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Problem 5: Free energy densities of scalars in 1 and 2 spatial dimensions

Calculate the free energy densities of non-interacting massive scalars in one and two spatial
dimensions and discuss the limit m — 0.
Hint: In the lecture we already derived a series expansion in terms of modified Bessel functions.

Problem 6: Minima of energy function

Find the configurations with minimal energy of the following spin models (assume periodic
boundary conditions and, if necessary, a number of spins which is multiple of 2 or 4):

1. The Ising chain with first and second neighbor interactions
H=-J; Zszsxﬂ — Jy stsHQ, s, € {—1,1}

Consider both positive and negative values of the couplings .J;, Js.
2. The one-dimensional clock model

2
H = —JCZCOS (%(nx—ny+A)), ne € {1,2,...,q}

for positive .J and all values of A.
3. The antiferromagnetic Ising model on a triangular lattice,

H=1J Z SuSy, Sz € {—1,1}
()

with J > 0.

Problem 7: Free scalar field on the lattice I

We consider a one-component real scalar field on a three dimensional (periodic) hyper-cubic
lattice with Euclidean action

1 1
S=). (5 D (Pori — @o) + om?el + Wi)
x %



or equivalently
=> ( Z%s@w +(d+ 2 5m’) e +990i>
In the following we set ¢ = 0 and denote the corresponding action of the non-interacing scalars
by S().
1. Other representations found in the literature are
1
S() = 5 Z (Z xy@y) Z Pa xySOy
x y
Find the matrix elements D,, and )M, and determine the eigenvalues and eigenfunctions
in
My, = Eﬁ ©p -
Calculate the actions Sp[¢,] of the eigenfunctions.

2. Determine the two-point function

(puipy) = / Dpe P p,p,

and apply the result to compute the expectation value of the lattice action
1
= Z/Dgpe_soso.

Problem 8: Free scalar field on the lattice 11

Use the results of the previous problem to extract the masses of the one-dimensional free theory

1 1
So = Z <§(90t+1 — )’ + §m3903:> :

T

The exact analytic result in the limit N; — oo can be obtained from the correlator in momentum
space
G(p) < (FC)(p)

with correlator C'(t) = (prp0). The pole p, of the propagator yields the physical mass mpele =
Px-

In order to prepare the ground for MC-simulations considered later in the lecture: Determine
the correlator C'(¢) (e.g. with octave or matlab) and perform the following steps:

1. determine the mass from the (local) slope of C(t) o exp(—mt): the values C(t) and
C(t + 1) allow the extraction of a local mass m;.



2. determine the mass via a cosh-fit: With V, lattice points in time-direction the correlation
function has the approximate form C(¢) o cosh(m(t — N;/2)). Fit your data with a
cosh-fit on the interval [¢, N; — t] and extract a mass m.

Represent the obtained masses graphically and compare the results of the two methods. Study
different 'volumes’ N, and different bare masses my in the action. Also compare with the bare
masses and the pole masses. Investigate the limit mgy — 0. Which method would you suggest, to
extract the physical mass from dynamically generated MC-data sets for the 2-point correlator.



