,p)g(w,p),

&)=

where we made use of the FOURIER transform

r 1 ipx T
f(p):m/e f(z).

Note that only the on-shell values of the test function enters. Let us find the explicit form
of the WIGHTMAN function in two spacetime dimensions. First we change variables,

w=1+/p2+m2=mcosh¢ and p=msinh¢

which results in
1 & ; 0 o 1
AJr(g) _ / e—zm(cosh P&V +sinh ¢€ )d¢5
—Oo

4
Fortunately, this integral has been evaluated in the book cited. We take the result
1 (z’No (m\/§2> U (m\/§2)> for €2 > 0

A =
+) 2 Ko (my/~€2) for €2 < 0

(13.16)

A. Wipf, Supersymmetry
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The PAULI-JORDAN function becomes
A(§) = A(6) = As (=€) = —5e(a”) 0(E7) Jo(mV/€),
and gives rise to the commutator
[A(x), A(y)] = iA(€) = —5€e(€")0(E%) Jo(m/€2)

with support for timelike separated points, £ = x — y. If we would quantize the free model
on the cylinder

(2%, 2') e R x S,

where the circumference of S' is L, then for spacelice x the function would has the form

Ay (z) = %MZKO <m\/(Ln—|—x1)2 —x(%). (13.17)

Furthermore, the time derivative at 2° = 0 is

time

1
27

K

exponentially
damped

Abbildung 13.2: The Wightman function Ay in two dimensions.

To obtain the WIGHTMAN funtion for the fermions we calculate

§ = = m)8) = g [ (- mE* — ey
1 1 )
= emr | 2, W,

A. Wipf, Supersymmetry
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where in the last formula pg = w(p). Note that

S = (i) — m)(iAy) = (—aﬁal ao_;l&) <z‘AO+ ii).

The inner product induced by the WIGHTMAN function is

[y (55 asta =) o) = iy [ 5o ) o—hg) flw ),

where we introduced the hermitean Dirac Hamiltonian
hy= a'p; +mA°

which contains the hermitean matrices a’ = v%4*. Since

R = (p?+m?)1 = w1,

the eigenvalues of hy are +w. Hence the inner product of f with itself vanishes if and only
if f is on shell. To proceed we need

(i0,A1)(0,2") = _% ST Ki(mLn + na')

which finally yiels
m

QW(Kl(fl)Ul — Ko(€Y)00).

(W (0,21)9(0,y")) = 5(0,6") = 36(¢" )2 +
The two point function of two fermion fields are

(¥a(0,21)15(0,y")) = 25(£1)das +

m
7

5 (iK1(£M)o3 — Ko(£h)o2) 46

After smearing with real testfunctions f : R? — R? we obtain

(W0, FY%(0, f)) = § / 0 fo () fa ().

13.2 Model in 2d-Euclidean spacetime

Instead to analytically continue the Minkowski model to the Euclidean one, we construct
the Euclidean model starting from the known facts about the Clifford algebra on Fy with
metric diag(1, 1). The Dirac conjugation is just

o =t (13.18)
and there is a charge conjugation matrix C satifying

’ylj; =C'y,C and CT=cC. (13.19)

A. Wipf, Supersymmetry
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For example, for the real representation

Y =01, v =03 wehave C=1, Ve = 1701 = 02
a Majorana spinor is just real. For Majorana spinors the symmetry properties are

bx ==X, Pyux=-Xny and Py.x =X, where ¢ =1l

and the hermiticity poperties become

e ifyux are antihermitean and vy,x is hermitean.
Finally, the FIERZ identity reads

WYX = —5X% — 37 (X7uW) — 37 (X). (13.20)

Some further FIERZ identities are easily derived from these properties: For Majorana
spinors we have

(av)(ay) = —(pa)(ap) = —(aa) = §(av.e)(Pya))
Wy a)y = (W)Fa=—5 (1) rr”

A hermitean superfield has the following component expansion,

Q

B(z,0) = A(x) + a7.1h(2) + J(av0) F(a)

with real fields A, F' and Majorana spinorfield . As supercharges we may take

Q= 2 Wad, = and Q= il a8, = Q"or.

oa Ja
One finds the following nontrivial anticommutation relations
{Qa, Qp} = 2i(7"8)ap- (13.21)

Thus we have recovered the correct anticommutation relations for the supercharges. The
superderivatives are

J . - o . _
D= % +i(Y'a)0, , D= B0~ i(ay")9, = —D ;.

Up to a sign they satisfy the same anticommutation relations as the supercharges. The
supersymmetry variation of the superfield is

B2~ iy"ad)® = Byt + el — idAa+ §(@10) )

oa
— 5A() + 370(@) + Y(av.a)dF (@),
from which we read off the following transformation rules for the component fields

SA =y, 8 = (F+indA)S — 6 = B(F —idAvy.), 6F =iBdy. (13.22)

A. Wipf, Supersymmetry
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Now we are ready to calculate the action of the free model. First we need the covariant
derivatives of the superfield

D® =~ +v.aF +idAa — %(dv*a)(?l/)
D® = oy, + ayF —iadA+ %(d’y*a)auﬁ'y”

Since v, D® is a Majorana field we obtain
3DOD® = —§(a7.)du(Pry") = 0,

and this can be checked by a direct calculation using the FIERZ identities in Euclidean
spacetime. The supersymmetric and Lorentz-invariant action is derived from the density

%D@y*Dq) = = %1/_)7*1# + (e ) F —iay 0, A — ary.aly
Lo = $0,A0"A+ Lpdy — Lohytap — L2

The variation of the Lagrangean density £y with respect to supersymmetry transformati-
ons is

0Lo = u(BVY), V' = 3(vy"y” Oy A — iy F)ip.

Note that Ly gives rise to an action which is unbounded below and above. Again we switch
on an interaction by adding a superpotential W (®) with component expansion,

W(®) = W(A) + a7 W' (A) + barea(W' (A)F — W),
and which gives rise to the Lagrangean density
L1 = LW (At — W(A)F.
The total Lagrangean is £ = Lo+ £; and from the superfield formulation we read off that
SL=0,(BV"), VF=VI'—iW'(A)y* . (13.23)

This can be checked directly by using the explicit form for the tranformations of the
component fields A, and F. The auxiliary field fulfils the algebraic equation

F=-W(A).
Eliminating F' we obtain
L =1(04) + Lopdp + SW'2(A) + SW(A) hyp. (13.24)
This density is invariant under the on-shell supersymmetry transformations
SA= By and 00 = (iv.dA— W'(A)B, 5 = BlindA—W(4). (13.25)

Hence, on the classical level we have constructed an N = 1 supersymmetric and stable
Fuclidean Wess-Zumino model. Already for the simple Euclidean Wess-Zumino model we

A. Wipf, Supersymmetry
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have the strange result that off-shell the action is unbounded from below. Only after
eliminating the auxiliary field does the theory become stable. In theories with extended
supersymmetry the models are unstable even on-shell.

The equations of motion read

ANA = (WW")(A)+ WAyt
1y = —3W(A)nap.

The solutions are integral curves to the hamiltonian vectorfield generated by
H=mad+mp) — L= §m5 — 5(A)? = 59y 0np — JW'2(A) — JW" ),

where

are the momentum field conjugate to A and . The (anti)commutation relations read
[A(@), ma(y)] = ib(z —y) and  {va(x), 7} (y)} ~ 675(x — ).
Indeed one finds

Alz) = i[H, Al2)] = 7a(x) i
ta(z) = i[H wa(x)] = —(0:A)° + (WW")(A) + sW" (A)dyet)

which imply the correct equations of motion for the scalar field. To continue we choose
the following Majorana representation,

Yo =01, 71 =03 = VYx = 02.

The charge conjugation matrix is the identity and

Ty = (12, Pn).
The anticommutation relations read?

{1(2), ¥2(¥)} = 0(z —y), {1, 91} = {¢2, ¥2} = 0.
The fermionic part of the Hamiltonian density reads
Hp = —5(1] — Poy) + W (A) (1pg — Pahr).

With [AB,C| = A{B,C} — {A,C} B we obtain

U1 = G[H, ] =+l — Wy
by = i[H,bs] = =) + Wi,

which yields the above Dirac equation in the given representation.

2T choose the normalization such, that the I get the correct equations of state

A. Wipf, Supersymmetry
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13.2.1 Noether currents
With

oL
00,0

6¢ = B(O" Ay, — 5Fy" — LAy )y,
the Noether current reads
BJ# = B0y, + i, A+ iW (A, =1,
and gives rise to the Noether charge
Q= / dx (m% +iA + iW’(A)fyO)w.
In our Majorana representation
30 = / dzj (m@ A+ z‘W’(A)01>¢.
It is easy to calculate
0A =1i[BQ, A] = By
To compute the commutator of the supercharge with the fermionic field, we use
[ 1320 0)00), (@) = [ 0B @){0(0), ()} = (A1) ).
With this formula one finds
S = iB(mace +iA +iW'o1)or = (ioe(0100 + 0301)A — W')B.
Hence we recover the transformation law for the scalar field A and the Majorana spinor

.

In components (and the Majorana representation) we find
Q1 = Z/d%l ((W/ - TFA) o + A/wl)
Q= i [ dot (W ma) b+ ).

13.3 Euclidean path integral for free model

Here we recall the quantisation of the free massive N = 1 model. The main emphasis is put
on the correct quantisation of Majorana fermions in the path integral formulation. Since
all functional integrals are Gaussian, the generating functional and hence all correlations
functions, can be calculated explicitely.

A. Wipf, Supersymmetry
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First, to get the free massive model we choose a linear superpotential
W= 202 = A2 4 @y A + Zavea(AF — 3y.),
giving rise to a quadratic Langrangian density,
L=10,A0"A + Lpdp — 10,p7"Y — SF? — mAF + Zepyaap.

We have seen that this density is invariant under the following susy transformations

A= fyb and & = (F + ind A,
and that the density is invariant up to a divergence,

6L = 0,(BVH), VHF =V —imAy"y.

After eliminating the auxiliary field via its equation of motion, F' = —mA, we end up with
the massive free theory for a real scalar field and a Majorana spinor,

L=10,A0"A+ 2A* + WPy + Dy, (13.26)

Next we wish to study the Gaussion functional integral for the generating functional of
the Euclidean correlation functions

20 m) = /DADw e S+ [GATTY) = 70(5) Zp(n) (13.27)

in detail. Note that the bosonic source term is imaginary, whereas the fermionic source term
is hermitean. Clearly the functional factorizes into bosonic and fermionic parts. We shall
work on the two-dimensional torus such that the relevant differential operators possess
discrete spectra. Hence we identify z° with 20 + 8 and ' with ' + L. The functional
integral over the scalar field is simply

- )

ZB(j)

The integral over the Majorana fermions is more subtle and hence we shall be a bit more
explicit. The eigenvalue equation for the Euclidean Dirac equation,

(i@ + my )y = M,

reads in the Majorana representation

. O dp —m B
Z<80+m -0 >¢—A¢

On the space of real Majorana spinors this euclidean Dirac equation has no solution. But
we can solve

(id + my)xx = ixgy  and (i + my)dy = —idxa = (A +m?)xx = A xa

A. Wipf, Supersymmetry
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on real modes. The possible eigenvalues are

2nr 21rs
Ars = £/ p% +m?, p():?, pL=—

L

To construct these solutions one starts with a (necessarily) complex and normalized eigen-
function ¥ of the Dirac operator with eigenvalue A\. We assume that A is positive. Then
1y is an eigenfunction as well with eigenvalue —\. Now we may take

A= \}i(wJﬂﬁ;) and ¢, = 7

Since the 1) form an orthonormal set of (complex) eigenfunctions, we have
O xa) = (0a,0x) =1 and  (xa, ¢x) = 0.

Now we expand the Majorana field and source in the functional integral as

p=Y (aa+adn), 7= (i +uvadl),
\

A

(x —¥3), A> 0.

where the sum extends over all positive eigenvalues A of the Dirac operator. It follows that

50, (i + my)Y) = %Z A(bacx —caby) and  (7,¢) = Z(u)\b,\ + vpey).

Next we take linear combinations of the real Grassmannian parameters and introduce the
complex objects
(b+ic), , s=

a= (u + iv)

%\H
Sl

such that
ala = 1(be — cb), sta + sa' = ub+ ve.

Now we may rewrite the path integral in terms of complex Grassmann variables as follows,

Zr(n) = /da)\dai\ exp (Z{ — /\aiaA + isiaA + is)\a:r\}).

The remaining manipulations are wellknown. First we shift variables

1 ofs 1

—)\aTa+i(sTa+sa)—)\aa+)\ d=a+~s, a =a -

such that the path integral simplifies to
1
Zr(n) =exp( Z XSAS)\ /dcb\d&; exp ( Z)\a)\cw\ H)\ exp ( — XSKS)\)

where the product and sum extends over the positive eigenvalues of the Dirac operator.
Notice the difference as compared to the path integral for Dirac fermions. The eigenvalues
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of —@2 are at least double degenerate (the 7,-doubling). When we quantize Dirac fermi-
ons, then the two eigenvalues are both included in the above formula. But for Majorana
fermions we combined two eigenfunction in the subspace with fixed A% to one complex
eigenfunction. Hence we only must include one of the eigenvalues of the pair of eigenvalues
+\ of (). Hence the product is

[1> = det'2(i@ + vom) = det'/2(—A + m?).
In the last step we used (}92 = Als. This way we arrive at the intermediate result
Zr(n) = det2(—=A +m?) exp(—i Z u)‘)\w).

To rewrite the last term we use the spectral decomposition of the Greensfunction of the
Dirac operator,

S(x,y) = (=]

1

T =1 3G~ @ @) = 3 e,

A>0 all\
This Greensfunction is purely imaginary and antisymmetric
Sap(®,y) = =Spa(y, z).

Using the eigenmode expansion of the source and the orthogonality of the eigenmodes one
proves that

i 1 ) UAVA
_— = —2 .
(7, iaer%n) i § 5

This finally proves the following nice formula for the path integral

2. =ep (=4 [ @6 +} [1@S@unw).  (1329)

Notice that the (UV-singular) functional determinants have exactly canceled in the final
result. This (partial) cancellation of divergences is one of the most attractive features of
supersymmetric theories.

13.4 Do we get a sensible susy field theory?

After having computed the generating functional it is a easy exercise to derive the two-
point function and hence all n-point function for the free N = 1 model. The bosonic
2-point function is

2
(A@AW) = 55

It is positive in the following sense,

(f,Gf)>0 and =0 onlyfor f=0,

log Z(j,n)|j=0 = G(z,y). (13.29)

implying that the in the bosonic sector of the corresponding Minkowski theory the Hil-
bertspace has positive norm.
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13.4.1 The requirements on the Euclidean Theory

Let us recall the relations between Minkowski and Euklidean 2-point functions: In Min-
kowski spacetime one defines the two-point WIGHTMAN funtion
(QIA@AW)IQ) = (@A, 2 )e ™ eV A0,y )e M)
= (QIA©0, @ )e " HITA, y)|Q) = W(x,y) = W(E),
where £ = x — y. This Poincaré invariant distribution must be positive, that is for non-
vanishing test functions f we have (f,WWf) > 0. From H > 0 it may be inferred that

W (€) admits an analytic continuation with respect to 2°. Writing S(z, §) for the analytic
function with z = {% + i€0 restricted to the halfplane f% > 0,

S(z,6) = (A0, z)e*TA0,y)Q),  z=¢p+iE,
we have

W €)= im (e + i€, @)

As a rule the boundary values only exist in the sense of distributions. Else there are no
singularities for 5% > 0, and this is the domain where the Euclidean two-point function is
evaluated:

S(€) = S(¢x, €)-

Now let us recall the basic axioms of Euclidean field theory such that it gives rise to a
interpretable field theory in Minkowski space.
The starting point is the normalized generating functional

2(f) = / du(A) A0 du(A) ~ DASAL A(f) = / F@)A(), f € S.(13.30)

We have changed the notation. Here and below f (and not j) denotes the external source.
The space S is a suitable real test function space, usually one takes the Schwartz space>.
Obvious properties are

1Z(Hl < Z[0] =1
Z[ fi +tf2] is continuous function of te€R forall f;eS  (13.31)
a;j = Z[fi — f;] is positive definite.

Next we introduce the space S of all complex f = f; +if2, where f; € S. Then we assume
Analyticity: The Schwinger functional Z[f] admits an extension to complex f € S¢ with
the extension being analytic.

3The Schwartz space consists of all C*™-functions f : R* — R, such that f and all its derivatives
decrease faster than any inverse power of |z| as |z| — oo. The dual &’ of S consists of all R-linear
functionals ¢ : S — R.
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This means that for f = > 7 z; f; with z; € C and f; € S¢ the mapping (21, ..., 2,) = Z[f]
is entirely analytic in C". Then Z admits a power series expansion which represents the
functional. The next property we require is

Regularity: There exists constants c1 and co such that for all f € §¢

215 < e [ da(al (@) + ol (@ (13.32)

Moreover, the two point function (A(x)A(y)) is assumed to be locally integrable.

This postulate may physically not be as well founded as the postulate of

Invariance: The functional Z(f) is invariant under all symmetries of the Euclidean space.
We shall use the Hilbert space & = L%(S’, du(A)) of square integrable functions F : 8’ — C
with respect to the functional measure y. The scalar product is given by

(F,G) = /du(A)F(A)G(A). (13.33)

Let us explain the rather important lat axiom in more detail: The action of the Euclidean
group on the test functions is described by

(a, R)f(x) = f(R™ (z — a)), aeR? ReO(d). (13.34)

A unitary representation U(a, R) : £ — £ is then given by

Ula, R)F(A) = cvexp{iA((a. R)fx)},  F(A) = cxexp (iA(fr).  (13.35)
k

k=1

Particular elements of the Fuclidean group are

o Time reversal: This is the element 6 = (0, R), where R is a time reflection. The corre-
sponding unitary operator © is an involution, ©2 = 1.

e Time shifts: These are the elements (a, 1), where a = (¢, 0) shifts the time coordinate.
We obtain a one-parameter unitary group U(t) = exp(itB). But B is not to be confused
with the HAMILTONian. Since

eU(t) = U(-)0 (13.36)

the spectrum of B is symmetric about zero.

The last property we require is

Reflection positivity: The matriz with elements a;; = Z(f; — 0f;), 4,5 = 1,...,n with
arbitrary n, is poitive for all test functions f; € S that vanish in the halfplane ° < 0, i.e.
f(x) =0 for negative x°.

On may rephrase this crucial property in terms of the Schwinger functions, that is the
moments of the Schwinger functional, as follows:

For each finite sequence (fo, ..., fn) of test functions fo € C and f € S(R*) with

fre(z1,...,xx) =0 except for 021’?2 ...21’2
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on has

> 8™ 0fn & fn) = 0. (13.37)

n,m

Test functions with this property form a subspace S; of §. There is a corresponding
subspace £ C &, which we define as the closed complex-linear hull of all vectors of the
form F(A) = exp (iA(f)) with f € S;. Reflection positivity implies that (©F,G) > 0 for
all F,G € £,. Thus we introduce a second scalar product

(F,G) = (0F,G) (13.38)
under the provision that we factor out the null space
Eo={F €& |(F,F)=0}. (13.39)
This then gives rise to the (physical) Hilbert space
H=2E /5. (13.40)

Two vectors F' and G in &£, give rise to the same vector in H if they differ by some vector
in &. Thus one considers the equivalence class F, associated with each F' € £, and treat
F, as some vector in H so that the scalar product becomes

(Fo,Go) = (F,G).

The Hamiltonian: It is remarkable that one may construct the Hamiltonian of the model
within the Euclidian formulation of the model. First we observe that if a test function
vanishes for negative euclidean times f(z° < 0,x) = 0, so does the function

fil2® z) = f(a° — t,2)

for all ¢ > 0. This time shifts with positive ¢ define a semigroup which maps Sy into itself.
Hence

U(t) Z(€+ —>(€+.

One can show that &, is left invariant under U(t) such that the U(t) maybe viewed as
linear bounded operator U, on the quotient space £ /&y which is then extended to H,

Ut)eFo = (UM)F)

One can prove
0<UIt)=Us(t) <1=Us(t) =, t>0, H>0. (13.41)

The operator H is then just the selfadjoint and positive Hamiltonian of the theory under
consideration.
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13.4.2 The fermionic subspace

When we differentiate (13.27) with respect to the Grassman-valued fermionic sources we
get

52 -
WZF(W)‘WZO =ZF- <¢a($)wﬂ(y)>v

where in the Majorana representation there is no difference between v, and 1),. When we
differentiate (13.28) we obtain
52
WZF(U)’FU = ZrSap(@,y).
Not unexpectedly this proves that

2

(Ya(2)Ps(y)) ] log Zrp(n)l,=o = Sap(, y)- (13.42)

~ 75(y) 01z

This does not define a positive form on the set of functions R? — R?,

/ fo(2) S (2, 9) fay) = 0.

However, this is not a serious problem. Only the positivity of the state space of the
Minkowski theory is really required.
13.4.3 Supersymmetric Ward identities:

In (13.26) we change variables (A,1) — (A’,4’), where the mapping is a supersymmetry
transformation. We shall assume that the measure respects the supersymmetry. Then

/DAD?/J exp(—S) exp (i/jA,+777//>
= /DADw exp(—9S) exp (i/j/A+77/¢> =2\ ).

Z(j,m)

When calculate the transformations of the sources on needs some partial integrations and
FI1ERZ identities. The partial integrations are justified on the torus. It follows in particular,
that

0= /DAD¢ exp(=8) exp (i/jA v 771/1) : (/jaA + 7751/1). (13.43)
where we have set A’ = A+ §A and ¢/ = ¢ + 6. The WARD identities are gotten by

differentiating (13.43) several times with respect to the sources j and 7 and setting them
to zero after the differentiation has been performed. We give some examples:
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Operator Ward identity

5@ (6A(x)) =

s | (A@)A(Y) — A(y)dA(e)) =
@) (a(x)) =0
s | (Va(@)00s(y) — ¥s(y)dva(@)) =0
s | (A@I() + s)sA@) = 0

For the free model only the last WARD identity yields a nontrivial relations between the
two-point functions,

(i@ + 7)o (A(2) Ay)) = ()Y (y))
which is indeed fulfilled, since
(i@ + 7m).G(z,y) = S(z,y)

holds true. Next we investigate the WARD identities when we perform two successive
supersymmetry transformations with parameters o and 3:

A — A+ 6, A+55A+ 6,054+ 002, 8%) = A+ SapA + O(a?, B2).
Y — Y+ 80+ 050 + 6adst + O(a?, B2) = 1 + S + O(a?, 57).

Clearly, we get the identity

0= /exp(—s+z’/(jA+nw>) (i/(a‘éaﬁflﬂ%ﬁw
_2{/ (60 + 05) A + 71(60 + 55)1#)}2) +0(a?, 5%).
Now exchange « and 8 and subtract the corresponding equation which results in
0 = /exp (-5 +¢/(1A + 1)) / (7[00 0514 + 180, 0510
_ 92ifya / exp (~ 5+ / (A + 7)) / (J0uA+000).  (13.44)

But this is just the WARD identity for the translations in Euclidean spacetime. For exam-
ple, it follows that the two-point functions only depend on the difference x — y, and not
on x and y separately. We see, that on the level of WARD identities the supersymmetry
transformations indeed close on spacetime translations.

13.4.4 Changing the representation:

If we would have started with the following definition of the Dirac conjugate in Euclidean
space,

P=uvTA,  A=ym
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then Majorana spinors would have n = € = 1, so that
C'=-C and v, =-C'yC.
A possible representation is
Yo =01, M=02=C=02, =iy =03 A=io3, B=-o1.

Now the Majorana condition reads

Vo= BY* = —> g = —g, or w=<_1§;ik), 3 = (i3, ivn).

For Majorana spinors the symmetry properties are
UX = XY, Prx =Xy and  Prx = —Xny
and the hermiticity poperties become
Yy is hermitean and 9.y, ¥y.x are antihermitean.

Finally, the FIERZ identity reads
YX = —3X% = 39 (X0¥) = 57 (X0t)-

For Majorana spinors further FIERZ identities are easily derived from these properties:

(ap)(ay) = (a)(ay) = —z(aa)(Py) ,  Wr'a)p = —5(@P¥)ya.
A hermitean superfield has the form
O(x,a) = A(z) +iay(x) + %(5&0&)}7(17)

with real fields A, F' and Majorana spinorfield . As supercharges we may take

0 ~ 0
Q= _ié)id —ad, and Q= z’a—a +ayt0, = Q1.

One finds the following nontrivial anticommutation relations
{Q.Q} = —2i(+"0,).
The superderivatives are

0 ~ 0
— _a_ o — s AAM
D=—-i—+®'a)d, , D=1 (ay")0y,.

From the supersymmetry variation of the superfield we read off the following transforma-
tion rules for the component fields

SA=iBb, 5= (F+JA)B SF = ifdy.
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The supersymmetric, lorentzinvariant and unstable Euclidean action is gotten from the
density

PDP = = Lynp+ L(ay)F — Lay"pd,A+ taaly
Lo = —10,A0"A— Ly + L0,py"y + SF2.

NI

Again we switch on an interaction by adding a superpotential
W(®) = g + &2,
which has the component expansion
W (@) = W(A) +iayW'(A) + taaly with L1 = gF + AA*F —iAyy).

The interacting theory has density £ = Lo + L1.
The auxiliary field fulfils the algebraic equation

F=—g—\A%
Eliminating it we obtain
—L = 1(0A) + {9 + 3(g + AA%)? + iAAY.

Hence, on the classical level we have constructed a N = 1 supersymmetric and stable
Wess-Zumino model. Recall that here 9 is not ¢t but rather T A. Again we conclude that
in the off-shell formulation the Euclidean model is unstable. It becomes stable only after
the elimination of the auxiliary field F.
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Wess-Zumino-models in 3
Dimensions

The general Fierz identity (4.83) simplifies to
29X = —(X¥) = (") (14.1)
There is a charge conjugation matrix with
n=e=1
and when we choose the Majorana representation
V' =0y, Al =ios, P =io (14.2)

then a antisymmetric charge conjugation matrix reads C = —4° and in this representation
Majorana spinors are real. For Majorana spinors the general symmetry property

&C'Y(n)XC _ 6(_)n(n+1)/2nt>—<,y(n)z/}
reads

VX = XU, yx = —xy*p. (14.3)

Some further Fierz identities are easily derived from these properties: For Majorana spinors
we find

(@) (@) = (Ya) (@) =p(aa)yp = —5(aa)(Py)
(P a)y = (WP)'a = —5(P)y*a.

In addition

Yy is hermitean and Yy*x  antihermitean. (14.4)
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14.1 N =1 Models

To construct the Wess-Zumino model in 2+ 1 dimensions we need a real superfield ¢(zx, o)
which has the following expansion

®(z, ) = A(z) + ap(z) + 3aaF(z) (14.5)

with real (pseudo)scalar fields A, F' and Majorana spinor 1. Its supersymmetry variation
is generated by the supercharge,

5P = iBQYP, Q= _iaaa — (Y*@)d,. (14.6)

The supersymmetry variation of the component fields follows from

0pP = (5% — (B ) 8,)® = B + BaF — i(By* )0, A — i( By a)adu
= A+ ady + jaadF.

We read off the following transformations of the component fields
A =By, 6 = (F+idA)B = 6 = B(F —idA), 6F =iBdy. (14.7)

Calculating the commutator of two susy transformations is considerably simpler as in four
dimensions:

[(51, (52]14 = 22‘(62’}/“,81)8,“4
(61,020 = i(B2B1 — B1Ba) B + iy (BaBr — B1P2)0ut) = 2i( B2y B1) 0l
[61,02)F = 2i(Bav"B1)0,F.

The corresponding anticommutator of two supercharges are

{Qa, Q"} = 2(+*) " Py (14.8)

Multiplying with ~y and summing over the spinor indices yields

> {Qa,Ql} =4R >0.

a=1,2

The supercovariant derivatives read

0 _ 0
D = % +i(v"a)0, and D = 90 i(ay")0,, (14.9)
and they anticommute with the supercharges.

To construct an invariant action we take the aa term of D®D®. We need the covariant
derivatives of the superfield, which are found to be

D® =1 + oF +ifAa — L(aa)dp and D® =+ aF —iadA + L(aw)dpy*.
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Hence we obtain
iDODP = i+ (ay)F - id’y”d)f)ﬂle + aaly
Lo = 120,A0MA — ipdhp + Lo,y + SF2.
In (13.7) we have calulculated the variations of the components for an arbitrary real
superfield (13.5). We read off, that
0L = 0u(BVY"), V' = 3(IV"OF + /790, A).

As expected, the Langrangian density Ly transforms into a spacetime derivative, and the
action for the free and massless theory,

SO = /d2$£0,

is invariant under the supersymmetry transformations (13.7). The equations of motion are
simply

OA=0, Jp=0 and F=0. (14.10)
Since
oL L _ .
> Wjﬁ)w = AT A + Logytp = B(0"Ap + LFAM) + L4410, Ay)
@ H
we obtain the following conserved Noether current for the free massless model
Jo = (" =", A (14.11)

By using the Klein-Gordon equation for A and the free Dirac equation for i one sees at
once that J# is a conserved spinorial supercurrent.
Now we can add an interaction of the form

Sy = / d*xd*aW (®), (14.12)

which has the component expansion
W(®) = W(A) +ayp W (A) + saaly,  L1=FW'(A) — W' (A)p.
The variation of £4 is found to be
0pLy = 0u(BVY), V' =iW'(A)y"y
such that the Noether current of the interacting model with action Lagrangian
L=Ly+ L= %C%A(")“A — iﬂ&ﬁ + i LY + %F2 + FW'(A) — %W”(A)JM/J (14.13)
becomes
JH = (" = A")0, Arp — W (A)yHeh.

Again F' is a nonpropagating auxiliary field, which satisfies the algebraic equation of
motion FF = —W/'(A). After its elimination the Lagrangian density aquires the familiar
form

L= 5(04)* = 50dv — sW'*(A) = gW" (A)ipy. (14.14)
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14.2 Reduction to N = 2-models

We construct the N = 2 model by dimensional reduction of the 4d model. For that purpose
we write

T,=A®7, p=012 and I's=A® 1y, (14.15)

Note that we cannot choose A = o since then we could not find a solution of {I",;,I's} = 0.
The Dirac algebra for I'jy; and -, imply

A =1, A?=—-1, and {A,A}=0. (14.16)
The product of the «, is antihermitean and proportional to the identity and we choose
Y91 = vm1y2 = il (14.17)
With this choice
['s = —iloI a3 = —iAA @ voy171 = AA ® 1. (14.18)

Sometimes it is convenient to choose Majorana representations in both 4 and 3 dimensions,
e.g.

WV =0y, ~'=io3, A*=ioc1, Areal, A imaginary. (14.19)

For the reduction we write the spinor in 4 dimensions as linear combination of spinors in
3 dimensions

1
U=—— er @ xr with (e, es) = 0ps. 14.20
Ne ZT: X (er, €s) (14.20)

The Dirac-conjugate spinor has the form

¥ =wiTd = \FZ el @ xI) (A ®A4%) \FZGTAQ@XT (14.21)

Because of (16.1) we choose a hermitean A and an antihermitean A. In a Majorana
representation the real A and the imaginary A are both symmetric'. Then it follows

/d4x\I/FM8M\Ij = Z/d?’x(eZA @ Xr) (A ® ") (es ® Ouxs) = Z/d?’xiran

8

/d4x\I'\I/ = /d3 (eFA @ x,)(es @ xs) = /d T ArsXrXss (14.22)

/d4$\ijr5\1’ = Z/d:sx(egA ® Xr)(AA ® 12)(63 ® Xs) = Z/d3$ AT‘S}ZTXS)

For example, A = o3 and A =ioy.
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where we have introduced the matrix elements A,; = (e,, Aes) and A = (e, Aes). Fi-
nally we rescale the scalar fields according to their mass-dimensions in 4 and 3 dimensions:

1 1
—A and B — —B. 14.23
VA VL (14.23)

Now we are ready to dimensionally reduce the Wess-Zumino model with 4d-Lagrangian

A—>

1 1  _ 1
Li = SOnAO"A+ S0, BO"B + JUT"0,0 + - (F* + %)
+ m[]—"A +GB - %\I/\If} + g[F(A% - B?) + 2GAB — U(A — ZTE,B)\II} (14.24)

if we in addition relate the coupling constants in 4 and 2 dimensions according to

gazﬂ
VL

The reduced in 3 dimensions is give by
54 = /d4xﬁ4 = 53 = /d3x£3
with 3-dimensional Lagrangian density
1 1 i _ 1, 5 9
Ly = 50,A0"A+ 50,B0"B+ §X@X +5(F+ 9%
1 -
+ m[fA Y GB— EgAX} tg [I(AQ — B%) 4+ 2GAB — Y(AA — iAB)X}(;M.%)
where for example Ydx = > X @x» and YAx = 3. X+ Arsxs With A,s = el Aes,.
Lorentz invariance: In the four dimensions the spin transformations are
1 1
U — Sy¥, Sy=exp <4 wmnFm”> , It = i(FmF” —I"rm). (14.26)
Since '™ = 15 ® v** they reduce to the Lorentz transformations

1
X — SQX? 53 = exp <4 w,u,y'.)"uy> X5 (1427)

Supersymmetry transformations: The off-shell supersymmetry transformations in 4
dimensions have the form

SoA = aV¥,  6,B=ial5¥

5, = —iI™d(A+ilsB)a+ (F + il'56)a (14.28)
5o F = —ial™9, U, 6,6 = alsT™ 0.

A. Wipf, Supersymmetry



14. Wess-Zumino-models in 3 Dimensions

14.2. Reduction to N = 2-models

228

We decompose

a:ZeT(@ar, 5\I/Zer®5xr

and similarly

&zZe?A@dr, 5@226?A®5)@

and end up with the reduced transformation laws

S A
6o B
daX
6aF
0.9

alAy

i&AX

—igAAa + JBAa
—iadx

aAAPy

(14.29)

The transformations rules can be simplified a bit, if we replace xy by Ay Let us have a
closer look at the fermionic part of the Lagrangian,

1 ~
EF:§>‘<DX, D=ila®@J—mAR1Ly —gAAR 1y +igBAR® 1.

Thus we are led to calculate the Pfaffian of

(1, ®1°)D =ila ®7°F —mA®+° — gAA®~° +igB A ®+".

(14.30)

(14.31)

This defines a purely imaginary 'matrix’. The first factors are symmetric and the second
factors are antisymmetric, such that 4°D is a antisymmetric and imaginary "matrix’.
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Susy sigma-Models in 2 dimensions

The non-linear sigma models have been introduced at the end of the sixties [59] to describe
the infrared properties in d > 2 spacetime dimensions of systems with sponteneously
broken symmetry. This lead to the study of models the fields of which take their values in
coset spaces. Later on sigma models have been discussed in d = 2 dimensions to investigate
the propagation of strings in curved target spaces [60]. In this case the target space may
be a more general Riemannian manifold.

From the point of view of perturbation theory, d = 2 is particularly interesting, since non-
linear sigma models are power-counting renormalizable. Some particular models based on
coset spaces, as e.g. the Heisenberg model, have been proved to be really renormalizable
in 2 dimensions [61].

A purely bosonic model contains a scalar field ¢ mapping ordinary Minkowski spacetime
M into a target manifold X. If the target space X is a linear space, then a theory with the
field ¢ is called a linear o-model; if the target space is curved, it is a nonlinear og-model.
In susy models there are of course additional spinor fields.

In this section we study supersymmetric nonlinear o-models with target space metric g;;.
As a preparation we collect some useful formulae for nonlinear o-model calculations in
curved space time.

15.1 Geometric preliminaries

We consider a (pseudo)Riemannian manifold X with line element
ds? = g;jd¢'dg’ .

We recall the definition of the Christoffel symbols,

U0 = Ty, Tpij = 5(9pij + 9pji — Gijp) = Upji
A . o 1 A
g

which are needed to calculate covariant derivatives,

ViV7 =0,V + TR, VE and ViV =0V, - T,V
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and the curvature tensor, Ricci tensor and Ricci scalar:
7 I al) . 7 r 7 r . Dt 9.
R =T"p Fp]quF | I R Rj, = R}, and R=g¢'"Rj,.
By using that the connection is metric, gpg.m = 0, it follows
Rijpq = Tigjp —Lipjq + Frinr FMPFT
_%(Qip,jq + 9jqip — Yiq.jp — gjp,iq) - I’MPI’qu + FM’qFij (15.2)
The symmetry properties of this tensor are
Rijpq = —Rijqp,  Rijpg = —Rjipg,  Rijpg = Rpqij,
and the Bianchi identity reads
Rijpq + Rigjp + Ripgj = 0.
In a conformally flat target space we may (locally) introduce isothermal coordinates
9ij = 620(51']' (15.3)
such that the Christoffel symbols have the simple form
Fp” = 8j0’(5pi + ai05pj - 8p0'(5ij (15.4)

and the components of the curvature tensor read

Ri ipg — (Sip (3q0'8j0' — 8jaq0' — ;5(1]'(80)2) — 5iq <8p0'8j0' — 8j8po' — ;épj(ag)2>

J
1 9 1 2
+ 5jq aPU@'O' — 6¢8pa - iéw((‘)a) — (5]‘17 &'0’8,10' — 8i6qa — E(szq(a()') ( 55)

In a 2-dimensional target space with conformally flat metric the curvature tensor takes th
simpler form

Rigip = —€*70%0, Ry =Ry =-0%, Ria=0, R=-2%0%. (15.6)

Next we consider a geodesic on a compact n-dimensional Riemannian manifold X, para-
metrized by ¢*(s) and satisfying the differential equation
d2¢i
ds?

d¢ dg*

i a5 — 0 0 =00, (0)=¢, (15.7)

+ T (0(5))

where s is the arc length and Fijk, denotes the Christoffel symbol for the Levi-Civita
connection. Any integral curve of (15.7) is completely determined by a point ¢y and a
direction defined by the tangent vector &' = ¢%(¢g). The power series solution of (15.7) is:

deo’ do’ )
¢0+Za, G (o)=¢ (15.5)

A. Wipf, Supersymmetry



15. Susy sigma-Models in 2 dimensions 15.1. Geometric preliminaries 231

Inserting this expansion into the differential equation (15.7) yields

0o ga— a . oo bdbd) Sc+d—2 dc(bj ddqﬁk
—0
azz (a—2)! dsa J’“(‘bﬁz ) Z_ (—DI(d=1)! ds ds?

where all derivatives are to be evaluated at the point p. In the lowest orders we obtain

d2 % . )
L0 (L0, = T gt
Sl (d%i) — I Yiek o gighy LT lejed
: PR k() (7 +E79%), + T.(p) §67€

= (zrikjrjmn_ km, n) £m€n£

This infinite set of equations define the generalized Christoffel symbols

2 o0
(Z)Z _ ¢6 + Sfl o gzgk Z 2112 z,L £z1§z2 fZ"Sn, (15_9)
which are found to be
Fiil---in = ﬁ(7/1 ﬁi'rLfQFz:n—lin)’ e.g'
Ui = Pl(izis,il) — 2Flj(ilrji2i3) V(“F;Qla) (15.10)

where V indicates that the covariant derivative is to be taken with respect to the lower
indices only. The domain of convergence depends on the metric and the values of &°.
However, for sufficiently small values of s it defines an integral curve of (15.7).
15.1.1 Background field expansion
Now we are ready to expand
L= 39ij(¢)0,0'0" ¢
about a background field ¢g:
L= 59ij(90 + € = gTmn€™€") Opu(f + &' — 5T, EE00" (9 + € —3T1E7€%) + O()).
When using
Imnp = anp + anp
one finds
L() = L(do)+ gij0" 94V ufj
+%gijauflaufj 29U mn k u¢08u¢0§m§n CjmnOudpotemen
+0ij 10 b0 EF + L (gij1 — 95,5 T'1) Ou bl ol ekl
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where the metric, Christoffel symbols and their derivatives are to be evaluated at the
background field ¢g. We have introduced the covariant derivative

V€' = 0,8 + 17,000 & (15.11)

of the vectorfield ¢'. To rearrange these rather complicated terms into covariant ones we
use

9i0"€ 0" = giV'EV 8 — Wimn 0 G 0uE'€" — TipgL 00 0577 €7E"

and
(%gpm,qn - %gpm,srsqn - gpsrén,m - F;qrimn)auﬁb‘gau%nqun = qunmau¢€8u¢glfq§n-
This way we end up with the following covariant expansion in &:

L(¢) = L(d0) + 950" 9V &’ + 595 V€V — § Rpqmnudy 06 €16" + O(€7)(15.12)
We read off the field equation for the background field

V.0 ¢ =0 (15.13)

and the fluctuation operator for the vector fluctuations

(8"€)i = 9ijV u V"€ — Ry(inymOupy 05 €™ (15.14)

15.1.2 Riemann normal coordinates

Now let us simplify the calculation by choosing Riemann normal coordinates. In Riemann
normal coordinates (RNC) the geodesics through p are straight lines defined by:

P =¢s. (15.15)

This coordinates cover a neighbourhood of the point p. Substituting (15.15) into (15.8)
one has

. L N _. _.
¢ = 0y + 6 — AT =D~ (Th )60 o (15.16)

n=3
The Jacobian
qui

e

| #0

and thus the series (15.16) can be inverted. For this local system of coordinates the geodesic
eqation can be written as

B

o A Bk
L8 4T D p )8

ds ds ]k( ) ds ds
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where T' are the Christoffel symbols in Riemann normal coordinates. Since ¢ = £s, the
Taylor expansion in s implies that all symmetric derivatives of the affine connection vanish
at the origin in RNC:

“ivia s g3.nin)(P) = 0.

In field theory we employ the background field expansion in terms of normal coordinates.
If ¢ is close to o, there is a unique geodesic which connects gb’ to ¢’ and reaches ¢’ in unit
proper time. If 51 represents the tangent vector to the geodesic at ¢} we can parametrize ¢
in terms of . Since € is a vector under coordinate changes the covariance of the expansion
is ensured.

I particular, an arbitary second rank tensor field (e.g. g;;) can be expanded according to

Tij(9) = Tij(s€) = ) 2, Tij iy.in(p) €1 - €. (15.17)
n=0

The coefficients are tensors and can be expressed in terms of the components R ipq Of the

Riemann tensor and the covariant derivatives V;T}, and V,-Rjkp . To find the explicit form
for these coefficients we first express the symmetric derivatives of the Christoffel symbols,

%
U1 doin)?

in terms of the Riemannian curvature tensor and its covariant derivatives. For example,

RZ(m)J (Rlpqa + qum) (Rlqu + qupj )+ 311l(}DqJ‘) - 3P}(p,q)

or

= 1) 7 Ry R ) Ry 17 o Ry
VR =06 0 = T — Teari = Diee) — Dorar = 31 Gpan = — 28 e+

For the identities containing higher order derivatives of the connection in RNC I refer to
[58].

Now we may use these results to find the covariant form of the expansion coefficients in
(15.17). For example, in RNC we have

Vi,
v,

15,01

Vi

’ﬂl ’ﬂl

=k — =k =
= y— T z(i2,i1)Tkj - Fj(i%il)Tik

7T T,
_ . N - ~
= Tij(irin) — %R (i1z‘2)z‘Tkj - %R (ilig)jTik;

ij,(i112

and hence (for s = 1)

sz(&) = Ti vu mﬁll

+3(Va, Vi Tij + § R iy Thg + 5B, T €€ + ... (15.18)

(4142)1

N[ <

All quantities on the right are to be evaluated at the point p with coordinates ¢g. Since
this is an identity between tensors (recall that the £ transform as a vector) it holds in any
coordinate system. For example, we obtain

9ij () = 9i5(00) + § Ri(irin)j (d0) £7€2 + O(€2). (15.19)
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15.1.3 An alternative background field expansion

In the following exposition of an efficient method to arrive at a covariant background field
expansion we follow Mukhi [62]. We begin by recalling that

vkgij =0, [vpa vq]f =0, [vpv vq]vz = Riquvj (1520)
for a scalar field f and a vector field V. As earlier we define an interpolating field with
d¢'
ds

that satisfies the geodesic equation. Now we study the s-dependency of the Lagrangian
along the geodesic

¢'(0) = p, oo =€ and ¢'(1) =¢' (15.21)

L(s) = 59i(6(5))0us' (s) 3¢ (s), (15.22)
so that
L(p) = L(1) = L(0) + Z de’;[;fbs) o L(0) + Z %(Vs)nL(S) o’ (15.23)
= n=1
where
Vs = ¢'(s)V; (15.24)

is the covariant derivative along the curve ¢(s). From (15.20) it follows that
Vsgij = 0, Vidi(s) =0
Vidud' = "(0k0u0" +T70,8") = 04" + T%,0,07 6" = V. V¢'  (15.25)
[VS,V#]Vi = Riquvqupaud’q'
Now we are ready to calculate the leading term in the series (15.22):
L(6) = L(d0) + 9i5(00)VuE' 0" + 3 (95 Ve VIE + 9,5V V,ud 0
= L(¢0) + gij(P0)V,E P + L9V, EVHET — L Rjipg " 010, 0B €9

15.2 Susy sigma models

As in section (13.1) we start with a real superfield, but now with several components,
' = A"+ ay)' + LaaF'.

The real A%, F? take their values in the curved target space. We calculate

DO' DO = PP + a('FY I FY) — iaytap? 0, A" — iaytap'o, Al
+ac(9, A" AT — L' + L9y + FUFT).
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This bilinear form is contracted with the metric g;; evaluated at ®* which has the following
component expansion:

9ij(®%) = gij + gijra" + Laa gk — $gi5 md YY),

where the argument of the metric and its derivatives on the right is the body A of the
superfield.
After using the identities

Gij k" VY 0, AT = $(gij0 — gje )V VYT 0, AT = —TgiypFatap'o, A’
and
(Gije + Gjie — Gri )WV F) = (gijn + Gk — Ghig) O W FI = 2T jp™ ' FI
we find the following result in superspace
39i5(®) D' D®I = Lg; 0" + algij (V' FI — iAW) + g5 10" (') + aal
giving rise to the Langrangian density
£ = 39y (0, A" AT — LI + L0051 + FUFY )
— AT 0 T 0, A — T " P — L i (W9l (i), (15.26)
We may elminiate the auxiliary field by its algebraic equation of motion

F'= %Fipq&pwq

which leads to the following density for the dynamical fields
39ij(®) D' DO = 5g;;0"7 + L0(gip.q + Gigp + Gpa,i)P VPP — igizan P’ 9, A" + aal
with Lagrangian density
L= 59ij(8,A'0" A — i)'y (D)) = §(CrmnIpg + Gpgumn) ("™ ($PY7),  (15.27)
where we have introduced the covariant derivative
(Dup) = 0,7 + 17,0, APy,

which takes into account that ¢/ transforms in the tangent space of X. We have used,
that

ugij 'y y? =0,

on account of the antisymmetry of the fermionic bilinear, so that the terms containing
derivatives of the Majorana spinors are equal, up to a total derivative. To make further
progress we need the symmetry properties of the four-fermi term (¢"9)™)(1)P1?). Clearly,
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this term is symmetric in (m,n) and symmetric in (p, q). We can also prove the following
property for the cyclic sum of three indices:

(@Y™ (WPYT) + (YT (") + (P YP) (") = 0. (15.28)
This is shown with the help of the Fierz identity (13.1):
= @) + ()G + () ()
(W) (@PYT) = 9" (P + Y VY + e )Y
=3P (I + VY + ) Py = 0.

In the last step we used the symmetry properties of the bilinears in the Majorana fields.
Now we are ready to prove that the last term in (15.27) is proportional to

Rmpnqimwn"[}p'(/)q = _%(gmn,pq + Gpg,mn — Imagpn — gpn,mq) &mwnd_}pd)q
_(kanrkz;)q - Fk:mqr];m) ¢m¢"¢p¢q-

Using the symmetry and cyclicity properties of the four fermi term we may rewrite the
terms containig second derivatives of the metric as follows

_%(297””710‘1 - gmq,pn - gmpynq) 1/;m¢n1;p¢q = _%(2gmn,pq + gmn,qp) cee = _%gmn,pq e

Similarly, the terms containing the Christoffel symbols simplifiy as follows,

(Trmnl ™y = Thmln) 07" P99 = 3 (2T T — 3Tk T = 3T hmp ) -

= 3 (2T mnl g + 2T kmn ") oo = STk T
If follows that
Rinpngd ™ Pyt = -3 (gmn,pq + kanF";q> PPl (15.29)
so that the density aquires the following rather simple form
29i(2)D®" DY = Lg; "7 —igi;ant 9, A" + aal
with Lagrangian density
£ =595 (A" AT — i)'y (D)) + 75 Bmpng (09" ($77). (15.30)

Clearly, the objects 8MAi and v must transform as target space vectors. In addition, 8uAi
is a spacetime vector.

To find the susy transformation of £ we note that g;;(®) D®!® is a real superfield, similarly
as @ in (13.5). From (13.7) we read off, that under the (on-shell) susy transformations

SA' =Byt and S = (AT Pyt +idAT)B
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the Lagrangian transforms into a derivative, as it must be,
0L = u(BVH), VH = 1919 0, A
The Noether current is gotten from

oL
00,9

6p = gij(0"ASAT — G 6AN — Fiyteyd)

= Bgi(3OMAY + Lyt O, A),
where we made use of Y#~¥ = nH* —eM~,. This then leads to the following Noether current,
T = gii (N 4 7)), Al (15.31)

which is almost identical to the one of the supersymmetric Wess-Zumino model (13.11).

15.3 Supersymmetric 0(3)-model

If the target manifold is S? = SO(3)/SO(2), then the model possesses a global SO(3)-
invariance and is called O(3) model. The model maybe reformulated in terms of fields
propagating on CP' and in this formulation it is called C'P'-model.

We use the following conformally flat metric on S?:

9ij = %% with €* = % = M u' € R (15.32)
With 0 = —log(1 + @) we may immediately apply the formulae (15.3-15.6) which yield

Fpij = —%(ujépi -+ uiépj —uPd;;) and o = —%
which leads to the following supersymmetric Lagrangian

1

i ; — e 21— o ) 4 .
= I_— LOHYY — i At bt AR (1 i J
L = Q(Hﬁqﬁ(aﬂuau WP+ Y (WDl — D)
1 1 71,172 /2

The Lagrangian further simlifies if we introduce complex coordinates on S? and combine
the two Majorana spinor to a Dirac spinor,

w=u'4+w?® and =o' +ip?, Y=Y — i)
Then
@ﬂf@“ui = 0, ud"u

VI = pPp — 10, (D Y?), QY = Dyt — 10, (V1Y)
Pyl (W At — ') = Sy (ad,u — ud,a)
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15. Susy sigma-Models in 2 dimensions

and the Lagrangian density now takes the simple form

1 A . . _ ,
£ = %m (auﬂauu - %W@W + % M¢7u¢ + %?W“ﬂ}(ﬂauu - uauﬂ))
1 _
im ().

_l’_

The supersymmetry transformation of v and 1 are
_ 2 _
bu=Fy and oy = —a(B)y +idup,

where (8 is a Majorana spinor (contrary to ). Actually, this model admits an extended

N = 2 supersymmetry.
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SYM in d = 2 dimensions

In the chapter we consider various two-dimensional supersymmetric gauge theories, cha-
racterized by the number of supercharges.

16.1 Dimensional Reduction from 10 dimensions

The N = (8,8) supersymmetric Yang-Mills theory in 2 dimension is obtained from N = 1
supersymmetric Yang-Mills theory in 10 dimensions by a Kaluza-Klein reduction on a 8-
dimensional torus. After compactification eight components of the vector potential become
scalar fields. A Weyl-Majorana Dirac spinor in 10 dimensions has 16 real or 8 complex
components which branch into eight Majorana spinors or equivalently into four Dirac
spinors in 2 dimensions. Thus we expect that the on-shell ' = (8,8) model has one gauge
potential, 8 real scalars in the adjoint representation and 8 Majorana spinors in the adjoint
representation.

16.1.1 First choice of I' matrices

We start with the Dirac matrices v* in 2-dimensional Minkowski space and give an explicit
realization for the matrices I'*;m = 0,...,9 in 10 dimensions: We make the ansatz

Fn=A®v, Tiita=2®%, p=01 a=1,...,8
with 16 x 16 matrices A and A,. To see what are the condition on the A-factors such that
{Tm, Tn} = 20mn, n = diag(l,—1,...,—1) (16.1)
holds, one uses that for [4, B] = 0 on has
{AC,B® D} =AB®{C,D} and {C®AD®B}={C,D}® AB. (16.2)
and for {A, B} = 0 one has

{A®C,Be D} =AB®[C,D] and {C®A,D®B}=[C,D|® AB.  (16.3)

239
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Now it is easy to see that we must demand
Az - ]]-167 [AaAa] — 07 {AayAb} = _25ab]]-16'

for (16.1) to hold true. Since T° is hermitean and the I'>% antihermitean and since
75 = 499! is hermitean it also follows from

(A B)' = At @ BT
that
AT =A, Al = —A,.
Other useful identities which we shall sometimes need are
(A B)T = AT @ BT and for vectors (z®y,u®v) = (z,u)(y,v). (16.4)
Since A commutes with all matrices and squares to 115 we may choose it to be the identity,
A = Tq.

Note that the hermitean iA, generate the Euclidean Clifford algebra in 8 dimensions and
that the [Ag, Ap] generate the group spin(8). Earlier we have shown that in 8 Euclidean
dimensions there is a Majorana-Weyl representation. Hence we may choose A, to be real
and antisymmetric. With our earlier convention the hermitean I'y; = 0...179 takes the
form

FllZF*®70’Yl:F*®7*7 F*:F1:A1A87 ’YI:,‘Y* (165)

If we would choose a Majorana representation with imaginary «#, for example {y", 7!} =
{09,101} then 7, = 794! is real. For the given representation v, = o3.

The eight anti-hermitean matrices A, are 16 x 16 matrices. We take the following imaginary
and symmetric matrices:

0 A o
A, = <AT 0“) — AJAT + A AT = 26,146
a
where the A, are imaginary 8 x 8 matrices. We may choose
Ay =iocg® 14, Do=0201Ls, Apy =01 @y, Asyi =030 6,

with antisymmetric and imaginary matrices

a1 =09 ® o1, ag =090, @a3=03QK03

Br=01®02, P2=02®00, [3=03X 0.
With this choice we have

I'y =iog®o2® 14.
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Since the A, are imaginary it follows that the I',, are imaginary as well such that the
charge conjugation matrix is C;9p = —I'° = 1g ® (—"). Hence we are lead to take the
following symmetric charge conjugation matrix

Cio =15 ®Cy (16.6)
Indeed, since I'g is anti-symmetric and the I'{, ', ... are symmetric, it is easily seen that
CroTmCpyt =TT, 1% = —TL . (16.7)

Let us first see how Majorana spinors look like. Since
U, = DT 0" = (—IO 0T g™ = g+
the Majorana condition implies that WU is real. For ¥ = ¢ ® x this means
U, =T = £eRY v, =0Ty =y (16.8)

We conclude that a Majorana spinor in 10 space-time dimensions has the expansion

16
U=> E ®x, (16.9)

r=1

where the , are Majorana spinors in 2 dimensions and the E, form a (real) base in R'6.
A spinor has positive chirality if

16.1.2 A second choice for the ['-matrices
We begin with a representation of the Euclidean Clifford algebra

{AT ATy =260 1, I,J€{1,...,8} (16.11)
in 8 dimensions in terms of real and symmetric matrices A’. A convenient choice is

A1:02®02®02®02 , A2:02®JO®U1®U2
A3202®00®03®02 , A4:<72®01®02®00
AN =0yQ0300,R00 , A=0y®@0®00® 0y (16.12)
A7202®02®00®03 , A8=G1®Uo®0’0®0’0,

and with this choice we have

A, = AIAZ... AS = G)S —?18) . (16.13)

Now we can construct the 32 x 32 matrices

=701, M=4leA, IIf=slgal. (16.14)
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The matrix I'y takes the simple form
L, =TT .. T9 =704 @ A2 =, @ 146. (16.15)

the matrices I'" are imaginary. The charge conjugation matrices in 10 and 2 dimensions
are related via
Cio=Cy® 116 with ’y’uT = :EC_l’yuC . (16.16)

For the particular choice
’yo = 09, ")/1 =io; with ~, =03, Co=—09 (16.17)

the I'™ and «* matrices are all imaginary and the the second equation in (16.16) with a
minu sign applies. Thus with this choice a Majorana spinor obeying

U =v,=Ccu’ (16.18)

is real.

16.1.3 Reduction of Yang-Mills term

In 10 spacetime dimensions a gauge field and gauge coupling constant have the dimensions
[Am] = L7, [g10] = L> = [g10Am] = L7". (16.19)

We may absorb the coupling constant in the gauge potential, A,, — g10A4m, such that the
10-dimensional coupling constant appears only in front of the the Yang-Mills action,

1
Sym = ——5 [ APz Tr E,, F™. (16.20)

493,

Now we do a Kaluza-Kleine reduction of action on R? x T®. As internal space we choose
the 8-dimensional torus 7% with volume Vz. We write

Ap = (Ao, ..., Ag) = (Ag, Ay, By, ..., Bg), (16.21)

and assume all fields are independent of the internal coordinates 2, . .., z” and only depend
on the coordinates z° and x!. We find the following decomposition of the field strength,

Fuiia =000 — i[Ap, @], Fipaiss = —i[®a, By (16.22)

Inserting this into the 10-dimensional Yang-Mills action we find

1
Sym — yre /d%; Tr (—FWF‘“’ +2) DF®,Du®, + Y [P, <I>b]2> . (16.23)
a ab

where we took into account, that &, = —®% and where the dimensionful coupling constant
g1o and the dimensionless coupling constant g are related as

P =gh/Vs=[g]=L" (16.24)
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Now we may rescale the fields with g to obtain after the Kaluza-Klein reduction the
following Lagrangian in 4-dimensional Minkowski spacetime:

Lym — Lymu = Tr (—iFWFW + 1> DD ®, + 197 [P, <I>b}2> . (16.25)
a ab

The covariant derivative is D, = 9, —ig adA,. Not unexpectedly we have gotten the
action for a four-dimensional Yang-Mills-Higgs theory with 8 Higgs fields in the adjoint
representation. All fields in (16.25) are dimensionless. The fields in (16.23) have dimension
1/L.

16.1.4 Reduction of Dirac term

In 10 and 2 space-time dimensions a spinor field has the dimension
W] =272 and [y] = L7V2,

respectively. We use Majorana representations with imaginary y-matrices in 10 and 2
dimensions and parameterize a Weyl spinor I', W = W in 10 dimensions as

8 .16
1 i
V=—"> Ya®@eat+—=> Y e, (16.26)
PR P
where the e1,...,e1g form the conventional cartesian base in R'®, e.g. e; = (1,0,...,0)7.

The spinor is right-handed if

W=V <= v,4)g = Ya, Vb = —p, (16.27)

and it is a Majorana in case
U* = U <= ) =g, Yy =1y . (16.28)

The corresponding expansion of the Dirac-conjugate spinor reads
- 1 - i -
T=—o Yy0el ——= Y eel. (16.29)
T2 ”
The Dirac term decomposes according to

16 8
_ 1 _ _
TrwI™D,, U = A > Tripp Py, —iY VT D, U] P =4"D,. (16.30)
p=1

a=1

To reduce the last term we insert the decompositions (16.26) and (16.29).
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16.1.5 Reduction of the Dirac term

In 10 and 4 dimensions a spinor field has the dimension
W] =L and [] = L2,

respectively. We start with the general expansions (10.13,10.14) for a 10-dimensional
Majorana-Weyl spinor and its adjoint. We rescale the spinors such that the x; in

4 4
1 _ 1
UV=—uo>S (BLQPxpy+F QP x,) , U=—2oY (Fl®x,P.+F @x,P;)
TS (S Pry B © P, 7 2o O B+ E S %P

have the dimension of a spinorfield in 4-dimensional Minkowski spacetime. The spinor
should be independent of the internal coordinates. Again we absorb the 10-dimensional
gauge coupling constant in the gauge potential. We find

1

DU = —Z(FP®DMP+XP+F;®DﬂP,Xp), p=0,1,2,3
VYG p

D3 ¥ = —LZ(F,,@)[@a,P+Xp]+F;®[<I>a,P_xp]), a=1,...,6.
VV 5

Now we may rewrite the Dirac term in 10 dimensions as follows:
/lexTr\i!FmDm\IJ = /d4x TrxpDxp
— / a'o T { (Ao Py [@a, Xa] = (AZT)ppP-[@as X}
where one should sum over the indices on the right. We have introduced
(AL)pg = (F,,A%Fy) and (AL),, = (Fy, A“F;) with A% =(AZ)".  (16.31)

Putting the various terms together we end up with the following N = 4 supersymmetric
gauge theory in 4-dimensional Minkowski spacetime:

£ o= Te( = SEuF" + 100, D0, + 1g2 (04, @)%)
—G—%Tr (i>_<p¢XP + 9(AL)pgXp Pt [Pa, Xq] — 9(AL)pgXp P[P, Xq]>a (16.32)

wherea=1,...,6 and p=1,...,4.
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Susy sigma models in 4 dimensions

In 4 dimensions a real superfield is not irreducible and therefore we used a chiral superfield
to construct the Wess-Zumino model. The Wess-Zumino model is just a linear og-model
and we expect that nonlinear o-models also make use of chiral superfields. This is indeed
the case as we shall demonstrate now.

17.1 Superfield formulation

We start with the simplest sigma models in 4 dimensions, namely the ones for which the
target space is Kéhler manifold with one complex dimension.

Let us discress and explain the notion of a Kédhler manifold. One conveniently starts with
an almost complex manifold: A 2n-dimensional real manifolds M is called almost complex
manifold if we can assign to each point x € M a linear and bijective map

J:TM, — TM,
of the tangential space at x with the property
J?=—1.

Almost complex manifolds are always orientable. A hermitean metric on an almost complex
manifold M is a Riemannian metric with the additional property that

gz(Jv, Jw) = gz (v,w)  Yo,w € TM,
and for all x € M. Next one may define a 2-form ¢ by
Oz (v,w) = go(v, Jw) Vo, w € TM,, x¢& M.
It is called the fundamental form of the hermitean metric. If this 2-form is closed,
d¢ =0,

the g is called a Kdhler metric and M almost Kéhler manifold.
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Now let ® be a chiral superfield, the body of which propagates on a Kéhler manifold,

® = A(y)+V200(y) + 0°F(y)
= A+i00"00,A — 1020?04 + V200 + ivV205"000,3 + 0°F = A+ 5@

such that

O = A*(2) + V200(z) + 02F*(2)
= A*—i00"00,A* — 1020°0A* + V200 — iV/200"000,9 + 02 F* = A* + 5@

The argument of the component fields in the last two lines of the previous formulae is x.
Now we expand the superfield

K(®,0") = K(A+ 00, A* 4 50T)

in powers of §® and ¢®. In the course of calculation one needs the Fierz identity
(00"0)(0%)(00) = 16° 0% (V')

After some algebra one finds

K(®,8") = K +V2(K A0y + K ;00)
+ 0 (KAF — LK aa0?) + 02 (K 1F* — 1K 549%) + i00"0(K 40, A — K 10, A" + K 4 g9p0 1))

NOY I (8H{KA0¢ — K300} + 2K , 1{0,A 00 — 8MA*01/;}>
V202 0 (K 41 F — SK 40 50°) + V207 0 (K44 F* — 3K 55407
+5920‘2( — OK +4K 4 {0, A" A* — o9, + L0,apo") + FF*}
+2K 4 1 {ipo " pO, A — P F*} — 2K 514 {ivpo" PO, A" + * F} + KAAAAwQTP);
where we have used

8#(KA91#) = KAQQM/J + KAAaﬂAQw + KAAG“A*W
OK = KAAQMA@“A + KAAQLA*ONA* + KADA + KADA* + QKAA@LAWA*

to simplify the terms trilinear and quartic in . Now we may read off the D-term

IK(®,0Y)p = —L10K+1K,4(0,A%0 A+ 10,0t — 5909, + F*F)
+2K g ax (00" PO, A — Y2 F*) — LK 4 1 1(iv0" 0, A* + ¢°F)
+3K 452007,

The corresponding action should be invariant under
0A = V20, 6 = V2F +iV2(0"()D,A, F =ivV2(6"0,1).
The algebraic equations of motion for the auxiliary field can easily be solved,

F=10alog(K 1)¢? or F*=10;log(K,5)¢>

A. Wipf, Supersymmetry
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17.1.1 Example: The O(3)-Model

Let us now have a closer look at the O(3) sigma model with target manifold S2. 52 is a
Kéhler manifold with Kéhler potential

K =log(1 + au),

where the complex scalar field is denoted by u instead of A. We need

U 1 U 2uu —1
Ky=——, Ku=—— Kupg=-2—— Kuyygg=2——.

Clearly, K is just the complex conjugate of K,. Now we can easily solve for the auxiliary
field,
U
1+ au

F=- P?

and insert this solution into the supersymmetry transformations and the Lagrangian den-
sity. On shell the susy transformations simplify to

ou =20y, 5= —xf 1/’

2(0"¢) 0y

and the Lagrangian takes the form

o +%(1_|_1121L)2<3#u3”u+ Ly o) — éw*‘w)
. Hay
+;M(uﬁuu—uauu) (1+ )4¢ P2,

Similarly as in 2 dimensions we find a 4-Fermi interaction and a coupling of the current
~ ot) to the bosonic field u.

17.1.2 Chiral superfield revisited

Here I want to rewrite a chiral superfield in terms of Majorana spinors and real fields
for an easier comparison with the lower dimensional cases. Let o denote the Majorana
parameter with corresponding Weyl component 6 and recall that

aytyso = 20070, aa =0>+0%, aysa=0°—6?

from which immediately follows that a chiral superfield has the expansion

¢ = (A + \1[(04@& — ays) + 5(aa — oryg,oz)F) (2 + Lay"ysa)

= A+ a’y Hys00, A — (avu%a)(oz'y,,%a)a O, A

+\}§(Oz1/1 —avsY) + ﬁ(a%ﬁg,a)(a@,ﬂb — ays0,0) + %(&a — avysa)F.

A. Wipf, Supersymmetry
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To continue we use the Fierz identities

sy Ay = 1((@0)? = (av50)® + @y Y5006 750)
s aese = 2(aa)’ —2(avsa)’ =
a5 avysa = 3((@a)® = (avsa))nuw

and rewrite the chiral field as follows
® = A+ iaytysad,A-— %(o_za)QDA

+V2aP_1) + —(aP_a)(a@P_y)) + aP_aF

V2

The corresponding representation for a antichiral superfield reads

ol = A" - laytysad,AF — H(aa)?0A*
1 1
+—=(at) + avse)) — —=(av,750) (@ + avsd,) + L(aa + aysa)F*
\/i( Y+ aysv) 2\/5( Y Y50) (@0 4 ays0u1p) + 5( Y50x)

The sum is a real superfield

d+of = A — Laytysad, A — Tlta((o‘zoz)z — (@ys0)?)DA*

%(@w T ase) —

17.1.3 Higher derivatives

+ (ayuysa) (@0 + ays0ut)) + %(0704 + aysa) F*

i
2v2

Let ® be a chiral superfield. On finds the following results for the supercovariant derivatives
of ®:

Do® = 2i(6"0)00,P(y) + V20a(y) + 20, F(y)
D® = —2i(A5")%0,®(y) + V20 (y) + 20“F(y).
Similarly, for the nonvanishing supercovariant derviatives of ® we obtain
Da® = —2i(00M)40,81(2) + V20a(2) + 206 F(2)
DT = 2i(6"0)79,8"(2) + V20 (2) + 209 F (2).
It follows that
DY®D,® = 202 + 4V2F0) + 40%F?
+4V2i(10"0)0,® + 8i(05"0)F,® + 46%0,0"®,
Da® DT = 20% + 4V2F 00 + 46°F?
—4v/2i(00"1))0, " — 8i(00"0) FO, T + 46%9,0T9" 1

where the arguments of the fields in the first and second formula are y and z, respectively.
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17.2 Models with Faddeev-Niemi term

The purely bosonic model has the Lagrangian

2
1

L= m?aun oHn — PHWH‘“’, where H,, = n(0,nAo,n) = eabcnaaunbaync,
g

and the target manifold is S2, i.e. n-m = 1. The constant m has the dimension of a mass
and ¢ is dimensionaless. To proceed, we define the Cho-connection®

Ay = €ape nbﬁunCTa or A= %[n, dn], n =n’",,
where we took as basis for the Lie algebra the Pauli-matrices, so that
[Ta, o] = 2i€apeTe,  Tr(74Th) = 20ap, Tr(nn) =2n - n.
We find
A, — 0, A, = 2€4c0,m0,n°7, and [A,, A,)] = 2in eapen®d,na,ne,
so that

Trn(0 A, — 0,AL) = 4€qpenaOunpdune = —iTrn([Ay, A)]) = 4H,,

Next we rewrite the potential and field strength in conformally flat coordinates on the
target space S2. To do that we introduce coordinates on C related to m by the stereographic
projection defined by

21

. 1 “ . 1 l—au  2u Lo

n® = — 2u SN =N"Ty = — _ , u=u +iu°.
14 uu 1— i 14+ uu 2u au — 1

The metric on on C reads

ds® = dn®dn® = gabdu“dub, Gab = /9 0ab, /9= m

In terms of the u-coordinates the Cho-connection reads

a2 1 udu —udu  du+ w*du
T i (14 au)? \ —du—u?du  udi — udu )’

so that

4

4 1 — U Tl
dA =2 I—au 2u L duAdu
2u uu — 1 i (1+ au)?

Lactually, this is only part of the Cho-connection

A. Wipf, Supersymmetry
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The Field strength introduced by Faddeev and Niemi becomes then reads

8 1 _ v
2 1 _ _ v
Hy, gm(auuayu — dud,u), H=3iH,dz"dx".

The Faddeev-Niemi term reads

8
uro_ — A= v _ —a, \2
H, H T au) ((@Lu@ @) (0yud’u) — (0,udtu) >
For static configurations
g — 8 (0. Tu)? — (V)2 (V)2

Now we are ready to rewrite the full Lagrangian density in terms of the u field: With

40, u0*u
Mgy — H
oumnot'n 1+ uil)?
we obtain
dyu ot 2 1 oy " _
L= zmm ¢ (1+au)* ((%uauu)(ayua u) — ((’Lu@“u)z). (17.1)

The energy density for static configurations is just

VuViu 2 1

=2 =
£ m(1+ua)2 + g% (1 + uu)?

((Va Vu)? — (V@)2(Vu)2>. (17.2)

17.2.1 Systematic rewriting the invariants

In the derivative expansion of the n-field model the following terms are present in fourth
order

(n0,0,n)(nd,0,n"), (nOn)(nOn) and (On,On).

We use the previous parametrization of the n field, such that

Oyut ul
2 1 4(u, 0
aﬂn = N aﬂu2 - W u? ) N=1+ (’LL,’LL),
0

where for the moment beeing we switch to the real representation for the wu-field, v =
(u',u?). A straightforward calculation shows that

n0,0,n = —gabauuaa,,ub

A. Wipf, Supersymmetry



17. Susy sigma models in 4 dimensions 17.2. Models with Faddeev-Niemi term 251

holds true. To continue we observe that for a conformally flat metric in 2 dimensional
target space

a

1
= %(5;;866 + 6%0pe — 095y, Dge), e=./g9

so that
V0" u® = 00u® + %, 0,u’0 u’ = 00u” + 9, log(e) *u — 1% 9, log(e) (Qu, Ou).

For the 2-sphere e = 4/N? and

4 4
Oqloge = _NUCI and J,loge = _N(“vau“)’

so that
g V2urV3ub = %(Du, Ou) + % ((Bu)z(au)2 — 2(0u, Oyu)(u, 0"u) + (Ou, u)(@u)2)
16

+ (4(u, ) (u, Oyu) (0"u, 0¥ u) — (u)?(0u)? — 4(u, 8u)2(8u)2) (17.3)

N4
We want to compare with the invariant constructed out of

ul

16 4 2 8
On = (57 (1w, 00)° = {(0w)? + (u, 0w)} + -0 = (0, Bu) ") e

After a rather lengthy calculation one finds
(Dn — (n,0n)n,0n — (n, Dn)n> = (On,0n) — (n,0n)? = g, VZuV2ub.  (17.4)

Let us summarize our findings: Up to fourth derivatives there are four invariant actions
operators, and their form in the u-variables are

ST = /(811,,87),) = /gabaﬂu“(‘)“ub
2
Sy = /(Dn,Dn) = /gabv2ua V2ub+/ (gabauuaaﬂub)
B\ 2
S3 = /(nDn, nOn) = / (gabauu“&‘u )
Sy = /(nauayn,na“a”n) = /gabauuaa,,ub GegOucd" ul.
The celebrated Faddeev-Niemi term is just the difference S3 — Sy:

SpN = /HWH‘“’ =853—54= / ((gab@,ﬂtaﬁ”ub)2 — gabﬁuua&,ub gcda“ucﬁl’ud).

A. Wipf, Supersymmetry
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Not suprisingly these expression find a simpler form in term of the complex field u =
u! + iu?, since the target space is Kéhler. First we rewrite the covariant Laplacian. With

(V2u)! +i(V?u)? = 9%u — %(u, 0Mu)0yu + %(8% ou)u
and
(u,0Mu) = $0*(ut) and (Ou,du) = O,udtu

we obtain

. 2 _ 2 _ 2 _
(V) +i(Vu)? = 0%u— O (wi)0yu + < (Oud"aju = % — N(auf u

(V20)! — i(V2u)? = 8% — %aﬂ(ua)auu + %(81&9“@)@ _ 92— %(8@)2 w(17.5)
Hence that the above invariants can be rewritten as
Sy = /e Qudi Sy — S3 = /62 10%u — 2 (0u)?al?
Sy = / ¢ (9ud)’ Sy 1S5=1 / e2 (Budu)(9T07). (17.6)
The Faddeev-Niemi term has the simple form
Spy =1 / e? ((auaa)(auaa) - (auau)(aaaa)). (17.7)

17.2.2 Equations of motion and fluctuations

We slightly generalize the model and assume that spacetime is curved with metric h,, in
which case

2
1
L= %\/—h W gapdut* O — S5 V=R W0 Hyy Hog = Lo + Ly
where we have introduced the antisymmetric tensor

Hyu = Nap Guuaayub.

Actually, the have now changed the sign of H,,! We made use of the skewsymmetric
pseudotensor

Nab = /9 €ab; €12 =1
which is related to the closed volume form 7 on the target manifold via

n= %nabdua A du®.
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We are going to expand the action
S[u + tv] = S[u] + (S, v) + %tQ(v, S"v) + O(t)
to determine the first and second derivative of S. The first derivative yields the equations of

motion and the second derivative is necessary for the stability analysis and the semiclassical
quantisation. First we vary the sigma-model term S,:

Selu+v] = /\/7}1“ Gap (4 v)0, (u® + v*)d, (u® + vP)
= % / V=n(gap + Gab,cV° + %gab,cdvcvd){%u“@”ub + 26#1/“6’%(’ + 8Hva0“vb}
= S, [u] + n;Q / V=h B {2g4 0,00 + gap.v°0,u"D,u}
+T;LQ / \/jhh’“’{gabﬁuva&,vb + anbvcvcaﬂvaa,,ub + %gab,cd Ucvdauua&,ub}

Next we replace the fluctuation v® by the tangent £ to the geodesic from u to u + v (we
set t =1):

vt = €% — 1T, €261 + O(¢?)

Inserting v(&) the first order terms partly transforms into the second order terms. With
the identities used in section (15.1.1) we arrive at the following expansion

Solutv] = Solul+ ”;2 / V= B {gap(0,6*0u” + 0, u"0yE%) + Gap £ DpuOyu’}
+ ";2 / V=R (g2 V p€ V€ = Rachadyu 0,u"€°€").
We read off the first derivative of S, as follows
(SL,6) = m /Fgabv €M, where V,£% = 9,6 +T%,0,u"¢.
Here I'}, are the Christoffel symbols of the target manifold. We need the following formula:

If A%, is a vector with respect to spacetime and target space diffeomorphisms, e.g. Aj, =
Ouu®, then the following formula holds up to surface terms,

/ V=h gap V,£°AY = / V=h gy €V, A, VA = 9, A% + Y, AP 4T 0, uc AV
Here 7", are the Christoffel symbols corresponding to the spacetime metric. I leave the

proof for an exercise in partial integration. Hence we may partially integrate in (S, ¢)
which results in

(Sc,ﬂg) = —m2/ vV —h gabfavuauub = —m? / \/jhgabfa(ﬂu + 1t g 0 uco,u )

A. Wipf, Supersymmetry
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Without Faddeev-Niemi term the field equations read
Ou® + 1%, 9,ubd"u’ = 0. (17.8)

Hence u would be a harmonic map from spacetime to the 2-dimensional target manifold.
Let us see that this equation is covariant: under spacetime diffeomorphism = — y the
equation is covariant since the d,u® are vector fields,

ou® (ﬁyy )8u“
Ozt “OxH’ OyY

Under field transformations

u® — u(wt, w?).

the objects d,u® are vectors as well,

ou?
St )auwb

Opu® = (

and the metric transforms as usual
ou dub
Owe Ow? Yab

Now it is a easy exercise to prove, that

d

Gab(u) 0 u0yu = (v) Dwdw? = Geg(w) Dwed,w.

a a a a ,.a a b,,c
D,o,u", Dy = 0pvy — ¥ uva + pcOpu’vy,

where v are the Christoffel sympols of spacetime and I' are those of the target space,
transforms as a 2 tensor under spacetime diffeomorphism and as vector under target space
diffeomorphism, provided the target space connection transforms properly,

O?uP ) Lo _ ow? w %
Owbowe”’ P dur’ b wb”

It follows that the wave operator compatibel with both set of diffeomorphism is

P, = T (T, +

D*u® = W D,,0,u® = Ou® + T%,0,u’9"u’.
Remark: The equations (17.8) should be compared with equation
i 419, =0

for the geodesic motion of a particle on a curved target space.
Now we turn to the second derivative of the sigma-model term

(&, 87¢) = m2/\/jhhw(gabvu§avu§b_Rcadbauucal/“dfagb)

— [ VERE GV + ROy D),
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We read off the differential equations for fluctuation about a background field u®:
VIV €% — R%yp Opu® 9" u €0 = A2 (17.9)

Now we turn to the variation of the Faddeev-Niemi term: We use the elegant method
of Mukhi, see section (15.1.3), to find the expansion of Lry. First we recall that the
antisymmetric pseudo tensor 7., is covariantly conserved. In 2 dimensions the proof is
elementary:

Venab = 0e(v/9)eab — Thaian — Tyaa = V/G(T %y €ab — Thyear — Thpead)-
We only need to check that this vanishes for a = 1,b = 2:
vcn12 = \/g(r‘dcd - I‘1(:1 - F202) = 0.

Again we consider a geodesic u(s) which interpolates between v = u(0) and u(1) = u + v
and calculate the change of H?(s) = H,,(s)H""(s) along this curve:

H?*(s) = H*(u)+ sVsH?(s)|s=0 + 25°(Vs)2H?(8)|s=0 + O(s?)
= H?*(u)+ 2sH" (u)VsHyu|s—o + 8* (Vs H Vs H + H* (V)2 H).

Clearly we need the variation of H,, along the geodesic: The first derivative is
Vs Hy (5) = 16V (01" V") = nap(V i 00" + 0"V it")
and its value at s = 0 becomes
VHu(0) = nap(V 20,0’ + 0,u"V,£). (17.10)
The second derivative is found to be

(Vo) 2Hu(s) = napVs(V,u*0,ub + 0,u’V, ")
= (Vs Vi]adu® + 0,u[Vs, V, il + V4V, il + V47V, i)

so that its value at the origin reads

(V)2 Hyu (0) = nap (R, 0P 0y u €€ + R, 0,uP 0, u €€ + 2V ,£°V,€%)  (17.11)

Now we are ready to calculate the first variation of the Faddeev-Niemi term
1 1
(Sins8) = 5 [ VR 09,6900 = o [ VIRV Ve

Together with the previous result we obtain the formula for the first order variations of
the complete action:

1
(8.6) = [ Vo~ mA (O + T4 0,000,u0) 4 5 T (H 9,7
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and this gives rise to the following equations of motion

1
m?(0u + [, 0uuPOyut) = ] Vo (H" 0,u®)n,* (17.12)

Now we come to the most difficult part, the calculation of the second order terms induced
by the FN-action. We find

VeHu, NV HY + (V)2 Huy HYY = 2040pg(0,ub8”u? VHEPY LE7 + 0,ud" ul VHEPY ,E0)
+ 2 HM (R, 0,0 0,u’E°¢" + V,,6°V,,€0)

Adding the second variation of the sigma-model term results in
(€s".6) = —m? / V=hE(ga V"'V u” + ReadpOyudu’e’)
- e% / V—h (nabnpq(ayubayuq VHEPY €% + 9,u0ul VHEPV ,€%)17.13)
oy H™ (R Dy D€ + vugavygb))

or after partial integration

(€5".6) = —m’ / VT € (g VIV 1 + ReaayOpu 0 ue?)

o

+ 3 / \/—hganabncdw(auucavubvygd—ayubavucvugd) (17.14)

ol —

b L VR (V0,8 — e R Do),

where we used that the covariant derivative of the pseudotensor 74, vanishes. This then
yields the following equations for the fluctuations

VAT LR mzR“bcdﬁuuba“ucfd
1
+ SV (B0 u V7,6 = B,u' 07w 47 (17.15)

1 a v 1 vV pa c a
+ @M VulH" 9E") - eﬁnch“ R, 0uuPO,ucst = N2¢°,

17.2.3 Hopfinvariant

In this subsection we are going to express the Hopfinvariant in terms of the wu-field. For
that we need a one-form, denoted by a, the differential of which is the abelian field strength
H,

da = H.
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Actually, we may easily write down such an abelian potential,

a:de_i_ludu—udu

1 14 uu
Indeed, we find
2 _
da = ————=duNdu=H.
i (1+ au)?
For the Hopf-density we find
2 1 _
h~aANH=-———=d0ANduANdu
i (14 au)?

At this point I do not know what to insert for #. To understand this apparent ambiguity
we switch to yet another parametrization. We use that the Hopf invariant invariant has a
simple geometric interpretation in terms of g € SU(2) defined (up to a U(1)-factor) by

- 1 I T T/ e 0 S e —ue
n=g73g9 -, g_(l—i—ﬂu)l/Q v 1 0 e i _(l—i—zju)l/Q uet?® i .

The Hopfinvariant is just the winding number of g € SU(2) as function of the spatial
variables. Hence we assume that g is time-independent and tends to a constant element

for large distances from the origin. From
1 adu — udi  —2e~%du

1, — 4 1 )

g dg=imddt a1 gy < 2e%%du  udu — udu>

we may calculate the density giving rise to the Hopf invariant. The powers of the potential
-1
g~ "dg are:

2 0 e ?%du 1 -1 e %y
“17\2 _ A _ A i
07do) = T <62’¢du 0 )Ad¢+ (1 + au)? <62’¢u 1 )d“/\d“
5
(9~'dg)® = ~AT :Zu)2 1da A du A d

such that the winding number density is proportional to

Tr (g 'dg)® = —6i sdu A du A do.

1
(1 + uu)
To check the normalization we use the standard Hopf map
— ising e 1934 e~1912 ot 0 [ x3+iry  x1+ i
9= 2 coth  —ei?P3 -\ —z1 tizg wg—dxe )

where we introduced the coordinates

A~

= (cosfcos pi2,cosbsin ¢ia,sin b cos ¢34, sin 0 sin P34)
0§9<7T/2, 0§¢12,¢34<27T
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on the 3-sphere. Comparing with the parametrization of g used above we find the identi-
fications

e = z’e*i‘b?"‘, sin"?20 =1+ uu, u = cot Gei(¢12+¢34),
such that the winding number density is proportional to
Tr(gtdg)® = 6sin20d A dpia A dosy.

On the other hand, since

1
— sin 20d0 A dg12 A dgss =1
471'2 S3

the correct normalization for the Hopf-density is

_ 1
2472

1
Sdi A du A do.

Tr(g'dg)? = —»——
M99 = e A )

q

There are problems when one tries to find the Hopfinvariant in terms of u. It is nonolocal,
therefore we turn to the

17.3 Alternative formulations

In this section we shall investigate alternative formulations of the models just considered.
We begin with the

17.3.1 (CPF,; formulation

We introduce

Ng = ZTTaZ, z = (ZO> € (CQ, 2Tz =1.
21

More explicitly

. _ _ _ sl _
niy —ing = 2z129, N3 = 2020 — 2171, U= —, l—i—uu:l/\zO]Q.
20

First we rewrite the o-model term in terms of the C'P; field. Since

1
Opu = —5 (200,21 — 210,20)
20
we find

Opudtu 9

——— = |z0|?0,210"Z% 21|20,,200" 20 — 210,,21200" 20 — 200,Z0210" 2

(1 + )2 |20]°0,210" 21 + | 21|*0p200" 20 — 210,21 200" 20 — 20020210 21

= 0,210,z + (210,2)(2T0"2),
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where we used that z has length one. Introducing the U(1) gauge potential and covariant
derivative as

A, = —iz'0,2, Duz=(0,—iA,)z,

this can be rewritten as
o, udtu
(1:‘71_“%)2 = (Dpz)'(D"2).

The proof is simple,
(D, 2)1(DH2) = 8,270 2 + A A2 2 — i AFO, 2 2 +iA, 21002 = 0,2T0"2 — A, AP
Next we wish to express the Faddeev-Niemi term in terms of the C'P; field. We calculate
O udy,u — 0,ud,u
(1+ au)?

= ’ZQ|28H,§131,Z’1 + |Zl|23u2081120 — ZlauilioaVZO — Zoaugoila,/,q — (/J <~ l/)
= {0,210,21 + 0,200, 20 + (zTauz)(zTﬁyz)} —{p v}
= 8u§181,21 + aMZOaVZO — 8V216M21 — 81,508MZO = i(aMAV — 8VAM)

= (20(9”51 — 21({')”20)(208”21 — ZlaVZO) — (,u, > V)

Hence we have proven the nice formula
O, udyu — Oyudyu
— =ikF,.
(1 + au)?

Now we proceed to calculate the Faddeev-Niemi density in terms of u. After some algebra
one obtains

8
diNdi = mﬁdﬂl VAN dUQ or
8
(dﬁ A dﬁ)a = €abcaunbaynbdl'u Adz” = m ng duy A dus

Since
idu A du = 2duq N dug = dug A dug = i(@ua&,u — Oyudyu)dx! A dz”
we may rewrite

ﬁ(dﬁ /\ dﬁ) = Eabcnaaunb /\ ayncdx’u /\ d‘/L’V
8 P B . )
= T gy OO — 0,00,) e N di¥ = 2yt N da”

As a consequence, the antisymmetric tensor H), is proportional to the field strength of

A

i)

H,, = eabcn“(aunb A Oyn®) = —2F,,,.
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For the standard Hopf map

2(.’1’11‘3 — $2$4) sin 260 COS(gf)lQ + ¢34) 2021 + Z1%20
= 2(%’1.%'4 + mgxg) = | sin26 sin(¢12 + ¢34) = | 2Z120 — 12021
x% + a:i — x% — x% — cos 20 2020 — 2171

we may take
L (sin@ e_‘i‘?ﬁl2 > .
cos f ¢34
For the gauge potential and field strength we obtain
A = —i2dz = cos® 0 dgzs — sin’ 0 doya, F = —5in20d0 A (dp1a + desy).
It follows that

1
ANF =sin20 df A dpra A dpss and / ANF =1.
47T2 S3

Let us finally summarize what we have gotten so far. The effective Lagrangian density
takes the form

m? 1 y
L= 7(D#z)TDMz = oz P "

where
A=—izldz, D,=0,—iA, F=dA

For static fields and in the Weyl gauge we obtain

m? 1 g
L= 7(D,~z)TDZ-z + 1z P FY,

The properly normalized Hopf invariant reads

H= # /d3xA AF = Sé/eijkAiij d*z.
We may write the energy as a square. For that we notice that
2Dz =210, —id; =iA, —iA;, =0 = —(Diz)zT,
such that with
[)iz = Dz —i€;ji Fly
we obtain

\DzzP = (DZZ)TDVZ + Eijkeiquijpq - Z'Eiijjk(Diz)TZ + ieiqupquDiZ

A. Wipf, Supersymmetry
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17.3.2 Yet another formulation

Assume that z € C2 with 27z = 1 and A, are independent field and consider the Lagrangian
L= %(’DZZ)Tplz + 2i96ijkAi(8jo8kz),

where D is the covariant derivative taken with respect to the apriori independent potential
A. The first term becomes

(032" +iAiz") (02 — iAiz) = 0;2T0i2 + AjAi + 2iA; Z;,  where Z; = 210;z.
Later Z; will be an induced connection. Its fieldstrength is
Zij = 0:Z; — 0;Z; = 9;210;2 — 0;219;2.
Hence we obtain
L=30i2"02 + S4,A; + 1A, Z; + i0¢iju Ai Zje.
Now we eliminate the field A; by its algebraic equation of motion, which read
A +iZ; +ile L =0
which yield
L=102102+ 3(Zi + Oeiju Zj1)* = 2(Di2) ' Diz + 0? Zpg Zpg — O€ijn Zi Zj,.

Hence we recover the sigma model term, the Faddeev-Nieme term and the Hopf invariant.

17.3.3 Coadjoint orbit variables

We introduce the hermitean and traceless field
Q:%Il—zzf, Tr@Q =0, detQ:—i,
such that
0,Q = — (922" — 20,27)
and
,QOMQ = 9,227 0" 22" + 0,20M 2" + 20,210 22T + 20,21 20021
Using Truv! = vfu and introducing Z, = zfaﬂz we obtain
3T (0,Q0"Q) = 9,210"z + Z, 2.
Next we rewrite the Faddeev-Niemi term and the Hopf invariant. With

dQdQ = ZdQ + dZ(1 + z2")

A. Wipf, Supersymmetry
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we obtain
Tr(dQ)? = Tr(dQ)%zz" = 2dZ so that TrQ(dQ)? = —dZ.
Furthermore, using Z? = 0 we find
(dQ)* = dZdZ(1 + z2")(1 4 227) + ZdZdQ(1 + 22") + dZZ(1 + z21)dQ
so that

Tr(dQ)* = 4dZdZ + ZdZ(TrdQ + TrdQzz") = 4dZdZ
Te{(dQ)*22"} = 4dZdZ + AZdZTr(dQzz") = 4dZdZ

and hence

Tr{Q(dQ)*} = —2dZdZ = —2(dz" A dz) A (dzT A dz) = —2d(Z A dZ).

A. Wipf, Supersymmetry
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