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1. Introduction

Quantum field theory (QFT) is a mathematical framework to describe the fun-
damental constituents and interactions of nature based on the physical principles
of quantum mechanics and special relativity. It emerged in the investigations of
electromagnetic interactions and was able to provide an impressingly accurate de-
scription of the physical observations [1, 2]. The applicability of the framework is
yet not restricted to electrodynamics, but it was soon realized that the quantization
of non-Abelian gauge theories [3] provides an appropriate mathematical description
of strong [4] as well as weak interactions, while the latter one can be unified with
electrodynamics to the electroweak interaction [5, 6, 7]. These two theories, the
one of electroweak and the one of strong interactions (QCD), are the main building
blocks of the Standard Model of particle physics, which describes the physical prop-
erties of all know fundamental particles.

A peculiar characteristic of nontrivial quantum field theories is the inevitable ap-
pearance of divergences. It was an important achievement in the development of
QFT to formulate a renormalization procedure [8] which enables to remove these
divergences. While this procedure is successful in many models (most prominently
the Standard Model [9]), in some it is not, indicating that the corresponding de-
scription of the system can only be an effective one.

Most of the explicit computations of particle interactions and scattering amplitudes
are performed by means of perturbation theory. While this approach is very suc-
cessful in the analysis and prediction of high-energy collider experiments, it is not
applicable to systems in which the couplings are large. Such systems, however,
display some of the most interesting but yet not fully understood aspects of par-
ticle physics. The most prominent one is probably the confinement of quarks in
color-neutral bound states [10, 11]. Despite many years of research there is still no
sufficient theoretical analysis of the low-energy range of the QCD phase diagram.
The deeper investigation of such phenomena requires a good command of efficient
non-perturbative methods.

A further motiviation to develop non-perturbative tools is related to the long-lasting

endeavor to find a quantum theory of gravitation. The theory of general relativity



1. Introduction

can only be regarded as effective theory of gravity, because it is non-renormalizable
from the point of view of perturbation theory. The existence of a nontrivial fixed
point in parameter space, however, would establish the possibility that the theory
is asymptotically safe, which means non-perturbatively renormalizable [12, 13].
The aim of this thesis is to investigate and further develop two non-perturbative
methods, which have already been proven to be valuable tools for the investigations
of field theories and which are applicable to a wide range of different phenomena:
Lattice field theory [14] and the Functional Renormalization Group (FRG) [15].
The first approach relies on the discretization of field theories on (finite) spacetime
lattices and enables to simulate the system by means of numerical computations
that are usually performed by update algorithms like e.g. the Hybrid Monte Carlo
algorithm [16]. The second approach implements the RG idea of gradual integration
of momentum shells and provides a functional differential equation to describe the
renormalization of an action functional which interpolates between the bare and the
full effective action.

The FRG has been established as the primary tool' for the investigation of the
asymptotic safety scenario [18]. The development of sophisticated computational
techniques allows for studying increasingly large truncations of the effective action
and convincing indications for the existence of a nontrivial fixed point could be found
[19, 20, 21]. Nevertheless, further studies about the application of covariant FRG
techniques to theories with nontrivial target space are required. A particular inter-
esting question is if the results of the FRG concerning renormalization flows and the
existence of nontrivial fixed points can be confirmed by another non-perturbative
method like lattice field theory. These issues shall be discussed in Chap. 3 of thesis
on the basis of a toy model.

The usual derivation of the FRG starts from the path integral representation of
QFT which is formulated in terms of field configurations. An alternative to this La-
grangian formulation is given by the Hamiltonian description of quantum theories in
terms of phase space variables, which is for example used in the canonical quantiza-
tion of field theories. Arguments were brought forward recently that a Hamiltonian
formulation of the FRG sheds light on nontrivial effects of the path integral measure
[22]. Furthermore, it allows for alternative expansions of the truncation of the effec-
tive action [23], which could provide better access to some properties of nonlinear
theories. Both suggestions shall be investigated in Chap. 4.

An interesting non-perturbative aspect of QCD besides the confinement is the still

unsolved strong C'P-problem [24]. It refers to fact that no violation of the C'P sym-

! Another interesting approach in this direction are Causal Dynamical Triangulations [17].



metry has been observed in quantum chromodynamics so far, although the Standard
Model would naturally allow for a term which breaks this symmetry. A mechanism
is required which explains the suppression of such term. It is a topological operator
which is invariant under small variations of the fields and one would hence expect
that it is not affected by quantum fluctuations. Explicit calculations [25, 26, 27],
however, showed that a more subtle analysis of the renormalization properties is
necessary. In order to study this manifestly non-perturbative issue, the FRG should
be an adequate tool and first computations in this framework have been performed
for a generalization of the topological operator [28] with the interesting result that
the topological parameter of Yang-Mills theories receives finite contributions from
the extreme ultraviolet (UV) and extreme infrared (IR). A similar effect could be
found in the IR of Cherns-Simons theory [29] and one may wonder if further models
with topological term exhibit such renormalization properties. This shall be studied
in Chap. 5 of this thesis.

Even if one could resolve the problems mentioned so far within the standard frame-
work of quantum field theory, the Standard Model would still face some further
challenges. The most prominent are the hierarchy problem of fine tuning in the
Higgs sector [30], the missing explanation of dark matter [31], and the hope that
electroweak and strong interactions may be unified at some high energy scale [32].
Various theories for physics “beyond the Standard Model” have been proposed [33],
with supersymmetry [34] being one of the most influential ones among these. In or-
der to investigate non-perturbative aspects of supersymmetric models, it would be
desirable to have appropriate implementations on the lattice. However, supersym-
metry is a nontrivial extension of the Poincaré symmetry [35] and hence broken by
any spacetime discretization. To perform numerical simulations of supersymmetric
theories is therefore an important, but nontrivial endeavor. It will be addressed in
Chap. 6.

While all topics mentioned so far are related to the Standard Model or the theory
of gravity, it is often advisable to study questions and computational methods first
in their application to simpler toy models, as they can provide a more transparent
view on conceptual aspects of the applied technique or the physical property. In this
thesis the investigations will focus on nonlinear sigma models, which are the ideal
testing ground to address the questions depicted above. Having a simpler structure
than QCD or gravity, they yet share important features with these theories. Similar
to gravity, nonlinear sigma models describe non-polynomial interactions and they
have the same structure concerning power counting. With regard to QCD, sigma

models can serve as toy model for most of the interesting properties of the theory like



1. Introduction

asymptotic freedom, confinement, instantons or dynamical mass generation [36, 37].
An introduction to nonlinear sigma models will be given in Chap. 2, accompanied
by a more detailed description of the applied non-perturbative approaches.

Note, that the computations in this thesis will be performed in Euclidean spacetime,

if not stated otherwise. Furthermore, natural units are used, i.e. A, ¢ and kg are set

to one.

The compilation of this thesis is solely due to the author. However, parts of the work
have been done in collaboration with colleagues from the research groups on quantum

field theory in Jena, Bologna and Mainz. These collaborations are indicated at the

beginning of the chapters.



2. The Models and the Methods

2.1. Nonlinear Sigma Models

Nonlinear sigma models (NLSM) are the theories of scalar fields ¢ which are maps
from a d-dimensional spacetime > to a Riemann target manifold. The manifold is
equipped with a metric hg,(¢) and the fields can be regarded as coordinates on the

target space. The microscopic action is defined as
1
516 = 3¢ [ d'a hul0) 9,07 040" (21)

where ( is a coupling constant. Note that usually the inverse parameter g = (1
is studied, while ( is used in this thesis for the sake of convenience. It is natural
to regard the fields ¢* as dimensionless, with the result that ¢ has mass dimension
[(] = d —2. The metric he(¢) is a nontrivial function of the fields and encodes
the (generically non-polynomial) interactions of these. It transforms as a symmetric
2-tensor, such that the action (2.1) is invariant under arbitrary reparametrizations
¢ — ¢'(¢) of the fields. Further symmetry properties of the NLSM are related to
the isometries of the target manifold and hence depend on the specific model.
Since they were first introduced in particle physics [38], NLSM have become a ver-
satile tool that is applied to a plethora of physical problems. It is impossible to
cover all these applications and the related aspects of NLSM in this introduction in
a comprehensive way. This means that some extensive and very interesting subjects
have to be omitted, like for instance the role of NLSM in string theories, cf. [39] for
an overview, or their use in effective theories of low-energy mesons and chiral pertur-
bation theory [40]. This thesis will instead focus on two important classes of sigma
models, the nonlinear O(N) models and the CP"™ models. These are interesting in
two dimensions as toy models for four-dimensional QCD [36] (sharing features like
asymptotic freedom [41], dynamical mass generation and chiral symmetry breaking
[37]), and in three dimensions in the description of statistical systems [42] as well as
with regard to the concept of asymptotic safety [43]. Both classes of NLSM will be
presented as bosonic theories in this chapter, while the supersymmetric extension of
the nonlinear O(N') models will be discussed in Chap. 6.
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2.2. Nonlinear O(N) Models

The target space of nonlinear O(NN) models is the unit sphere in RY | i.e. the fields
are maps ¢ : ¥ — SV~1. The field space of these maps will be denoted by M. The
target manifold is a homogeneous space SVt = O(N)/O(N — 1) whose isometry
group is O(N). These isometries are generated by vector fields K{*(¢) which satisfy

a generalized angular momentum algebra,
(K, K] = — fije K (2.2)

where f;;, are the structure constants of the Lie algebra of the rotation group. The

infinitesimal symmetries generated by the K; are nonlinear
P — " + € K7 (). (2.3)

From the invariant metric h,, on the sphere one obtains the unique Levi-Civita

connection 'y, and the corresponding

Riemann tensor  Ruped = hachvd — Padhoe s (2.4)
Ricci tensor Ry = (N —2) hap, and (2.5)
scalar curvature R = (N —1)(N —2). (2.6)

The Levi-Civita connection on the sphere can be used to construct O(NV)-covariant
spacetime derivatives of the pullbacks of tensors on the sphere. For example, given

a pullback of a vector on the sphere, its covariant derivative is
Vv = 0,0" + 1% 0,0 v°. (2.7)

The pullback covariant derivative V, will be used extensively in Chap. 3 and 5. The
commutator of these covariant derivatives will be denoted by H!;" and its action on

a vector of the sphere yields
HW " = [VF, V"] 0" = Rapeq O ¢°0" ¢ 0" . (2.8)

In this thesis two specific parametrizations will be used for some purposes: First,

stereographic coordinates for which the metric reads

1

hab = m 5aba

(2.9)



2.2. Nonlinear O(N) Models

where the fields ¢* are unconstrained (N — 1)-tuple and ¢* = Zi\:ll ¢%¢”. Second,
the representation in terms of N-tuples n® which are explicitly constrained to the
unit-sphere:
1
Sin| = §C/ddx d,md'n , with n® = 1. (2.10)

Both formulations are related by the stereographic projection and its inverse:

o _1-¢* ;20

n-= 1+¢2’ no= 1+¢2
o' = T for i=1,...,N —1. (2.11)

In two dimensions the model is renormalizable and can be regarded as a fundamental
theory. It is in fact integrable and the S-matrix could be derived in [44]. Based on
this solution, the mass gap of the model could be computed [45] by comparing
computations of the free energy that were obtained by the thermodynamic Bethe
ansatz and by perturbation theory.

In constrast, nonlinear O(/N) models in d > 2 are generally considered to be only
effective theories, as the coupling constant has negative mass dimension' and the
model is not perturbatively renormalizable. Nevertheless, small e-expansions and
RG-calculations show a phase transition and a related nontrivial fixed point of the
renormalization flow in d > 2 [41, 46, 47, 43], which could render the theory non-
perturbatively renormalizable, i.e. asymptotically safe. In the large-N limit this
non-perturbative renormalizability could be proven rigorously [48]. For general N
this question will be adressed in Chap. 3.

The critical properties of the phase transition in d > 2 are of great interest and have
been intensively studied, since they describe the physical properties of a large range
of systems: The effective theory in case of N = 1 corresponds to the Ising model,
the case N = 2 to the XY -universality class and N = 3 to the Heisenberg model.
But also models of larger N have interesting applications, like e.g. N = 5 being
relevant in high-T, superconductors [49]. And even the limit N — 0 can be used
in order to describe polymers dynamics by self-avoiding walks [50]. An extensive
review about the applications of O(NN) models in statistical physics is given in [42].
In this thesis it is understood that the O(/N) universality class contains linear as well
as nonlinear O(N') models, because it is generally assumed that both have the same
critical properties. This assumpation is based on the hypothesis that two short-range
theories in the same spacetime dimension and with the same symmetries belong to

the same universality class. This statement is strongly supported in case of O(V)

IThe relevant coupling in perturbation theory is g2 = ¢~ 1.
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models by many studies, cf. [51, 52, 53, 42, 54]. The extensive literature on the
critical exponents of this universality class will provide useful benchmarks for the
investigation of the methods applied in the following chapters. Finally, it should be
stressed that all computations mentioned above indicate that the nontrivial fixed

point of the theory only has one IR-relevant direction.

2.3. CP" Models

The CP" models are the theories of complex projective spaces. These are coset
spaces CP" = U(n+1)/(U(n) x U(1)) whose isometry group is PU(n+1). They are
Kahler manifolds and the corresponding potential can be written in terms of complex
bosonic fields u’ with n components as log(1 + wu), with au = > a'u’ = |u|®. The

resulting Fubini-Study metric and the action of the model are given as

5ab ﬂ“ub
5= — 2.12
P P (0 ) 212
1
Slul :Eg/ddq: hap(u) O, u0"a" . (2.13)

Similar as in the O(N) models, it can often be useful to employ a formulation in
terms of constrained fields 2, i = 0, ..., n, with Zz = 1. The transformation between

these two parametrizations reads

k 0 (1o
2 z e 1
= — = k=1 ..n. 2.14
“ 207 (zk) (1+ |u|?)t/2 (uk> ’ ol ( )

The phase a accounts for the gauge freedom that arises from the additional field
component which has two degrees of freedom of which only one is fixed by the
constraint. The action (2.13) can be written in therms of the constrained fields by

means of a covariant derivative as?

1 _ ‘ ‘
Slz| = Eg/ddx D,zD"z, with D,z = (0, — 20,2)%". (2.15)

The term —izd,z can be interpreted as a gauge field A, such that D, = 9, —iA,,
which transforms under the U(1) gauge transformation z — €@z as A, — A, +
oo

When CP" models were first constructed [55, 56], it was immediately noted that

their nontrivial topology allows for instantonic solutions in two dimensions. The

2up to an irrelevant numerical factor

10



2.3. CP" Models

different topologic sectors of the theory can be classified by the topological charge

or “winding number” _
Q= i /d2x e D,zDyz (2.16)

which assumes integer values for smooth field configurations. It provides a Bogo-

molnyi bound for the action:

0< / d'z (D,z tie,,Drz)(D"z £ ie"" D, z) = 4¢("*S + 2i / d'z ¢ D,zD,z

= S > r¢|q). (2.17)

The existence of instantons is a feature that CP" models share with QCD), providing
a toy model in this respect, see e.g. [57]. A further similarity to QCD is, besides
asymptotic freedom and a dynamically generated mass, the confinement of particles
[58, 59]. More information about the use of CP™ models as toy models for strong
interactions are given in [36, 60]. In addition, the models attracted interest in
the field of supersymmetric field theories, since they naturally exhibit an extended
supersymmetry due to their Kéhler geometry [61]. This feature is, for instance,
relevant in the study of supersymmetry on the lattice as it will be discussed in
Chap. 6.
At the end of this introductory section about NLSM, the particularly interesting
case O(3) = CP! should be highlighted. The equivalence of nonlinear O(3) and CP*
model can most easily be seen in terms of the constrained variables, in which the
two alternative but yet equivalent formulations of the theory are related by the Hopf
map

nt=zlolz, i=1,23, (2.18)

where o' denotes the Pauli matrices. Belonging to both classes of sigma models,
the theory exhibits an especially rich structure. This thesis will deal with its su-
persymmetric properties and its lattice discretization (Chap. 6) as well as with the

renormalization of the topological operator ¢ (Chap. 5).

11
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2.4. Functional Renormalization Group

The effective action I' is an efficient and comprehensive description of a physical
theory, which serves as generator of all one-particle-irreducible (1PI) correlation
functions. Based on the partition sum Z[J] in the presence of an external source J
and the corresponding generating functional of connected n-point functions, W[J| =

log Z[J], the effective action can be defined as the Legendre transform

[[¢] = sgp (J-¢—WLJ)). (2.19)

The product J-¢ denotes the inner product of the Hilbert space, i.e. [ d%z J(z)¢(z).

Note that the discussion in this section solely deals with scalar fields, since this is
sufficient for the purpose of this thesis. From (2.19) it follows immediately that

SW1J] Ol [¢]

¢ =——— and

The first equation states that ¢ is the expectation value of the quantum field (in the
presence of the external source J), while the second relation represents a quantum

version of the equations of motion. The definition (2.19) is equivalent to
5T[¢]
e Tl — /Dgp uip] e~ S =T 6= (2.21)

While these basic concepts of quantum field theories are presented and discussed in
more detail in standard text books like e.g. [62], the investigations in this thesis will
focus on the renormalization properties of field theories. A powerful tool to study
these is provided by the Renormalization Group (RG). The basic idea of the RG
approach is to obtain an effective description of a physical system by reducing the
number of degrees of freedom, either by averaging over subsets of these or (what
is the same) by integrating out momentum shells, while the information from the
substructure is incorporated in a redefinition {g;} — {g.} of the physical parameters
[63, 64, 65]. Note that, in principle, such an analysis has to consider all operators
and corresponding couplings which can be generated, which are in general infinitely
many.

Iterative infinitesimal RG transformations lead to a flow in the parameter space
which describes the renormalization properties of the theory given by the beta func-
tions of the couplings f,, ({g;}). Of particular importance for the overall structure
of such flows are the fixed points {g;} for which £y, ({gj}) = 0. In the vicinity of

12
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these fixed points the beta functions can be linearized as

‘ x . . . 0By,
B =Y M (g;—g))+0((g; —g})°) with M = —6; : (2.22)
j v lg=g*
and the stability matrix MZ’ can be diagonalized as
Mo = 6"/, (2.23)

yielding the critical exponents ©f. The renormalization flow in the vicinity of a

fixed point can then be written by means of these critical exponents as

@I
9i(k) = g; + Z g' (ko) v} (%) ; (2.24)

where the couplings at some scale k are determined by the couplings at some scale kg
which are given in their decomposition g(kq) according to the basis of eigenvectors
{v!'}. The directions in parameter space for which ©; > 0 are amplified if one
decreases the momentum scale k£ and are hence IR relevant, that means they are
relevant in the macroscopic description of the system. A negative exponent ©; < 0,
in contrast, corresponds to an IR irrelevant direction, which is suppressed along the
renormalization flow towards the IR. In case of ©; = 0 the relevance of a direction
cannot be decided from a linear approximation, but requires the investigation of
higher orders of the expansion. A theory is renormalizable, i.e. a finite number of
counter terms is sufficient to remove the divergences, if it contains a fixed point in
the UV which has only a finite number of IR relevant directions. The search for
such fixed points is the central issue in the asymptotic safety scenario [12].

A nontrivial fixed point with IR relevant direction indicates a second order phase
transition in the model and the corresponding critical exponents of the physical
observables are related to the exponents © of the renormalization flow. In this
thesis the critical exponent v of the correlation length in O(N) models will play
an important role in the tests of FRG methods. If one considers the change of
the correlation length along the relevant direction, it scales with % under an RG
transformation from scale kg to scale k. Comparing this behavior with the scaling of
the relevant direction according to (2.24), it is straight forward to derive the relation

between v and the eigenvalue ©F corresponding to this direction:

y— — (2.25)

13



2. The Models and the Methods

A useful framework for the RG analysis of field theories is given by the Functional
Renormalization group (FRG) [15]. It describes the renormalization flow of the
Effective Average Action (EAA) I'y which depends on the momentum scale k& and
interpolates between the bare action at the UV-cutoff A and the full effective action
in the IR:

lim, =5, limIl,=T. (2.26)
k—A k—0

Note that the UV cutoff will henceforth be implicitly taken to infinity, i.e. it is
assumed that this is possible and a related fundamental theory exists. The gradual
integration of momentum shells as central idea of RG computations is implemented

by the inclusion of a regulating term, usually called cutoff action,

ASid = 5 [ o -0 Ru(a?) 200 (2.27)

in the definition of the partition sum or directly in the integral expression of the

effective action:
M = 2] = [ Dyl & S do s, (228)

oTeld] _ / Dy ] o Slel= T (6—p)—F(6—0) Ril6—p) (2.29)

The kernel Ry of the cutoff action is usually called regulator and is supposed to
suppress the low-energy modes ¢(p) with |p| < k, such that the path integral in
effect integrates out only the high-energy modes, leading to an effective action for
the low-energy system. In order to provide the correct interpolation of the EAA the

regulator has to fulfill the following properties:

1. qzﬁ?lo Ri(¢®) >0, 2. k2}iqg1% Ri(¢®*) =0, 3. kliinoo Ri(¢®) = 0. (2.30)
The third requirement ensures limy_,5 I'y, = S, as the cutoff action in (2.29) becomes
a dominant GauBian integral which leads to 6(¢—¢). Note that the general structure
of the regulator is Ry (2) = z r(z/k?), as suggested by a dimensional analysis. Note
also that it is often more reasonable, from a physical or computational point of view,
to coarse-grain w.r.t. a covariant Laplacian or another kinetic operator instead of
the flat derivative —02.

The definition of the EEA given by the path integral in (2.29) coincides with a

14
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modified Legendre transform

I'i[¢] = Sup (J - ¢ — Wi[J]) — ASk[g] (2.31)
= ota) = ) I = 5E - (Ruoa). (232

The FRG scheme is a particular powerful tool to investigate the renormalization
of theories, because it provides an exact and concise formula for the evolution of
the effective (average) action [15]. This flow equation can be derived from (2.29) or
(2.31) by taking the derivative k 0y and using the relations (2.32). The derivation
can be found in references like e.g. [66] and it will not be repeated here. Instead,
the derivation of a similar flow equation will be presented in Chap. 4.2 and should

illustrate the general reasoning. The flow equation for the EAA reads:

kO, Tyl = %Tr {k@,ﬂzk (Rk LT [¢])_1} . (2.33)

Some remarkable features of this equation shall be highlighted: In contrast to the
standard formulation of QFT in terms of functional integrals, the FRG scheme is
based on a functional differential equation, which improves the accessibility for com-
putations. Furthermore, (2.33) has a simple one-loop structure, written in terms of
the propagator Gy = (Ry + F,(f))*l. The flow equation is yet an exact equation
which takes non-perturbative effects into account. In fact, one could regard (2.33)
in combination with initial conditions in the UV as the defining prescription of
quantum field theories, which already contains an appropriate regularization. By
construction, Ry ensures the regularization of the IR modes, but it even provides a
UV regularization if it is chosen such that the derivative k9, R (¢?) in the numerator
of (2.33) falls off sufficiently fast for ¢*> — oo. The exact flow of the EAA through
coupling space obviously depends on the specific choice of Ry, as computations in
QFT generally depend on the regularization scheme. But the resulting full effective
action and hence the physical observables are independent of Ry.

However, leaving this conceptual point of view and turning towards explicit calcula-
tions, one encounters the problem that the renormalization flow will in general gen-
erate all possible operators that are compatible with the symmetries of the system,
which are usually infinitely many. Since it is impossible to handle such expressions in
analytical or numerical calculations, one has to employ approximations which consist
of truncating the effective action at a certain order of a systematic expansion. The
two most common expansion schemes are the verter expansion in powers of interact-

ing fields and the derivative expansion in powers of momenta. This thesis will only
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address the second scheme. Because of the increasing mass dimension of the higher-
order operators, the canonical mass dimension of the related couplings decreases
and one expects that they become less and less relevant. This argument, however,
holds only true if the anomalous dimension is small. Furthermore, one should always
keep in mind that the applied truncations are an approximation scheme that is not
fully under control and in which the impact of higher-order operators can hardly be
predicted.

Another disadvantage of the necessary truncations is that the results become regulator-
dependent. For reasonable regulators the deviations should be rather small and not
affect the qualitative results. Where a specification of the regulator is necessary in
this thesis, adapted variants of the optimized requlator will be used, whose basic
structure reads [67, 68, 69]

R o (k* —p?) O(k* — p?), (2.34)

with ©(x) being the Heaviside step function. The aim of this chapter was to present
the basic concepts and features of the FRG approach to QFT. More detailed in-
formation and discussions can be found in [70, 71, 72, 73, 66, 74]. Since its first
derivation twenty years ago [15] the FRG formalism has been successfully applied to
many problems in very different subjects, ranging from gauge theories [75, 66] over
condensed matter systems [76] and statistical physics [70] to gravity [18, 20]. This
thesis will employ the FRG in order to investigate the renormalization of topologi-
cal charges (Chap. 5), to develop and investigate alternative functional RG schemes
based on a Hamiltonian formulation of QFT (Chap. 4), and to obtain a covariant
analysis of the three-dimensional nonlinear O(N') models (Chap. 3).

Concerning the notation, the scale derivative kJy was already introduced. In terms
of the logarithm ¢ = log(k/A) it can be written as J; and further abbreviated as
0,05 = Oy in its application to any k-dependent object O. Note that the beta
function 8, of a coupling g is directly given by ¢. The different representations of

the derivatives and beta functions will be used interchangeably in this thesis.
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2.5. Lattice Field Theory

2.5. Lattice Field Theory

An alternative and very popular approach to investigate quantum field theories and
their non-perturbative aspects is provided by numerical simulations of corresponding
lattice field theories. The starting point is the discretization of the quantum theory

on a finite spacetime lattice G:
G = {a: = (z1,...,xq) = a(ny,...,ng) | n; =0, N;—1;i =1, ...,d} , (2.35)

where N; denote the lattice extent, i.e. the number of lattice sites along the space-
time direction ¢, and a is the lattice spacing®. This discretization naturally provides
a regularization of the theory by introducing cutoffs A and A in the UV and the IR
respectively. No fluctuations below the fundamental lattice spacing can be resolved
such that the momenta in the computation are bounded from above by the size
of the Brillouin zone. In the IR the modes are bounded from below by the total
physical extent L; = alN; of the lattice*:

™

T T
A=l oI T
’ L Na

Z 2.36
- (2:30)
By means of this lattice regularization the path integral becomes a well-defined

expression which consists of a finite number of integrations:

Z = / D¢ pu(¢) e ¥ — / [ dos (@n) e Sumclé=l, (2.37)

zeG

The discretization of the action functional is not unique, but different discretiza-
tions can correspond to the same continuum limit. Especially the discretization of
the derivative operators allows for several different prescriptions, which have spe-
cific advantages and disadvantages and should be adjusted to the physical problem
studied.

Each of these regularizations is affected by lattice artefacts which depend on the
finite spacing a. In order to obtain the universal properties of a system, one has to
consider the continuum limit @ — 0. In case of a fixed lattice extent NV;, however,
this limit leads to a continuous but vanishing physical space, which does not provide
reasonable information. It is therefore important to keep the physical volumne fixed
by increasing N; while decreasing a.

A crucial aspect of the discretization of field theories is the treatment of symmetries.

3Note that lattice computations usually do not have an intrinsic length scale, but the physical size
has to be measured against reference masses that can be determined from correlation functions.
4In this thesis only lattices with equal extent in all dimensions will be considered.
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2. The Models and the Methods

The Poincaré group of continuous spacetime symmetries is obviously broken down
to a discrete subgroup. But while this symmetry is, by construction, fully restored
in the continuum limit, the discretization induced breaking of other symmetries can
persist in the continuum limit, if it generates operators which are relevant with re-
gard to renormalization. One prominent example of such symmetry breaking on the
lattice is supersymmetry, which will be discussed in more detail in Chap. 6.

Even though the path integral is strongly simplified by the lattice discretization
(2.37), it still constitutes the weighted sum of infinitely many configurations. How-
ever, since most of these configurations are exponentially suppressed, tmportance
sampling can be used in order to improve the computations and distribute the sam-
pling points efficiently according to the weighting factor e ™. A particular powerful
realization of importance sampling is the Hybrid Monte Carlo (HMC) algorithm
[16], which is a combination of molecular dynamics [77] and Metropolis algorithm
[78]. These algorithms are described in many standard text books like [14] and will
not be presented here. This thesis will not deal with the details or implementations
of numerical simulations, but rather concentrates on a discussion of the discretiza-
tion of supersymmetric models (Chap. 6) and on the possibility to determine the

renormalization flow of nonlinear theories from lattice computations (Chap. 3.5).
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3. Fourth-Order Derivative
Expansion of Nonlinear O(V)

Models

The calculations presented in Sec. 3.2- 3.4 were performed in collaboration with
Omar Zanusso and Andreas Wipf and have already been published in [79]; Sec. 8.5

depicts the results of a collaboration with Daniel Korner and Bjorn Wellegehausen.

The Functional Renormalization Group and the lattice approach are two comple-
mentary and very distinct non-perturbative methods of quantum field theory. Al-
though they are both applicable to a wide range of phenomena, there is only limited
information about a direct comparison of these two approaches. The intention of
this chapter is to provide an investigation of the flow diagram of three-dimensional
nonlinear O(N) models in a fourth-order derivative expansion by means of the FRG
as well as the Monte Carlo Renormalization Group. Nonlinear O(/N) models in
three dimensions are an interesting field for this endeavor considering the possi-
bility of non-perturbative renormalizibality owing to the existence of a nontrivial
fixed point. Furthermore, these models have attracted a lot of attention within
statistical field theory, so that their critical properties are well-studied, see e.g.
[42, 52, 53, 80, 81, 82], and can serve as benchmarks for the analysis of the methods.
Finally, it is reasonable to start the investigation of flow diagrams by means of the
Monte Carlo Renormalization Group in theories like purely bosonic O(XN) models

which can be simulated by HMC algorithms with a feasible computational effort.

3.1. The Nonlinear Model as a Limit of the Linear
Model

Starting with the investigation by means of the FRG, one may first study the detailed
results about the linear O(/N) models which were obtained within this framework

[70]. On the level of the classical action, the nonlinear model can be deduced as a
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

particular limit of the linear one in which the bare potential V' (¢) becomes infinitely
steep and confines the field configurations to ¢? = k, i.e. to a sphere with some

/2 If one adopts this perspective on the nonlinear model and consider

radius
renormalization, one could assume that the limit corresponding to this model is just
a specific, unstable point in parameter space which flows to an effective linear model.
While it is generally excepted that both theories belong to the same universality class
as explained in Chap. 2, this question has not been clearified so far. In fact, it is
still questionable, whether the limit of the linear model is on the level of a quantum
theory really equivalent to the nonlinear one, although there have been positive
indications in this respect [54].

In this section it shall be assumed that the nonlinear model can indeed be regarded
as such limit in order to see what one can learn about the renormalization properties.
A simple truncation of the linear model which has been studied by FRG methods

[70] reads

1
Lol = 5 [ @' 200,00% + o - sa)? (31)
where p = %(b“gba, and ¢ € RY. The transition to a simple truncation of the

nonlinear model according to (2.10) is given by a rescaling of the fields such that
(xr = 2Zypr and by taking the limit A\, — oo. The running of the dimensionless
coupling ¢ is derived in [70] and in case of an optimized regulator (2.34) its limit for
A — 00 is given as

9 C=02—=d)(+2(N—-2)cq, (3.2)

where ¢q = ((47)%2'[d/2 + 1])_1. This result exactly coincides with a covariant
computation for the nonlinear model, as it was already pointed out in [43], and it

furthermore agrees (up to a numerical factor) with one-loop calculations [51]. While

Q(N—Q)Cd
d—2

non-perturbative renormalizibility, the utilized approximation is not sensitive to the

the beta function in d > 2 has a nontrivial fixed point at ¢* = in favor of
critical properties of the related phase transition, which depend on N, i.e. on the
dimensionality of the target manifold. For instance, a computation of the critical
exponent v based on (3.2) leads to v = 1/(d — 2) for all N, which is the expected
exponent only for N — oo.

The FRG analysis in [70] also states the beta function of the dimensionless coupling
A, from which one can deduce the running of its inverse by using an optimized

regulator:
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3.2. Covariant Nonlinear Analysis

which has no fixed point at A™! = 0, but is (N —1), which means that the infinitely
steep potential at the UV smoothen out towards the IR. This seems to support the
idea that the bare nonlinear theory really flows towards an effective linear theory.
However, this finding should not be overemphasized and one would need to include
further operators in order to get a decisive answer to this question.

The natural next order in an expansion of the truncation would be the introduction
of a nontrivial wave function renormalization Z(¢). Such a truncation was consid-
ered in [83], supported by a more detailed analysis of 9,Z;(¢) in the appendix of
[84]. Studying the results one notices that the enhancement of the wave function
renormalization neither changes the arguments concerning d,A~* nor improves the
critical properties, since all relevant N-dependent terms are still suppressed in the
limit A — oo. In fact, it is not suprising that the N-dependence is extinguished by
this limit in any FRG computation that is based on a truncation of second order in
the derivatives, if one considers the results of [43] which were obtained for a covari-
ant ansatz for a generic class of nonlinear sigma models. In a simple second-order
derivative expansion, the resulting beta function has the same structure for all dif-
ferent models. The distinct characteristic properties will become relevant only in
the next order of the derivative expansion, as it depends on the symmetries of the
specific model which terms have to be included at this order.

Fourth-order calculations in the linear model become quite involved due to the large
variety of possible operators. Such a computation has been executed [85], but leads
to very complicated expressions such that it becomes unfeasible to perform the ap-
propriate limit and gain information about the nonlinear model!. It is therefore

more reasonable to work directly in a manifestly nonlinear formulation.

3.2. Covariant Nonlinear Analysis

The nonlinear geometry of the theory was already described in Chap. 2 and the moti-
vation of this chapter is to investigate the renormalization and the critical properties
of the model by a manifestly covariant method within the FRG framework, which
does not rely on an embedding of the theory in a linear space or on an explicit
breaking of symmetries , but respects the geometrical properties at each step of the
calculation. Appropriate techniques which rely on a combination of a covariant back-
ground field expansion and the heat kernel method have already been developed and
applied to NLSM [43, 86, 87, 88, 89], with a focus on chiral SU(N) models. These

'More detailed information about the calculations was kindly provided by D. Litim, but they still
remained impracticable.
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

techniques shall be investigated further in this section in a fourth-order derivative
expansion of nonlinear O(/N) models. Note that the formalism will first be derived
for a general spacetime dimension, before the results will be discussed in more detail
ind=3.

The most general ansatz for an effective average action up to fourth order in the

derivatives which respects the isometries of the model is given as?

1
Lilel =5 / A"z Gt hap 00" " + g hap D¢ 0F" + Tipeq 0,6 0"¢° 9,6°0" " . (3.4)

The square of the covariant derivative (2.7) is denoted by O = §**V,V, (acting on
¢ it yields O¢* = V,0"¢*) and A = —0O. The tensor T, fulfills the symmetry

relation Topea = T{(ab)(cd)) and can be parametrized without loss of generality as
Topea = Lighaichayp + Loghaphea, (3.5)

since hgyp is (up to normalization) the unique invariant 2-tensor in the simple case of
nonlinear O(NN) models, and all invariant tensors of higher rank can be constructed
from hg,. Using this parametrization, the ansatz (3.4) for the EAA contains four
couplings: {(x, a, L1k, Lax}. They parametrize the set of included operators and
encode the explicit k-dependence of I'.

In order to develop a covariant analysis of the FRG flow equation for this ansatz,
an appropriate background field expansion of the action functional (3.4) should be
constructed, which maintains the nonlinear symmetries of the theory. Note that the
metric hqy(¢) can be understood as metric hg(¢) on field space M where trivial
spacetime indices have been suppressed for brevity. In a similar manner, the Levi-
Civita connection, the curvature tensors and the Laplacian can be promoted to M as
well [90]. It is a crucial point of the expansion procedure that the expansion variable
ought to possess well-defined transformation properties both in the background field
©® and in the full field ¢*. It would be, for instance, a particularly hard task to
construct O(NV) covariant functionals in terms of the difference ¢* — p® of two points
in field space as it transforms neither like a scalar, nor like a vector under isometries.
For ¢ being in a sufficiently small neighbor of ¢, there exists a unique geodesic in

M connecting ¢ and ¢, which enables to construct the exponential map

¢" = Exp, " = 0%, ). (3.6)

2The meaning of the superscript s will become clear in the context of the background field
expansion and the consequent distinction between “single-field” and “bi-field” action.
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3.2. Covariant Nonlinear Analysis

Here, £ is an implicitly defined vector that belongs to the tangent space of M at ¢.
Moreover, £ is a bi-tensor, in the sense that it has definite transformation properties
under ¢* as well as ¢ transformations. For this reason it can be understood as
£ = &%p, ). It transforms as a vector under the O(N) transformations of ¢*
and as a scalar under those of ¢*. By construction, the norm of £ equals the
distance between ¢ and ¢ in M [39]. The definite transformation properties make
¢ a candidate to parametrize any expansion of functionals of the kind F[¢] around
a background ¢.

The expansion of the action (3.4) can now be performed in a fully covariant way
by introducing the affine parameter A € [0, 1] that parametrizes the unique geodesic
connecting ¢ and ¢ [91, 39]. Let ¢, be this geodesic with ¢y = ¢ and ¢; = ¢, and
let £, = dp,/dX be the tangent vector to the geodesic at the generic point ¢,. One
can introduce the derivative along the geodesic Vy = £V, for which V,£§ = 0 and

Vihaey = 0. Its relation to the pullback derivative is
Va0 = V.65 (3.7)

The commutator of the the covariant derivatives V, and V, can be computed on

the pullback of a generic tangent vector v,
[V, Vv = Rea® (1) €° 8u§0§ o’ (3.8)

The expansion of a functional F[¢] can now be performed on the basis of V, if one
regards F[¢] as the limit A — 1 of F[p,], and expands the latter in powers of A

around A = 0. Using the fact that F[¢] is scalar function of ¢, this expansion reads

1 d 1_,
Flg]=>_ - WF[%] => EVAF[SO)\] ; (3.9)
n>0 A=0 - p>0 A=0
and yields a power series in £
Fo] =) Floy anlel€...6" (3.10)

n>0
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

If one applies this procedure to (3.4), the second order of I%5 [¢] = I} [, £] in &, which

will be relevant in the subsequent computations, reads:

Fsk: [(107 6] ’52 =
. / Az ChapV 9P E? — (4 Racpa0ud 0" 7€ " + 20 Ryepa0, 0 0" ¢7€*0IE"

+ aphay D DE" + ag Rapea R, 1,0,0°0" $0,0°0" $96°¢T + i Rapea D" D €€

+ @k Rapea03 0,67 VHE° + g Raped D 0, 0P E°VHED + B0y Rupea D0, 07 VHE

+ 2T 05eaV (E4VHEPD, 30" ¢ + AT, paV 1€V, 00 990" ¢

— 2Raped T 1,0, 0" 0, ¢ 0¥ $7€°€7 . (3.11)
Note that the covariant derivative V, (2.7) and the tensors hgp, Roped and Typeq are
here and in the following evaluated at the base point .
The defining functional integral of the effective average action was already explained
in (2.29). In the background field formalism it reads:

5Ty

e—rk[go,f] — /Dg’ ,U[SO] efs[w’gl]f 5¢a [‘Pvﬂ'(&a*gla)fASk[‘P:gfgq , (312)
where £ denotes the quantum degrees of freedom which are the variables of the bare
action, while the fields £ and ¢ are average fields and the variables of the EAA. The
cutoff action has to be a covariant functional which regularizes the fluctuation fields

& and &. The appropriate form is

1
ASilp8) = ;5 [ i €Rb (0, (3.13)

where R,() is some symmetric 2-tensor which depends on the base point ¢®. The
functional (3.13) is invariant under transformations of the background field ¢* as
well as of the field ¢*.

The running of the EAA can be derived from (3.12) in the usual way as

(3.14)

KO o] = %ﬂ( kO Ry () ) |

T (e, €] + Ri(p)

Functionals of the kind F[¢] are never genuine functions of two fields, but rather a
function of the single combination ¢%(p, &) and may therefore be called single-field
functionals. For general R,;(p), there is however no evident way to recast (3.13) as
a functional of the single field ¢®. Functionals like (3.13) are genuine functions of

¢ and ¢ independently and may be called bi-field functionals. The consequence of
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3.2. Covariant Nonlinear Analysis

such cutoff action is that the effective average action I';[p, £] also becomes a bi-field
functional [92, 93, 94, 95]:

A

Tilp, 6] = Tilp, E(p, 9)] - (3.15)

This observation is important in order to understand that the only way to obtain
a single field effective action from this is to set ¢ = ¢ or equivalently £ = 0 and

consider

Ty[0] = [ile, 6] = Ti[6,0]. (3.16)

The limit & — 0 of T'y[¢] coincides with the well known effective action introduced
by deWitt [96].

In order to account for the bi-field structure of I'y[g, £], the single-field ansatz (3.4)
has to be extended by a bi-field functional I'?[¢, &],

Tile,€] = Tilo(e. O] +TRle. €], (3.17)

for which T'P[,0] = 0. It should be chosen such that the 2-point function of the
field £ is dressed appropriatly, because it is the second derivative w.r.t. £ which
determines the flow (3.14). The choice studied here is

2
[Ple. €] = Thlole, Z°€)] — Tilo (e, ) + Zu 5" / d'r g€’ (3.18)

It introduces a mass term for the fluctuation fields as well as a nontrivial wave
function renormalization of these fields £ — Z,i/ 25“, which takes into account the
possibility that the fields ¢* and £* may have different scaling behaviors. In a
first step beyond the covariant gradient expansion it is assumed that Zj is field
independent. It will become obvious later that the wave function renormalization
enters the flow solely via the anomalous dimension 7, = —Zk /Z, of the fluctuation
field. Contrary to Zj the square mass mj enters the flow equation directly. It is the
most direct manifestation of the fact that I'y[p, &] is a function of the two variables
separately. One could add many other covariant operators to I'}, but since they
would further increase the complexity of the calculations, the following analysis will

be restricted to the effects of this simple truncation.
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

3.3. Beta Functions of the Fourth-Order Derivative

Expansion

Having constructed an ansatz for the effective average action one can study the
renormalization of the theory by plugging (3.17) into the flow equation (3.14). Pro-
jecting the r.h.s. of the flow equation on the operators that appear in the ansatz
for I'g, it is possible to determine the non-perturbative beta functions of the model.
In order to proceed one should define more closely the cutoff kernel appearing in
(3.13). A reasonable choice is to coarse-grain the theory relative to the modes of

the covariant Laplacian A:
Ra(0) = ZihaRi(A). (3.19)

The regulator is specified through the non-negative function Ry (z) and is a function
of ¢ solely through the Laplacian. The wave function renormalization of the field
€ has been used in (3.19) as an overall parametrization,since the fluctuation field
appears quadratic in the cutoff. It is convenient to compute the scale derivative of
(3.19) already at this stage. It yields

kOWRuplel = Zihay (kOxRi(A) — nRi(A)) . (3.20)

For the sake of clarity the beta functions of the two sets of couplings {(x, ag, L1k, Lo }
and {Z, m2} will be computed in two separate steps. The flow of I [¢(y,&)] can
be obtained most easily by considering the limit & — 0 of (3.14). The result is a

flow equation of the form

KT = ST (

kO R ()
z )

I, 0] + Ri()
1
where the modified propagator Gy is the inverse of Z, 'T'y(®?[p,0] + Rp(A). Tt

shows how the fluctuations ¢ drive the flow of the couplings {Ck, ax, L1k, Lox}. The
modified propagator is computed from (3.17) using (3.4),(3.11) and (3.18), and reads

Gr = (P(A)+%)7" (3.22)
¥ = Bp"v,V,+C'V,+D.
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3.3. Beta Functions of the Fourth-Order Derivative Expansion

The matrices B*, C'* and D are endomorphisms in the tangent space. The explicit

form of B* and D is

BY = 20" (o Racva — Tubed)0p°0° " — AT a0 0" ¢
Doy = —CiRacba0,$°0°¢" — ay Rupa 00"
+(OAkRacdeRbfge + 2Re(ab)fT€gcd)8p¢cap¢d80¢f8"¢g . (323)

Each term in B* and D consists of at least two derivatives of the field ¢®. This
implies that a Taylor expansion of (3.22) in X is possible, because the chosen trun-
cation ansatz considers only terms up to fourth order in derivatives. The tensor C*
contains three derivatives of ¢® and thus can be ignored®. The possibility to trun-
cate the expansion distinguishes this calculation from the one given in [86], where
the operator (A was assigned to ¥ instead of Py, such that in principle all orders
of the applied heat kernel expansion contribute to the renormalization of the chosen
truncation.

The expansion in Y reads
Gy = P'—P'SP '+ P'SP'SP T+ 0(0°%).

Inserting this expansion into (3.21) and using the cyclicity of the trace, one obtains

k0T ] :%Tr f(A) — %TrZ £(A) + %T@? £5(A) + 0", (3.24)
with f(z) = — (P,zl(z)n (2) : (3.25)

The commutator of ¥ and Py (A) in the third term of the expansion was neglected
since it is of order O(d*) and hence will only lead to terms of order O(9°). The
traces appearing in (3.24) can be computed using off-diagonal heat kernel methods
[97, 98, 99]. One has to consider the traces

TrV,, ...V, f(A) (3.26)

which transform as tensors under isometries and the interest lies in the particular
cases 0 < r < 4 and f(A) = fi(A) for some [ = 1,2,3. Introducing the inverse
Laplace transform L£7'[f](s) of f(z), the expression (3.26) can be written as

/Oo ds L7Uf](s) TrV,,, ...V, e 2. (3.27)
0

3 Also the traces linear in V,, do not add up with C* to a fourth-order operator but vanish.
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

The trace Tr (V,, ...V, e ) is determined by an off-diagonal heat kernel expan-
sion (the case r = 0 yields the trace of the heat kernel itself). This expansion is
an asymptotic small-s expansion that corresponds, for dimensional and covariance

reasons, to an expansion in powers of the curvature and covariant derivative. It

yields
—SA = Hl P, T T]
Tr (V,, - nz (majiz® (3.28)
where [r] = 7 if 7 is even and [r] = r — 1 if 7 is odd. The coefficients B, .,

contain a number of powers of the derivatives of the field that increases with n, thus
only a finite number of them is needed to compute the traces with O(9*) accuracy.
The relevant elements in the off-diagonal heat kernel expansion of the flow equation
(3.24) are

Tres® = (47T1)d/2 tr/ddx Ls* V2L, H" 4 fic. + 0(0°%)
Tr B“VV#VVGSA — (47T1)d/2 tr/ddx % _d/QB’“’H _ 1 s 1 d/2B“ +O(aﬁ)
Tr De? = W tr/ddm s~%2D 4+ 0(8%)
Tr B B*V,V,V,V,e** = (473) 73 tr / d'z s~ (1B" B", + 1B"™)B,,) + 0(0°)
Tr DB“”V“VVBSA - _ (47r1)d/2 /dd 1 _l_d/QDBH# + 0(86)
Tr D?e*® = (47T1)d/2 tr/ddx s~2D? + 0(0°%), (3.29)

where H,, is the commutator (2.8) of the covariant derivatives evaluated at ¢, and
“f.i.c.” denotes field-independent contributions which only affect the renormaliza-
tion of the vacuum energy and will hence be neglected.

The final step in computing (3.26) is the s-integration, which can be expressed by

Q-functionals

1 Xl
Qn’l:(47'r)d/2/0 dss "L fi](s), (3.30)
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3.3. Beta Functions of the Fourth-Order Derivative Expansion

These equal (for positive n) a Mellin transform?® of f(z):

1 > n—1
Qn,1 = m/{) dz 2" fi(2). (3.31)

The running of the effective action is finally given as

1 1 1 1
kokIy[] = §tr/dd-75 {EngllHiu + B Qgﬂ,zBuu - §Qg,2BWHW - Qg,zD

1 1
+ 5@%4_273 (B(MV)B;W + §(B“M)2) - Qg—i-l,BBuﬂD + Q%,3D2}
(3.32)

with the tensors B and D given in (3.23). The beta functions for {(x, o, L1 g, Lo g}
are denoted by {B¢, Ba, B, fr,} and can be extracted by comparing both sides of
the flow equation at £ = 0. According to (3.4) the Lh.s. reads

1
kORI o] = = / dx (ﬁcausoaa“soa + o090,

2
+ Br. (0,900 00)" + ﬁLg(ausO“@“%)?) : (3.33)

and the comparison with the r.h.s. of (3.32) yields the beta functions®

Be =C(N=2)Quy+a(N=2)dQuy1 5 — Li(N+ d)Qa 5 — Lo(N—-1)d + 2)Qu
fo=a(N=2)Qa,

Br, = éng + [(2N = 5)L1 + 2Ly — ]Qup + 2[(d + 1)Ly + 2Ly + daf(Qu 4
+CPQu g+ [(Q(N +4) +4d + d®) L2+ 8L2 + A(d + 2) Ly + d(d + 2)0?
+2L,(2(d + 6) Ly + (& + 3d + 2)04)} Quos

Bro == §Qa_o; + [L1+2(N = 3)Lo — (N = 3)a]Qu, + (N = 3)(°Qu
—2[Ly((N = 2)d+2) + Li(N —1+d) — (N — 3)da] ( Qa1
+ [(dQ(N — 1)+ 2d(N + 1) + 12)L2 + (N +2d + 6)L2 + d(d + 2)(N — 3)a?

+2(d*+2d +4+ N(d+2))LiLy —2(d +2)(N — 1 + d)al,
—2(d+2)2+d(N = 2))als|Qu.s5 - (3.34)

4This reformulation can simply be checked by expressing fi(z) as a Laplace transform and applying
a substitution zs — y, where s is the Laplace parameter. One @Q-functional with negative n
will appear in the subsequent calculations, which can be computed by the relation Q,, ( f (z)) =
(fl)iQnH(dd—;f(z)). This can be checked by considering the derivative dd—;f(z), where f(z) is
written as Laplace transform.

Ssuppressing the k subscripts
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

Finally, the flow of Z; and m} has to be determined. The simplest setting for this
purpose is a vertex expansion of the flow (3.14) in powers of the field £*. Note that

in case of a constant background field ¢? the ansatz for the effective action (3.17)

reduces to
Z
Lulped] = 5 [ @] Gha¥,e9e + anhaDg o + mthugte (3.35)
1 acd ex7 i ¢b 4 a by ¢d c
+ ng;ZkRabcdf VL EVHET + gakaRabcdf V,.£7VHE DL
1
+ gOékaRabcdfamfbmfcfd + ZkTabchuﬁavﬂfbvufcvyfd} +0(£%).

In this particular limit the pullback connection (2.7) becomes trivial: V, = 9, and
O = §2. This observation is particularly useful, as the computations in momentum
space become easy. One can define £%(z) = [ d?qe'?€? and obtains from (3.35) the

2-point function for incoming momentum p*:
F}(ﬁog) (e, 0lp—p = Zp(a p* + G p* +m}) . (3.36)

The target space indices are suppressed in this and the next two equations. The

scale derivative reads

kakri(gog) [()007 O]Z’,*p = Zk ((6& - 77()%)]74 + (6{ - an)pQ + (6m2 - 77"”@) . (337>
On the other hand, the quantity k@kF,(CO’Q) [©¢, 0]p—p can be computed from (3.14)
by applying two functional derivatives w.r.t. %, taking the limit ¢p® = ¢% = const.
and transforming to momentum space. After these manipulations, the flow equation
(3.14) reduces to

1

0,2 0,4

KO e, Olpp = =57 T Fo(@*)T [0 O (3.38)
The momentum space 4-point vertex function F}(€0,4) [©¢, 0] is obtained from (3.35)
and is relevant in our computation, while 3-point functions which appear in the
derivation vanish for constant ¢%. The trace that appears in (3.38) consists of
an internal trace on the tangent space of the model, that involves two of the four

indices of the 4-vertex, and a momentum space integral [ d’q/(2m)?. The tangent
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3.4. Phase Diagram in d = 3

space trace of the 4-point vertex reads

0*T[p, €]
5501717 5§a2y—p 65“37‘1 55@47_(1 £<P=CO

304 — _Zlg [%Ck(q2+p2)+§akp4 +4akp2q2+§oqu4}Ra1a2

+ 0P T, e HAZ00D T 0, (3.39)
The g-integration can be written in terms of Q-functionals and the result is an
expression that solely depends on p?. Comparing the power p" with n = 0,2, 4 of
(3.38) with those of (3.37) and dividing both sides by Zj, the coefficients can be

determined as

1
Bo—nay = g(N—Q) ar Qo

Be—nCe = %(N—Q)CngQ— <(dN—d +2) Loy + (N+d)L17k—(N—Q)dak>QgH’2
1

1
Bz —nmj, = NV =2)d(d +2) s Quyop + c(N=2)d (G Qs (3.40)

As anticipated, there is no explicit dependence on Zy, as it is a redundant parameter.
One interesting feature of the method arises at this point: Using (3.34), one can solve
the system of equations (3.40) in terms of the two unknown quantities {n, 8,2 }. For
a solution to exist, one equation of (3.40) must be redundant and it is a nontrivial
check of our computation, at this stage, that this actually holds true. The final

result for the anomalous scaling is

=3 (V-2)Qy,. (3.41)

This section shall be closed with the side note that one could also consider an
alternative treatment of the r.h.s. of the flow equation (3.14), which is based on
a heat kernel expansion of the Hessian as a fourth-order operator. The first few
elements of such an expansion are given in [100]. But this approach is unfeasible,
because the coefficients of the heat kernel expansion contain increasing orders of the
operator B* 4 (j, 6", which means that infinitely many coefficients can in principle

contribute to the flow of the considered truncation.

3.4. Phase Diagram in d =3

Having obtained expressions for the beta functions, their structure and the related

critical properties ought to be analyzed in more detail. The phase diagram of the
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

two-dimensional case is simple, because it confirms the well-known asymptotic free-
dom of the theory in two dimensions [41] and hence does not contain a nontrivial
fixed point or a phase transition. The focus of this analysis, however, shall lie on
the particularly interesting case of three dimensions and the nontrivial critical prop-
erties of this model, which have already been studied intensively by other methods,
cf. for instance [42, 52, 53].

In order to evaluate the explicit running of the couplings, one first needs to deter-
mine explicit expressions for the QQ-functionals. This means that a specific regulator
(3.19) has to be chosen which fulfills the requirements described in Sec. 2.4. An
adapted version of the optimized cutoff (2.34),

Rilz] = (Ge(K* — 2) + o (k* = 2°)) O(K* — 2), (3.42)

is a suitable regulator which allows for an explicit calculation of the Q-functionals:
(Note that the k-subscript of the couplings will be suppressed in the remainder of
this chapter.)

kA2 (2n+2—n+8)C 2k*(2n +4 —n+ 0)a
Q?’L,l = (n< > ?

(4m)#2T(n) \n(n + 1)(Ck% 4+ ak* +m2)! ~ n(n + 2)(Ck% 4+ ak* + m?)!

The disadvantage of this choice is that the system of differential equations becomes
rather involved, since it has to be solved for the derivatives 0;a = kora = [,
and 0;¢ = B¢, which also appear on the r.h.s. of the flow equation. To study the
critical behavior, the canonical dimensions of the couplings ought to be extracted
and the equations can be rewritten in terms of dimensionless couplings (~ = k2,
& = k', Ly = k"L, and L, = k*L,. Plugging the Q-functionals into (3.34)
and solving for the scale derivatives it is straightforward to determine the beta
functions {55, Ba, Bi,, Bz, }, which are involved rational functions and hence not
given here explicitly.

Now everything is prepared to study the phase diagrams and the critical properties
which arise from these flow equations. It is instructive to proceed in a systematic
way, by considering step-by-step more and more operators of the truncation. The
simplest truncation which only contains the coupling ¢ was already studied in [43].
The computations outlined above confirm the results of this investigation and find
a nontrivial fixed point at ¢* = 16(N —2)/(4572). The N-dependence of the critical
exponent v and its relation to the eigenvalues of the stability matrix were already
described in Sec. 2.4. While the critical value (~ * depends linearly on N, the critical
¢ is independent of N: it is 16/15 for all N. In this

sense the computation is a reminiscent of the one-loop large-N calculations [51],

-1 _ R _ _dn.
exponent v~ = O = dfﬁC
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3.4. Phase Diagram in d = 3

apart from the small deviation of the critical exponent from the large-N value 1.

In order to become sensitive to this N-dependence, one apparently has to include
higher order operators. This agrees with the argument given in Sec. 3.1 that the beta
functions for different homogenous spaces have the same structure if one considers
a simple truncation [43]. In order to distinguish between the models and to become
sensitive to their specific properties, further operators have to be taken into account.
Following this idea, the coupling a and the related fourth-order operator can be
included. The corresponding renormalization group flow is depicted in Fig. 3.1
and confirms the nontrivial fixed point found in the simpler truncation. The case
N = 3 is presented as an example, while the flow diagrams for larger N differ from
Fig. 3.1 only in the N-dependent position of the fixed point which is situated at
¢* = 16(N—2)/(457%) and & = 0. Since a is apparently not generated in this
truncation, the system of two couplings effectively reduces to the one-parameter

truncation just discussed.

VIS
0.005| \“s
| %Zﬁ%b‘é%é
] \ ww //’ o ;/;4;

¢

Figure 3.1.: The flow of the couplings ¢ and & calculated for N =3 in the truncation
{¢,a}. The arrows point toward the ultraviolet. The removed region
lies beyond an unphysical singularity which is introduced by the choice
of the cutoff.

Note that the arrows of the flow point into the direction of increasing k, i.e. towards
the ultraviolet. It is interesting to note that the coupling o belongs to an IR-
irrelevant operator and exactly vanishes at the fixed point. In fact, already the

simple structure of /3, which is given in (3.34) reveals that « has to vanish for every
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models
possible fixed point, as the flow of the dimensionless coupling & reads in d = 3:

Ba=a+(N-2)Qs,a (3.43)

nlw

Since Q) 3 9 is strictly positive for any reasonable regulator, see (3.31), the only pos-
sible fixed point value is @ = 0. This statement remains true when the couplings
Ly, Ly are included. There is also a fixed point for A = 1/a = 0, but this is a trivial
one whose critical exponents are equal to the canonical mass dimensions of the op-
erators. It is the three-dimensional analogue of the fixed point in four dimensions
which is discussed in [86].

The result a* = 0 agrees with an alternative computation of the effective action
of the nonlinear O(NN) model up to fourth order, which is presented in [54], and in
which a term oc 9%¢9%¢ is not generated, either. However, it is very likely that an
extension of the truncation to the sixth order in derivatives and an inclusion of op-
erators like e.g. 0¢,0¢*0,¢"0" Py, will affect the running of o and shift the position
of the fixed point.

In a next step, the truncation can be extended by adding Li(ha0,6%0,¢°)%. The
resulting flow of the couplings ¢ and L; of the O(3) model is depicted in Figure 3.2,
where the irrelevant coupling & is set to @* = 0. It contains the nontrivial fixed
point which was already discovered in the leading order truncation and which has
only one relevant direction. The fixed point exists for all N, and while the critical
value of L; is almost independent of N and close to —0.013, the fixed point value C*
is an involved expression in N which for N = 3 attains the values 0.059. It increases
with N and approaches a linear function with a slope of roughly 0.036 for large N.
There are actually additional fixed points in the truncation with couplings (, o and
Ly, some with negative (* and one with quite large values of [:f and ¢*. These could
be artifacts of the choice (3.42) of the cutoff functions which may develop singular-
ities for negative couplings. It does not seem to be possible to relate the additional
fixed points to known critical properties of sigma models and their physical relevance
remains doubtful. The focus of these investigation will hence lie on the fixed point
depicted in Figs. 3.1 and 3.2.

As anticipated, the inclusion of a non-vanishing fourth-order operator renders the
exponent v sensitive to the dimension of the target space. The N-dependence of the
exponent is depicted in Fig. 3.3, while the numerical values are given in Tab. 3.1.
Since v(N) is a very involved and long expression, it is more instructive to study
selected values of N. The values in the third row denoted by “full system” refer
to calculations with the truncation {(, «, L1}, in which the anomalous scaling 1 of

the fluctuation fields ¢ is taken into account. If one sets Z = 1, one obtains the
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Figure 3.2.: The flow of the couplings ¢ and L; towards the UV for N = 3. It was
calculated in the truncation {¢,a, Ly} and depicts the plane & = & = 0.
The fixed point is at ¢(* = 0.059 and L} = —0.013 and has one IR-

relevant direction.

N 3 4 6 8 10 20
adiabatic approx. || 0.824 | 0.924 | 0.969 | 0.981 | 0.987 | 0.995
with Z =1 0.654 | 0.756 | 0.802 | 0.815 | 0.820 | 0.828
full system 0.704 | 0.833 | 0.895 | 0.912 | 0.920 | 0.931
literature 0.710 | 0.747 | 0.790 | 0.830 | 0.863 | 0.934

Table 3.1.: The critical exponent v for various values of N and different approxima-
tions. The last row contains the best-known values from the literature.

values in the second row of Table 3.1. If one neglects, in addition, the k-derivative
of the couplings in k0yRy on the r.h.s. of the flow equation, that amounts to an
adiabatic approximation, then one obtains the values in the first row of Table 3.1.
At the fixed point the k-derivative of the couplings vanish such that the approxima-
tion with Z = 1 and the cruder adiabatic approximation yield the same fixed point
couplings.

The last row serves for a comparison with values taken from the vast literature about
the critical properties of the O(N) universality class. For N = 3 and N = 4 the
values are taken from the review [42], which contains the results of many indepen-

dent computations of which the non-biased mean values were taken. For N > 5 the
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

mean values of the results in [53, 80, 81] were used, which have been obtained by
a high-temperature expansion, a strong-coupling expansion and six-loop RG expan-
sion including a Padé-Borel resummation. The corresponding values deviate from

each other by less than two percent.

v
10r
I adiabatic approx.
0.9 7 full system
i literature
0'8f with Z=1
0.7"
0.6
0.5
I . . . I . . . I . . . I . . . N
4 6 8 10

Figure 3.3.: The critical exponent v as function of N, computed in the trunca-
tion {C,«, L1}. Depicted are the results of various approximations in
comparison with average values from the literature.

The three variations of the calculation which are presented here yield a critical ex-
ponent ¥ whose N-dependence roughly agrees with the results in the literature. The
values obtained in the adiabatic approximation deviate considerably from the refer-
ences values for small NV, but show the correct large-N asymptotic limy_,o v = 1. If
one takes the running of the couplings in k0 R}, into account, the results for small N
improve significantly, especially if one neglects the wave function renormalization.
For large N, however, v(N) approaches the value 5/6 instead of 1. If one includes
the wave function renormalization, one obtains a critical exponent v(N) which is
closer to the reference value than the adiabatic result and whose asymptotic behav-
ior is better behaved as in the approximation with Z = 1. The deviation from the
best-known value is maximal for N = 5, where it is 14%, and the asymptotic value is
15/16 instead of 1. This is in fact the value that was found in the reduced truncation
with just one coupling and this agreement originates from limy_,oo(L3/C*) = 0.

The wave function renormalization was included mainly for conceptual reasons, be-
cause the background and fluctuation fields are treated differently in the FRG for-

malism and hence may possess different renormalization properties. It is not clear to
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3.4. Phase Diagram in d = 3

what extent the scaling parameter Z improves the situation: on one hand a running
Z improves v(N) for large N, while on the other hand Z = 1 yields more accurate
results for small V.

Also the mass parameter m; was included in order to examine if terms that go be-
yond the ansatz of a single-field functional can improve the accuracy of the results.
A truncation with couplings {¢, a, L1, m?} leads to the same fixed point as before
with slightly modified critical values and a positive mass parameter. However, the
results for the critical exponent get worse rather than better and are even a bit
worse than the values of the adiabatic approximation, yielding an asymptotic value
for v of roughly 1.146. This is a surprising finding and certainly requires a better
understanding. For this purpose, the effects of higher-order terms in T'? [, £] have
to be studied.

Finally, the remaining operator with four derivatives, La(ha0,¢%0"¢")?, ought to
be included. Although it is of the same order as the operators with couplings L,
and «, it changes the flow more significantly, such that there is no nontrivial fixed
point for the system with couplings {(, o, L1, Lo }. This statement holds true for all
possible modifications of the flow, i.e. in the adiabatic approximation, in the ap-
proximation with Z = 1 and also if one includes a mass parameter. In fact, already
in the cruder truncation {(, «, Lo} there is no nontrivial fixed point and it seems as
if the renormalization of the coupling L, is not well-balanced. The destabilization
of the flow induced by the Lo-term does not seem to depend on a specific choice
of regulator. The alternative regulator Ry(z) = k%2 /2 was explicitly tested and it
confirmed the existence of nontrivial fixed points as well as the N-dependence of
v in the truncation {¢, «, L1}, but also the disappearance of the fixed point if one
includes Ls.

One may wonder why this term with four derivatives destabilizes the renormaliza-
tion group flow. In the computation of the full effective action, the renormalization
of an operator of a given order is always affected by operators of higher orders.
These contributions are lost if one applies a truncation. In the present case the beta
functions of L; and L, are quadratic functions in the couplings, see (3.34), and the
coefficients of the polynomials must be fine tuned such that both beta functions
vanish. In fact, the beta function of L, is nearly zero, when evaluated at the fixed
point for the subsystem consisting of all other couplings. It is a reasonable expecta-
tion that the inclusion of higher order terms will slightly modify the flow in a way
that one can recover the fixed point and the information about the phase transition
of the O(NN) model, that already show up in the truncation {(, a, L} .

However, there could be more subtle explanations why the flow of the operator
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

(hav0,0"0"¢%)?* does not lead to a stable fixed point. Only two possibilities shall
be mentioned: In order to find a stable fixed point for the full system, one has to
enlarge the truncation consistently with regard to hidden symmetries involving the
background and the fluctuation fields. To this day the background field method is
the most effective way to deal with nontrivial field-space geometries in the frame-
work of the FRG. Nevertheless, further studies maybe needed to understand better
which truncations in terms of background and fluctuation fields ought to be chosen
in order to maintain the full reparametrization invariance of the theory. An ansatz
that is based on the so-called Nielsen identities was presented recently in the context
of gravity [95] and it could be interesting to apply this approach to the nonlinear
sigma model, too.

The second possibility is related to the arguments brought forward in [22] that the
regularization procedure of the FRG based on AS; may require a corresponding
modification of the path integral measure, which in turn leads to an additional term
in the flow equation of the effective average action. While this term yields only a
renormalization of the vacuum energy in theories with linearly realized symmetries,
it can affect the renormalization of nontrivial operators in nonlinear theories. Possi-

ble consequences for the calculations presented above will be discussed in Sec. 4.1.

3.5. Monte Carlo Renormalization Group

While the FRG naturally addresses the renormalization properties of physical the-
ories, the starting point of Monte Carlo studies is the measurement of observables
as expectation values computed on large sets of field configurations. The running
of a coupling has to be determined by indirect methods that modify the UV cutoff
which in numerical simulations is naturally given by the lattice spacing a, A = .

Fluctuations above this scale cannot be resolved and are implicitly taken into ac-

count in the definition of the lattice action as an effective action at k = A. The IR

T

Nra*
in this section are performed on three-dimensional lattices with equal temporal and

cutoff is naturally set by the extent of the lattice, A = 7 = The investigations

spatial extent N, = Nr, i.e. at zero temperature. The physical volume is hence
V = L? = (Npa)®.

The idea of the Monte Carlo Renormalization Group (MCRG) is to combine the ef-
ficient numerical tool of Monte Carlo simulations with RG transformations based on
the initial idea of block spins [63]. After it was first suggested in [101], it was devel-

oped in different directions [102, 103], which for instance employ a direct matching
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3.5. Monte Carlo Renormalization Group

of simulations at different lattices sizes. Since such procedures usually become very
expensive quickly, an alternative approach of MCRG will be used here instead, which
employs a microcanonical demon method [104]. It shall be briefly described here:

First, field configurations {n,} are generated on a lattice (N, a) by a Monte Carlo
algorithm from a lattice action with couplings {g;}. Based on these, new config-
urations {n/} on a smaller lattice (N},a’) are determined by a block spin trans-
formation as averages of 23 hypercubes on the initial lattice. These coarse-grained
configurations {n} } could have been generated also from a certain action on the lat-
tice (N7, a’), given by a set of couplings {g;}. This set will contain in most cases an
infinite number of effective couplings, but for practical purposes one has to restrict

the analysis, like in FRG computations, to a finite ansatz
Sln] =Y g/ Sin], (3.44)
i=1

and one assumes that the distribution of the states can be described sufficiently
well by the weight corresponding to this truncated action. Now a demon system is

considered, which is defined by the action
SP=> g EP, (3.45)
i=1

where the EP are just real numbers taking values in some given range (—FE,,, E,,).

If one couples both systems, the joint canonical partition sum reads

FE, S D
- % gl (S4EP)
Zoun = / []aE? / o 5° : (3.46)
r

~Em "~

where I' denotes the configuration space. The expectation values <EZD > Can, OF the
demon energies can be computed exactly, since the integral factorizes and EP is

constrained:
E,

1
o 1 B 3.47
< i >C’an g; tanh(ggEm) ( )

This equation provides an invertible relation between g} and (EP) o+ Assuming that
the lattices are large enough, the expectation value of the canonical ensemble can be
approximated by the microcanonical one. This expectation value, however, can be

computed without explicit reference to the coupling ¢; by a microcanonical Monte
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Carlo simulation in accordance with

(Be=z [ [Tas? [ Epssemr-st. @)

with Zyie = / 7 [[eE" / 5(S; +EP -5y (3.49)
i r

The simulation starts at some configuration (for which the operators S; assume
the values S?) and generates by a standard update algorithm new configurations,
for which the operators will assume some new values S and which are accepted
it S/ —S? € (—E,,, E,,). By an iteration of such generation and acceptance steps
sufficiently many elements of the partition sum Zjs;. can be determined, on which
<Ef) > can be measured as average values. With these expressions for the expectation
values, one can directly obtain {g;} from (3.47). Note that in order to reduce the
dependence on the specific starting configuration, an improvement was suggested in
[105] which employs a set of statistically independent starting configurations.
Knowing {g;} and {g¢;} one can immediately determine the beta functions. While
the physical volumne remains unchanged under the block spin transformations (i.e.
the IR cutoff is not affected), the lattice spacing is doubled by an averaging over 2°
hypercubes and the UV cutoff is hence halved:

A
N, = —, a':2a:>A’:§. (3.50)

The running of the couplings is then given as

d9;

By = —a st = —(g) — g1). (351)

So far the block spin transformation was described as a simple averaging over a
hypercube of the initial lattice. However, it was shown in [106] that an improved
block spin transformation is in fact more efficient in MCRG studies. In this improved
transformation the configurations {n/} are statistically generated according to the

normalized probability distribution

% exp (c(gi) n, - R(n)), (3.52)

where R(n) = Y mn, is the sum over the configuration values in some 2% hypercube
yeo
O of the (N, a) lattice. The outlined procedure assignes to hypercubes in the initial

configuration an unique field value n/, on the coarse-grained lattice. The parameter

¢(g;) determines how strongly n/, may fluctuate around the mean value of the under-
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lying degrees of freedom. Although an arbitrarily large ¢(g;) would ensure a strict
alignment, some smoothening is deliberatly taken into account, because it shifts the
system closer to the renormalized trajectory [106] and thus reduces the error which
is made by truncating the action. This shift and hence the improvement depends on
the position in coupling space. In order to find an appropriate parameter c(g;), an
ansatz in the couplings should be chosen and the coefficients should be fine tuned
such that measurements of physical observables on the initial lattices, like e.g. the
masses, agree with the computation of these observables on the coarse-grained lat-
tices with couplings {g}}.

A comparison of the MCRG technique with the FRG calculations performed in the
previous section requires a truncation (3.44) which corresponds to (3.4) and includes
all operators up to fourth order in the derivatives. Note that an implementation of
the purely bosonic nonlinear O(N) models is particularly efficient in terms of ex-
plicitly constrained fields, which enable to use the elements of SO(NN) as dynamical
variables by writting each field as n, = O,ny with O, € SO(N). The ansatz for the

action functional is therefore chosen as

Sln] = g: Si[n] + 0(3°) (3.53)

=1

where n® are constrained N-tuple with n? = 1 and the continuum operators read
Sy = /d3x omo'n, Sy = /d3x *nd’n, (3.54)

S3 = /d3x (0ymd,n)(0"nd"n), Sy = /dgx (9,m0"n)*. (3.55)

There is no direct one-to-one-correspondence between the operators in (3.53) and
(3.4), but the relation between both expansions can be derived easily by a suitable

change of coordinates, as it is depicted in appendix A.1. It yields

Eeff :% C habau¢aau¢b + % «Q habD¢aD¢b + % Ll<habau¢aau¢b)2 + % LZ(habau¢aaM¢b>2
1 L2—40é
2 16

~129,no"n + 1 % PniPn + 1 5L (9.mam) +

S 16 (9,m0"n)? .

(3.56)

It should be stressed that, although the two truncations (3.53) and (3.4) span the
same subspace in operator space, the truncation procedure works differently in FRG
and MCRG calculations. While operators of higher orders are completely neglected

in computations of the FRG, Monte Carlo simulations incorporate all possible oper-
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ators that are generated and the configurations {n,} are thus affected by these. The
demon methods determines the renormalization of the chosen truncation based on
these configurations and hence takes also the influence of the higher-order operators
into account. Keeping this in mind one can turn towards the explicit analysis of the
renormalization flow.

Since the implementation and the execution of the Monte Carlo RG algorithm were
performed by Daniel Korner and Bjorn Wellegehausen, only some first results shall
be briefly depicted in this thesis with a particular emphasis on the comparison with
the FRG computations presented in the previous section. Note that these results
are preliminary and focussed on the case N = 3. An extended discussion based
on conclusive results is supposed to appear soon [107], including a more detailed
description of the implementation.

The continuum operators are discretized by the replacement rules
on(zr) = ngp —n, and 0'n(r) = n, —ng_, (3.57)

where the lattice spacing a = 1 was assumed and [i denotes the unit vector in

direction p. As an example, the first two terms of the truncation read:

S1=2) mymg -6V (3.58)
T,

Sy =2 Z Ny (Magjtrs + Norp—p) — 12 Z Ny - Mgy + 36V (3.59)
T,V T,

The discretized form of S; apparently appears as a term in the discretized operator
S5. In order to avoid mixing between the lattice operators, especially in the demon
method, the action functional is rewritten, such that the computation for the two-

coupling truncation, for instance, are in fact performed for the ansatz

S == G1 gl -+ G2 gg 5 (360)
with G1 = g1 — 6g2, Go = g2, and S; = S, Sp =2 Z Ny (Mppjgo + Noypes) -

T,V

A similar rearrangement, introducing G3 and Gy, is applied, if one takes the further
operators into account. While this reformulation is necessary to improve the algo-
rithm, it makes the comparison to the FRG flows more difficult.

Following to the outlined procedure, the renormalization of the fouth-order expan-
sion (3.53) was investigated by block spin transformations from 323 to 163 lattices.

A linear ansatz in G; and G was chosen for the transformation parameter ¢(G;) and
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test simulations with a focus on the measurement of the physical mass suggested to
choose ¢(G;) = 3.4G1 + 0.6 Go.

Analogous to Sec. 3.4 the truncation can be extended step by step, beginning with
the simple truncation {Gy,G5}. For two couplings it is still feasible to compute at
each point {G;} on a certain array in parameter space the corresponding {G’}. The
resulting flow diagram for the case N = 3 is displayed in Fig. 3.4, with the arrows
of the flow pointing towards the IR.

0.025 S~
N
N

0.020 1 | N7 /

0.015 A /‘ /\’\ |
Go '

0.010

0.005

O'008.00 0.25

Figure 3.4.: The renormalization flow for the truncation with two couplings G; and
G5 for N = 3. The arrows point towards the infrared.

In accordance with the results of the FRG computations, a nontrivial fixed point
can be identified clearly, which has one IR-relevant and one IR-irrelevant direction
and is situated at approx. (G7 = 0.122,G5 = 0.0158) = (g7 = 0.217, g5 = 0.0158) .
The position of the fixed point does not agree with the findings of the FRG, as a
vanishing a* corresponds according to (3.56) to a vanishing ¢g5. This deviation, how-
ever, is not surprising, since the exact position of the fixed point always depends on
the regularization scheme. Furthermore, it was already emphasized that the MCRG
computations are sensitive to generated operators of higher orders which affect the
value of a*, and one can assume that an extension of the FRG truncation would
also lead to a non-vanishing o*. While an exact quantitative agreement cannot be
expected, the structures of the renormalization flows Fig. 3.4 and Fig. 3.1 match

and show qualitative agreement between the two different methods.
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Figure 3.5.: The renormalization flow towards the IR for N = 3 computed in the
full fourth-order truncation, projected on the subspace {G1, Ga, G3}.

Because the rearrangement of the MCRG couplings prevents a direct comparison of
truncations with three couplings, one can directly include G35 and G4 in a next step
and study the qualitative features of the full fourth-order renormalization flow. The
result for N =3 is given in Fig. 3.5 and Fig. 3.6, in which the four-dimensional
flow is projected for the sake of presentation on the subspaces {Gi, G2, G3} and
{G1, G2, Gy}. A systematic computation of the flow on an array in parameter space
becomes inefficient in the enlarged parameter space. Instead, some trajectories are
explicitly determined by using renormalized couplings on the 163 lattice as initial
values on the 323 lattice in a subsequent block spin transformation.

The computations confirm the nontrivial fixed point which was already present in
the reduced truncation. Similar to the finding in the {(, a, L;} truncation of the
FRG analysis, the fourth-order operators only add irrelevant directions to the pa-
rameter space. Furthermore, the critical values of the higher order couplings are in
both calculations much smaller than the dominant first-order coupling ¢ or G;. In
contrast to the FRG computations, however, the MCRG flow and its fixed point

remain stable even if one includes all fourth-order operators. This finding supports
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3.5. Monte Carlo Renormalization Group

the conclusion of the FRG studies that the missing fixed point in the full fourth-
order system is only the result of an unbalanced truncation which probably will be
stabilized if one includes the effects of higher-order operators (to which the MCRG
computations are already sensitive). Being a complementary tool to investigate
non-perturbative effects, the numerical simulations on the lattice are able to pro-
vide further evidence for the non-perturbative renormalizability of the model and
hence for the asymptotic safety scenario.

Note that, although the focus of the MCRG computation was so far on the O(3)
model, test computations were performed for larger N which indicate similar but
shifted structures as for N = 3. Furthermore, if one systematically computes the
discrete beta functions on an array in parameter space, it is straightforward to
calculate the stability matrix as differences of these beta functions at neighouring
array points. Both issues are addressed by further numerical studies which will be
presented, together with additional results concerning the discussion above, in an

upcoming article [107].
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Figure 3.6.: The renormalization flow towards the IR for N = 3 computed in the
full fourth-order truncation, projected on the subspace {G1, Go, G4}.
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3. Fourth-Order Derivative Expansion of Nonlinear O(N) Models

3.6. Conclusions

The renormalization properties of nonlinear O(N) models were investigated by
means of the analytic FRG and the numerical MCRG. Although the conceptual
aspects and derivations apply for general dimensions, the focus of the discussion
was on d = 3, since this case is interesting with regard to the concept of non-
perturbative renormalizability, is still efficiently accessible by numerical simulations
and provides well-studied critical properties which can serve as benchmarks.
Starting with the FRG approach the nonlinear models were studied first as the limit
of linear ones. However, all information that is accessible in this way (by a reason-
able amount of computational effort) only corresponds to a simple truncation in a
nonlinear formulation and is not sensitive to the nontrivial critical properties of the
model.

Therefore, a manifestly nonlinear analysis of the model was developed instead and
applied to a truncation which includes all covariant operators up to fourth order
in derivatives. The flow equation was formulated in a manifestly reparametriza-
tion invariant way, so that the results do neither depend on any specific choice
of coordinates on the target sphere, nor on an implicit embedding of the model
into a linear space. Since the symmetries of the theory are realized nonlinearly,
a geometric formulation was adopted in which a background (base point) depen-
dence is introduced in order to maintain the covariance of the model. Moreover,
the background field was used to construct a quadratic infrared cutoff term for the
fluctuations, whose purpose is to allow for an effective integration of the ultraviolet
modes while simultaneously respecting the symmetries of the model. The resulting
scale-dependent effective average action is O(N) invariant for both the transforma-
tions of the background and the fluctuation field. Due to the cutoff action, however,
the EAA becomes a genuine bi-field functional, which motivated the introduction of
a separat scaling parameter for the fluctuation fields.

The beta functions were derived in two steps by matching operators on both sides
of the flow equation (or its second derivative) evaluated at the base point. For
this purpose the flow equation was expanded in powers of a derivative operator and
off-diagonal elements of a heat kernel expansion were applied. The consistency of
the formalism was underlined by the appearance of nontrivial relations between the
renormalization flow of background and fluctuation operators.

In the restricted subspace of couplings, where L, is set to zero, a fixed point for
all N emerges. It exhibits one relevant direction, which is already present in an
one-parameter truncation. The inclusion of further couplings (L; and «) only adds

irrelevant directions, but it is required to become sensitive to the N-dependence of
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the critical exponents. The results for v in the truncation {(, o, L1} agree qualita-
tively with the pre-existing literature, but show some numerical difference that is
likely due to the limited truncation ansatz. The presence of a nontrivial fixed point
was verified in various approximations and choices of the coarse-graining scheme.
However, this fixed point is lost in a truncation which includes the coupling Lo. This
can be due to the limited truncation considered and the quadratic structure of the
computed beta functions, or it is maybe related to more subtle conceptual issues, of
which one will be discussed in Sec. 4.1.

The results of the FRG calculations were finally compared to lattice computations
as an alternative non-perturbative tool to study field theories. The Monte Carlo RG
was depicted which bases on the idea of block spin transformations. Starting with
specific coupling values on a large lattice, configurations are generated on which op-
timized block spin transformations are performed subsequently. From these blocked
configurations corresponding effective couplings can be determined by the demon
method and can be related to the initial couplings in order to obtain the renor-
malization flow of the theory. In comparison to the FRG computations, explicit
simulations were performed for an ansatz up to fourth order in the derivatives. The
results of these simulations are preliminary, but they already show qualitive agree-
ment between MCRG and FRG. The quantitative deviations can be explained by
differences in the truncation procedure. The MCRG finds a stable fixed point even if
one includes all fourth-order operators and it hence strongly supports the assumpa-
tion that the nonlinear O(N) models are non-perturbatively renormalizable. The
outlined procedure provides the means to study the renormalization flow of theories
by numerical simulations and can serve in this way as a useful complementation of
FRG calculations.
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Hamiltonian Action

The analysis presented in this chapter was developed in collaboration with Gian Paolo

Vacca and Luca Zambells.

4.1. Modification of the Path Integral Measure

The aim of this chapter is to analyze nonlinear sigma models from a “Hamiltonian
point of view”, which means that the investigations will be based on a descripition
of the theory in terms of phase space coordinates. Before a functional RG formalism
will be developed for a Hamiltonian action functional in Sec. 4.2, the interplay be-
tween the path integral measure and the regularization procedure of standard FRG
shall be discussed first. This relation was pointed out in [22] and the main argument
will be briefly depicted here for the simple example of quantum mechanics, before
possible consequences for the calculations of nonlinear field theories like in Chap. 3
are discussed.

The path integral formulation is usually derived by starting from canonical quanti-
zation and integrating out the momenta at some point. This integration is, however,
not a necessary step and it is interesting to study to what the introduction of the

FRG regulator corresponds to on this level:

2413) = [ Dy plg) el v 1)

1/2
i ip(H%’g) drg— 30> =V(a) +Jg
[g.p] e i : (4.2)

~ [ PaDp s
Note that ¢ denotes the time coordinate in this section (only). The cutoff action of
FRG apparently corresponds to a modification of the Legendre term p(t)d;q(t)dt.
But this term and the path integral measure are directly related to the structure of
the phase space. The Legendre term is the pullback of the Liouville one-form A = pdq

and the measure d\ = dpdq is the exterior derivative. A modification depending on
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4.1. Modification of the Path Integral Measure

k should hence affect both objects in a balanced way. The appropriate modification

of the path integral measure is given by

[t i = pu - det/? <1+ R§2> (4.3)
— Ut

This k-dependence of the measure can also be understood from another point of
view. It was mentioned in Sec. 2.4 that the cutoff action has the structure of a
Gauflian integral which becomes a rising J-function for £ — oo due to the diver-
gence of Ry. This representation of the d-distibution as a limit of a Gaufian integral,
however, requires an appropriate normalization which is proportional to det!/ 2R, for
k — o0o. The measure (4.3) provides this regularization, while it yields at the same
time the correct limit p4_,0 = 1 (up to an irrelevant factor).

The important aspect of this modification of the measure is that it alters the flow
equation of FRG. Absorbing the k-dependent factor in (4.3) into the action func-
tional and taking the derivative kdy, it is straightforward to derive that the flow

equation (2.33) reveices an additional term:

[p==Trd ot L —pd Rk 4 4.4
WORTk = 5 r{r<2>+3k} 2 r{—af+Rk} (4.4)

As long as the regulator Ry is field-independent, this term only contributes to the
renormalization of the vacuum energy. The computations of Sec. 3.2-3.4, however,
are based on a background field expansion and a regulator which depends on the
base-point. It is hence worthwhile to investigate if and how these calculations are
affected by a modification of the measure. This is in fact a very difficult task,
since the action functional in configuration space contains infinitely many nontrivial
terms, see (3.10) and (3.11), such that a direct argumentation via a corresponding
Hamiltonian formulation of the expanded functional is impossible. Instead, one has
to use the normalization of the rising J-function as guideline, which leads to the
ansatz

pe = po - det!/? (1 + f_Ak) , with A= -V, V¥, (4.5)
The covariant Laplacian serves as natural scale for the regulator. This choice can
also be understood, if one follows the reasoning [96] that the measure of the path
integral ought to be proportional to det'/? S®) | where S is the bare action. The
Hessian of the full expanded action is too complicated, but one could regard the

kinetic operator of the fluctuations as a rough, first approximation which ignores
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4. Renormalization of the Hamiltonian Action

the further interaction terms!. In this sense the denominator in (4.5) is chosen such
that it cancels with det!/ (CA) in p and hence provides the correct normalization
Wk—soo = det? R;. Since the couplings in p are bare ones, the ¢ in the denominator
should be understood as bare coupling (4 as well. Using the ansatz (4.5), the

additional term in the flow equation (3.14) can be computed in the way mentioned

1 kO Ry,
——Tr{ ———M % . 4.
2" { CAA + Ry, } (4.6)

One can deal with this trace by the same means that has been used in Sec. 3.3.

above and reads

The result is proportional to the first trace in (3.29), but multiplied with a slightly
modified Qg4 )

d_
to (3.25), but has the denominator Ry(z) + (52 instead of P.

If one includes this term in the computation of Sec. 3.2-3.4, it leads to interesting

.- functional (3.31) which depends on a function f(z) which is similar

)

results: Note that the heat kernel expansion of (4.6) yields according to (3.29) no
second-order terms, but only operators of fourth order in the derivatives which affect
the running of L; and Ly. As a consequence of this contribution, the full fourth-order
truncation, including the problematic coupling Lo, in fact stabilizes and a nontrivial
fixed point can be identified for each N. Similar to the results in the reduced
truncations, the critical ¢* increases with N and the critical couplings L] and Lj
are small in comparison to (¥, with L} < 0 and L35 > 0. Furthermore, this fixed
point has only one IR-relevant direction in accordance with previous investigations
of the model and the MCRG computations. However, the critical exponent ©%
corresponding to the relevant direction deviates strongly from the literature values
for v(N) = 1/©%. While ©F is supposed to be roughly of the form 1+ %, these
computations yield a critical exponent which is approximately four times too large
and converges to 4.228 for N — oo instead of 1.

Note that a k-dependent coupling (i in the denominator of (4.5) was explicitly
checked as an alternative modification of the measure, arguing that it still provides
the appropriate asymptotics due to ( — (y for £ — oo. However, this alternative
does not improve the computations, but, on the contrary, becomes unstable again
if one includes L.

In order to clearify if a modification of the measure is really the necessary ingredient
to stabilize the covariant FRG computations of the nonlinear O(/N) model, a refined
analysis is required how the path integral measure ought to be defined correctly in

nonlinear theories which are formulated in terms of a background field expansion.

1One could argue that the kinetic term of the fluctuations also includes aA?, but since this
discussion focuses on the nontrivial fixed point with a* = 0, this operator can be neglected. It
was explicitly checked, yet, that an inclusion would not change the result a* = 0.
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4.2. Renormalization of the Average Effective Hamiltonian Action

This, however, constitutes a very difficult task, which will not be addressed here.
Instead, the “Hamiltonian point of view” shall be explored further by a Hamiltonian
formulation of the FRG.

4.2. Renormalization of the Average Effective

Hamiltonian Action

In most explicit computations the Lagrangian formulation of quantum field theory
is favored against the Hamiltonian one, since the latter has to deal with an increased
number of variables while loosing Lorentz covariance. For some questions, however,
the Hamiltonian formulation is more suitable or can provide additional insights. A
recent example is the use of Hamiltonian approaches in non-Abelian gauge theories,
cf. for instance? [109] or [110],[111],[108].

Most recently, Gian Paolo Vacca and Luca Zambelli developed an alternative ap-
proach to QFT which is formulated in terms of phase space variables and describes
the renormalization of the effective Hamiltonian action following the ideas of the
FRG. While a detailed presentation is given in [23], a brief overview of the formal-
ism for the case of a scalar field theory shall be provided here, before the application
to sigma models is presented in the next section. The main motivation® for the
investigation of the effective Hamiltonian action is the possibility to study alterna-
tive ansatze for the effective action functional, e.g. non-quadratic functionals of the
canonical momenta. It hence provides alternative expansion schemes for the trun-
cation of the effective average action. This will be demonstrated in the subsequent
section.

Note that the discussion in this chapter is developed in Minkowski spacetime?, since
it is the more natural setting for the Hamiltonian formalism. Note furthermore that
a “mostly plus” signature is used.

In order to describe the Average Effective Hamiltonian Action formalism, the func-
tional relations of the effective Hamiltonian action shall be explained first, before

a regularization is introduced and a flow equation is derived. The description is

2The Hamiltonian flow derived in [108] should not be confused with the flow equation in this chap-
ter which is formulated in phase space while [108] is based on a wave functional representation
of quantum states.

3Moreover, the path integral measure simplifies in phase space. However, if one introduces the
Lorentz-covariant Hamiltonian as it is done here, this advantage gets lost again. One could
consider a reduction of the phase space to longitudinal modes, but so far no projection has
been found that is covariant w.r.t. diffeomorphisms of the target manifold, see the remark in
Sec. 4.3.

4although a formulation in Euclidean space is possible as well
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4. Renormalization of the Hamiltonian Action

given for scalar fields, which can be for example the coordinates in the nonlinear
spaces that were already discussed. The related target space indices, however, will
be suppressed in this section for the sake of brevity. A definion of the action and

the partition sum in terms of phase space variables is simply given by

Slw, ¢] = /ddx @ Op — H(w, ¢) (4.7)

211, J) = & = / DD lw, | (ST =472). (4.8)

where w denotes the canonical momenta, H the Hamiltonian density and - represents
as in Sec. 2.4 the inner product of the Hilbert space. Analogous to the Lagrangian

formalism, the effective Hamiltonian action I'[, ¢] is defined as Legendre transform
F[W,(b]:e?f]t{W[[,J]—I-W—J-¢}. (4.9)

It immediately follows that 7 and ¢ are the expectation values of the quantum fields:

SW ow
With the relations NER DINEN
T, __ome
I——T7 g rat (4.11)

for the source terms one can express the effective Hamiltonian action by the integro-

differential equation:
ol _ / DDy e, ] & (el 5=~ E-(w-m) (4.12)

It is important to stress that the effective Hamiltonian action provides a complete
description of a quantum theory and contains the entire information of the effective

(Lagrangian) action, which is related to the former by
[[¢] = ext [, ¢] . (4.13)

It is straightforward (in case of a Hamiltonian which is quadratic in the momenta)
to verify that (4.13) yields the correct expression for the Lagrangian effective action:
The source I vanishes according to (4.11) and the GauBlian integral of the momenta
leads to the standard Lagrangian.

The standard Hamiltonian formalism assigns a special role to the time direction and

is hence not Lorentz-covariant. It is possible to perform Lorentz-invariant computa-
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4.2. Renormalization of the Average Effective Hamiltonian Action

tions, but these usually require explicits checks which quickly become inconvenient.
It is therefore reasonable to use a manifestly invariant framework right from the
start and extend the Hamiltonian formalism outlined above to a covariant one. In
case of a Hamiltonian which is quadratic in the momenta, this simply amounts to
the introduction of d — 1 GauBian integrals in the path integral (4.8). Note that
in nonlinear theories a nontrivial path integral measure comes along with these
Gauflian integrals. This effect will be taken into account in the derivation of the
flow equation, but it will be irrelevant in the explicit calculations in the following
section and can be neglected there. All relations (4.7) to (4.13) remain true for such

a covariant extension if one applies the simple replacement
T—a, I —1". (4.14)

In order to regularize the quantum theory and analyze its renormalization, one can
follow the reasoning outlined in Sec. 2.4. The regularization is implemented by the

introduction of a cutoff action
Zk[IV, ,]] _ eiWk[I",J] _ /DWVD()D m ei(S[wV,SD}-FASk[wV7SO]+I”~wV+J~ga) (415)

ASylw,,d] = — / 'z @, RT(—0%) 0. (4.16)

The quadratic form of the cutoff action will ensure a comparably simple structure
of the resulting flow equation, while it simultanously regulates w as well as ¢ for an
appropriate choice of R}. The mass dimension of this regulator is smaller than the
one of the standard FRG regulator, but it has to fulfill the same constraints (2.30).
Owing to these properties the cutoff action suppresses the modes below the scale
k and leads to a gradual integration of momentum shells as R} decreases while k
is lowered. Note that only field-independent regulators will be considered in this
thesis.

Based on the regularized path integral (4.15) one can define the Average Effective
Hamiltonian Action (AEHA) T'y [7,, ¢] as the modified Legendre transform

Tk [, @] + ASy [, 9] = %E {I/Vk[[V7 J—1"-7, —J- gb} ) (4.17)
One can immediately derive expressions for the sources
ol ol

23
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and use these to obtain an integro-differential equation for the AEHA:
. sr sr
olklm ) _ /le,Dgo 1k el(S[wV,so]+ASk[(w—w)u7<p—¢]—ﬁ~(w—w)u—Tj(«p—@) . (4.19)

Owing to the properties of the regulator, the AEHA interpolates between the bare
action in the UV® and the full effective action in the IR:

[y, ¢] £22 Tylmy, 6] 2225 Sim,, @] . (4.20)

The k — 0 limit is trivial, since the regulator simply vanishes. In the k — oo limit,
the cutoff action (accompanied by an appropriate regulator-dependent normalization
in the measure) serves as a rising J-function for each component (¢ — ¢)* and
py(w — m)¥ in target space, where p denotes the Fourier variable if one performs
such transform. The emergence of these constraints is explicitly demonstrated for a
simple example in [23] and can be understood very intuitively, since the diverging

regulator suppresses all modes apart from the ones for which (¢ — ¢)* and p,(w —

v

v are identically zero. The rising constraint for the momenta applies only to

)
the longitudinal modes, as the cutoff action completely vanishes for all transverse
modes with p¥ L (w — m)%. However, it is straightforward to check by a successive
integration of the quantum momenta w that in case of a bare Hamiltonian which
is quadratic in the momenta the coincidence limit w” — 7# is effectively given also
for the transverse modes in the path integral. With w” — #* and ¢ — ¢, the
appropriate limit T'y[m,, @] LN [7,, ¢] is ensured.

In order to investigate the effective action, a flow equation for the AEHA can be
derived in a similar way as for the EAA. The derivative of (4.19) w.r.t. the logarithm

of the momentum scale yields

iulmeo] = 2 =i [ e (= =m0 = 0), (4.21)

The r.h.s. of this equation can be expressed in terms of R} and I'y, if one employs the

relations (4.18) for the source terms and rewrites the connected two-point functions

5Note that it, once again, implicitly assumed that a fundamental theory exist such that the limit
A — oo can be performed.
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as follows (by suppressing the indices for the sake of convenience)

i<7—<(w—ﬂ)®(w—ﬂ) (W—W)(tp:j))> ) = W) = (%@’% %)

(p—d)@—m7) (p—o)p O 1

%9 99
51 5J

—1 — -1
) [ ol or ) 521 T
_[T® 5T 57 56 _ T 5¢5;_Rka (4.22)
(S_J 62Fk + Rﬂ'a 52Fk :
5é dmdd k 0o

+
N——
I
N

~
gl ®
gl

A B\ [A'4AB(D-BA'B)'BA —A'B(D-BA'B)"!
B D) —(D—BA'B)"'BA! (D—BA~'B)~!

This directly leads to the flow equation of the Average Effective Hamiltonian Action:

e J 52T, v 5°T, -1

r = _7 - 4y — ToH 4.2
82Ty (82T N/ /e N\
[5¢5¢ - (5m5¢ * Rka) (57r57r)w <5¢57r - Rka)

Since only field-independent regulators are considered in this chapters, the additional
term in the flow equation only describe the renormalization of the vacuum energy

and will hence be neglected in the following.

4.3. Applications to Sigma Models

In order to further investigate the new Hamiltonian formulation of the FRG, one
should study its application to test models. Before the interesting case of a nonlinear
sigma model will be examined in more detail, a brief consistency check is provided
by a simple computation of the linear sigma model. Suppressing spacetime and

target space indices again for the sake of brevity, the simple truncation®

Lglm, @] = /ddx s, — 00 — Vi(o) (4.24)

SRemember that a “mostly plus” signature of Minkowski spacetime is used in this chapter.
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is considered, which corresponds to the local potential approximation in standard

FRG. The second derivatives of the action functional then read

2 2 2 2
PTe _ WV ST o Tk (4.25)

5p6p  0¢op’ om | omuom,

The flow equation (4.23) simplifies to

62V,

[, ¢] = —%Tr {(R;;a +0)" 0, |~ 5o

+ (RTO+ 0) (RTO + a)ul i } |
(4.26)

It is convenient to apply a Fourier transform and to introduce the operator Q4 (p):

Qi(p) = BE(p*) p" + " (4.27)
. b 82Vy p -1
= IFk [’ﬂ', ¢] = —Tr Qk) Qk:,,u, m + Qk Qk,u . (428)
If one chooses .
Q(p) =p" + (k% - p“) O(k* —p°), (4.29)

with p = /pfp, , the flow equation becomes

-1
L[, ¢] = —%Tr {Rk {g;g; +p? + Rk] } , (4.30)

where Rj denotes the optimized regulator (2.34) which is related to € by Ry =
Q2 —p? and Ry, = 2040 . Performing the analytic continuation py — ipy of (4.30),
one obtains the same flow equation for the potential V) as given by the standard
FRG formalism in Euclidean spacetime (if one takes into account the sign conven-
tion in (4.24)). The choice (4.29) or R} = (% — 1) O(k* — p*) can obviously be
understood as the Hamiltonian version of the optimized regulator and will be used

also in the following calculations.

While the Hamiltonian formalism simply agrees with the Lagrangian one for simple
linear models, it really becomes interesting in nonlinear theories. An operator of
the kind h*(¢) 7¥7,, constitutes a nontrivial interaction of the fields 7 and ¢ and
naturally generates operators of higher order in . The test case for the application
of the AEHA scheme to such theories will be the nonlinear O(/N) models, which have

already been discussed in much detail by the alternative non-perturbative methods
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of MCRG and standard Lagrangian FRG and whose critical properties provide a
useful benchmark.

Even though a covariant calculation of the renormalization flow would be desirable,
the extension of background field methods as they were used in Sec. 3.2 to phase
space coordinates is nontrivial and would require a lot of additional consideration.
The calculations in thesis will therefore be performed in a specific parametrization
which is convenient from a computational point of view. For our purposes the

stereographic coordinates are particular efficient. The metric is given as

N-1

hao(9) = (L4 @%) 0w,  h™(¢) = (14 ¢°)%0a, with ¢ =) ¢"¢". (4.31)
a=1

Note that for remainder of this chapter the square v? of any (N —1)-tuple v* or v,
with (upper or lower) target space indices will denote this kind of sum. Working in

this coordinate frame, the ansatz
Dy, 6] = / d'z Vi(Z) — 710,¢" (4.32)
shall be studied in more detail, where Vi (Z) is a generic function of

Z = L h®(¢) nhmy,, . (4.33)

Il
N =

Owing to the Legendre term 7#9,¢?, the usual kinetic term hy,0,¢%0"¢" of the La-
grangian formalism will be generated in the effective Hamiltonian action as well,
and one could consider the inclusion of this operator in the ansatz. Furthermore,
the Legendre term itself could be renormalized. However, a tedious but straightfor-
ward computation of this generalization of (4.32) explicitly showed that a potentiell
scaling parameter of the Legendre term would not run at all, and the renormaliza-
tion of the standard kinetic term is directly proportional to the renormalization of
the coupling gy in the simple ansatz V(Z) = g Z. This is no surprise, since both
operators are related to each other by the Legendre transform of the bare action.
The following analysis will thus just focus on the running of V,(Z), which will be
called “momentum potential”.

In order to project the flow equation (4.23) on Vj, it can be evaluated at constant
¢. In fact, the most convenient choice is a vanishing field configuration ¢ — 0. The
structure of the computation simplifies considerably while no information about
Vk(Z ) is lost, since this is a function of Z only which does not vanish for ¢ — 0,

but is equal to %71'5 (E %71'2). Note that all terms which are generated in the flow
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4. Renormalization of the Hamiltonian Action

equation can be uniquely decomposed into three different types of operators: 1.
Covariant expressions in terms of the operator Z, 2. other covariant expressions
which include operators that are not considered in the chosen truncation (like e.g.
h“bﬂfjﬂb” thWc”uﬂdy,j), or 3. terms which break the reparametrization invariance, but
vanish for ¢ — 0. A simple example is (1 + ¢?)§wtm, ,, = Z — ¢*(¢* + 1)l my ..
The evaluation at ¢ — 0 thus provides the required projection on covariant opera-
tors, which constitute the actual physical content of the theory. The generation of
terms which break reparametrization invariance is just an artefact of the calcula-
tions.

The second functional derivatives evaluated at ¢ = 0 read”

6Ty,

e Vi(Z) 0t + Taumon Vi (Z) (4.34)
62Fk a 52Fk b
T . —0u0% PErr v 9,0°, (4.35)
Tk 4ZV(Z)6 (4.36)
= ab - .
5¢b§¢a =0 k

By means of the projectors

ab(y _ TaTy _ Ta™y v_ s o TaTy
HIIW(W) =2 T a7 I = 0an — 2 (4.37)
the inverse of 02 'y can be written as
-1
52Fk —1 / m—1
o2 =V Hi(m) + (Vi +22V) 7 1y (n) . (4.38)
$=0

If ones applies a Fourier transform and utilizes the notation (4.27), the flow equation

(4.23) for the momentum potential (4.32) becomes

) VL) + (V22 Ty ()], )
2 =l { 12V] — Q) [V T () + (V] + 22V0) Ty (m)],, 9(0) } (439)

_ : 174
Vi 6 8ab — iz (Am)a(Sm)s
=Tr 1—1 V (4'40)
(4ZVk, Vi Ql}iQku) Oba + W(QW) (Qm),

Using projectors in the same way as above with (Qn), = (Q#7m,), instead of 7/,

one can find an expression like (4.38) in target space for the denominator of (4.40).

"The spacetime indices are again suppressed.
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4.3. Applications to Sigma Models

Taking the trace in target space finally yields

. N_2 QNQ QMQ]C7 ﬁ(Qﬂ-) (Q?T) (Sab
iVi(2) = / (V= 2) S, AT L (441)
p

A2V2 = Gy 42V — Qi + gz (W)

Having an exact equation for the renormalization of a generic momentum potential,

one can now study it for specific ansédtze. The simplest ansatz is
Vi(Z) =g Z, (4.42)

and should be checked first. The flow equation strongly simplifies in this case:

y (N=1) QU £0lzw0 . . [ 4G2(N—1)QLy,
iVi(Z) = / : — G =1 : (4.43)
o 4297 — U, P (%)

If one chooses the optimized regulator (4.29), the evaluation of the integral by means
of analytic continuation py — ip, yields the beta function
4kHN-1)

(4m)?2T(d/2 + 1)k (444)

Bg:_

Note that gy corresponds in case of the simple ansatz (4.42) directly to the equally
denoted g, = ¢, !in the simplest Lagrangian truncation of the nonlinear sigma
model, that was discussed in [43]. In fact, (4.44) agrees with the result therein (up
to a scheme-dependent numerical factor) and hence provides a further consistency
check of the AEHA. The result contains a nontrivial fixed point for d > 3, but the
critical properties of the model in three dimensions are not correctly reproduced
as discussed in Chap. 3. The covariant calculation within the Lagrangian FRG
requires for this purpose a truncation which includes operators of fourth order in
the derivatives. In order to compare both formulations it is interesting to study in
which way an enlargement of the Hamiltonian ansatz improves the computations.

If one uses the optimized regulator (4.29) for the analysis, the running (4.41) of a

generic momentum potential simplifies to

2 V—H o u5ab
2 _ 2 2 (N-2)k? k Vi+22V] 2pupv7r ™
iVi(Z2) = /p@(/{: —p°) 4ZV}€’2 —3 4

2 2 Vk, ab
47V —k V,;+2ZV” qupl, LTy 0

:/@<k2_p2) (N-2 42V
4Z‘/k,2 — k2 4zvl2 k2 ﬁ K pupy 7.‘.aﬂ.u(sab

(4.45)
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4. Renormalization of the Hamiltonian Action

The Fourier integral can be performed if one expands the last term in 7,7,

() = [o -7 (G (4.40

n A7V Vv E2n s s
+Z 4ZV’2 /{;2 :4—1 (V/—F;ZV”) o Pua - pugnﬂ'm 7T522:(5 L §%2n— n>

and utilizes the relation

sym Dps Do Sym 1 .
/p BT :/p m(émm v Oy 1y, + permutations ) (4.47)

e(n, d) = g(d 1 20) = 2"% (4.48)

for symmetric integrals. The r.h.s. of (4.47) consists of all permutations in p; modulo
the identities d,,, 4, = 0p,p, - However, all permutations apart from the first, depicted
one lead to combinations of the momenta in (4.46) which cannot be expressed in
terms Z and are hence not considered in the truncation. The coefficient c(n,d)
depends on the order n of the expansion and the spacetime dimension d and was
determined by a combinatorical analysis based on the multiplication of both sides
of (4.47) with ¢##2 .. §H2n—1#2n which has to yield the integrand 1.

Evaluating the integral by means of the same analytic continuation as before, the

result for Vi(Z) finally reads

: B k4 (N—1)k?
Vil2) = (4m)4/2T(d/2+1] (421/,;2 — k2 (4.49)

L (=1)nkP4ZV? %4 " 27"I'[d/2)]
27)"
* nz (4ZV? — K2yt \ V! 422V ) T[d/2 + n] (22)

1

This flow equation for a generic momentum potential can now be studied more
explicitly by applying different ansétze for V(7). A natural choice is a polynomial

series

— Z VAR (4.50)
=1

in which the scale index was suppressed, as it will be in remainder of this chapter. It
should be stressed that an expansion in higher than quadratic orders in the momenta
is different from an expansion in order of derivatives, since the relation m o< d¢ no
longer holds true.

The beta functions of g,, can be computed from (4.49) by taking m derivatives w.r.t.

7 and subsequently evaluating at Z = 0. This can be done without too much effort
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4.3. Applications to Sigma Models

despite the appearance of an infinite sum in (4.49), because all but the first m—1
terms in the sum are of higher order in Z and do not contribute to the running of
gm- A systematic analysis with increasing order s of the truncation could thus be
performed:

The renormalization of g, is determined only by the couplings g; with [ < m. This
immediately follows from the structure of (4.49). As an example, the first three

(dimensionless) beta functions shall be stated here:

2(N —1)
By = g1 — TQ% (4.51)
8(N—1) , 8(BN-2)
B =592 = = - o7 192
320N —-1) , 64BN—-2) , 8BN—-T7) , 4(3N—1)
Bgs = 993 — 32 g1 — 92 9192 — W‘qz - Tglgs

For each order of the truncation there are two fixed points: the trivial one with
gm = 0 for all m and a nontrivial one, at which the couplings g,, assume finite,

positive values for N > 3. The example s = 3 reads

. 3 . 817 . 243719(585N2 — 1722N + 1057)
h=oN-1) 27N -12BN—7) %~ 10(N — 1)4(3N — 73

The nontrivial fixed point has (for N > 3) only one IR-relevant direction in accor-
dance with the general expectation and with the investigations in Chap. 3. The
critical exponents corresponding to the irrelevant directions depend on N, but not
the exponent ©F of the relevant direction which is the inverse of the critical expo-
nent v. Instead of a N-dependent v, the AEHA computation yields the N — oo
value v = 1 for all N. This is the result of the simplest truncation and it cannot be
improved, since the higher couplings have no impact on ,,. In case of the example

s = 3 the critical exponents of the renormalization flow are

(1, —1+ﬁ, —3+%>. (4.52)

The higher orders in Z are irrelevant and will hence vanish in the IR description of
the theory. This agrees with the successful use of quadratic actions like (4.42) or
(2.1) as effective theories for low energies. If one investigates the renormalization
properties starting from such scale of an effective, quadratic theory and employing

the Hamiltonian formalism®, one finds a nontrivial fixed point in the UV at each

8The covariant version of the Hamiltonian can be introduced at this scale without problems due
to its quadratic structure.
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4. Renormalization of the Hamiltonian Action

order of the truncation, which indicates the non-perturbative renormalizability of
the model. The corresponding fundamental theory seems to be more than quadratic
in the momenta®.

One may wonder if the non-quadratic structure of the UV theory is compatible
with the regularization procedure. The longitudinal modes are properly regularized
by the cutoff action, which provides the constraint é(p,(w — 7)*) for k — oo.
But while the coincidence limit w” — n# is effectively given for the transverse
modes as well in case of a quadratic Hamiltonian, it is very unlikely that a similar
behavior also holds true for bare Hamiltonians of higher orders. A solution to this
problem could be the elimination of the redundancy which was introduced by the
enlargement of phase space by restricting the whole analysis to longitudinal modes

only. This could be formally implemented by introducing the constraint ¢(II'/"w,)

with I = 1— P;g“” into the path integral. Such a projection maintains the Lorentz-
covariance of the computation, but breaks the reparametrization invariance. This
invariance, however, is already broken by working in a specific choice of coordinates.
If one applies this idea, the calculations proceed in the same way as outlined above

up to Eq. (4.45). As m, o p,, the flow equation would simplify at this point to

. (N—2)k? 4ZV"
iV(2) —/@(k2 —p?) | 1+ , . (4.53)
» AZV"? — k2 AZV"™ — K2

The resulting beta functions and the fixed point structure are almost the same as
above and differ only by the numerical values of c;,co in the factors of the kind
(¢c1N — ¢). The existence of a nontrivial fixed point at each order of the truncation
remains true and ©F is still 1, i.e. v = 1, for all N, while the remaining exponents

increase with N.

4.4. Conclusions

The aim of this chapter was to explore if the “Hamiltonian point of view” on quan-
tum field theories and nonlinear sigma models in particular can provide some ad-
ditional insights. The analysis of the path integral measure (as well as the UV-
asymptotics of the cutoff action) suggests that the standard flow equation of the
FRG ought to be complemented by an additional regulator-dependent term. Pos-
sible consequences of such a modification were considered for the covariant anal-

ysis of nonlinear O(N) models which was performed in Chap. 3. A stabilization

9This finding is not equivalent, but similar to the result that the nontrivial fixed point which was
found in Chap. 3 contains derivative operators of more than quadratic order.
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4.4. Conclusions

of the fourth-order computations could be found, which supports the relevance of
these measure corrections. However, the results for the critical exponent v deviate
strongly from the literature values, and in order to draw a decisive conclusion a
more refined analysis of the measure is required for theories which are formulated
in terms of a background field expansion.

The main part of the chapter was then devoted to the recently proposed Average
Effective Hamiltonian Action approach, which is a Hamiltonian formulation of the
FRG. First, a brief introduction to the AEHA and a derivation of the correspond-
ing flow equation were presented, before the consistency of this approach with the
standard Lagrangian FRG was shown by its application to simple truncations of
linear and nonlinear sigma models. The interesting property of the Hamiltonian
formulation is the possibility to investigate an alternative expansion of the trun-
cation. The nonlinear O(N) models, in which operators of higher order in the
momenta are naturally generated, were therefore studied as a test case. Using stere-
ographic coordinates, the flow equation for a generic function V' (Z) of the expression
Z = Lh(¢)mhm,,, was derived. Employing a polynomial ansatz for V(Z) a fixed
point with only one IR-relevant direction could be found in three dimensions for
each N at every order of the truncation. While the approach is very stable, it is
not sensitive to the nontrivial critical properties of the model which are encoded in
v(N). Although the exponents corresponding to the irrelevant directions depend on
N, the one corresponding to the relevant direction yields the N — oo result 1 for
all N. At the end, a possible restriction of the analysis to longitudinal momentum
modes was briefly discussed and a qualitative agreement with the previous results

was found.
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5. Renormalization of the CP!

Model with Topological Term

The investigations presented in this chapter have already been published in [112].

One of the most interesting characteristics of the two-dimensional O(3) = CP!
model, introduced in Sec. 2.3, is the nontrivial topology of the target space which
allows for instantons and the definition of a topological charge @), given in (2.16),
that represents the winding number of the field configurations. The winding num-
ber labels distinct topological sectors of the configuration space and hence enables
a weighting of these in the path integral by adding the term i0(Q) to the (Euclidean)
action!. The inclusion of such a f-term in the action has attracted much attention
since Haldane showed that antiferromagnetic spin-S chains can be mapped onto
the O(3) model with § = 275 [113]. The physical properties of the model depend
nontrivially on the topological parameter, most prominently the mass gap which
vanishes for § = m [114]. Furthermore, the vacuum energy density is a function of ¢
which can be seen in a large-N expansion as well as a dilute instanton gas approx-
imation, cf. [115] and references therein. This #-dependence of the mass gap and
vacuum energy are also confirmed by numerical simulations, see e.g. [116] and [117].
More information about lattice computations of the sigma model with topological
term are given in [118]. More recently, the case 6 slightly below 7 was considered
as a toy model for walking technicolor [119, 120].

Since the winding number is not altered by fluctuations, one would naively expect
that this topological operator is not renormalized. In addition, it was explicitly
shown in [117, 120] that since the topological charge distinguishes between differ-
ent vacua, it cannot be an irrelevant operator that renormalizes to zero. On the
other hand, the investigation of non-Abelian gauge theories, which share interest-
ing properties with the sigma model, indicated that a finite renormalization of the
f-parameter occurs in the extreme momentum ranges. These nontrivial effects were

first studied in [25, 26] and [27], and subsequently also by means of the Functional

'In Minkowski spacetime the additional term in the action simply reads Q.
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5.1. 'Topological Terms in the FRG

Renormalization Group (FRG) [28]. The result of the latter investigation was a fi-
nite, discrete renormalization of # in the extreme UV and the extreme IR. A similar
behavior in the extreme IR was found in an analysis of the coupling of Chern-Simons
theory [29].

The purpose of this chapter is to examine by means of the FRG formalism if a
similar renormalization of the topological parameter also occurs in nonlinear sigma
models. The analysis will follow [28] and investigate a more general class of op-
erators by considering a spacetime-dependent coupling § — fa(z), where « is an
auxiliary scalar field. The case a(x) = 1 will be evaluated at the end. In order to
perform a reparametrization invariant investigation, the topological operator (2.16)

ought to be considered in its covariant formulation

Ql¢] i/d%e“"\/ﬁeab 9,0°0,¢" (5.1)

:27'('

where h = det hy,. It is reasonable to start the analysis with a simple ansatz for the
EAA which consists only of the operators of the bare action, assuming that these
are the dominant ones. If one takes the auxiliary field a(z) into account, the ansatz

reads
Thl6] = %gk / P ho(6)9, 806 + %ek / Px e hew @ 9,6°0,8",  (5.2)

A covariant formulation of the flow equation of the model will be derived in the
next section, before the renormalization of the coupling ¢ is discussed in Sec. 5.2.
Thereafter the renormalization of 6 is analyzed, first in the UV (Sec. 5.3) and
subsequently in the IR (Sec. 5.4). The former will rely on an off-diagonal heat
kernel expansion and the latter on a “fermionic” reformulation of the flow equation
and an application of the index theorem. Since these computations do not commute
with a(z) — 1, it should be kept in mind that the results of this analysis only hold

true if one regards the topological term as the limit of such a more general operator.

5.1. Topological Terms in the FRG

The geometrical properties of nonlinear O(N') models, the covariant background field
method and its application in the FRG formalism were already discussed in much
detail in Sec. 3.2. Analogous to the standard action functional, the topological term
(5.1) can be expanded in powers of fluctuations £ about the background ¢ according

to (3.9), by utilizing an affine parametrization ¢y, A € [0,1] of the geodesic which
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5. Renormalization of the CP* Model with Topological Term

connects ¢ with the full field ¢:

Q=Y - Qlel| =" Vil (53

nl d\
= d\ a=0 aso ™ A=0

Owing to the one-loop structure of the flow equation (3.14), the renormalization of
the single-field action functional is driven by the second order in the fluctuations &,

which is in case of the topological charge

Qlp.&lle = % / Az eV hea @ (V,E°V " + R%04.0,0°0,0"€°€7) . (5.4)

Again, the covariant derivative as well as the metric and the Riemann tensor have to
be understood as evaluated at the base-point ¢. Taking into account the commutator
of the pullback derivatives (2.8) and using the first Bianchi identity, one can calculate

the second derivative w.r.t. £, evaluated at the base-point ¢ = ¢:
1
QY 1i,0] = = *(9u0)Vhew Vi . (5.5)

This result shows that the flow equation is sensitive to the topological term, only if it

is considered in a generalized form which contains a spacetime-dependent auxiliary

field. It follows

i
Fl(c(,]fb) [907 O] = - Ck(vuvu)ab + Ck Racdbgugpcaugpd - ;ek ij<aua)\/ﬁeac v;b
S——— _

(e

g

=By (@)

= (A — Bu(a). (5.6)

=Mab

As the physical properties of the system should be independent of the specific reg-
ularization scheme, there is some freedom to choose an appropriate regulator Ry.
A reasonable choice with regard to the following computations is a coarse-graining
with respect to the Laplacian operator Aab = —(V,V#)ap+ Mg For the truncation
studied here, a coarse-graining w.r.t. Ay, = —(V,V#)y, for instance, would not
change the discussion of the renormalization in the UV. In the IR, however, the
choice Ay, becomes particularly useful, since it allows for an interesting reformula-
tion of the problem, see Sec. 5.4.

In order to make the computations more transparent, it is furthermore convenient
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5.1. 'Topological Terms in the FRG

to rescale the regulator and extract a factor? ¢;. The regulator thus reads
&
Ck

In case a further specification of the regulator R; is necessary in this chapter, the

Rk == CkRk(A) = Rk = (k (Rk(A) — nch(A)) with T]C = — (57)

optimized regulator (2.34) will be used.

The beta functions, 8, = ¢, and By = 0, can be determined by matching the corre-
sponding operators on both sides of the flow equation, which is given in (3.14). As
mentioned in Sec. 3.2, the only way to determine the renormalization of a covariant
single-field functional is to evaluate the flow equation at ¢ = ¢, i.e. £ = 0. This is
also a convenient choice from a computational point of view and the Lh.s. of (3.14)

simplifies to
. 1 i
Lilp] = éﬁg/dZ:c b ()0, 0" 0" + %ﬁg/CﬂI e Vheay a ,0"0,0" . (5.8)

In order to project the r.h.s. of (3.14) onto these operators, an expansion in B(«)
is employed which is justified for small fluctuations 9, and leads to a separation of

symmetric and antisymmetric tensors:

szgTr{ G (Ri(A) = nek(A >)}
2 G RE(A) + GA — B(a)

1 Ry, — ne By,

=5Tr LA + G MRy — neRy)(Rr + A)'B(a)(Ry + A)~! + O(B?)
— —
_ %Tr{ WA+ G Bl) fA) + 0BY)} (5.9)

The terms of order O(B?) will be neglected in the following analysis. It was explic-
itly checked that they only yield terms of fourth or higher order in the derivatives
which are not considered in the truncation.

The first term in (5.9) contains no antisymmetric tensor and hence does not con-
tribute to the running of #. It will be discussed first. The relevant contributions to
B are given by the second term and will be investigated in Sec. 5.3 and 5.4, where it

will also become apparent that the second term does not contribute to the running
of .

2This rescaling is compatible with the required asymptotic behavior of the regulator owing to the
well-established asymptotic freedom of the model with regard to the coupling g = ¢~1/2.

67



5. Renormalization of the CP* Model with Topological Term

5.2. The Running of (

The renormalization of  is determined solely by the expression %TI{W(A) }, which

can be calculated by means of a Laplace transform and a heat kernel expansion:

1 . L[>~ A L[>~ 1 —
§Tr{W(A)} = 5/0 ds W(s) Tr {e A} = 5/0 ds W (s) RHZ:OS Cn -
The first few coeflicients of this heat kernel expansion are well-studied, cf. [121].
Only ¢; = — fz Me, . with M, defined in Eq. (5.6), affects the running of ¢, because
all coefficients ¢, with n > 2 are of higher orders in the derivatives, and ¢y simply
yields a field-independent renormalization of the vacuum energy. The s-integration
for n = 1 simplifies to [;~ ds W(s) = W(0). For the optimized regulator given
above, this expression is equal to 2—n¢. The trace of —M;, in target space yields
Rab 8H<p“8"gob, since Raped = hachpa — hadhse o0 S%, and one can relate both sides of

the flow equation such that

1 1
5P / @2 hap(9)up" 06" = <~ (2= 1) / A& hap ()0 0"
2Gy,

m . (5.10)

1
= b= 2-n) & b=

Note that g with ¢ = g=2 is the usually studied coupling of the model and its beta

1 g° !
592_E9 (1_5) . (5.11)

This result confirms the well-known asymptotic freedom of the nonlinear sigma

function is

model in two dimensions [41]. The pole at g* = 4 is only an unphysical artefact of
the specific regulator choice (5.7). The beta functions (5.10) and (5.11) agree with
previous computations within the FRG scheme [43], apart from an unimportant nu-
merical factor which is due to a slightly different regularization.

Since the mass spectrum of the theory, i.e. the threshold in the flow equation, de-
pends on 6, one should expect that also 3 is affected by this parameter. The beta
function (5.10), however, is independent of §, and higher orders in B(«) in the ex-
pansion (5.9) do not influence the running of (, either, but only yield antisymmetric
tensors . The absence of a 6-dependence is not a shortcoming of the specific expan-
sion. In an alternative treatment of the flow equation by means of a heat kernel
expansion of a modified Laplacian, which incorporates the derivative operator B(«),
B¢ is also independent of 0.

A direct investigation of the mass spectrum of the nonlinear sigma model is difficult
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5.3. Renormalization of 0 in the UV

within the covariant FRG scheme employed here, since the introduction of a mass
term for the full field ¢ or the background ¢ would break the reparametrization
invariance. One could introduce a covariant mass term m?hq(¢)£%€° for the fluc-
tuations and compute its running in the way outlined in [79]. However, explicit
calculations show that the flow of m3 is not affected by 6y, either. One has to con-
clude that the chosen ansatz for the effective action is apparently not sensitive to the
nontrivial #-dependence of the spectrum, and one ought to study larger truncations

for this purpose.

5.3. Renormalization of 6 in the UV

In order to evaluate the second term in (5.9), one can again apply a Laplace trans-
form, f(A) = [ ds f(s) exp (—sA) , and evaluate the action of B(a) on this ex-

pression by means of off-diagonal elements of a heat kernel expansion:

Tr{ G Bla) f(A) ] (5.12)
0 00 - c A a
= [ dadyeric, / ds f(s) (] (3,0) V. ly)" (y| e |2);
k 0 g h v g
=0,a(z)Vy(2)d(z—y) =Q(y,x,s)
_ _l% de d2y EMV\/EEGI)/ ds f(s) Og(,ﬁU) 5(1’ — y) X
T Gk 0

< (3 20.9) + V)V, )20 .9) N

where H,, is the commutator of the pullback derivatives introduces in (2.8). Follow-
ing the reasoning that the limit a(x) — 1 is performed at the end, it is justified to
neglect the surface terms coming from integration by parts. Since the infinitesimal
separation of x and y regularizes the expression and provides access to nontrivial
information about the UV, the §-function é(x — y) ought to be understood as limit
y — x which has to be performed carefully.

In order to evaluate (5.12), appropriate expressions for the off-diagonal elements
Q(x,y, s) are required, which shall be derived here. Note that the indices of the tar-
get manifold will be suppressed for sake of brevity and that the following derivation

applies for two dimensions, but could be generalized to other dimensions. Starting
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5. Renormalization of the CP* Model with Topological Term

with the generic ansatz

- 1 omy)?

Qz,y,5) = (x]e2]y) = @e*—' o ;s”cn(m,y), (5.13)
the following constraint can be deduced from (d% + Ax)Q(x, y,s) = 0 for the coeffi-
cients ¢, (x,y):

ne, + (2 — y*)Van ¢ + Ayc, 1=0. (5.14)

For n = 0 the constraint simplifies to (z* — y*)Vuco = 0 and is solved by
co(w,y) =P e by T (5.15)

where P denotes the ordering of the operators according to the path from y to =z,
which is understood to be a straight line here. The covariant derivative V.co(x,y)
was discussed in much detail, for instance, in (the appendix of) [122] for the case
of a gauge field and the result can be transferred to the pullback connection I'd,¢
with little effort. It yields

Ve co(2, y) :/0 dtt(x—y)’ co(z,z) Hyu(2) co(z,y) with z =y +t(x—y). (5.16)

This expression can be expanded in different ways:

Vi co(2,y) (5.17)
- _%Co(x, Y Hup(y) (@ —y)° + %CO(% YVoH,up(y) (v —y)7(z — y)’ + O(x — y)*
= 3 H () = 4o, ) + 5V Hy(0)- (o = 4) (2 =)ol ) + Ol — ).

While Eq. (5.16) proves that (z* — y*)Vuco = 0 due to the antisymmetry of H,, ,
especially the relations (5.17) will be relevant for the calculation of (5.12). Based

on ¢y, a recursive solution for the higher coefficients can be constructed as®

e y) = —colx, y) /0 Cia ! (c5"(x.0) Acnl(x,y))*)\ L (518)

3The expression is inspired by the solution to a similar problem in gauge theory [123], which is
yet a bit simplier owing to the choice of a specific gauge.
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5.3. Renormalization of 0 in the UV

The symbol (A(z, y))*)\ denotes an expansion? of some operator A(z,y) about y in
powers of (z — y)*, in which each factor (z — y)* is multiplied by A. Although this
expression is rather abstract, it will be sufficient for the purposes of this investigation.
Remembering that (z* — y*)Vu ¢g = 0, it indeed provides the correct off-diagonal

heat kernel coefficients:

1 - *\
(x# — y")Vaue, = — co/ dA NN — y) O <061A cn,l)
0

— ¢ /01 A A1y (cglAcn_lfA

B))
_ . [An (CalAcn_l)*A} . +nc /01 dx A <c(;1Acn_1>*A

= —Acy1—nc,. (5.19)

A=1

Based on this expansion of Q(x,y, s) one can evaluate the trace (5.12). According
to (5.18), all ¢,, with n > 1 are of second or higher order in the derivatives, such that
the action of V,(y)V,(x) on these coeflicients yields only terms of fourth or higher
order in the derivatives which are not considered in our truncation. The derivatives

of ¢ are given in (5.17). Applying them in (5.12) yields

Te{¢ 1 Bla) f(A) ] (5.20)

. oo - 1 1 1
- i d*ze" Vhey, a(r) lim ds f(s) (_Hw(x) + 05—

T Ck y—=z o drs \ 2 2s
1 =), 1 b _Jz—y? ca
@Dt S0 g+ ) e G )+ 00

i0 < 1 v—y|?
= —i—k/d%e“”\/ﬁeabalim/ ds f(s) e T x
0

T Ck Y=z 8ms?
x HYs () (x =) (2 = )y (o) (2, y) + O((99)°) -

The function co(z,y) = e~ J; Topda’

of the pullback connection can be regarded as
the identity in the further calculations, as the higher orders in the corresponding
series only lead to terms which are beyond the chosen truncation. The tensor easz“p
is equal to —2€,40,,¢0%0,¢", taking into account that Hz‘; = R ,0,p°0,0" and that

for a sphere Ruped = hachpg — haghee. In two dimensions the Lorentz indices can be

4Owing to the recursive construction, the coefficient c,, is expandable about y in powers of (z—y)*
as long as ¢,_1 is, and because ¢y is expandable, this holds true for all ¢,,.
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5. Renormalization of the CP* Model with Topological Term
rearranged as follows

€ap € 0,0°0p0" (x — Y)° (T — y)y = €t D10 0o (2 — Y)3 — €ap OapO1¢"(x — y)]

1
= §Eab e 8M<p“8,,g0b(:c — y)2 ) (5.21)

The renormalization of the topological parameter # can now be determined by a

comparison of (5.20) with the Lh.s. of the flow equation as it is given in Eq. (5.8):
2L /Bg/dQZL‘ eV heay a0 8,0°0,"
m

. 0 0 5 o 2 -
! —k/de ¢ hey, lim/ ds f(s)ue*‘ i 0" "
0

T om G y—z 8ms?
Or .. > ; (T
= by =% llgr[l) i ds f(s) e (5.22)

This beta function vanishes for any finite value of s in the limit « — 0. In order to
analyze if the limit s — 0 yields relevant contributions, it is useful to notice that
the inverse Laplace transform f (s) is in fact a function of k*s which can be denoted
by o(k?s):

Ri,(2) — mi Ri(2)

o(k*s) =L 5
() (2 + Ri(2))

(s) (5.23)

Nk Ri(2)

~—£ ke ) o)~ A

](5) = —kOy 01(k*s) —np o2(K?s) .

This can be understood if one considers the Laplace transform at k = 1, rescales
with 2 — z/k* and remembers that the structure of the regulator is z - r(z/k?) for

dimensional reasons. The case o1, for instance, reads

(= + szl(z))_l = /000 ds o1(s)e™** (5.24)

= k*(z+ Rk(z))f1 = / ds o1(s) e o = / ds' K20y (ks e % .
0

0

The limit s — 0 can be probed in a controlled way, if one integrates By = 2 k2020

from the extreme UV down to some finite kg and applies two substitutions, first
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5.3. Renormalization of 6 in the UV
1,2 2 _ 1,272,
s — yus and then p* = ; u“k?s:

00 2

0(c0) — O(k2) = / dk? lim ds

k,g u—0 0 871'32

o s {—akz o1 (k25) — 1o azaf?s)} (k)

2k2

J
¢

Y A DS B 1 1 1 0
<t [ [ o e () oo () [0

< 1 1 > 9 o 0 (4p? 1 o (4p*\ 0 [(4p?
[t im [ {@Ml“”z(@ Top W) ¢ s
470

The limit v — 0 can be performed, while the s-integration remains finite and simply

yields % The result is

1

(o) — O(2) = / Ty [—apwmp% ?(oo) - 53 1(o0)

~ (oo)} . (5.25)

~l

The p*-integration is finite for an appropriate choice of regulator®. The renormal-
ization of 6§ down to any finite scale ky obviously depends only on the values of 6,
¢ and C in the extreme UV and is formally given by a discrete “jump” at k = oc.
However, it is well-known and was confirmed in Sec. 5.2 that the theory is asymp-
totically free. This statement refers to the coupling g = ¢~'/2, which means that ¢
diverges in the UV. The corresponding beta function, in contrast, remains finite for
¢ — o0, as given in (5.10). As a result, there is in fact no renormalization of the

topological term at any finite k, as long as the bare coupling 6., does not diverge:
0, =0 forany k>0. (5.26)

This finding agrees with the usual expectation that the topological charge is not
renormalized. However, the argumentation given above holds true only for finite kq,
but cannot be extended to k = 0. A careful investigation of the extreme IR and the
zero modes is additionally required and will be given in the following chapter.

If one compares the analysis presented above with the one in [28], the structural
similarities between Yang-Mills theory and the nonlinear sigma model are, once
more, remarkable. According to [28], the renormalization of the topological charge
in Yang-Mills theories is restricted for £ > 0 to a jump in the extreme UV, similar
to (5.25). However, taking the asymptotic freedom of the theory into account (i.e.

g — 0) as it was done here, this jump vanishes as well.

SFor instance, [;* s~ oa(s)ds = [ dz Ry=1(2)[z + Ri=1(2)] 2.
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5. Renormalization of the CP* Model with Topological Term

5.4. Renormalization of ¢ in the IR

In Yang-Mills theory the investigation of the topological parameter in the IR [28]
is based on a reformulation of a four-dimensional problem in terms of an eight-
dimensional representation of the Clifford algebra [27] which relies on the 't Hooft
symbol 74, [124]. A similar reformulation in a “fermionic language” is possible in
case of the nonlinear sigma model and allows to study the zero modes. However,
since there is no 't Hooft symbol available, one first has to develop a suitable repre-
sentation of the Clifford algebra.

Consider a four-dimensional representation of the Gamma matrices I', which is

based on two-dimensional matrices €2, as follows

0 Q 0 1 1 0
r,= "I with O = =%, Q2= =4§%. 5.27
I R O R

Note that this construction does not introduce additional spinorial degrees of free-
dom, but is built upon the symmetric and the antisymmetric tensor in the tanget
space of the model. The I', are defined on the tensor product of the tangent space
with itself. The identities

Q) = 0,,0% + €€ QZQV = 0,0% — €€ (5.28)
= Q.00 + QVQZ = QZQV + Q) 0, = 26,,0% Q0] — QZQV = 2€,,€"%,
will become useful and ensure the algebraic relation

Q.Q) +Q,Q) 0

= 26,14 (5.29)
0 QTQ, +QTQ,

{F/L?FV} -

Moreover, one can define the gamma matrix Iy,

a
r,—— | Ty =
0 €%

{r,,T,} =0, I?=1,, (5.31)

*

]]_2 0
= [0 _12], (5.30)

which provides a notion of chirality. In the following computations the Dirac oper-

ators

p=r,v", D=Q,V* and D" =Q V" (5.32)
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5.4. Renormalization of 0 in the IR

will be of particular importance and one may wonder if these expressions are well-
defined, since the connection I'* ;0,0 acts on the same space as the gamma matri-
ces. However, both objects are simply linear combinations of €, and ¢ and hence
commute with each other.

By means of these Dirac operators the flow equation can be rewritten. According

0 (5.9), the running of 6 is determined by:

19k

i
— d*z " ab @ 0,0%0,0° =
o Bg/ XTe \/—E b & O,Q (,0 2 Ck

/dee“ Vhey, o <$|V f(A \x>ba
_ 0 / P da(x) i, { (DT~ D) A))} . (5.38)

where tro denotes the trace in the two-dimensional tangent space of the model. The
flow equation holds true for each field configuration and it can hence be evaluated
at a configuration which is convenient from a computational point of view. In
the present case self-dual fields are a particular useful choice, i.e. fields for which
O, = €' €4, Dpp’. Remembering that Ruped = hachod — hadhpe and [V, V,]ap =
Rabcdaugpca,,@d, it is easy to check that for self-dual fields

My = ¢€0e(V, V)%
Ay =-D"D, Ay —2M, =—-DDT. (5.34)

With these relations the r.h.s. of (5.33) can be written as

i 0

ﬁg_:/dea alz tr2{<xl QDT — QMTD)f(_DTD)‘iL'>} (5.35)
i 0

& . / d*z d,a(x) try { (2| DT f(~DD") = Q“TD f(~D'D)

—Q"DT(f(=DD") — f(-D'D)) |z)} .

The last term in (5.35) is of order O((d¢)?) and can be neglected, since f(—DDT)
and f(—DTD) differ only in terms of second order in the derivatives. The two-

dimensional trace can now be expressed by means of the gamma matrices as a
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5. Renormalization of the CP* Model with Topological Term

four-dimensional trace:

1 Qk
47'(' Ck:

i [, 1 0| (DT 0
_4wck/dxa"a(x)tr4 {<x|lo —1] [ 0o Q7D

i 9k
471' Ck

/d2x Ou(x) tra{{z|Q*DT f(—DDT) — Q*TD f(—D"D)|z)}

A3 m]))

/dQJ: Oua(z) try {<:z:| LD f(— |x>} (5.36)

In the IR regime the trace is well-defined due to the presence of the regulator and
one can integrate by parts® in order to shift the derivative acting on «a(z) to the
trace. It acts on bra and ket vector separately and can be contracted” with T'*.
The resulting expression shows that only the zero modes provide a non-vanishing
contribution:
Lﬁ(;/d% e hey 0" L0 = —L%/dzx a(x) try {<x| r ID f(— |x>} )
2m 27 (g,

(5.37)

The spectrum of —122 is degenerate and all non-zero-modes appear in pairs of op-
posite “chirality”, which cancel each other in the trace due to I'.. In order to
determine the contribution of the zero modes, one can integrate the beta function
(5.37) between k = 0 and a finite, but arbitrarily small ko. Since ¢ is a continuous
function (as confirmed in Sec. 5.2), it is a reasonable approximation to consider
(x = (o and Qk = éo in this infinitesimal momentum range. The renormalization of

0 due to IR effects is hence given as

kg
(Orz — o) /de eV heg o 0”0, 0" = Try {Oz ¢ T }\in%)/ dk® 0(k?) )\f()\)}
—YJo

ks d 1 Ri.(\
=Tr, {a G 'T. ’l\ii%/o dk* 6(k*) A (-w[Rk(A) + A]‘l—mncow(jw)} -

6 Assuming appropriate properties of a(z) such that the surface terms can be neglected. Remem-
ber that the limit a(x) — 1 is performed at the end.

"The matrix I'* anticommutes with I', and, utilizing the cyclicality of the trace, it can be con-
tracted with the derivative acting on |x> The resulting [P then commutes with I) f (—lDz).
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5.4. Renormalization of 0 in the IR

Owing to the structure Ar(\/k?) of the regulator, one can apply a reparametrization
p? = A1k? which yields

kg /A d 1 (1

Now the limit A — 0 can be performed. Note that a possible contribution from

p? = k2/\ — oo is suppressed by the regulator expressions. The result is
(02 — 00) /dzx e heay o 9,0°0," (5.38)

= —Try {ozCo_lr* /OOO dp® 6y (dipz[Rp(l) +17 4 %% @%—(21)2)}

The first part of the p-integral simply yields —6, due to lim, . R,(1) = oo and
lim, ,o R,(1) = 0. In order to compute the second part one has to specify Ry. Using
the optimized regulator, whose rescaled version reads R,(1) = (p*—1)0(p*—1), the
integral yields 6 3—15 ¢y, Such that

1
(Orz — o) /d%e“'f\/ﬁeab a 0,0°0,¢" = % (1 = 357 ) Try{al}. (5.39)

The trace Try {aI',} ought to be considered in the regularized form 1irr(1) Tr4{af‘*esw ’ }.
s5—

It represents the analytical index of —]Dz and can be directly related to the topo-
logical index according to the Atiyah-Singer index theorem [125].

In order to compute 151_1)1(1) Tr4{aF*eSD2} one can employ a heat kernel expansion si-
miliar to Eq. (5.13). Starting with the ansatz

lz—y[> X

<x\esm2\y> ——e 4s ZS”C z,y), (5.40)

47s

where (), are 4 x 4 matrices defined on the tensor product of the target space with
itself, constraints for these coefficients can be derived in the same way as in Eq.
(5.14) and read

v, 0
Vi

VIV, + eV, V, 0

Cn,1 - 0
0 VEV, —€we"'V, V),

The relevant contribution to the index is provided by Cf, since all higher coefficients

are suppressed in the limit s — 0, while Cyy only yields a field-independent vacuum
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5. Renormalization of the CP* Model with Topological Term

renormalization. The coefficient C can be constructed from the solution

, with ¢y given in Eq. (5.15), (5.41)

Co
analogously to (5.18) as

+
Cl A
C, =

C

0 ! .
] with ¢ = CQ/ d\ (cal (VEV, + €'V, V) CO)
0

1
c] = CO/ dX (cg" (V*V, — eV, V,) co)*/\ . (5.42)
0

Multiplying C; by I'y and taking the trace, the terms containing V¥V, cancel each
other, while the terms containing e’V ,V, add up. They can be written as

2¢€4.6"(V, V)% = eace“”Rcbdeﬁﬂgodﬁycpe =2 eade“l’(‘?#cpd@,,gob. (5.43)

Finally, the coincidence limit y — x is taken such that ¢y — 15 and the trace yields

1
E_I}é Try {aF*esmz} =5 /dzx eV heg, a 0" L0 (5.44)

™

Using this result in Eq. (5.39) one obtains an explicit expression for the renormal-

ization of 8 in the extreme IR:

1 6, 1
Py = 9 N . 4
Oz — b0 = —5— 2 <1 35%) (5.45)

Since the topological parameter 6, does not run from the UV down to any finite
scale kg, the relation between bare and full effective coupling is solely determined

by this “jump” in the IR and reads
1\ -1
0= (1—5=(1—31,) ') O (5.46)
Inserting the result (5.10) for (o and rearranging the expression leads to

27'(' g() (47’(’ C[) — 1)
872 (3 — 6m (o + 2

Oy = 0o . (5.47)
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5.5. Conclusions

The bare and the renormalized parameter are linearly related by a factor that de-
pends only on the effective coupling (y in the infrared. The nonlinear O(3) model
apparently constitutes another example of a theory with topological term in which
the corresponding parameter is affected by a renormalization in the IR, similar to
Yang-Mills and Chern-Simons theory [28, 29]. It should be emphasized, yet, that
the derivation of (5.47) relied on a generalization of the topological operator by in-
troducing an auxiliary field, for which the limit corresponding to the actual winding
number is considered at the end. The physical interpretation of this construction
amounts to a topological term which arises from an interaction with a scalar field
that assumes a constant expectation value at the end.

The observed renormalization is an effect of the extreme IR. It thus seems to be
impossible to investigate this issue further by means of methods like e.g. lattice
computations, which are restricted to finite volumnes. On the other hand, result
(5.47) does not contradict recent numerical simulations [117, 120] which showed that
the f-term is a relevant operator and does not renormalize to zero®.

A comment on the periodicity properties shall conclude this discussion: The topo-
logical charge is introduced as a phase in the path integral and since the winding
number () assumes integer values for smooth fields, one would expect that the phys-
ical properties of the theory are 2w-periodic in 6. The renormalization derived in
(5.47), however, is linear in #. Although many other analytic and numerical com-
putations, cf. for instance [115, 118, 59], also lack periodicity, it yet demands an
explanation. It was conjectured in [59] that the |§| > = vacua of the model suffer
from a strongly increased pair production which leads to a break down of these vacua
until values |f| < 7 are reached. This conjecture was motivated by such findings
in the massive Schwinger model [126, 127] which has similar properties as the CP™
models with regard to the vacua properties. In fact, recent large-n computations
[128] indicate that such effects are present in CP" models as well. Following this

argumentation, one should trust the result (5.47) only for § < 7.

5.5. Conclusions

The renormalization of the topological charge in the C'P' = O(3) nonlinear sigma
model was studied by means of the Functional Renormalization Group. A similar
approach could be applied as in Yang-Mills theory [28] where a nontrivial renor-
malization of the topological operator was found in the extreme UV and IR, by

considering the topological term as a specific limit of a more general operator. In

8Note that the value of the pathologic ¢y = ﬁ is only an artefact of the regulator choice.
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5. Renormalization of the CP* Model with Topological Term

order to compute the renormalization in the UV, an off-diagonal heat kernel ex-
pansion as well as a careful analysis of a coincidence limit were performed. The
extreme IR was studied by means of a reformulation of the flow equation in terms
of a specific representation of the Clifford algebra, which enabled to compute the
contributions of zero modes using the index theorem.

The analysis showed that a possible renormalization of 6 in the UV is suppressed
by the asymptotic freedom of the model. In the IR, however, a discrete and finite
renormalization occurs as an effect of zero modes. In accordance with the findings
in Yang-Mills and Chern-Simons theories [28, 29|, this article thus provides further
evidence that topological operators can be affected by a renormalization in the ex-
treme IR. It should be kept in mind, however, that the calculations rely on the
interpretation of the topological charge as a certain limit of an interaction with an

auxiliary field which finally assumes a constant value.
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6. Supersymmetric Extentions and

their Discretizations

The analysis presented in this chapter originates from a collaboration with Daniel

Kérner, Andreas Wipf and Christian Wozar and has already been presented in [129].

The idea of symmetry relations between bosonic and fermionic degrees of freedom,
denoted as supersymmetry, first arose in dual models which were an early version of
string theory [130, 131, 132], and independently in [133]. It quickly gained attenta-
tion and supersymmetric field theories were developed systematically [134, 135, 136],
motivated by two remarkable features of this concept: First, supersymmetry is in-
teresting from a conceptual point of view, because it was proven (based on a small
set of physically reasonable assumptions) that fermionic symmetry generators allow
for the only possible nontrivial extension of the Poincaré symmetry [137, 35]. This
extension is given in terms of a graded Lie algebra. The anticommutator of the su-
percharges (), as the generators of supersymmetry transformations, is for example

given by:
{QL, Q% =216""44,0, =26""+h,P,, 1,J=1,..N (6.1)

A characterstic property of theories with (unbroken) supersymmetry is the degener-

acy of the energy spectrum, which is represented in the algebra by the commutator
QL. P]=0, I=1,..N. (6.2)

Each excited state is part of a multiplet of superpartners which have the same mass
and are related by supersymmetry transformations.

The second motivation for the study of supersymmetry lies in model building and the
attempt to solve open problems in particle physics. Owing to a cancellation of the
quantum corrections coming from bosonic and fermionic superpartners, supersym-
metric theories have improved renormalization properties. Particular interestingly

aspects are the possibility to solve the hierarchy problem of the Higgs sector and to
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6. Supersymmetric Extentions and their Discretizations

unify electroweak and strong interactions at a high energy scale [138]. Besides this,
supersymmetry has gained attention, as it naturally provides candidates for dark
matter particles [139], and because analytical insights into a confinement mecha-
nism have been obtained in supersymmetric extensions of gauge theory [140, 141].
Finally, supersymmetry is also an important building block of string theories.
Despite this theoretical motivation, there have been no experimental indications
so far that supersymmetry is indeed realized in nature. The masses of the ob-
served fermionic and bosonic particles are not degenerate, such that a mechanism
would be required to explain the breaking of a possible fundamental supersymme-
try. For this purpose many investigations of supersymmetry breaking have been
performed and increasingly refined breaking mechanisms have been suggested, see
e.g. [142, 143, 144, 145].

In spite of the strong interest in supersymmetric models, a non-pertubative inves-
tigation of these theories is restricted by a conceptual shortcoming of the lattice
approach. Supersymmetry is an extension of spacetime symmetry and is hence bro-
ken by the discretization of a theory on the lattice. This breaking is inevitable,
since the Leibniz rule cannot be implemented exactly on the lattice [146]. Even the
restoration of supersymmetry in the continuum limit is not ensured, but requires
the fine tuning of each relevant operators that is due to the symmetry breaking on
the finite lattice. Since this procedure becomes unfeasible in most cases, alternative
approaches have been developed with the aim to maintain at least a part of the
supersymmetry on the lattice [147]. The expectation is that the full symmetry is
automatically restored in the continuum limit without the need for fine tuning, if
a part of the symmetry is already implemented on the lattice. One of these ap-
proaches relies on the possibility to combine supercharges in models with enlarged
superalgebra, i.e. with A/ > 2, such that they form a nilpotent operator Q which is
employed to construct a Q-exact formulation S = QA of the lattice action, where
A is some specific functional.

Since two-dimensional CP™ models are Kahler manifolds, it is possible to construct
N = 2 supersymmetric extensions of them [61] which can be used as testing ground
for this procedure. These models provide a particular useful testing ground, since
their numerical simulations require less computer resources than e.g. Yang-Mills
theories. Furthermore, it was shown in [148] that the supersymmetry of these the-
ories is not spontaneously broken, so that one can focus on the problem of the
explicit breaking due to the discretization prescription. The Q-exact approach out-
lined above was applied to the supersymmetric CP! 2 O(3) model in [149, 150] and

the investigations of Ward identities indicated the restoration of the full supersym-
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metry in the continuum limit. However, the lattice discretization employed in these
investigations explicitly breaks the O(3) symmetry of the theory and numerical sim-
ulations based on this lattice action reveal that the O(3) symmetry is not restored
in the continuum limit. This lattice construction can thus not be identified with the
two-dimensional nonlinear O(3) model'. The test simulations and measurements
which show this failure are presented in more detail in [129].

A more precise analysis of the supersymmetric O(3) = CP! model with particular
emphasis on the interplay of O(3) and supersymmetry is hence required and shall
be given in this chapter. Although it is crucial that the theory belongs to the class
of CP™ models and hence exhibits an N' = 2 supersymmetry, the analysis will be
developed in the formulation of the O(N) models, since the features of the O(3)
symmetry are more transparent there. First, a brief introduction to the theory is
given, before a supersymmetric version of the stereographic projection is developed.
This projection will become useful in the construction of a lattice action and in the
derivation of an expression for the second supersymmetry transformation in terms
of explicitly constrained field variables. Based on the latter, the possibility to con-
struct a Q-exact lattice formulation can be analyzed. Finally, a supersymmetric
Ward identity is briefly discussed, before a manifestly O(3) symmetric lattice action

is presented for which explicit numerical results have been obtained.

6.1. Supersymmetric O(N) Models

Supersymmetric O(N) models were first discussed in [152] and [153]. A convenient
way to derive the supersymmetric extension of nonlinear sigma models is provided by
the superspace formalism [154]. Superspace is the extension of the usual spacetime
by additional Grassmanian coordinates 6. Superfields are fields which are defined
on this space (z,0) and consists of bosonic and fermionic components. The super-
symmetric extension of two-dimensional nonlinear O(/N') models can be constructed
in terms of constrained superfields ® which are real, bosonic N-tupels. They are
defined on a superspace which consists of two real Grassmannian coordinates (6, 65)
that can be combined to a spinor . Owing to the nilpotency of these coordinates,

the superfield can be expanded as

B(x,0) = n(x) + iGe(x) + %éa (). (6.3)

!Note that the O(3) symmetry of the model cannot be spontaneously broken due to the Mermin-
Wagner theorem [151].

83



6. Supersymmetric Extentions and their Discretizations

In accordance with the superfields also the components n and f are real, bosonic N-
tupels, while ¥ (o =1, 2) denotes a fermionic N-tupel which fulfills the Majorana
condition. The conventions concerning gamma matrices and the resulting Fierz
relations are described in appendix A.2.

The constraint n? = 1 of the bosonic fields can be promoted to the superfields, such
that ®2 = 1. In terms of the component fields, this constraint amounts to

n=1, n-¢¥*=0 and n-f=iypyp. (6.4)

2
The generators @), of the first supersymmetry act on the space of superfields as

0 _ o _
— 3 14 - 3 1%
Qo = 55 1(7#0)0,, Qa 509 +1(6+*)0,, (6.5)

and infinitesimal transformations are generated by € () as

Sen =iep, 6p = Jne+ fe, 6.f =iedy. (6.6)

The corresponding super-covariant derivative reads

D, = (% +1(7#0)0,, Dy = _a%a —i(6v")0,, (6.7)
and anticommutes with the symmetry transformations. It is now simple to construct
supersymmetric functionals as spacetime integrals of the coefficient? of 60 in any
covariant combination of fields ® and derivatives D®. This follows directly from
(6.5), as supersymmetric transformations affect the term proportional to 80 only by
a total spacetime derivative. Due to the Grassmannian nature of these coordinates,
the projection on the #h-coefficient can be obtained by integration w.r.t. # and é.

The supersymmetric extension of the O(/N) models can hence be constructed as

S = 1 d’xd’0 D® D® = = /de d,md'n + iy — f*. (6.8)
2g? 2g?

By construction, the theory is invariant under the supersymmetry transformations

(6.6) as well as O(N) transformations of ® or simultanously of n, 1 and f. Addi-

tionally, it exhibits a chiral Zy symmetry 9 — iy, on the classical level. Quantum

fluctuactions, however, dynamically generate a mass term and induce a sponta-

neous breaking of the chiral symmetry [155]. This mass gap could be determined in

[156, 157] by comparing computations of the free energy obtained by the thermo-

2usually called D-term
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dynamic Bethe ansatz and by perturbation theory. The former computations rely
on the S-matrix of the theory which was derived in [158]. Since the bosonic field f
appears only quadratic, it can be eliminated by a Gaussian integration. However,
the constraint (6.4) has to be taken into account, such that the integration effects a
substitution f = %("Jn,b)n The on-shell action is thus

Sn, ) = 2%12 / d*z 0,md"n + ipPp + L(P)?, (6.9)

which is invariant under the on-shell supersymmetry transformations

ben =iep, 069" = (Ine)* + L(PP)ne”. (6.10)

6.2. Supersymmetric Stereographic Projection

So far the explicitly constrained formulation of the theory has been considered. In
order to analyze the model efficiently by means of numerical simulations, however, it
is favorable to work with unconstrained dynamical degrees of freedom. Stereographic
coordinates are a natural choice for this purpose and the stereographic projection
(2.11) of bosonic fields can directly be extended to the superfields. A real, bosonic,
but unconstrained superfield U (z, 0) = u(x)+i0A(z)+100g(z) is introduced, which
is related to ® by

) 1 2U .
<®i> =T (1 U2> . with @ = (®y,...,Pn)" (6.11)
N _

The superfield U as well as the bosonic fields w and g and the Majorana fermions

A* are (N —1)-tupels. The decomposition of this projection into field components

reads:
n, 2u ) 1
= th p = 6.12
(nN P 1—u2>’ P T (6.12)
7Y ) 22Y — 4p(uA*)u
VS —4puX® ’
i\ 29 — 2pu[2ug — IAX + dip(ud)(uX)] + dipA(u)
fy P —4pug + 2ip(AN) — 8ip? (u)(u) |
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6. Supersymmetric Extentions and their Discretizations

The inverse transformation in superspace is U = ® | /(1+ ®y) and it reads in terms

of field components:

1 1
u = % n,y, with p = +2nN (6.13)
« 1 « 1 o
A = Z J__4p2 ¢Nn1_7
= o fi g v - Uit P
g = 2% Lo g /vm 4 NYNTUL 1 LYN

The constrained supersymmetric action is already given in its on-shell formulation
(6.9), such that the projection relations of the auxiliary fields f and g are not
relevant in the following analysis. Applying (6.12), an unconstrained formulation of

the supersymmetric nonlinear O(N) model can be deduced from (6.9) as:
Sfu, A] = % / de p? (B,u0"u + IAIA + dip Gy (Adyw) + P(AN)?) . (6.14)
The corresponding supersymmetry transformations read:
Seu = i€, I A = (Jue)® +ip(AXN)uwe® — 2ip (Au) A e”. (6.15)

The coordinate transformation affects not only the action, but also the path integral
measure. Since the measure is relevant in Monte Carlo simulations, the Jacobian
of the stereographic projection should be studied in more detail, using a lattice
regularization. Since the transformation only relates values of the fields on a fixed
lattice site, it is sufficient to calculate the Jacobian for a given site. The only
nontrivial factors in the measure of the constrained formulation are -functions which
represent the constraints (6.4) for the fields n and 1. The stereographic projection
is a transformation between N —1 degrees of freedom and the J-functions ought to

be considered as?

5(n?—1) §(nap!) §(nap?) = 2’$N‘ [5<nN /1 nj> + 5(nN /1 ni>] X

x T ny o (w% + M) . (6.16)

nn

Consequently, the measure on a given site (whose index will be suppressed for sim-

plicity) transforms as

dndy' dy? §(n® — 1)6(n - ')d(n - 4?) = L J(u) dud\' dA?, (6.17)

— 2

3Note that J-functions of Grassmannian variables factorize linearly.
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6.2. Supersymmetric Stereographic Projection

with the Jacobian

J(u) = /1 —mn2(u) |sdet{(ni, ) = (u,A)}|. (6.18)

According to (6.12) m does not depend on A%, and 1* does not depend on A? for

B # a. The superdeterminant is hence given by

. det(@nL/au)
sdet{(n,,¥,) = (u,A)} = et (%] JOAT) - det (9952 JONT) (6.19)

All three determinants are equal to

—u? 1
ith = .
with p = s

1
9 N-1

Expressing the square root in (6.18) in terms of the new fields,

the Jacobian finally reads

J(w) = (6.20)

Rl
The functional integral measure for the supersymmetric O(3) model in stereographic

coordinates is thus
[T du. dALdX2 (1+u2)” . (6.21)

Note that this computation verified that the Jacobian of the purely bosonic model
is proportional to Vvh with the metric hay = p*Oap:

1
N-1 _
Note that in an off-shell formulation of the theory the superdeterminant of the
transformation is multiplied by det(0f,/0g) and becomes the identity, as also
det(0f./0g) = (2p)N 1 ;Zi . Furthermore, there is an additional factor |ny|™!
due to the d-function of the f-constraint (6.4), such that the measure of the path

integral in terms of stereographic coordinates is flat in the off-shell formulation®*.

This simplification provides a further example of a cancellation of fermionic and

bosonic contributions due to superymmetry.

4If one integrates out the unconstrained auxiliary field g of the stereographic coordinates, one
obviously reobtains the measure (6.20) coming from the coefficients of g in the action.
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6. Supersymmetric Extentions and their Discretizations

6.3. N =2 Supersymmetry and Symmetric

Discretizations

[

It was already mentioned in Sec. 2.3 that the target manifold of the bosonic CP! =
O(3) model is Kéhler and the corresponding potential can be written in terms of
the complex field u = u; + iup as K(u,u) = log(1 + uu). It was pointed out in
[61] that a nonlinear sigma model whose target manifold is Kéhler possesses an
N =2-supersymmetric extension. In order to determine the second supersymmetry
of the O(3) model, one can study a generic ansatz in terms of the unconstrained
fields (du = i€(As)A, etc.) and derive constraints for the matrices Ay, etc., from the
supersymmetry algebra and the invariance of the action®. Following this approach,

the second pair of supersymmetry transformations can be identified as
du = 02EA, OA =ios (Ju —ip (AXN)u + 2ip (Au)A) €, (6.23)

where o, denotes the second Pauli matrix, which does not act on spinor indices
here, but on the field components. Both supersymmetries (6.15,6.23) can also be
obtained by deriving the complex supersymmetry from the Kéhler potential, cf. [61],
and decomposing the complex fields and complex transformation parameters into
real ones.

It is interesting to see how the second supersymmetry, which is only present in the
case N = 3 but not in generic O(/N) models, reads in terms of constrained field
variables. In order to derive this expression the inverse stereographic projection

(6.13) can be applied to (6.23) and one obtains the concise expression

m = in X ép, (6.24)
0p = —n x gnyte—iep x P,

where x denotes the vector product of three-tupels. The nontrivial proof that the
action (6.9) is invariant under these transformations is presented in appendix A.3.

The on-shell supersymmetries (6.10) and (6.24) are generated by the supercharges

Q' = i/’y“’yoz,bé?un, QY = —i/'y“’yow(n X d,n). (6.25)

This result is in agreement with the supercurrents constructed in [152].

®A more detailed example of this approach can be found in [159], where it is applied to the
Wess-Zumino model.
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6.3. N =2 Supersymmetry and Symmetric Discretizations

As mentioned in the introduction of this chapter, it is possible in some theories
with N/ > 2 superalgebra to formulate a lattice action which is invariant under a
part of the supersymmetry by constructing a nilpotent supercharge Q such that the
lattice action can be written as S = QA. This approach is applied to the nonlin-
ear O(3) model in [149, 150], but the chosen lattice discretization breaks the O(3)
symmetry and cannot restore it in the continuum limit. This raises the question
if there are other ways to find a partly supersymmetric but still O(3) symmetric
discretization?

A symmetry of the model has to be a symmetry of the action (6.9), but is also has
to be compatible with the constraints n? = 1 and ny = 0. Any supersymmetry
has to be a combination of the transformations given in (6.10) and (6.24). If one
considers the discretization of these, one notices that the first transformation (6.10)

breaks the constraint np = 0 on the lattice®, because

(n. YY) = iep, P + Z nIDg‘y’Bnyeﬁ + %(&xv,bx)nie“ (49 Z nng‘fnyeﬁ, (6.26)

yeG yeG

where the subscripts z,y denote lattice sites and G the set of all these sites. The
variation of the constraint does not vanish for arbitrary n,, no matter which lattice
derivative D,, one uses, since the Leibniz rule is broken on the lattice [146]. In

contrast, the second transformation respects the constraints at each lattice site:

511("’96"#:0) = l(nar X E"j;x) ' 17bar - an : (nar X nynye) - lnw ' (avbar X 'l,bz) =0

yelG

Su(n2) = 2in, - (n, x ép,) =0. (6.27)

One can conclude that no nontrivial combination of the two transformations d; and
Oy can be a symmetry of the lattice theory, since the second transformation can-
not restore the violation of the constraints caused by the first one. The second
transformation on its own, however, cannot be a symmetry of the action because of
{QY,QF} = 2iv}30,. The superalgebra furthermore shows that an approach based
on a nilpotent supercharge is not possible, either, because a nilpotent charge has to
be a combination of both charges Q' and Q' and hence violates the constraints.

Could one circumvent this restriction by “improving” the lattice action? Compar-
ing the formulation used in this chapter with the one investigated in [149, 150],

one sees that the latter one contains an additional topological term. However,

6 Actually, it is also not a symmetry of the discretized action, but the breaking of the constraints
is more severe.
“taking into account the cyclicality of the triple product
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6. Supersymmetric Extentions and their Discretizations

such a term does not affect the supersymmetry transformations (6.10) and (6.24)
and hence cannot solve the problem. From a systematic point of view, there are
only two modifications possible which are compatible with an O(3)-invariant con-
tinuum limit. The first possibility is to modify the terms that are already present
in the action. For example, one could introduce non-local interaction terms like
> ey Coyzw(Patpy) (P24P0) instead of Y- (1p.1p,) [160]. The second possibility
could be an inclusion of additional terms in the lattice action which vanish in the
continuum limit. Any change of the action, however, does not have an impact on
the constraints and hence cannot prevent their breaking. A modification of the con-
straints, by contrast, would directly alter the geometry of the target manifold and is
thus no alternative. It follows that an improvement of the discretization could only
maintain a part of supersymmetry by rendering the lattice action invariant under
the second transformations. But this is not possible due to the structure of the
superalgebra.

Although these arguments were developed for a specific choice of coordinates, they
also hold true for any reparametrization (n,1) — (n’,1’), because such a trans-
formation is a bijective mapping between field values at a certain point x in space-
time, which commutes with discretization. As a consequence, one will observe the
same pattern of symmetry breaking as depicted in (6.26) and (6.27) in any other
parametrization. The single ambiguity which could arise from the discretized deriva-
tive of the bosonic field is irrelevant since the presented arguments do not depend
on the details of the lattice derivatives.

One has to conclude that it is simply not possible to construct a discretization of
the nonlinear O(3) model which maintains O(3) invariance as well as an exact su-
persymmetry. From this point of view, the symmetry breaking that occurs in the
ansatz of [149, 150] is inevitable.

Since this analysis is based on the specific geometrical features of the CP' model,
one cannot immediately draw analogous conclusions for general supersymmetric CP™

models. This issue requires more consideration.

6.4. O(3) Symmetric Discretization and Simulations

Since both symmetries cannot be maintained simultanously and since the Q-exact
formulation is not able to provide an appropriate continuum limit, it is reasonable
to study the system in an O(3) symmetric discretization which breaks the supersym-
metries, but aims to restore these in the continuum limit. In order to obtain such a

discretization, one ought to start with the manifestly O(3) symmetric formulation
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6.4. O(3) Symmetric Discretization and Simulations

given in (6.9). The corresponding lattice action reads

1 _ _
S[na ¢] = 2_92 Z (n-ermyny + 1¢5M§y’3¢5 + fll(lpmdxylpy)Q) ) (628)

z,yeG

where o, 8 denote spinor indices and K, and Mff represent lattice derivatives,
which are proportional to the identity w.r.t. the O(3) indices. In a next step, the
discretized action (6.28) can be stereographically projected, so that the Monte Carlo
algorithm can be implemented in terms of unconstrained dynamical variables. If one
directly discretized the unconstrained formulation (6.14), ambiguities would arise
concerning the discretization of the metrical factors in front of the kinetic terms.
For instance, it is not clear a priori if p,p, or %(pi + pf/) is the correct discretization
of p? in front of J,ud*u=w, Y, A, u, in order to maintain O(3) invariance®. The
outlined procedure based on the stereographic projection, however, proves that the
geometric mean p,p, is in fact the right choice. Applying (6.12) to (6.28) yields the

manifestly O(3) symmetric and unconstrained discretization
S[’U,, A] = SB + SQF + S4F s with

1
S = 2_92 Z 4pru:erwyuypy + px(l - ui)Kr (1 - uz)py )

S = 25 30N [(p = 20T M (o — 20Pun”) + 4 (%) M5 (2T, A

z,y;0,8

92 _
Sy = 7 > oA (6.29)
As described above, the reparametrization yields the nontrivial Jacobian:

[T dn. delde? 6(n? —1)8(napl)s(nap?) — J] dus dALAAL (1 +u2)” .

zeG zeG

The measure can be absorbed into the action as S, = =2 _log(1+wu2). Moreover,
the four-fermion interaction can be eliminated by a Hubbard-Stratonovich transfor-

mation [161], which introduces an auxiliary bosonic field o:

1 ' _
S[u, A] = Sp + Sor + o7 > (02 + dioep? AA,) (6.30)

zelG

The action is then quadratic in the fermionic fields, i.e. Sp = s ng (u,0) Ay,

and a Gaussian integral can be performed formally. The fermion determinant, i.e.

8This is actually the critical point which leads to a symmetry breaking in [149, 150].
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6. Supersymmetric Extentions and their Discretizations

more precisely the Pfaffian? Pf QY = (det QF)'/? which appears in the measure is a
function of bosonic fields only and can be incorporated in the action as well. The
result is a purely bosonic path integral which can be efficiently investigated by Monte
Carlo methods:

; - 1
Z = / H du,do, (det QF)Y2 ¢85 Gy = Sy + — Zag,

2
zeG 29 zeG
_ / H du,do, e—S'B[u,U]—Sm[u}—i-%logdctQF[u,o]. (631)

zeG

Since the supersymmetry of the continuum CP' = O(3) model is neither spon-
taneously nor explicitly broken, the bosonic and fermionic masses in the numerical
simulations ought to be degenerate in the continuum limit, where the explicit break-
ing induced by a finite lattice spacing vanishes. The masses hence serve as a direct
indicator of supersymmetry restoration.

Besides the mass degeneracy, also the supersymmetric Ward identity derived for the
bosonic action in [149, 150] is comparably easy to access and will serve as bench-
mark for the restoration of supersymmetry. The lattice action in [149, 150] can be
written in terms of a nilpotent charge Q as S = ¢ 2QA and it differs from the
lattice action studied here only by surface terms which should become negligible
on sufficiently large lattices. Since the action as well as the measure are invariant
under the supercharge (), the following relation holds true for the supersymmetric

continuum theory:

OlnZ

W =(—QA) =0. (6.32)
Since the field-independent factors in the partition sum Z are usually not relevant, it
was not made explicit in (6.31), but the path integral measure of Z actually contains
the factor g¥', where V denotes the total number of lattice sites. The integration of
the auxiliary field is a Gauflian integration of two independent degrees of freedom
at each lattice site which provides a factor ¢?V. This is partly compensated by the
factor g~V that accompanies the introduction of the field o. The fermion operator
QY is proportional to g2, so that its determinant is proportional to g*Q'dimQF,

where dim QY is the dimension of the fermion operator in terms of O(3) and spinor

components as well as lattices sites. The differentiation of (6.31) hence yields

olnZ
d(g2)

N SR W L oy F
= 2Vg g <SB>+2g dim Q" . (6.33)

9For the sake of simplicity, the sign of the Pfaffian will be ignored in the discussion here.
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6.4. O(3) Symmetric Discretization and Simulations

In the investigated lattice system is dimQY¥ = 4V and the supersymmetric Ward
identity (6.32) is hence fulfilled if

<§B> - gv. (6.34)

Having two indicators of supersymmetry restoration, one can now proceed to study
explicit numerical computations. Since the implementation of the algorithm and
the measurements on the resulting configurations were done by Daniel Korner, only
the important results shall be briefly presented in this thesis, while a more detailed
discussion can be found in [129].

Based on the lattice discretization described in this section, numerical simulations
have been performed on N; x Ny =8 x 8,16 x 16 and 24 x 24 lattices by means of
an HMC algorithm which employs Wilson derivatives:

M ) A K=o (Can) 639
where Qiym is the symmetric lattice derivative, A,, the lattice Laplacian, a the lat-
tice spacing, and r some mass parameter that is introduces in order to suppress
fermion doublers, see [14]. The Wilson derivatives provide an ultralocal implemen-
tation of the derivative operators, but have the disadvantage that the introduction
of the mass term leads to an explicit breaking of the chiral symmetry!?. Further
details of the implementation as well as an alternative formulation based on group
valued variables and the SLAC derivative are given in [129].

In case of intact O(3) symmetry, the expectation value of the constrained fields
should vanish, e.g. (n) = 0. It was confirmed that this holds true and the Monte
Carlo computations are in fact invariant under O(3) transformations''. In order
to investigate supersymmetry, the masses are determined from the O(3) symmet-
ric two-point functions, which can easily be measured on the configurations. The
exponential decrease of the two-point functions in time direction depends on the
energy of the states. The mass can be determined from a cosh-fit of the two-point
functions'?, based on the assumption that the lowest eigenstate, i.e. the mass of the
ground state, dominates the faster-decresasing excited states for sufficiently large

lattices. The only quantities in the simulations that provide a unit of lenghts (or

0Note that is is not possible to construct a lattice formulation of fermions in terms of local
interactions which maintains chiral symmetry exact (without introducing additional flavors)
[162].

HUThere may occur a problematic interplay between the stereographic projection and the HMC
momenta, but this can be resolved by a simple algorithmic modification.

12A cosh-fit has to be applied due to the finite, periodic length of the lattice.
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6. Supersymmetric Extentions and their Discretizations

inverse energy) are the lattice spacing a or the lattice length L = aN,. Physically
meaningful expressions of the masses have hence to be given in units of a=! or L™1.
In case of supersymmetry the masses of bosonic and fermionic degrees of freedom
ought to be degenerate. The left panel of Fig. 6.1 displays the relation between these
masses for three different lattices sizes V' and for different physical lengths L (which

13 Tt shows that no mass degeneracy can

are implicitly measured in units of mp)
be obtained, not even in the continuum limit (which means larger lattices at fixed
physical volumne), but there is an increasing gap between bosonic and fermionic

masses instead.
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Figure 6.1.: Left Panel: Comparison of bosonic and fermionic masses in units of the
box size L for three different lattice sizes V' using Wilson fermions. The
dotted line denotes the case mg = mp. Right Panel: Scaling behaviour

of the bosonic and fermionic mass w.r.t. the fine tuning parameter s
for N =16? and g% = 1.4. k. = 0.382(1) is marked by the black dot.
The dashed line denotes the lattice cutoff of 1/16.

This lack of a supersymmetric continuum limit is in fact not really surprising, as
the explicit breaking at finite lattice spacing, which is further amplified by the mass
term of the Wilson derivative, generates relevant operators with respect to renor-
malization. In order to compensate for these, one has to introduce counter terms
by means of a fine tuning procedure. Inspired by a similar issue in case of N' =1
super Yang-Mills theory [163], a fine tuning mass parameter m has been included

in the computations by a modification of the fermionic derivative operator
M — M2 +m 676,

Similar to the case in super Yang-Mills theory, a useful indicator for the right choice

of m is given by the chiral condensate. For the critical value at which the explicit

13The physical length or the physical size of the spacing depend on the value set for g.
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6.4. O(3) Symmetric Discretization and Simulations

breaking of the chiral symmetry due to the Wilson mass is compensated, the conden-
sate increases sharply and one obtains the signature of a discrete chiral symmetry
which is only spontaneously broken (and additively renormalized); cf. [129] for more
details.
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Figure 6.2.: Comparison of bosonic and fermionic masses in units of the box size L
for three different lattice sizes at kK = k.

The right panel of Fig. 6.1 shows how the fermionic mass decreases linearly with

1 while the bosons are unaffected.

increasing fine tuning parameter k = (4 + 2m)~
For the critical fine tuning k. the masses are degenerate, whereas the discrepancy
grows again if one increases k further. As depicted in Fig. 6.2, measurements on
different lattices confirm the degeneracy of fermionic and bosonic masses, if m is
tuned to the value suggested by the chiral condensate. The results indicate that the
degeneracy is stable for increasing lattices sizes and it hence seems possible to obtain

a supersymmetric continuum limit by introducing only one fine tuning parameter.
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Figure 6.3.: Expectation value of the bosonic action Sg at k = k. for different box

) ) . o 2(5
sizes L. In the supersymmetric continuum limit one expects % =1

95



6. Supersymmetric Extentions and their Discretizations

This agrees with the measurements of the Ward identity for the bosonic action. The
expectation value of Sp is displayed in Fig. 6.3, calculated on different lattice sizes
and different physical volumes. Although the deviation from the expected result %V
is more than 7%, the expectation value seems to approach the correct continuum

limit for increasing lattice sizes.

6.5. Conclusions

In this chapter the supersymmetric extension of the nonlinear O(3) model was ana-
lyzed with particular interest in the discretization of supersymmetric theories. After
an introduction to the concept of supersymmetry and to the specific model, a su-
persymmetric version of the stereographic projection has been developed and the
corresponding transformation of the path integral measure was computed in a lattice
regularization. The second supersymmetry of the CP* 2 O(3) model was derived in
terms of constrained field variables and the resulting expression allowed for a con-
clusive discussion of the possibility to construct a lattice discretization of the model
which maintains both O(3) as well as a part of supersymmetry. The analysis how the
symmetry transformations act on the field constraints revealed that such a construc-
tion is impossible. As a consequence, a manifestly O(3) symmetric discretization
was chosen in order to perform explicit Monte Carlo computations with the aim to
restore supersymmetry in the continuum limit. A stereographic projection has been
applied in a second step, such that the algorithm could be implemented in terms
of unconstrained variables. The degeneracy of fermionic and bosonic masses as well
as a Ward identity for the bosonic action served as indicators for the restoration
of supersymmetry. Explicit simulations showed that fine tuning is necessary, but
already the introduction of a single mass parameter led to results which strongly

indicate the restoration of supersymmetry in the continuum limit.
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7. General Conclusion

Nonlinear sigma models have been established as a versatile tool to explore non-
perturbative aspects of quantum field theories. While their structure is rich enough
to provide descriptions of interesting phenomena in many areas of physics, they are
well accessible to various analytic and numerical methods. They can therefore serve
as ideal testing ground for conceptual investigations of different non-perturbative
approaches to quantum field theory. Two of these approaches, lattice field theory
and the Functional Renormalization Group (FRG), have been addressed in this the-
sis. They were studied in their application to nonlinear O(N) and CP™ models,
which are employed as toy models or effective descriptions of many physical sys-
tems. Apart from being physically interesting, the numerous previous studies of
these models offered useful benchmarks for the applied methods.

Although lattice field theory and the FRG have already been used for many years
as complementary tools in field theory, only limited knowledge is available about
a direct comparison of both approaches. For this purpose the renormalization flow
of nonlinear O(N) models in three dimenions was examined by means of both ap-
proaches. The model is a particularly interesting testing ground with regard to the
concept of non-perturbative renormalizability.

Starting with the FRG calculations, it was quickly realized that it becomes unfeasi-
ble to study the nonlinear model as a limit of the linear one, if one wants to study
operators of higher orders. Instead, a manifestly nonlinear and covariant formula-
tion of the model was employed to study an ansatz of the effective average action
which includes all operators up to the fourth order in the derivatives. In order
to find a reparametrization invariant formulation of the flow equation, a covariant
background field expansion was applied. The beta functions could be extracted
from this by means of off-diagonal heat kernel expansions. It was noticed that the
introduction of the regulator inevitably leads to an action functional which depends
separately on background and fluctuation fields. In order to account for this, a scal-
ing parameter for the fluctations as well as a mass parameter were introduced.
The investigation of the flow equations showed that the nontrivial fixed point which

was already detected in the simplest truncation remains stable if one includes two
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of the three possible fourth order operators. These operators only add IR-irrelevant
directions to the parameter space, and one of the couplings is identically zero at the
fixed point. The second fourth order operator, however, renders the FRG computa-
tion sensitive to the N-dependence of the critical properties of the model, such that
the critical exponent v of the correlation length could be determined in qualitative
agreement with the literature values. The inclusion of the mass term does not pro-
vide an improvement of the results and the impact of the scaling of the fluctuation
field seems to be ambigious.

Despite these promising findings in the reduced truncation, no nontrivial fixed point
could be identified in the full fourth order ansatz for the effective action. Further
investigations are required to clearify if this lack of a fixed point is only a short-
coming of the limited truncation or if it points towards more subtle conceptual
issues. Ome possible conceptual problem could be related to the treatment of the
path integral measure in the FRG framework. Following arguments which suggest a
regulator-dependent modification of the path integral measure, an additional term
in flow equation was considered. Choosing an ansatz for the measure, the computa-
tions seem to stabilize and a nontrivial fixed point with only one relevant direction
could be found for the full fourth order truncation. However, the critical exponents
deviate strongly from the literature results. Therefore no final conclusion can be
drawn, but further considerations are necessary about the appropriate definition of
the path integral measure in nonlinear theories which are formulated in terms of a
background field expansion.

After the renormalization flow was derived in the FRG framework, the Monte Carlo
Renormalization Group (MCRG) was introduced as a possibility to determine flow
diagrams in coupling space from computations in lattice field theory. The presented
approach relies on block spin transformations on the lattice and the subsequent de-
termination of renormalized couplings by means of a microcanonical demon method.
Relating initial and renormalized couplings yields the beta functions as well as flow
diagrams. The preliminary results for a full fourth order truncation confirm the
existence of a nontrivial fixed point which has only one relevant direction and hence
provide further evidence for the scenario of non-perturbative renormalizability. The
results of MCRG and FRG agree qualitatively with each other and the quantitative
deviations could be explained by differences in the regularization and truncation
procedures. Having a numerical tool to compute flow diagrams, it would be inter-
esting to draw further comparisons of both non-perturbative methods by applying
them to other models.

The Average Effective Hamiltonian Action is a formulation of the FRG in phase
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space and has been recently proposed as an alternative approach to investigate the
renormalization of theories. In this thesis applications to the nonlinear sigma model
were considered in order to test this new ansatz. A Lorentz covariant formulation
was used, although properties of its UV regularization have to be clearified further
for the case of Hamiltonians which are more than quadratic in the momenta.

First, the consistency of this approach with the standard Lagrangian formulation
was shown in simple truncations of the linear and nonlinear sigma model. Because
operators of higher order in the canonical momenta are naturally generated in the
Hamiltonian formulation of nonlinear sigma models, an expansion of the action
functional in powers of momenta was considered. Such an expansion is not directly
comparable to the usual derivative expansion, but provides an alternative access to
the renormalization properties of the model. The nonlinear O(N) model was stud-
ied in detail and the flow equation was derived for a generic function of a covariant
operator which is quadratic in the canonical momenta. The result was examined
for a polynomial ansatz in three dimensions and a stable nontrivial fixed point with
only one IR-relevant direction could be found at each order of the truncation. The
corresponding critical exponent v, however, does not show the correct dependence
on N.

Finally, the FRG framework was used to address the subtle question of a possible
renormalization of topological charges. The topological term of the two-dimensional
CP! = O(3) model was studied as the limit of a more general operator that contains
an auxiliary field which is set constant at the end. The investigation of the UV was
performed by means of a heat kernel expansion and a careful analysis of a coinci-
dence limit and revealed that a possible running in the extreme UV is suppressed
by the asymptotic freedom of the theory. The extreme IR had to be studied sep-
arately and a special representation of the Clifford algebra was constructed which
made it possible to formulate the bosonic problem in terms of Dirac operators and
to apply the index theorem. This analysis revealed a finite discrete renormalization
of the topological charge due to zero modes. After similar findings in Yang-Mills
and Chern-Simons theory, this result for the CP! model is a further indication that
topological parameters may be renormalized due to effects in the extreme IR.

The last chapter of this thesis focussed on the lattice approach and in particular
on the possibility to construct discretizations of supersymmetric field theories which
maintain a part of the supersymmetry. The supersymmetric extension of the non-
linear O(3) = CP' model was studied for this purpose, because its target space is a
Kéhler manifold and the theory hence exhibits an additional supersymmetry. First,

a supersymmetric version of the stereographic projection was developed and the
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7. General Conclusion

corresponding Jacobian was computed, before an expression for the second super-
symmetry was derived in terms of constrained field variables. A thorough analysis
of both supersymmetry transformations and their action on a lattice discretization
of the model showed that it is impossible to construct a lattice formulation of the
theory which maintains the O(3) symmetry as well as a part of supersymmetry at
finite lattice spacing. Thereafter, a manifestly O(3) symmetric discretization was
chosen and Monte Carlo simulations were performed in order to investigate if the
supersymmetry can be restored in the continuum limit. The measurement of the
mass degenenarcy of bosons and fermions as well as a Ward identity suggest that
this is indeed possible if only one parameter is fine tuned. Besides providing a non-
perturbative method to investigate this specific supersymmetric model, the analysis
also stressed the problem that the attempt to formulate a manifestly supersymmet-
ric lattice action of some model can be in conflict with other symmetries of the
considered theory.

This thesis illustrated that the well-established nonlinear sigma models still provide
interesting insights into non-perturbative effects of quantum field theories. Besides
the possibility to deepen the understanding of phenomena which are yet not fully
understood, like supersymmetric field theories or topological charges, conceptual
investigations of the lattice approach as well as of covariant and Hamiltonian for-

mulations of the FRG could be performed.
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A. Appendix

A.1. Two Alternative Formulations of a Fourth-Order

Derivative Expansion

In order to determine the relation between the covariant (3.4) and the constrained
formulation (3.53) of the fourth-order derivation expansion of the nonlinear O(N)
model, one can choose stereographic coordinates (2.9) as examplary unconstrained
parametrization of (3.4) and apply the inverse stereographic projection (2.11).

It is straigth forward to check that the bare action functionals of both formulations

are equal up to a numerical factor

4

(1_'_—¢2)28M¢8M¢ zaunﬁ’“”n s (Al)
such that ¢ = . A similar, but a bit more tedious calculation yields the stereo-
graphic projection of

4090 ¢ n 16(0,40" ) n 16(0,00" ¢)(90*P)  32(¢0,$)(0"$0°¢)

’*nd*n =

(14 ¢?)? (14 ¢?)3 (14 ¢?)3 (14 ¢?)3
_ 64(00,0)*(0,00"9)  64($0,)(0"$0"$)(¢0,$) (4.2)
(1+ ¢2)* (1+ ¢2)* '

This expression looks quite complicated, but can be written in a compact way in

terms of O¢%, which reads in stereographic coordinates

2
D¢ =0%¢" + T ¢2(¢“(5u¢0“¢) — 20,0 (90" P)) , (A.3)
and leads to
4
hangDaDQOb :;11(02718271) — m(@,ﬂ)@“qﬁf = 711(827182”) — %(@n@“n)z.

(A.4)
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A. Appendix

The operators corresponding to the couplings L; and Ly can be translated analogous
to (A.1). The reformulation of the covariant action (3.4) in terms of constrained

fields is finally given as

Lot =3 Chap0,0°0"¢" + 1 a hey 00" + 3 L1 (hap0,0°0,0")* + £ Lo(hap0,0"0"¢")?

L Lo—4
i £ ntn s 3 oy 4 B

=33 (0,m0"n)*. (A.5)

A.2. Conventions and Fierz ldentities

The two-dimensional Majorana representation used in Chap. 6 is given in terms of

Pauli matrices as
Yo =03, V1= —01, Yx=I1%Y =02. C = —ioy, (A.6)
The conjugate spinor is defined as ¥ = x7C and fulfills the Fierz relation
X = =3 XL = (V)7 — (X% (A.7)
Due to the symmetry properties
XY =9x, XM=y, X = —Prx (A.8)

the two last terms in (A.7) vanish for y = ¢ such that

P = =5y 1. (A.9)

A.3. Invariance of the Nonlinear O(3) Action under

the Second Supersymmetry

The invariance of the on-shell action
S[n, ) = /d% un o' n + iy + 1(Pp)? (A.10)

under the second supersymmetry transformations (6.24) shall be proven here. The

variation of the Lagrangian is!

§L = 2i0,m-0" (nx éh) —2ipd(n x Ine)+2hd(exh x1h) — () P(nx Jne) . (A.11)

Lup to a negligible boundary term 9, (—yy" (e x ¥®))
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The term o 1)° vanishes, since 1 is a Grassmannian field with only four independent
degrees of freedom. It will be shown that the first and the second term in (A.11)
cancel each other as well as the third and the fourth one. Starting with the first two

terms, they can be written as
2i0,m(n x €d'p) — 2ih(n x Ine) — 2ipy"y"e(d,n x d,n). (A.12)

The last term vanishes since d,n x 0,n is parallel to n and hence perpendicular
to v. Integrating the second term by parts one sees that the first and second term
cancel owing to the cyclicity of the triple product.

The cancellation of the third and fourth term in (A.11) is a bit more involved.
First, one partially integrates the third term and obtains —29,py* (€ x 1p). Since
n® = 0 for both spinor components «, it follows that e x 4 is parallel to n such
that

20,7 (et % ) = ~2(D, ") n(ewp x ). (A.13)

The condition n = 0 implies d,9pn = —pd,n. (A.13) can hence be written as
2(1p@n) n(ey x v). To proceed further, one utilizes 111, = —yny — P3n3 and the
Fierz relation ;y"1); = 0:

2(&1&11 + o@ng + @Egang) [nléwg -3 — ny€s - Py + cyclic terms] (A.14)
= 2hyy"ehy (3un2 “ny — Oyny - HQ)E% + 200371y (a,ml “ng — dyng - nl)ws +c t.

The Fierz relation (av"f) éa = Laa (8+"€) can be employed, which holds for Ma-

jorana spinors, and one obtains
(Vathe) sy e(n10ung — nadyuny) + (Ysihs) by e(nzduny — nid,ns) + cyclic terms.
Finally, using (@a)a = 0 the third term in (A.11) can be written as
(1) h(n x Pne) . (A.15)

As a result, the third and fourth term in (A.11) cancel each other. This proves that
the action is invariant under the second supersymmetry transformation (6.24).

The invariance of the constraints can be shown easily:

5(n?) = 2in-(nxéap)=0
Sn-v) = inxéap)-P—n-(nxdne)—in-(ep x ) =0.

103



Bibliography

Bibliography

1]

[9]

[10]

[11]

[12]

104

P. A. M. Dirac, The quantum theory of the electron, Proceedings of the Royal
Society of London. Series A, Containing Papers of a Mathematical and Phys-
ical Character 117(778), 610 (1928).

J. Schwinger, On quantum-electrodynamics and the magnetic moment of the
electron, Phys. Rev. 73, 416 (1948).

C. N. Yang and R. L. Mills, Conservation of isotopic spin and isotopic gauge
invariance, Phys. Rev. 96, 191 (1954).

H. Fritzsch, M. Gell-Mann, and H. Leutwyler, Advantages of the color octet
gluon picture, Physics Letters B 47(4), 365 (1973).

S. L. Glashow, Partial-symmetries of weak interactions, Nuclear Physics 22(4),
579 (1961).

A. Salam and J. Ward, Electromagnetic and weak interactions, Physics Letters
13(2), 168 (1964).

S. Weinberg, A model of leptons, Phys. Rev. Lett. 19, 1264 (1967).

F. J. Dyson, The S Matriz in Quantum FElectrodynamics, Phys. Rev. 75, 1736
(1949).

G. 't Hooft and M. Veltman, Regularization and renormalization of gauge
fields, Nuclear Physics B 44(1), 189 (1972).

K. G. Wilson, Confinement of quarks, Phys. Rev. D 10, 2445 (1974).

R. Alkofer and J. Greensite, Quark confinement: the hard problem of hadron
physics, Journal of Physics G: Nuclear and Particle Physics 34(7), S3 (2007).

S. Weinberg, General relativity: An einstein centenary survey, pp.790-831, ed.
by S. W. Hawking and W. Israel, Cambridge University Press (1979).



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Bibliography

M. Niedermaier and M. Reuter, The asymptotic safety scenario in quantum
gravity, Living Reviews in Relativity 9(5) (2006).

I. Montvay and G. Miinster, Quantum Fields on a Lattice (Cambridge Uni-
versity Press, 1997).

C. Wetterich, Fxact evolution equation for the effective potential, Physics Let-
ters B 301(1), 90 (1993).

S. Duane, A. Kennedy, B. J. Pendleton, and D. Roweth, Hybrid Monte Carlo,
Physics Letters B 195(2), 216 (1987).

J. Ambjorn, A. Goerlich, J. Jurkiewicz, and R. Loll, Nonpertubative quantum
gravity, arXiv:1203.3591 [hep-th].

M. Reuter, Nonperturbative evolution equation for quantum gravity, Phys. Rev.
D 57, 971 (1998).

A. Codello, R. Percacci, and C. Rahmede, Investigating the ultraviolet prop-
erties of gravity with a Wilsonian renormalization group equation, Annals of

Physics 324(2), 414 (2009).

M. Reuter and F. Saueressig, Quantum FEinstein Gravity, arXiv:1202.2274
[hep-th].

D. Benedetti, K. Groh, P. Machado, and F. Saueressig, The universal RG
machine, JHEP 1106, 079 (2011).

G. P. Vacca and L. Zambelli, Functional renormalization group flow equation:
Regularization and coarse-graining in phase space, Phys. Rev. D 83, 125024
(2011).

G. P. Vacca and L. Zambelli, Functional RG flow of the effective Hamiltonian
action, arXiv:1208.2181 [hep-th].

H.-Y. Cheng, The strong CP problem revisited, Physics Reports 158(1), 1
(1988).

A. Ansel'm and A. Iogansen, Sov. Phys. JETP 69, 670 (1989).

M. Shifman and A. Vainshtein, On infrared renormalization of the topological
charge, Nuclear Physics B 365(2), 312 (1991).

105



Bibliography

[27]

32]

[33]

[34]

[35]

[36]

106

A. Johansen, Nonrenormalizability of the topological charge as a result of the
index theorem for the inverse gluon propagator, Nuclear Physics B 376(2), 432
(1992).

M. Reuter, Renormalization of the Topological Charge in Yang—Mills Theory,
Modern Physics Letters A 12(36), 2777 (1997).

M. Reuter, Effective average action of Chern-Simons field theory, Phys. Rev.
D 53, 4430 (1996).

L. Susskind, The gauge hierarchy problem, technicolor, supersymmetry, and
all that, Physics Reports 104(2-4), 181 (1984).

J. L. Feng, Dark matter candidates from particle physics and methods of de-
tection, Annual Review of Astronomy and Astrophysics 48(1), 495 (2010).

H. Georgi and S. L. Glashow, Unity of all elementary-particle forces, Phys.
Rev. Lett. 32, 438 (1974).

D. E. Morrissey, T. Plehn, and T. M. Tait, Physics searches at the LHC),
Physics Reports 515(1-2), 1 (2012).

P. Fayet and S. Ferrara, Supersymmetry, Physics Reports 32(5), 249 (1977).

R. Haag, J. T. Lopuszanski, and M. Sohnius, All possible generators of super-
symmetries of the S-matriz, Nuclear Physics B 88(2), 257 (1975).

V. Novikov, M. Shifman, A. Vainshtein, and V. Zakharov, Two-dimensional
sigma models: Modelling non-perturbative effects in quantum chromodynamics,
Physics Reports 116(3), 103 (1984).

A. D’Adda, P. D. Vecchia, and M. Liischer, Confinement and chiral symmetry
breaking in C P~ models with quarks, Nuclear Physics B 152(1), 125 (1979).

M. Gell-Mann and M. Lévy, The axial vector current in beta decay, Il Nuovo
Cimento 16, 705 (1960).

S. V. Ketov, Quantum Non-linear Sigma-Models (Springer, 2000).

J. Gasser and H. Leutwyler, Chiral perturbation theory to one loop, Annals of
Physics 158(1), 142 (1984).

A. M. Polyakov, Interaction of Goldstone particles in two dimensions. Ap-
plications to ferromagnets and massive Yang-Mills fields, Physics Letters B
59(1), 79 (1975).



[42]

[43]

[44]

[45]

[46]

[47]

Bibliography

A. Pelissetto and E. Vicari, Critical phenomena and renormalization group
theory, Physics Reports 368(6), 549 (2002).

A. Codello and R. Percacci, Fized points of nonlinear sigma models in d > 2,
Physics Letters B 672(3), 280 (2009).

A. B. Zamolodchikov and A. B. Zamolodchikov, Factorized S-matrices in two
dimensions as the exact solutions of certain relativistic quantum field theory
models, Annals of Physics 120(2), 253 (1979).

P. Hasenfratz and F. Niedermayer, The exact mass gap of the O(N) o-model
for arbitrary N > 8 in d = 2, Physics Letters B 245(3-4), 529 (1990).

E. Brézin and J. Zinn-Justin, Renormalization of the Nonlinear o Model in
2 + € Dimensions - Application to the Heisenberg Ferromagnets, Phys. Rev.
Lett. 36, 691 (1976).

W. A. Bardeen, B. W. Lee, and R. E. Shrock, Phase transition in the nonlinear
o model in a (2 + €)-dimensional continuum, Phys. Rev. D 14, 985 (1976).

I. Y. Aref’eva, E. R. Nissimov, and S. J. Pacheva, BPHZL renormalization
of 1/N expansion and critical behaviour of the three-dimensional chiral field,
Communications in Mathematical Physics 71, 213 (1980).

S.-C. Zhang, A Unified Theory Based on SO(5) Symmetry of Superconductivity
and Antiferromagnetism, Science 275, 1089 (1997).

P. de Gennes, Scaling concepts in polymer physics (Cornell University Press,
1979).

J. Zinn-Justin, Quantum Field Theory and Critical Phenomena (Clarendon

Press, 1996), 3rd ed.

H. Ballesteros, L. Fernandez, V. Martin-Mayor, and A. M. Sudupe, Finite
size effects on measures of critical exponents in d = 8 O(N) models, Physics
Letters B 387(1), 125 (1996).

P. Butera and M. Comi, n-vector spin models on the simple-cubic and the body-
centered-cubic lattices: A study of the critical behavior of the susceptibility and
of the correlation length by high-temperature series extended to order 5*', Phys.
Rev. B 56, 8212 (1997).

107



Bibliography

[54]

[55]

[56]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[68]

108

L.-H. Chan, Is the nonlinear o model the m, — oo limit of the linear o model?,
Phys. Rev. D 36, 3755 (1987).

H. Eichenherr, SU(N) invariant non-linear o models, Nuclear Physics B
146(1), 215 (1978).

V. Golo and A. Perelomov, Solution of the duality equations for the two-
dimensional SU(N)-invariant chiral model, Physics Letters B 79(1-2), 112
(1978).

E. Witten, Instantons, the quark model, and the 1/N expansion, Nuclear
Physics B 149(2), 285 (1979).

M. Liischer, The secret long range force in quantum field theories with instan-
tons, Physics Letters B 78(4), 465 (1978).

A. D’Adda, M. Liischer, and P. D. Vecchia, A 1/n expandable series of non-
linear o models with instantons, Nuclear Physics B 146(1), 63 (1978).

A. Actor, Temperature Dependence of the CPN~—' Model and the Analogy with
Quantum Chromodynamics, Fortschritte der Physik 33(6), 333 (1985).

B. Zumino, Supersymmetry and Kdhler manifolds, Physics Letters B 87(3),
203 (1979).

S. Weinberg, The Quantum Theory of Fields, Volumne 2: Modern applications
(Cambridge University Press, 1996).

L. P. Kadanoff, Scaling laws for Ising models near T, Physics 2 p. 263 (1966).

K. G. Wilson, Renormalization Group and Critical Phenomena. 1. Renormal-
ization Group and the Kadanoff Scaling Picture, Phys. Rev. B 4, 3174 (1971).

K. G. Wilson, Renormalization Group and Critical Phenomena. II. Phase-
Space Cell Analysis of Critical Behavior, Phys. Rev. B 4, 3184 (1971).

H. Gies, Introduction to the functional RG and applications to gauge theories,
arXiv:0611146 [hep-ph].

D. F. Litim, Optimisation of the exact renormalisation group, Physics Letters

B 486(1-2), 92 (2000).

D. F. Litim, Optimized renormalization group flows, Phys. Rev. D 64, 105007
(2001).



[69]

[70]

[75]

[76]

[79]

Bibliography

D. F. Litim, Mind the gap, International Journal of Modern Physics A 16(11),
2081 (2001).

J. Berges, N. Tetradis, and C. Wetterich, Non-perturbative renormalization
flow in quantum field theory and statistical physics, Physics Reports 363(4-6),
223 (2002).

C. Bagnuls and C. Bervillier, Ezact renormalization group equations: an in-
troductory review, Physics Reports 348(1-2), 91 (2001).

J. M. Pawlowski, Aspects of the functional renormalisation group, Annals of

Physics 322(12), 2831 (2007).

D. F. Litim and J. M. Pawlowski, Completeness and consistency of renormal-
ization group flows, Phys. Rev. D 66, 025030 (2002).

P. Kopietz, F. Schiitz, and L. Bartosch, Introduction to the Functional Renor-
malization Group (Lectures Notes in Physics 798) (Springer, 2012).

M. Reuter and C. Wetterich, Effective average action for gauge theories and
exact evolution equations, Nuclear Physics B 417(1-2), 181 (1994).

W. Metzner, M. Salmhofer, C. Honerkamp, V. Meden, and K. Schoenham-
mer, Functional renormalization group approach to correlated fermion systems,
arXiv:1105.5289 [cond-mat.str-el].

D. J. E. Callaway and A. Rahman, Microcanonical ensemble formulation of
lattice gauge theory, Phys. Rev. Lett. 49, 613 (1982).

N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and
E. Teller, Equation of state calculations by fast computing machines, The Jour-
nal of Chemical Physics 21(6), 1087 (1953).

R. Flore, A. Wipf, and O. Zanusso, Functional renormalization group of the
non-linear sigma model and the O(N) universality class, arXiv:1207.4499 [hep-
th].

H. Kleinert, Critical exponents from seven-loop strong-coupling o* theory in

three dimensions, Phys. Rev. D 60, 085001 (1999).

S. A. Antonenko and A. I. Sokolov, Critical exponents for a three-dimensional

O(N)-symmetric model with N > 3, Phys. Rev. E 51, 1894 (1995).

109



Bibliography

[82]

[83]

[86]

[87]

[88]

[89]

[92]

[93]

[94]

110

K. G. Wilson and M. E. Fisher, Critical exponents in 3.99 dimensions, Phys.
Rev. Lett. 28, 240 (1972).

C. Wetterich, The average action for scalar fields near phase transitions,
Zeitschrift fiir Physik C 57, 451 (1993).

N. Tetradis and C. Wetterich, Critical exponents from the effective average
action, Nuclear Physics B 422(3), 541 (1994).

D. F. Litim and D. Zappala, Ising exponents from the functional renormaliza-
tion group, Phys. Rev. D 83, 085009 (2011).

R. Percacci and O. Zanusso, One loop beta functions and fixed points in higher
derivative sigma models, Phys. Rev. D 81, 065012 (2010).

M. Fabbrichesi, R. Percacci, A. Tonero, and O. Zanusso, Asymptotic safety
and the gauged SU(N) nonlinear o model, Phys. Rev. D 83, 025016 (2011).

M. Fabbrichesi, R. Percacci, A. Tonero, and L. Vecchi, Electroweak S and
T Parameters from a Fized Point Condition, Phys. Rev. Lett. 107, 021803
(2011).

F. Bazzocchi, M. Fabbrichesi, R. Percacci, A. Tonero, and L. Vecchi, Fermions
and Goldstone bosons in an asymptotically safe model, Physics Letters B
705(4), 388 (2011).

G. Vilkovisky, The Gospel according to DeWitt, In: Quantum Theory of Grav-
ity pp. 169-209 (Adam Hilger, 1984).

S. Mukhi, The geometric background-field method, renormalization and the

Wess-Zumino term in non-linear sigma-models, Nuclear Physics B 264, 640

(19836).

E. Manrique and M. Reuter, Bimetric truncations for quantum Finstein grav-
ity and asymptotic safety, Annals of Physics 325(4), 785 (2010).

E. Manrique, M. Reuter, and F. Saueressig, Bimetric renormalization group
flows in quantum Einstein gravity, Annals of Physics 326(2), 463 (2011).

J. M. Pawlowski, Geometrical effective action and Wilsonian flows,
arXiv:0310018 [hep-th].

J. M. Pawlowski and 1. Donkin, The phase diagram of quantum gravity from
diffeomorphism-invariant RG-flows, arXiv:1203.4207 [hep-th].



[96]

[97]

(98]

[99]

[100]

[101]

102]

103]

[104]

[105]

[106]

107]

[108]

Bibliography

B. S. DeWitt, The Global Approach to Quantum Field Theory, Vol. I (Oxford
University Press, 2003).

Y. Décanini and A. Folacci, Off-diagonal coefficients of the De Witt-Schwinger
and Hadamard representations of the Feynman propagator, Phys. Rev. D 73,
044027 (2006).

D. Anselmi and A. Benini, Improved Schwinger-DeWitt techniques for higher-
deriwative perturbations of operator determinants, Journal of High Energy

Physics 2007(10), 099 (2007).

K. Groh, O. Zanusso, and F. Saueressig, Off-diagonal heat-kernel expan-
sion and its application to fields with differential constraints, arXiv:1112.4856
[math-ph].

V. Gusynin, Seeley-Gilkey coefficients for fourth-order operators on a Rieman-
nian manifold, Nuclear Physics B 333(1), 296 (1990).

S.-K. Ma, Renormalization Group by Monte Carlo Methods, Phys. Rev. Lett.
37, 461 (1976).

R. H. Swendsen, Monte Carlo Renormalization Group, Phys. Rev. Lett. 42,
859 (1979).

S. H. Shenker and J. Tobochnik, Monte Carlo renormalization-group analysis
of the classical Heisenberg model in two dimensions, Phys. Rev. B 22, 4462
(1980).

M. Creutz, A. Gocksch, M. Ogilvie, and M. Okawa, Microcanonical Renor-
malization Group, Phys.Rev.Lett. 53, 875 (1984).

M. Hasenbusch, K. Pinn, and C. Wieczerkowski, Canonical demon Monte
Carlo renormalization group, Physics Letters B 338(2-3), 308 (1994).

A. Hasenfratz, P. Hasenfratz, U. Heller, and F. Karsch, Improved Monte Carlo
renormalization group methods, Physics Letters B 140(1-2), 76 (1984).

R. Flore, D. Korner, B. Wellegehausen, and A. Wipf, to be published.

M. Leder, J. M. Pawlowski, H. Reinhardt, and A. Weber, Hamiltonian flow in
Coulomb gauge Yang-Mills theory, Phys. Rev. D 83, 025010 (2011).

111



Bibliography

[109]

[110]

[111]

[112]

[113]

114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

112

S. Villalba-Chéavez, R. Alkofer, and K. Schwenzer, On the connection between
Hamilton and Lagrange formalism in quantum field theory, Journal of Physics

G: Nuclear and Particle Physics 37(8), 085003 (2010).

J. Heffner, H. Reinhardt, and D. R. Campagnari, The deconfinement phase
transition in the Hamiltonian approach to Yang-Mills theory in Coulomb
gauge, arXiv:1206.3936 [hep-th].

H. Reinhardt, D. R. Campagnari, and A. P. Szczepaniak, Variational approach
to Yang-Mills theory at finite temperatures, Phys. Rev. D 84, 045006 (2011).

R. Flore, Renormalization of the Nonlinear O(3) Model with Theta-Term,
arXiv:1208.5948 [hep-th].

F. D. M. Haldane, Nonlinear Field Theory of Large-Spin Heisenberg Antifer-
romagnets: Semiclassically Quantized Solitons of the One-Dimensional Easy-
Auzis Néel State, Phys. Rev. Lett. 50, 1153 (1983).

R. Shankar and N. Read, The 6 = 7 nonlinear sigma model is massless,
Nuclear Physics B 336(3), 457 (1990).

M. Aguado and M. Asorey, Theta-vacuum and large N limit in o models,
Nuclear Physics B 844(2), 243 (2011).

B. Allés and A. Papa, Mass gap in the 2D O(3) nonlinear sigma model with a
0 = m term, Phys. Rev. D 77, 056008 (2008).

M. Boegli, F. Niedermayer, M. Pepe, and U.-J. Wiese, Non-trivial 6-Vacuum
FEffects in the 2-d O(3) Model, arXiv:1112.1873 [hep-lat].

E. Vicari and H. Panagopoulos, 6 dependence of SU(N) gauge theories in the
presence of a topological term, Physics Reports 470(3-4), 93 (2009).

P. de Forcrand, M. Pepe, and U.-J. Wiese, Walking near a Conformal Fized
Point: the 2-d O(8) Model at 0 ~ w as a Test Case, arXiv:1204.4913 [hep-lat].

D. Nogradi, An ideal toy model for confining, walking and conformal gauge
theories: the O(3) sigma model with O-term, arXiv:1202.4616 [hep-lat].

P. B. Gilkey, Invariance Theory, the Heat Equation, and the Atiyah-Singer
Index Theorem (CRC Press, 1995).

G. M. Shore, Symmetry restoration and the background field method in gauge
theories, Annals of Physics 137(2), 262 (1981).



[123]

[124]

[125]

[126]

[127)

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

Bibliography

M. Liischer, Dimensional regqularisation in the presence of large background

fields, Annals of Physics 142(2), 359 (1982).

G. 't Hooft, Computation of the quantum effects due to a four-dimensional
pseudoparticle, Phys. Rev. D 14, 3432 (1976).

M. Atiyah, I. Singer, and G. Segal, Index of elliptic operators. I1.-V., Ann.
Math. 87,93, 485,119 (1968,1971).

S. Coleman, R. Jackiw, and L. Susskind, Charge shielding and quark confine-
ment in the massive Schwinger model, Annals of Physics 93(1-2), 267 (1975).

S. Coleman, More about the massive Schwinger model, Annals of Physics
101(1), 239 (1976).

A. Lawrence, 0-angle monodromy in two dimensions, Phys. Rev. D 85, 105029
(2012).

R. Flore, D. Korner, A. Wipf, and C. Wozar, Supersymmetric Nonlinear O(3)
Sigma Model on the Lattice, arXiv:1207.6947 [hep-lat].

A. Neveu and J. Schwarz, Factorizable dual model of pions, Nuclear Physics
B 31(1), 86 (1971).

P. Ramond, Dual theory for free fermions, Phys. Rev. D 3, 2415 (1971).

J.-L. Gervais and B. Sakita, Field theory interpretation of supergauges in dual
models, Nuclear Physics B 34(2), 632 (1971).

Y. A. Gol'fand and E. P. Likhtman, JETP Letters 13, 323 (1971).

J. Wess and B. Zumino, Supergauge transformations in four dimensions, Nu-
clear Physics B 70(1), 39 (1974).

S. Ferrara and B. Zumino, Supergauge invariant Yang-Mills theories, Nuclear

Physics B 79(3), 413 (1974).

S. Dimopoulos and H. Georgi, Softly broken supersymmetry and SU(5), Nu-
clear Physics B 193(1), 150 (1981).

S. Coleman and J. Mandula, All Possible Symmetries of the S Matrix, Phys.
Rev. 159, 1251 (1967).

S. Dimopoulos, S. Raby, and F. Wilczek, Supersymmetry and the scale of
unification, Phys. Rev. D 24, 1681 (1981).

113



Bibliography

[139)]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

148

[149]

[150]

[151]

[152]

114

G. Jungman, M. Kamionkowski, and K. Griest, Supersymmetric dark matter,
Physics Reports 267(5-6), 195 (1996).

N. Seiberg and E. Witten, FElectric - magnetic duality, monopole condensa-
tion, and confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys.
B426, 19 (1994).

N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking
in N=2 supersymmetric QCD, Nucl. Phys. B431, 484 (1994).

L. O’Raifeartaigh, Spontaneous Symmetry Breaking for Chiral Scalar Super-
fields, Nucl. Phys. B96, 331 (1975).

E. Witten, Dynamical breaking of supersymmetry, Nucl. Phys. B188, 513
(1981).

G. Giudice and R. Rattazzi, Theories with gauge-mediated supersymmetry
breaking, Physics Reports 322(6), 419 (1999).

D. Chung, L. Everett, G. Kane, S. King, J. Lykken, and L.-T. Wang, The soft
supersymmetry-breaking Lagrangian: theory and applications, Physics Reports
407(1-3), 1 (2005).

P. H. Dondi and H. Nicolai, Lattice supersymmetry, Nuovo Cim. A41, 1 (1977).

S. Catterall, D. B. Kaplan, and M. Unsal, Fxact lattice supersymmetry, Phys.
Rept. 484, 71 (2009).

E. Witten, Constraints on Supersymmetry Breaking, Nucl. Phys. B202, 253
(1982).

S. Catterall and S. Ghadab, Lattice sigma models with exact supersymmetry,
JHEP 05, 044 (2004).

S. Catterall and S. Ghadab, Twisted supersymmetric sigma model on the lat-
tice, JHEP 10, 063 (2006).

N. D. Mermin and H. Wagner, Absence of ferromagnetism or antiferromag-

netism in one- dimensional or two-dimensional isotropic Heisenberg models,
Phys. Rev. Lett. 17, 1133 (1966).

E. Witten, A Supersymmetric Form of the Nonlinear Sigma Model in Two-
Dimensions, Phys. Rev. D16, 2991 (1977).



[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

Bibliography

P. Di Vecchia and S. Ferrara, Classical Solutions in Two-Dimensional Super-
symmetric Field Theories, Nucl. Phys. B130, 93 (1977).

A. Salam and J. Strathdee, Super-gauge transformations, Nuclear Physics B
76(3), 477 (1974).

O. Alvarez, Dynamical symmetry breakdown in the supersymmetric nonlinear

o model, Phys. Rev. D 17, 1123 (1978).

J. M. Evans and T. J. Hollowood, The exact mass-gap of the supersymmetric
O(N) sigma model, Physics Letters B 343(1-4), 189 (1995).

J. M. Evans and T. J. Hollowood, The exact mass-gap of the supersymmetric
C P! sigma model, Physics Letters B 343(1-4), 198 (1995).

R. Shankar and E. Witten, S matrixz of the supersymmetric nonlinear o model,
Phys. Rev. D 17, 2134 (1978).

A. Kirchberg, J. D. Lange, and A. Wipf, From the Dirac operator to Wess-
Zumino models on spatial lattices, Ann. Phys. 316, 357 (2005).

G. Bergner, Complete supersymmetry on the lattice and a No-Go theorem: A
simulation with intact supersymmetries on the lattice, JHEP 01, 024 (2010).

J. Hubbard, Calculation of partition functions, Phys. Rev. Lett. 3, 77 (1959).

H. B. Nielsen and M. Ninomiya, No go theorem for reqularizing chiral fermions,
Phys. Lett. B105, 219 (1981).

A. Donini, M. Guagnelli, P. Hernandez, and A. Vladikas, Towards N=1 Super-
Yang-Mills on the lattice, Nucl.Phys. B523, 529 (1998).

115






Zusammenfassung

Das Ziel dieser Arbeit war die Untersuchung und Weiterentwicklung von nicht-
storungstheoretischen Methoden der Quantenfeldtheorie anhand ihrer Anwendung
auf nichtlineare Sigma-Modelle.

Wiéhrend ein grofler Teil der physikalischen Phénomene der Quantenfeldtheorie
durch die Storungstheorie erfolgreich vorhergesagt werden konnen, sind manche As-
pekte im Bereich grofler Kopplungsstarken noch nicht endgiiltig verstanden und
bediirfen geeigneter nicht-storungstheoretischer Methoden zur ihrer Analyse. Diese
Arbeit hat sich auf zwei Ansétze konzentriert, die numerische Behandlung von
Feldtheorien auf diskretisierten Raumzeitgittern und die Funktionale Renormierungs-
gruppe (FRG) als Beschreibung des Renormierungsflusses von effektiven Wirkungen.
Betrachtungen der nichtlinearen O(N) Modelle haben gezeigt, dass zur korrekten
Analyse der kritischen Eigenschaften im Rahmen der FRG ein Ansatz gewéhlt wer-
den muss, der vierte Ableitungsordungen enthalt. Hierfiir wurde ein kovarianter
Formalismus entwickelt, der auf einer Hintergrundfeldentwickung und der Entwick-
lung eines Warmeleitungskerns beruht. Abgesehen von einer destabilsierenden Kop-
plung deuten die Ergebnisse auf einen nichttrivialen Fixpunkt und damit auf die
nicht-storungstheoretische Renormierbarkeit dieser Modelle hin. Die resultierenden
Flussdiagramme wurden schlieSlich noch mit den Ergebnissen einer numerischen
Analyse des Renormierungsflusses mithilfe der Monte Carlo Renormierungsgruppe
verglichen und es wurde hierbei qualitative Ubereinstimmung gefunden.
Desweiteren wurde eine alternative Formulierung der FRG in Phasenraumkoordi-
naten untersucht und ihre Konsistenz an einfachen Beispielen getestet. Dariiber
hinaus wurde eine alternative Entwicklung der effektiven Wirkung in Ordnungen
der kanonischen Impulse auf die nichtlinearen O(N) Modelle angewandt, mit dem
Ergebnis eines stabilen nichttrivialen Fixpunktes dessen kritischen Eigenschaften je-
doch nicht die erwartete N-Abhangigkeit zeigen.

Mithilfe der FRG wurde schliellich noch die Renormierung topologischer Operatoren
anhand der Windungszahl des O(3) = CP'-Modells untersucht. Durch die Verallge-
meinerung des topologischen Operators und die Entwicklung und Anwendung einiger
eleganter mathematischen Methoden konnten Hinweise auf einen diskreten Sprung
des topologischen Parameter im extrem Infraroten gefunden werden.

Abschliefiend wurde die supersymmetrische Erweiterung des O(3) = CP!-Modells
betrachtet im Hinblick auf die Moglichkeit derartige Theorien mit erweiterter Super-
symmetrie auf einem Raumzeitgitter so zu diskretisieren, dass zumindest ein Teil der
Supersymmetrie nicht gebrochen ist. Es konnte gezeigt werden, dass dies prinzipiell

nicht moglich ist ohne dabei gleichzeitig die O(3)-Symmetrie zu brechen.
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