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Notation And Conventions

In �eld theory it is 
ommon to use units where the speed of light and ~ are taken to be

unity.

The summation 
onvention of Einstein is used, i.e. repeated indi
es are summed over.

The signature of the metri
 is (+;�;�;�).

Greek letters �; �; �; � refer to spa
e-time and run from 0 to 3, with x

0

being the time


oordinate.

Small Latin letters from the middle of the alphabet su
h as i; j; k denote spatial 
oordi�

nates and usually run from 1 to 3.

Small Latin letters from the beginning of the alphabet su
h as a; b; 
 indi
ate group

indi
es and run from 1 to dimG.

A prime denotes di�erentiation with respe
t to the argument, whereas a dot over any

quantity denotes the time derivative of this quantity.

If not stated otherwise, the following notations are used within this thesis.

A

�

gauge-potential

A

a

�


omponents of non-Abelian

gauge-potential

A = A

�

dx

�

gauge 
onne
tion

D

�

= �

�

� iA

�


ovariant derivative

D

�

= �

�

� i[A

�

; ℄ 
ovariant derivative for non-Abelian

gauge theories, �elds in adjoint

representation

F

��

= �

�

A

�

� �

�

A

�

Abelian �eld-strength tensor

iii



Notation And Conventions iv

F

a

��

= �

�

A

a

�

� �

�

A

a

�

+ f

ab


A

b

�

A




�


omponents of the non-Abelian �eld

strength tensor

g

��

metri
 tensor

x; y; z Cartesian 
oordinates

�; '; z 
ylindri
al 
oordinates

r; �; ' spheri
al 
oordinates

Æ

ab

=

(

1 if a = b

0 otherwise

Krone
ker-symbol

�

ab


=

8

>

<

>

:

1 if (ab
) = (123) or 
y
l.

�1 if (ab
) = (132) or 
y
l.

0 otherwise


omplete antisymmetri
 tensor

� (
omplex) s
alar �eld

�

a


omponents of s
alar �eld in

adjoint representation

�

a

Pauli-matri
es a = 1; 2; 3

�

a

�

b

= Æ

ab

1+ i�

ab


�




T

a

generators of gauge group G

[T

a

;T

b

℄ = if

ab


T




; Tr(T

a

T

b

) = KÆ

ab

hA;Bi =

1

K

Tr(AB) s
alar produ
t in the Lie algebra

with A = A

a

T

a

and B = B

a

T

a

T

a

= �

a

=

�

a

2

generators for 
omplex doublet

representation of SU(2)

(T

a

)

ik

= �i�

aik

generators for real triplet

representation of SU(2)

Besides Cartesian generators �

a

, `spheri
al' generators

�

r

= 
os' sin � �

1

+ sin' sin � �

2

+ 
os � �

3

�

�

= 
os' 
os � �

1

+ sin' 
os � �

2

� sin � �

3

= �

�

�

r

�

'

= � sin' �

1

+ 
os' �

2

=

1

sin �

�

'

�

r

will be used as well.



1 Introdu
tion

1.1 What Are Solitons?

The �rst des
ription of a soliton was given by Russell [1℄ in 1842 and 1843 at the British

Asso
iation for the Advan
ement of S
ien
e

1

:

I was observing the motion of a boat whi
h was rapidly drawn along a narrow


hannel by a pair of horses, when the boat suddenly stopped � not so the

mass of water in the 
hannel whi
h it had put in motion; it a

umulated

round the prow of the vessel in a state of violent agitation, then suddenly

leaving it behind, rolled forward with great velo
ity, assuming the form of a

large solitary elevation, a rounded, smooth and well-de�ned heap of water,

whi
h 
ontinued its 
ourse along the 
hannel apparently without 
hange of

form or diminution of speed. I followed it on a horseba
k, and overtook it

still rolling on at a rate of some eight or nine miles an hour, preserving its

original �gure some thirty feet long and a foot to a foot and a half in height.

Its height gradually diminished, and after a 
hase of one or two miles I lost

it in the windings of the 
hannel. Su
h, in the month of August 1834, was

my �rst 
han
e interview with that singular and beautiful phenomenon ...

This des
ription already gives some of the important features of solitons: they are lo�


alised obje
ts, and their shape is preserved during propagation. The possibility of the

o

urren
e of su
h an obje
t follows from the equations of motion and therefore from the

properties of the medium. Nevertheless, everyday experien
e with water waves is di�er�

ent. If one observes the ex
itations of water, generated, for instan
e, by throwing a stone

into it, the spatial extension of the ex
itation is growing. The reason for this behaviour

is dispersion, di�erent velo
ities for di�erent wavelengths. Starting with a lo
alised ex�


itation, whi
h is a superposition of waves with di�erent wavelengths, dispersion leads

to the well-known behaviour of growing spatial extension. A phenomenon like the one

observed by Russell 
an only be explained if non-linear e�e
ts are taken into a

ount.

1

this 
itation follows [2℄

1



1. Introdu
tion 2

The 
ombined e�e
ts of dispersion and non-linearities then allow for stationary obje
ts

[3℄. Con
erning theory, it took about 60 years until Korteweg and de Vries found the

equation

u

t

+ u

xxx

+ 6u

x

u = 0 (1.1)

des
ribing the propagation of waves in shallow water in 1895. Here u gives the height

of the water above the undisturbed surfa
e. This equation 
an be derived from the

Newtonian equations of motion for 
ontinuous media. The Korteweg-de-Vries equation

des
ribes the motion in the limit of long wavelengths, i.e. the wavelength is large 
om�

pared to the depth of the water. The one-soliton solution of (1.1) 
orresponding to the

wave phenomenon observed by Russell is [3℄

u(x; t) =

�

2 
osh

2

�

p

�

4

(x� �t� x

0

)

�

: (1.2)

The propagation of this wave 
an be seen in �gure 1.1, whi
h also shows the 
onstant

shape during propagation. Computer experiments have demonstrated that su
h waves


an penetrate ea
h other and emerge undisturbed from this 
ollision. This is illustrated

   


