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Problem 20: Lorentz transformation of Fµν 2+2 = 4 points

The contravariant components of the field strength tensor transform under a change of the inertial
systems I → I ′ according to

Fµν(x) 7→ F ′µν(x′) = Λµ
αΛ

ν
βF

αβ(x) .

Consider the Lorentz boost

x′0 = γx0 − βγx1, x′2 = x2 ,

x′1 = γx1 − βγx0, x′3 = x3 .

How does the electric field E and magnetic field B (which make up the field strength tensor) transform
under this Lorentz-transformation? Use the same notation and conventions as in the lecture.

Problem 21: The scalar field 2+2 = 4 points

In the lectures we defined the current density 4-vector jµ for a Klein-Gordon field ϕ in presence of an
external electromagnetic field with potential Aµ as follows:

jµ =
iℏ
2m

(ϕ∗Dµϕ− ϕ(Dµϕ)∗)

where the covariant derivative is given by

Dµϕ =

(
∂µ +

ie

ℏc
Aµ

)
ϕ .

1. Show that the current density is gauge invariant, i.e. invariant under the transformation

Aµ 7→ Aµ − ∂µλ, ϕ 7→ eieλ/ℏcϕ

for any arbitrary gauge function λ.
2. Show that the current is conserved

∂µj
µ = 0,

if ϕ solves the Klein-Gordon equation(
DµD

µ +
m2c2

ℏ2

)
ϕ = 0 .

Problem 22: Lorentz boosts 1+1+2+1+1 = 6 points

An arbitrary proper orthochrone Lorentz transformation has the form

Λ(α,θ) = eω(α,θ) with ω(α,θ) =


0 −α1 −α2 −α3

−α1 0 −θ3 θ2
−α2 θ3 0 −θ1
−α3 −θ2 θ1 0





1. Calculate the Lorentz transformation

Λ(αe , 0) = eω(αe,0) with e =

1
0
0

 .

2. Show

Λ(Rα, 0) = Λ(R)Λ(α, 0)Λ−1(R) , where


1 0 0 0
0
0 R
0

 .

Hint: Show first ω(Rα, 0) = Λ(R)ω(α, 0)Λ−1(R) .

3. The Lorentz boost are

Λ(αe , 0) = eω(αe,0) =

(
cosh(α) − sinh(α)eT

− sinh(α)e δij − (1− cosh(α))eiej

)
for α ≥ 0 .

They map the inertial system I to I ′, x 7→ x′ = Λx . What coordinates x has the origin
x′ = (x′0,0 ) of I ′? Use this result to express α and e as function if the velocity v of I ′ rel-
atively to I. Write Λ(αe , 0) also as a function of v .

4. Consider a prototype meter resting in I ′. Its endpoints are given by

x′ =


ct′

0
0
0

 , y′ =


ct′

1
0
0

 .

What are the coordinates (x, y) of this prototype meter in I, when I ′ is moving relatively to I
in 1-direction v = (v, 0, 0)T? What length does an observer measure in the inertial system I?

5. A clock rests in the origin of I ′. Givenx′0 = 0 and y′0 = t′, calculate δt = y0 − x0 in the inertial
system I.
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